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PREFACE. 


It may perhaps be fairly stated that no better guide can be found to the 
analytical developments of Pure Mathematics during the last seventy years 
than a study of the problems presented by the subject whereof this volume ' 
treats. This book is published in the hope that it may be found worthy to 
form the basis for such study. It is also hoped that the book may be 
serviceable to those who use it for a first introduction to the subject. 
And an endeavour has been made to point out what are conceived to be the 
most artistic ways of formally developing the theory regarded as complete. 

The matter is arranged primarily with a view to obtaining perfectly 
general, and not merely illustrative, theorems, in an order in which they can 
be immediately utilised for the subsequent theory; particular results, however 
interesting, or important in special applications, which are not an integral 
portion of the continuous argument of the book, are introduced only so far 
as they appeared necessary to explain the general results, mainly in the 
examples, or are postponed, 01 are excluded altogether. The sequence and 
scope of ideas to which this has led will be clear from an examination of the 
table of Contents. 

The methods of Riemann, as far as they are explained in books on the 
general theory of functions, are provisionally regarded as fundamental ; but 
precise references are given for all results assumed, and great pains have 
been taken, in the theory of algebraic functions and their integrals, and in 
the analytic theory of theta functions, to provide for alternative developments 
of the theory. If it is desired to dispense with Riemann’s existence theorems, 
the theory of algebraic functions may be founded either on the arithmetical 
ideas introduced by Kroneeker and by Dedekind and Weber ; or on the 
quasi-geometrical ideas associated with the theory of adjoint polynomials; 
while in any case it does not appear to be convenient to avoid reference to 
either class of ideas. It is believed that, save for some points in the 
periodicity of Abelian integrals, all that is necessary to the former ele- 
mentary development will be found in Chapters IV. and VII,, in connection 
with which the reader may consult the recent paper of Hensel, Acta 
Mathematica , xvm. (1894), and also the papers of Kroneeker and of 
B. b 
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Dedekind and Weber, G relic's Journal , xci., xcii. (1882). And it is hoped 
that what is necessary for the development of the theory from the elemen- 
tary geometrical point of view will be understood from Chapter VI., in 
connection with which the reader may consult the AbeVsche Functionen of 
Clebsch and Gordan (Leipzig, 1866) and the paper of Noether, Mathematische 
Annalen , vn. (1873). In the theory of Riemann’s theta functions, the 
formulae which are given relatively to the f and functions, and the 
general formulae given near the end of Chapter XIV., will provide sufficient 
indications of how the theta functions can be algebraically defined; the 
reader may consult Noether, Matliematiscfie Annalen, xxxvii. (1890), and 
Klein and Burkhardt, ibid, xxxii. — xxxvi. In Chapters XV., XVII., and 
XIX., and in Chapters XVIII. and XX., are given the beginnings of that 
analytical theory of theta functions from which, in conjunction with the 
general theory of functions of several independent variables, so much is to 
be hoped; the latter theory is however excluded from this volume. 

To the reader who does not desire to follow the development of this 
volume consecutively through, the following course may perhaps be sug- 
gested; Chapters I., II., III. (in part), IV., VI. (to § 98), VIII., IX., X., 
XI. (in part), XVIII. (in part), XII., XV. (in part) ; it is also possible to 
begin with the analytical theory of theta functions, reading in order Chapters 
XV., XVI., XVII., XIX., XX. 

The footnotes throughout the volume are intended to contain the 
mention of all authorities used in its preparation ; occasionally the hazardous 
plan of adding to the lists of references during the passage of the sheets 
through the press, has been adopted ; for references omitted, and for refer- 
ences improperly placed, only mistake can be pleaded. Complete lists of 
papers are given in the valuable report of Brill and Noether, “ Die Entwicklung 
der Theorie der algebraischen Functionen in iilterer und neuercr Zeit,” 
J ahresbericht der Deutschen Mathernatiker-Vereinigung, Dritter Band, 1892 — 3 
(Berlin, Reimer, 1894); this report uufortunately appeared only after the 
first seventeen chapters of this volume, with the exception of Chapter XI., 
and parts of VII., were in manuscript ; its plan is somewhat different from 
that of this volume, and it will be of advantage to the reader to consult 
it. Other books which have appeared during the progress of this volume, too 
late to effect large modifications, have not been consulted. The examples 
throughout the volume are intended to serve several different purposes ; to 
provide practice in the ideas involved in the general theory; to suggest the 
steps of alternative developments without interrupting the line of reasoning 
in the text ; and to place important consequences which are not utilised, if 
at all, till much subsequently, in their proper connection. 

For my first interest in the subject of this volume, I desire to acknowledge 
my obligations to the generous help given to me during Gottingen vacations, 
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on two occasions, by Professor Felix Klein. In the preparation of the book 
I have been largely indebted to his printed publications ; the reader is 
recommended to consult also his lithographed lectures, especially the one 
dealing with Riemann surfaces. In the final revision of the sheets in 
their passage through the press, I have received help from several friends. 
Mr A. E. H. Love, Fellow and Lecturer of St John’s College, has read 
the proofs of the volume ; in the removal of obscurities of expression 
and in the correction of press, his untiring assistance has been of great 
value to me. Mr J. Harkness, Professor of Mathematics at Biyn Mawr 
College, Pennsylvania, has read the proofs from Chapter XV. onwards ; many 
faults, undetected by Mr Love or myself, have yielded to his perusal; and 
I have been greatly helped by his sympathy in the subject-matter of the 
volume. To both these friends I am under obligations not easy to discharge. 
My gratitude is also due to Professor Forsyth for the generous interest he 
has taken in the book from its commencement. While, it should be added, 
the task carried through by the Staff of the University Press deserves more 
than the usual word of acknowledgment. 

This book has a somewhat ambitious aim ; and it has been written under 
the constant pressure of other work. It cannot but be that many defects 
will be found in it. But the author hopes it will be sufficient to shew that 
the subject offers for exploration a country of which the vastness is equalled 
by the fascination. 


St John’s College, Cambridge, 
April 26, 1697. 
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PAGE LINE 

6, 2, for db k da, read db K ~ 1 da. 

8, 22, for deficiency 1, read deficiency 0. 

IX, 12, for 2n-2+j>, read 2w-2 + 2p. 

16, § 16, 4, for called, read applied to. 

18, 26, for ^ , read — . 

* y 

37, 81, for in, read is. 

38, 3, for surfaces, read surface. 

43, 20, for w y read w. 

66, 22, for (x-a read (x -«)* ' A+1 . 

61, 24, add or gi(x, y). 

66, 22, for t ' - 1, read r / — 1. 

70, 14, for r, +1 , read r r + 1. 

73, 28, /or 2 , read x“ 2t,_2 t . 

81. The argument of § 52 supposes p> 1. 

104, § 72. See also Hensel, Crelle , cxv. (1895). 

114, 3 from the bottom, add here. 

137. To the references, add , Macaulay, Proc. Lon. Math. Soc ., xxvi. p. 495. 

157. See also Kraus, Math. Annul, xvi. (1879). 

166. Seo also Zeuthen, Ann. d. Mat. 2“ Ser., t. hi. (1869). 

189, 21, for xu, read xi. 

196, 23, for \h, read \h. 

24, for A It, read \h. 

197, 24, for A, read B. 

198, 5, for read y (w') -1 w. 

18, for fourth minus sign, read sign of equality. 

206, 4, supply dz, after third integral sign: the summation is from k = 2, k' = 0. 

5, supply dZy after first integral sign. 

8, for y>(X)l<f>{X)y read (X)/<j> (X). 

247, 11. Positive means >0. The discriminant must not vanish. 

6 from bottom. Cf. p. 531, notef. 

282, 11, for O, read U. 

284, 18, the equation is iriP + bP'. 

316, 3 from the bottom, for u, read u 0 . 

320, heading, destroy full stop. 

327, 23, for (x p ), read p, (x p ). 

340. Further references are given in the report of Brill and Noether (see 

Preface), p. 473. 

342. For various notations for characteristics see the references in the report of 

Brill and Noether, p. 519. 

379, 16, for r itl , r itV , read vf< a , v v x - «. 

420, 18, read . characteristic, other than the zero characteristic, as tho sum of two 

different odd half-integer characteristics in .. . 

441, 15, for one, read in turn every combination. 

533, 13. The relation had been given by Frobenius. 

557, 16, for w*, read wf. 

575, 20, for from, read for. 

687, 8 and 11; the quantity is AcA. 

In this volume no account is given of the differential equations satisfied by the theta 
functions, or of their expansion in integral powers of the arguments. The following refer- 
ences may be useful: Wiltheiss, Crelle, xeix., Math. Annul, xxix., xxxi., xxxiii., Ootting. 
Nachr., 1889, p. 381; Pascal, Gotting. Nachr., 1889, pp. 416, 547, Ann. di Mat., Ser. 2 a , t. 
xvii.; Burkhardt (and Klein), Math. Annal. xxxii. The case p — 2 is considered in Krause, 
Transf. Hyperellip. Functionen. 

The following books of recent appearance, not referred to in the text, may be named here. 
(1) The completion of Picard, Trait€ d* Analyse, (2) Jordan, Cours d' Analyse , t. n. (1894), 
(3) AppeU and Goursat, TMone des Fonctions algkbriques et de leurs integrates (1895), (4) 
Stahl, Theorie der AbeVschcn Functionen (1896). 



CHAPTER I. 

The Subject of Investigation. 

1. This book is concerned with a particular development of the theory 
of the algebraic irrationality arising when a quantity y is defined in terms 
of a quantity x by means of an equation of the form 

a 0 y n 4- a,y n ~ x 4- . . . 4- a w _tf + a n = 0, 

wherein a 0 , a u ..., a n are rational integral polynomials in x. The equation is 
supposed to be irreducible; that is, the left-hand side cannot be written as 
the product of other expressions of the same rational form. 

2. Of the various means by which this dependence may be represented, 
that invented by Riemann, the so-called Riemann surface, is throughout 
regarded as fundamental. Of this it is not necessary to give an account 
here*. But the sense in which we speak of a place of a Riemann surface 
must be explained. To a value of the independent variable x there will in 
general correspond n distinct values of the dependent variable y — represented 
by as man y places > lying in distinct sheets of the surface. For some values 
of x two of these n values of y may happen to be equal : in that case the 
corresponding sheets of the surface may behave in one of two ways. Either 
they may just touch at one point without having any further connexion in 
the immediate neighbourhood of the point t : in which case we shall regard 
the point where the sheets touch as constituting two places, one in each 
sheet. Or the sheets may wind into one another : in which case we shall 
regai’d this winding point (or branch point) as constituting one place : this 
place belongs then indifferently to either sheet ; the sheets here merge into 
one another. In the first case, if a be the value of x for which the sheets 
just touch, supposed for convenience of statement to be finite, and x a value 

' * For references see Chap. II. § 12, note. 

t Suoh a point is called by Riemann “ein sich aufhebender Verzweigungspunkt ” : Oesam- 
melte Werke (1876), p. 106. 
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THE PLACES OF A RIEMANN SURFACE. 
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very near to a, and if b be the value of y at each of the two places, also 
supposed finite, and y u y 2 be values of y very near to b, represented by 
points in the two sheets very near to the point of contact of the two 
sheets, each of y x — b, y. 3 - b can be expressed as a power-series in x - a 
with integral exponents. In the second case with a similar notation each 
of yi — b t y 3 --b can be expressed as a power-series in (x — a)* with integral 
exponents. In the first case a small closed curve can be drawn on either 
of the two sheets considered, to enclose the point at which the sheets touch : 


and the value of the integral — Jd log (x - a) taken round this closed curve 

will be 1 ; hence, adopting a definition given by Riemann*, we shall say that 
x — a is an infinitesimal of the first order at each of the places. In the 
second case the attempt to enclose the place by a curve leads to a curve 
lying partly in one sheet and partly in the other; in fact, in order that 
the curve may be closed it must pass twice round the branch place. In this 

case the integral 9 V Jd log [{x - a)*] taken round the closed curve will be 1 : 


and we speak of (x — a)* as an infinitesimal of the first order at the place. 
In either case, if t denote the infinitesimal, x and y are uniform functions 
of t in the immediate neighbourhood of the place ; conversely, to each point 
on the surface in the immediate neighbourhood of the place there corre- 
sponds uniformly a certain value of Z*f*. The quantity t effects therefore a 
conformal representation of this neighbourhood upon a small simple area in 
the plane of t, surrounding t — 0. 


3. This description of a simple case will make the general case clear. 
In general for any finite value of x, x — a , there may be several, say k, branch 
points}; the number of sheets that wind at these branch points may be 
denoted by Wj-f 1, 1, ..., w*+ 1 respectively, where 

(w y + 1) + (ms + 1) + .. . + (w* + 1) = n, 

so that the case of no branch point is characterised by ai zero value of the 
corresponding to. For instance in the first case above, notwithstanding that 
two of the n values of y are the same, each of w lf w 2t ..., w* is zero and k is 
equal to n : and in the second case above, the values are k — n — 1 , w x = 1, w 3 = 0, 

w a = 0, ... , w k = 0. In the general case each of these k branch points is called a 

l i 

place, and at these respective places the quantities (a?-a) Wi+l , ..., (x — a) Wk+l 


* Gesammelte Werke (1876), p. 96. 

t The limitation to the immediate neighbourhood involves that t is not necessarily a rational 
function of x, y. 

It may be remarked that a rational function of x and y can be found whose behaviour in 
the neighbourhood of the place is the same as that of t. See for example Hamburger, 
ZeiUchrift f. Math . und Phyt. Bd. 16, 1871 ; Stolz, Math. Ann. 8, 1874 ; Harkness and Morley, 
Theory of Functions , p. 141. 

$ Cf. Forsyth, Theory of Functions, p. 171. Pryra, Crelle, Bd. 70. 
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are infinitesimals of the first order. For the infinite value of x we shall 
similarly have b ora less number of places and as many infinitesimals, say 


(^) w,+l , ..., where (w x + 1) -f ... + (w r + 1) = n. And as in the par- 


ticular cases discussed above, the infinitesimal t thus defined for every place 
of the surface has the two characteristics that for the immediate neighbour- 
hood of the place x and y are uniquely expressible thereby (in series of 
integral powers), and conversely t is a uniform function of position on the 
surface in this neighbourhood. Both these are expressed by saying that 
t effects a reversible conformal representation of this neighbourhood upon a 
simple area enclosing t = 0. It is obvious of course that quantities other 
than t have the same property. 

A place of the Riemann surface will generally be denoted by a single 
letter. And in fact a place (x, y) will generally be called the place x. 
When we have occasion to speak of the (n or less) places where the inde- 
pendent variable x has the same value, a different notation will be used. 


4. We have said that the subject of enquiry in this book is a certain 
algebraic irrationality. We may expect therefore that the theory is practi- 
cally unaltered by a rational transformation of the variables x, y which is of 
a reversible character. Without entering here into the theory of such trans- 
formations, which comes more properly later, in connexion with the theory 
of correspondence, it is necessary to give sufficient explanations to make it 
clear that the functions to be considered belong to a whole class of Riemann 
surfaces and are not the exclusive outcome of that one which we adopt initially. 

Let f be any one of those uniform functions of position on the funda- 
mental (undissected) Riemann siuface whose infinities are all of finite order. 
Such functions can be expressed rationally by x and y*. For that reason we 
shall speak of them shortly as the rational functions of the surface. The 
order of infinity of such a function at any place of the surface where the 
function becomes infinite is the same as that of a certain integral power of 

the inverse - of the infinitesimal at that place. The sum of these orders of 
t 


infinity for all the infinities of the function is called the order of the function. 
The number of places at which the function f assumes any other value a is 
the same as this order : it being understood that a place at which f — a is 
zero in a finite ratio to the rth order of t is counted as r places at which f is 
equal to or|*. Let v be the order of f. Let 7} be another rational function of 


* Forsyth, Theoi'y of Functions , p. 370. 

f For the integral Jd log ((-a), taken round an infinity of log(£-a), is equal to the 

ordfer of zero of £ - a at the place, or to the negative of the order of infinity of £ , as the case may 
be. And the sum of the integrals for all such places is equal to the value round the boundary of 
the surface — which is zero. Cf. Forsyth, Theoiy of Functions , p. 872. 


1—2 



4 


CONDITION OF REVERSIBILITY. 


[4 


order /a. Take a plane whose real points represent all the possible values of 
f in the ordinary way. To any value of f, say f = a, will correspond v 
positions X lt ..., X„on the original Riemann surface, those namely where f 
is equal to a : it is quite possible that they lie at less than v places of the 
surface. The values of 77 at X u ..., X ¥ may or may not be different. Let 
II denote any definite rational symmetrical function of these v values of 77. 
Then to each position of a in the f plane will correspond a perfectly unique 
value of //, namely, II is a one-valued function of f. Moreover, since 77 and 
f are rational functions on the original surface, the character of H for values 
of f in the immediate neighbourhood of a value a, for which II is infinite, is 
clearly the same as that of a finite power of f — a. Hence H is a rational 
functiou of f. Hence, if H r denote the sum of the products of the values of 
tj at X u ..., X v , r together, tj satisfies an equation 

v v - *r- l H x + v v -*H> - • • • + (-YB, - 0 , 

whose coefficients are rational functions of f. 

It is conceivable that the left side of this equation can be written as the 
product of several factors each rational in f and 77. If possible let this be 
done. Construct over the f plane the Riemann surfaces corresponding to 
these irreducible factors, tj being the dependent variable and the various 
surfaces lying above one another in some order. It is a known fact, already 
used in defining the order of a rational function on a Riemann surface, that 
the values of rj represented by any one of these superimposed surfaces in- 
clude all possible values — each value in fact occurring the same number of 
times on each surface. To any place of the original surface, where f , tj have 
definite values, and to the neighbourhood of this place, will correspond there- 
fore a definite place (f, tj) (and its neighbourhood) on each of these super- 
imposed surfaces. Let 77,, ...,7 j r be the values of tj belonging, on one of 
these surfaces, to a value of f : and 7 7/, . . . , 1 7/ the values belonging to the 
same value of f on another of these surfaces. Since for each of these surfaces 
there are only a finite number of values of f at which the values of tj are 
not all different, we may suppose that all these r values on the one 
surface are different from one another, and likewise the .9 values on the other 
surface. Since each of the pairs of values (f, Tj x ) t ..., (f, 7 j r ) must arise on 
both these surfaces, it follows that the values 7 j u ...,rj r are included among 
V\, ...,*?/• Similarly the values 77/, ..., 7 7/ are included among 7 ...,7 j r . 
Hence these two sets are the same and r = s. Since this is true for an 
infinite number of values of f, it follows that these two surfaces are merely 
repetitions of one another. The same is true for every such two surfaces. 
Hence r is a divisor of v and the equation 

Tf - Hrf- 1 + ... + (-) V H V = 0 , 

when reducible, is the v/rth power of a rational equation of order r in tj. It 
will be sufficient to confine our attention to one of the factors and the (f, tj) 
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surface represented thereby. Let now X u . . . , X v be the places on the original 
surface where f has a certain value. Then the values of 77 at X lt .. , X v will 
consist of vjr repetitions of r values, these r values being different from one 
another except for a finite number of values of f. Thus to any place (f, rj) on 
one of the vjr derived surfaces will correspond vjr places on the original 
surface, those namely where the pair (f, rj) take the supposed values. Denote 
these by P 1 ,P 2 , .... Let Y be any rational symmetrical function of the vjr 
pairs of values ( x lt y x ), (# 2 , y 2 ), .... which the fundamental variables x , y of the 
original surface assume at 1 \, P 2 , .... Then to any pair of values (f, 77) will 
correspond only one value of Y— namely, Y is a one-valued function on the 
(f, 17) surface. It has clearly also only finite orders of infinity. Hence Y is 
a rational function of f, 77. In particular x u a* 2 , ... are the roots of an 
equation whose coefficients are rational in f, 97 — as also are y u y 3 , 

There exists therefore a correspondence between the (f, 17) and (x, y) 
surfaces — of the kind which we call a ^1, ^ correspondence: to every place 
of the (x, y) surface corresponds one place of the (£, 77) surface ; to every 
place of this surface correspond ~ places of the (x, y) surface. 

The case which most commonly arises is that in which the rational 
irreducible equation satisfied by 77 is of the i/th degree in 77: then only one 
place of the original surface is associated with any place of the new surface. 
In that case, as will appear, the new surface is as general as the original 
surface. Many advantages may be expected to accrue from the utilization of 
that fact. We may compare the case of the reduction of the general equation 
of a conic to an equation referred to the principal axes of the conic. 


5. The following method* is theoretically effective for the expression of y in terms 

<>t & n- 


Let tho rational expression of £, 7 in terms of .r, y be given by 


i> (■*. y) - & (•**> y)=°> $ (■*•■ y) - nx (•*•» y)= 0 , 


aud let the rational result of eliminating .r, y between these equations and the initial 
equation connecting .r, y Ik*, denoted by P(£, 7) = 0, each of F denoting integral 

l>olynomials. Lot two terms of the expression <fr (.r, y) - (.r, y)= 0 be a.v r y* - £bx r 'y*. 

This expression and therefore all others involved will lie unaltered if a, b be replaced by 
such quantities a+A, b+k, that kv r y* = £k\i r 'f'. I11 a formal sense this changes /’(I* n) 

into 




whore X > 1, and F is such that all differential coefficients of it in regard to a and b of order 
less than X are identically zero. 

Hence tho term within tho square brackets in this expression must bo zero. If it is 
possible, choose now r=r'4-l and s=s\ so that k—h-xj£. 


* Salmon’s Higher Algebra (1885), p. 97, § 103. 
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Then we obtain the equation 



This is an equation of the form above referred to, by which x is determinate from £ and 
7. And y is similarly determinate. 

It will bo noticed that the rational expression of x, y by £, 7, when it is possible 
from the equations 

<K r > y)-&{*> y)=°> y)~nx to y)=°» /(*> y)=°> 

will not be possible, in general, from the first two equations : it is only the places x, y 
satisfying the equation f(x, y ) = 0 which are rationally obtainable from tho places £, t) 
satisfying the equation /’(£, 7) = 0. There do exist transformations, rationally reversible, 
subject to no such restriction. They are those known as Cremona-transformations*. 
They can lie compounded by reapplication of the transformation x : y : 1 = 7 : £ : £7. 

We may give an example of both of these transformations — 

For the surface 

y 5 “ ty ’ + J? ■ + 1 ) + (x? + x + 1 )* - Zx (x 1 + x + 1 ) 2 as 0 

the function £=y 2 /(*r 2 +**‘+l) is of order 2, being infinite at the places where x 2 +x+\ =0, 
in each case like (a?— «)~^, and tho function 7 = x/y is of order 4 , being infinite at the 
places .r 2 +x+ 1 =0, in each case like (x- a) 8, a being the value of x at the place. 

From the given equation we immediately find, as the relation connecting £ and 7, 

27 — £ 2 +6£- 5 = 0 , 

and infer, since the equatiou formed as in the general statement above should lie of 
order 2 in 7, that this general equation will be 

(27- £2 + 5£- 5)2=0. 

Thence in accordance with that general statement we infer that to each place (£, 7) on 
the new surface should correspond two places of the original surface . and in fact these are 
obviously given by the equations 

4 * 1 ), y=x/ 7. 

If however we take 

$=y%c*+x + l\ r)=yl(x - a) 2 ), 

where <0 is an imaginary cube root of unity, so that 7 is a function of order 3 , these 
equations are reversible independently of the original equation, giving 111 fact 

* - («£ - -V)/« - * 2 ), y « (« ■ - •*> ft/tf - 7 2 ), 

and we obtain the surface 

<•- 4 (l-« 2 )rf(f- 5 «+ 5 ) -«*{=<>, 
having a (1, 1) correspondence with the original one. 

It ought however to be remarked that it is generally i>ossible to obtain reversible 
transformations which are not Cremona-transformations. 

6 . When a surface (a?, y) is ( 1 , 1 ) related to a (f, 7 ) surface, the defi- 
ciencies of the surfaces, as defined by Riemann by means of the connectivity, 
must clearly be the same. 

* See Salmon, Higher Plane Curve* ( 1879 ), § 362 , p. 322 . 
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It is instructive to verify this from another point of view*. — Consider at 

how many places on the original surface the function ~ is zero. It is infinite 

ax 

at the places where f is infinite: suppose for simplicity that these are 
separated places on the original surface or in other words are infinities of 
the first order, and are not at the branch points of the original surface. At 

a pole of f, is infinite twice. It is infinite like — at a branch place (a) 


where x — a = t wJr '\ namely it is infinite = 2n + 2p - 2 times*} at the branch 

places of the original surface. It is zero 2 n times at the infinite places of the 
original surface. There remain therefore 2v + 2a + 2p - 2 — 2n = 2v + 2p - 2 


places where is zero. 


If a branch place of the original surface be a pole 


1 d£ 1 

of f, and f be there infinite like -, is infinite like - , namely 2+w 

t cue * . t 


&.t w * 


times: the total number of infinities of -S will therefore be the same as 

ax 

dp 

before. Now at a finite place of the original surface where ^ = 0, there are 


two consecutive places for which f has the same value. Since V - = 1 they can 

only arise from consecutive places of the new surface for which f has the 
same value. The only consecutive places of a surface for which this is the 
case are the branch places. Hence f there are +2p — 2 branch places of 
the new surface. This shews that the new surface is of deficiency p. 

When v/r is not equal to 1, the case is different. The consecutive places 
of the old surface, for which f has the same value, may either be those arising 
from consecutive places of the new surface — or may be what we may call 
accidental coincidences among the v/r places which correspond to one place 
of the new surface. Conversely, to a branch place of the new surface, 
characterised by the same value for f for consecutive places}, will correspond 
vfr places on the old surface where f has the same value for consecutive 
places. In fact to two very near places of the new surface will correspond 
v/r pairs each of very near places on the old surface. If then G denote the 
number of places on the old surface at which two of the v/r places corre- 
sponding to a place on the new surface happen to coincide, and w the number 
of branch points of the new surface, we have the equation 


w' ~ + G = 2v + 2p - 2, 


* ^Compare the interesting geometrical account, Salmon, Higher Plane Curves (1879), p. 326, 
§ 364, and the references there given. 

+ Forsyth, Theory of Function*, p. 348. 

$ Namely, near such a branch place £=a, £ - a is zero of higher order than the first. 
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and if p' be the deficiency of the new surface (of r sheets), this leads to the 
equation 

(2r+2p'-2)- r +C = 2v + 2p-2, 

from which 

G= 2p — 2 — (2/ — 2)£. 


Corollary *. If p —p\ then C = (2p — 2) ^1 — ^ . Thus ^ > 1, so that 
0 = 0, and the correspondence is reversible. 

We have, herein, excluded the case when some of the poles of f are of 
higher than the first order. In that case the new surface has branch places 
at infinity. The number of finite branch places is correspondingly less. The 
reader can verify that the general result is unaffected. 

Kv. In the example previously given (§ 5) shew that the function £ takes any given 
value at two points of tho original surface (other than the branch places where it is 
infinite), rj having the same value for these two points, and that there are six places at 
which those two places coincide. (These are the place (#=0, y — 0) and the fivo places 
where x= —2.) 

There is one remark of considerable importance which follows from the 
theory heie given. We have shewn that the number of places of the ( x y y) 

surface which correspond to one place of the (f, rj) surface is V - , where v is the 

order of f and r is not greater than v, being the number of sheets of the 
surface ; hence, if there were a function f of order 1 the correspondence ivould 
be reversible and therefore the original surface would be of deficiency 1. 

7. This notion of the transformation of a Riemann surface suggests an 
inference of a fundamental character. 

The original equation contains only a finite number of terms: the original 
surface depends therefore upon a finite number of constants, namely, the 
coefficients in the equation. But conversely it is not necessary, in order that 
the equation be reversibly transformable into another given one, that the 
equation of the new surface contain as many constants as that of the original 
surface. For we may hope to be able to choose a transformation whose 
coefficients so depend on the coefficients of the original equation as to reduce 
this number. If we speak of all surfaces of which any two are connected by 
a rational reversible transformation as belonging to the same class it becomes 
a question whether there is any limit to the reduction obtainable, by rational 
reversible transformation, in the number of constants in the equation of a 
surface of the class. 


* See Weber, Crelle , 76, 345. 

t So that surfaces of the same class will be of the same deficiency. 
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It will appear in the course of the book* that there is a limit, and that 
the various classes of surfaces of given deficiency are of essentially different 
character according to the least number of constants upon which they depend. 
Further it will appear, that the most general class of deficiency p is 
characterised by 3 p — 3 constants when p > 1 — the number for p » 1 being 
one, and for p = 0 none. 

For the explanatory purposes of the present Chapter we shall content 
ourselves with the proof of the following statement — When a surface is 
reversibly transformed as explained in this Chapter, we cannot, even though 
we choose the new independent variable f to contain a very large number of 
disposeable constants, prescribe the position of all the branch points of the 
new surface ; there will be 3 p — 3 of them whose position is settled by the 
position of the others. Since the correspondence is reversible we may regard 
the new surface as fundamental, equally with the original surface. We 
infer therefore that the original suiface depends on Sp — 3 parameters — 
or on less, for the 3 p — 3 undetermined branch points of the new surface may 
have mutually dependent positions. 

In order to prove this statement we recall the fact that a function 
of order Q contains f Q-js + 1 linearly entering constants when its poles 
are prescribed : it may contain more for values of Q < 2p — 1, but we 
shall not thereby obtain as many constants as if we suppose Q > 2p — 2 
and large enough. Also the Q infinities are at our disposal. We can then 
presumably dispose of 2Q — j) + 1 of the branch points of the new surface. 
But these are, in number, 2Q 4- 2p — 2 when the correspondence is reversible. 
Hence we can dispose of all but 2Q + 2p - 2 — (2 Q —p + 1) = Sp — 3 of the 
branch points of the new surface J. 

Ex. 1. The surface associated with the equation 

y 2 =*(l-.r)(l- Hr) (1 - X 2 .r) (1 - y?x) (1 - v \r) (1 - pKr) 
is of deficiency 3. It depends on 5 = 2/)- 1 parameters, * 2 , X 2 , p 2 , v 1 , p 2 . 

Ex. 2. The surface associated with the equation 

l) 2 +(*» 1)4=0> 

wherein tho coefficients are integral polynomials of the orders specified by the suffixes, is 
of deficiency 3. Show that it can be transformed to a form containing only b — 2p-l 
parametric constants. 

* See the Chapters on the geometrical theory and on the inversion of Abelian Integrals. The 
reason for the exception in case p=0 or 1 will appear most clearly in the Chapter on the self- 
correspondence of a Riemann surface. But it is a familiar fact that the elliptic functions which 
can be constructed for a surface of deficiency 1 depend upon one parameter, commonly called 
the modulus : and the trigonometrical functions involve no such parameter. 

+ Forsyth, p. 459. The theorems here quoted are considered in detail in Chapter III. of the 
present book. 

% Cf. Biemann, Get. Werke (1876), p. 113. Klein, Ueber Riemann 1 * Theorie (Leipzig, 
Teubner, 1882), p. 65. 
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8. But there is a case in which this argument fails. If it be possible to 
transform the original surface into itself by a rational reversible transforma- 
tion involving r parameters, any r places on the surface are effectively 
equivalent with, as being transformable into, any other r places. Then the 
Q poles of the function f do not effectively supply Q but only Q — r dispose- 
able constants with which to fix the new surface. So that there are 3 p — 3 + r 
branch points of the new surface which remain beyond our control. In this 
case we may say that all the surfaces of the class contain 3 p — 3 disposeablc 
parameters beside r parameters which remain indeterminate and serve to 
represent the possibility of the self-transformation of the surface. It will be 
shewn in the chapter on self- transformation that the possibility only arises 
for p = 0 or p = 1, and that the values of r are, in these cases, respectively 
3 and 1. We remark as to the case p = 0 that when the fundamental 
surface has only one sheet it can clearly be transformed into itself by 

a transformation involving three constants x = + d : an( * * n rc £ ar( * to p — 1, 

the case of elliptic functions, that effectively a point represented by the 
elliptic argument u is equivalent to any other point represented by an 
argument it + y. For instance a function of two poles is 

* A 


P «,0 : 




<*±P 

2 




+ B, 


and clearly F a< p has the same value at u as has F a+ytP ^. y at a + 7 : so that the 
poles (a, ft) are not, so far as absolute determinations arc concerned, effective 
for the determination of more than one point. 


9. The fundamental equation 

«o2/ n + “iy n ~ l + . . . + a„ = 0, 

so far considered as associated with a Riemann surface, may also be regarded 
as the equation of a plane curve : and it is possible to base our theory on the 
geometrical notions thus suggested. Without doing this we shall in the 
following pages make frequent use of them for purposes of illustration. It is 
therefore proper to remind the reader of some fundamental properties*. 

The branch points of the surface correspond to those points of the curve 
where a line x = constant meets the curve in two or more consecutive points : 
as for instance when it touches the curve, or passes through a cusp. On the 
other hand a double point of the curve corresponds to a point on the surface 
where two sheets just touch without further connexion. Thus the branch 
place of the surface which corresponds to a cusp is really a different singu- 
larity to that which corresponds to a place where the curve is touched by a 

* Cf. Forsyth, Theory of Functions, p. 855 eto. Harkness and Morley, Theory of Functions , 
p. 273 etc. 
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line x = constant, being obtained by the coincidence of an ordinary branch 
place with such a place of the Riomann surface as corresponds to a double 
point of the curve. 

Properties of either the Riemann surface or a plane curve are, in the 
simpler cases, immediately transformed. For instance, by Plucker’s formulae 
for a curve, since the number of tangents from any point is 
t = (n - 1) n — 2S - 3*, 

where n is the aggregate order in x and y, it follows that the number of 
branch places of the corresponding surface is 

w = t + K = (n — l)n — 2 (8 + #) 

= 2n — 2 + 2 {£ (n — 1) (n — 2) - 8 — k). 

Thus since w = 2n — 2 -f-p, the deficiency of the surface is 
\ (n - l)(?i-2)-S- k, 

namely the number which is ordinarily called the deficiency of the curve. 

To the theory of the birational transformation of the surface corresponds 
a theory of the birational transformation of plane curves. For example, the 
branch places of the new surface obtained from the surface /(#, y) = 0 by 
means of equations of the form <f> ( x , y) — (x, y) = 0, S (, x, y) — rj % ( x , y) = 0 

will arise for those values of f for which the curve <j) ( x , y) — (x, y) = 0 

touches f(x , y) = 0. The condition this should be so, called the tact inva- 
riant, is known to involve the coefficients of </> ( x , y) — gyfr (x t y) = 0, and 
therefore in particular to involve f, to a degree* n(n — 3)~ 28 — 3* + 2nn\ 
where n is the order of <£ (x, y) — (x, y) — 0. Branch places of the new 

surface also arise corresponding to the cusps of the original curve. The total 
number is therefore n (n — 3) — 28 — 2/c + 2 nn f = 2p — 2 + 2 nri. Now mi is 
the number of intersections of the curves f {x, y) — 0 and <j> ( x , y) — gyjr (x, y) — 0, 
namely it is the number of values of rj arising for any value of f, and is 
thus the number of sheets of the new surface, which we have previously 
denoted by v : so that the result is as before. 

In these remarks we have assumed that the dependent variable occurs 
to the order which is the highest aggregate order in x and y together — and 
we have spoken of this as the order of the curve. And in regarding two 
curves as intersecting in a number of points equal to the product of their 
orders we have allowed count of branches of the curve which are entirely 
at infinity. Some care is necessary in this regard. In speaking of the 
Riemann surface represented by a given equation it is intended, unless the 
contrary be stated, that such infinite branches are unrepresented. As an 
example the curve y 3 = (#, 1) 6 may be cited. 

Ex. Prove that if from any point of a curve, ordinary or multiple, or from a point not 
on the curve, t be the number of tangents which c<ui be drawn other than those touching 

* See Salmon, Higher Plane Ctirves (1879), p. 81. 
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at the point, and k be the number of cusp of the curve — and if » be the number of 
points other than the point itself in which the curve is intersected by an arbitrary line 
through the point — then t+n-2v is independent of the position of the point. If the 
equation of the variable linos through the point be written u—fp—O, interpret the result 
by regarding the curve as giving rise to a Riemann surface whose independent variable 
is £*. 

10. The geometrical considerations here referred to may however be 
stated with advantage in a very general manner. 

In space of any (k) dimensions let there be a curve — (a one-dimension- 
ality). Let points on this curve be given by the ratios of the &+1 homo- 
geneous variables x u ... , afc +l . Let a, v be any two rational integral homo- 
geneous functions of these variables of the same order. The locus u — gv = 0 
will intersect the curve in a certain number, say v> points — we assume the 
curve to be such that this is the same for all values of £, and is finite . Let all 
the possible values of £ be represented by the real points of an infinite plane 
in the ordinary way. Let w, t be any two other integral functions of the 

w 

coordinates of the same order. The values of r) — — at the points where 

t 

u — £v = 0 cuts the curve for any specified value of f will be v in number. 
As before it follows thence that rj satisfies an algebraic equation of order v 
whose coefficients are one-valued functions of £. Since tj can only be infinite 
to a finite order it follows that these coefficients are rational functions of f. 
Thence we can construct a Riemann surface, associated with this algebraic 
equation connecting £ and rj, such that every point of the curve gives rise to 
a place of the surface. In all cases in which the converse is true we may 
regard the curve as a representation of the surface, or conversely. 

Thus such curves in space are divisible into sets according to their 
deficiency. And in connexion with such curves we can construct all the 
functions with which we deal upon a Riemann surface. 

Of these principles sufficient account will be given below (Chapter VL): 
familiar examples are the space cubic, of deficiency zero, and the most general 
space quartic of deficiency 1 which is representable by elliptic functions. 

11. In this chapter we have spoken primarily of the algebraic equation 
— and of the curve or the Riemann surface as determined thereby. But this 
is by no means the necessary order. If the Riemann surface be given, the 
algebraic equation can be determined from it — and in many forms, according 
to the function selected as dependent variable ( y ). It is necessary to keep 
this in view in order fully to appreciate the generality of Riemann’s methods. 
For instance, we may start with a surface in space whose shape is that of an 

* The reader who desires to study the geometrical theory referred to may consult:— 
Cayley, Quart. Journal, vn. ; H. J. 8. Smith, Proc . Lond. Math. Soc. vi.; Noether, Math. Annal. 

9 ; Brill, Math. Annal. 16 ; Brill u. Noether, Math. Annal. 7. 
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anchor ring*, and construct upon this surface a set of elliptic functions. Or 
we may start with the surface on a plane which is exterior to two circles 
drawn upon the plane, and construct for this surface a set of elliptic functions. 
Much light is thrown upon the functions occurring in the theory by thus 
considering them in terms of what are in fact different independent variables. 
And further gain arises by going a step further. The infinite plane upon 
which uniform functions of a single variable are represented may be regarded 
as an infinite sphere ; and such surfaces as that of which the anchor ring 
above is an example may be regarded as generalizations of that simple case. 
Now we can treat of branches of a multiform function without the use of a 
Riemann surface, by supposing the branch points of the function marked on 
a single infinite plane and suitably connected by barriers, or cuts, across which 
the independent variable is supposed not to pass. In the same way, for any 
general Riemann surface, we may consider branches of functions which are 
not uniform upon that surface, the branches being separated by drawing 
barriers upon the surface. The properties obtained will obviously generalize 
the properties of the functions which are uniform upon the surface. 

* Forsyth, p. 318 ; Riemann, Gen. Werke (187G), pp. 89, 415. 
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CHAPTER II. 

The Fundamental Functions on a Riemann Surface. 

12. In the present chapter the theory of the fundamental functions is 
based upon certain a priori existence theorems*, originally given by 
Riemann. At least two other methods might be followed : in Chapters IV. 
and VI. sufficient indications are given to enable the reader to establish 
the theory independently upon purely algebraical considerations: from 
Chapter VI. it will be seen that still another basis is found in a preliminary 
theory of plane curves. In both these cases the ideas primarily involved are 
of a very elementary character. Nevertheless it appears that Riemann’s 
descriptive theory is of more than equal power with any other ; and that 
it offers a generality of conception to which no other theory can lay claim. 
It is therefore regarded as fundamental throughout the book. 

It is assumed that the Theory of Functions of Forsyth will be accessible 
to readers of the present book ; the aim in the present chapter has been to 
exclude all matter already contained there. References are given also to 
the treatise of Harkness and Morley *. 

1*3. Let t be the infinitesimal f at any place of a Riemann surface : if it is 
a finite place, namely, a place at which the independent variable x is finite, 
the values of x for all points in the immediate neighbourhood of the place 
are expressible in the form x = a + t w+1 : if an infinite place, x = £ -(w+1) . 
There exists a function which save for certain additive moduli is one-valued 
on the whole surface and everywhere finite and continuous, save at the 
place in question, in the neighbourhood of which it can be expressed in the 
form 

^ +^4 + ••• + p 1 + C + P (t). 

* See for instance : Forsyth, Theory of Functions of a Complex Variable, 1893 ; Harkness and 
Morley, Treatise on the Theory of Functions , 1893 ; Schwarz, Gesam. math. Abhandlungen, 1890. 
The best of the early systematic expositions of many of the ideas involved is found in 
C. Neumann, Vorlesungen liber Riemann's Theorie, 1884, which the reader is recommended to 
study. See also Picard, Traits d' Analyse, Tom. ii. pp. 273, 42 and 77. 
t For the notation see Chapter I. §§ 2, 3. 
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Herein, as throughout, P (t) denotes a series of positive integral powers of t 
vanishing when t = 0, C, A, ... , A r -u are constants whose values can be 
arbitrarily assigned beforehand, and r is a positive integer whose value can be 
assigned beforehand. 

We shall speak of all such functions as integrals of the second kind : 
but the name will be generally restricted to that * * * § particular function whose 
behaviour near the place is that of 

-i + C + P(«). 

This function is not entirely unique. We suppose the surface dissected 
by 2 p cuts-f*, which we shall call period loops; they subserve the purpose of 
rendering the function one-valued over the whole of the dissected surface. 
We impose the further condition that the periods of the function for transit 
across the p loops of the first kind} shall be zero; then the function is unique 
save for an additive constant. It can therefore be made to vanish at an 
arbitrary place. The special function^ so obtained whose infinity is that 

of - j is then denoted by F/’ c , c denoting the place where the function 

t 

vanishes and x the current place. When the infinity is an ordinary place, 

at which either x = a or x = oo , the function is infinite either like * 

x — n 

or — x . The periods of r/’ c for transit of the period loops of the second 
kind will be denoted by ft,, ..., fl ]} . 

14 . Let (x.ji/.j) be any two places of the surface : and let the 

infinitesimals be respectively denoted by t lf t ti so that in the neighbourhood 
of these places we have the equations x — x x = f 1 w,+1 , x — x 2 = f 3 w * +1 . Let a 
cut be made between the places ( x 1 y l ), (# 3 y 3 ). There exists a function, here 
denoted by II*’ ° r , which (a) is one-valued over the whole dissected surface, 
(/ 3 ) has p periods arising for transit of the period loops of the second kind 
and has no periods at the period loop of the first kind, (7) is everywhere 

continuous and finite save near (^3/1) and (# 3 y 3 ), where it is infinite re- 

spectively like log ti and — log t., , and, (8), vanishes when the current place 
denoted by x is the place denoted by c. This function is unique. If the 
cut between (x x y^ t (a? a y 3 ) be not made, the function is only definite apart 
from an additive integral multiple of 27 ri, whose value depends on the 

* This particular function is also called an elementary integral of the second kind. 

+ Those ordinarily called the a, b curves; see Forsyth, p. 354. Harkness and Morley, 
p. 242, eto. 

% Those called the a cuts. 

§ The fact that the function has no periods at the period loops of the first kind is gene- 
rally denoted by calling the function a normal integral of the second kind. 
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path by which the variable is supposed to pass from c. It will be called* the 
integral of the third kind whose infinity is like that of log(^/< 2 ). 

15. Beside these functions there exist also certain integrals of the first 
kind — in number p. They are everywhere continuous and finite and one- 
valued on the dissected surface. For transit of the period loops of the 
first kind, one of them, say Vi, has no periods except for transit of the I th loop, 
a*. This period is here taken to be 1. The periods of v» for transit of the 
period loops of the second kind are here denoted by t iV ..., t^. We may 
therefore form the scheme of periods 



«i 



<*p 

ft. 


ft. 



v l 

1 

0 


0 

fit 


*ip 

r* 

0 

1 


0 

r 21 


*2 p 









Vp 

0 

0 


1 

^1 


T m> 


Each of these functions v % is unique when a zero is given. They will there- 
fore be denoted by v x Xt c , . . . , v p Xt c , the zero denoted by c being at our disposal. 

The periods n } have certain properties which will be referred to in their 
proper place : in particular r tJ = t^, so that they are certainly not equivalent 
to more than Jp(p-fl) algebraically independent constants. As a fact, in 
accordance with the previous chapter, when p > 1 they are subject to 
ip (p + 1) - (Sp - 3) = HP ~ (P~ 3) relations. 


16. In regard to these enunciations, the reader will notice that the word 
period here used for that additive constant arising for transit of a period loop 
— namely, in consequence of a path leading from one edge of the period loop 
to the opposite edge — would be more properly called the period for circuit of 
this path than the period for transit of the loop. 

The integrals here specified are more precisely called the normal ele- 
mentary integrals of their kinds. The general integral of the first kind is a 
linear function of v u ..., v p with constant coefficients; its periods at the first 
p loops will not have the same simple forms as have those of v x ... v p . The 
general integral of the third kind, infinite like 0 log (£,/£*), 0 being a constant, 
is obtained by adding a general integral of the first kind to Oil*’ ^ ; similarly 
for the general integral of the second kind. 

The function II *' e hast the property expressed by the equation 


n 


*, « 


n 


*», 

x, e * 


* More precisely, the normal elementary integral of the third kind, 
t Forsyth, p. 453, Harkness and Morley, p. 445, 
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A more general integral of the third kind having the same property is 

n x,!x, +1 ^ A iJ V ' X ' e 

wherein the arbitrary coefficients satisfy the equations A 0 = Aj{. The pro- 
perty is usually referred to as the theorem of the interchange of argument 
(x) and parameter (#,)• 

The property allows the consideration of 


as a function of x x for fixed positions of x, c, x». In this regard a remark 
should be made: 

For an ordinary position of x, the function 

- lo g ( x < - *) = - lo « («•' - *) 

is a finite continuous function of x x when a?/ is in the neighbourhood of x. 
But if x x be a branch place where w + 1 sheets wind, and x x> x be two 
positions in its neighbourhood, the functions of x 

nV -log («•/-*), n*‘ — Aogfa-x) 

*«'. ^ 6 V 1 h x u W + 1 6 V 1 7 

are respectively finite jus x approaches x x and x ly so that 

n^-io gW-*) 

is not a finite and continuous function o/* x x for positions of .r,' up to and 
including the branch place x x . 

In this case, let the neighbourhood of the branch place be conformally 
represented upon a simple plane closed area and let f be the represent- 

atives thereon of the places x lt x x , x. Then the correct statement is that 

log (?/-?) 

is a continuous function of x x or f,' up to and including the branch place x x . 
This is in fact the form in which the function II* 1 ^ 2 arises in the proof 
of its existence upon which our account is based*. 

In a similar way the function 

regarded as a function of x Xi is such that 


is a finite continuous function of f/ in the immediate neighbourhood of x. 
* The reader may consult Neumann, p. 220. 


B. 


2 
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17 . It may be desirable to give some simple examples of these integrals. 

(a) For the surface represented by 

y 2 =.r(a?-a 1 )...(^-a 2p+l ), 

wherein a n ..., a 2p+1 are finite and different from zero and each other, consider the 
integral 

i [<te(y±i y±iA 

(£, 7), (£ lf j/j) being places of the surface other than the branch places, which are 

(Pi 0)»( a l> 0), (#2J> + 1» 0). 

It is clearly infinite at these places respectively like log (a* - £), ~ log (-' r ~ &)• 

It is not infinite at (£, -7), (&, -7^; for (y + 7)/(a* - £)> (y+i?i)/(#-&) are finite at 
these places respectively. 

At a place a=oo, where x=t~\ y=*t-*’ mX {\.+l\(t)), « being + 1 , and P\{t) a series of 
positive integral powers of t vanishing for t — 0 , we have 

y±i » 1 + ,,<» *■(!+ i\m ~ = - * (i - fo-s 

and the integral has the form 

- ifft[A+P t (01 

A being a constant. It is therefore finite. 

At a place y = 0 , for instance where 

x=a l + t \ y=Bt[l + Ps(t)l 
B being a constant, the integral has the form 

C jdt[l + /\(t)l 

C being a constant, and is finite. 

Thus it is an elementary integral of the third kind with infinities at (£, 7), (£,, 7^. 

It may be similarly shewn that the integral 



is infinite at (£ 1} 7J like - log(.r- and is not elsewhere infinite except at (0, 0). 

Near (0, 0 ), we have x—t 2 , y~Dt\\ + P b (* 2 )] and this integral is infinite like 

/ 7 =logt 

It is therefore an elementary integral of the third kind with one infinity at the 
branch place (0, 0) and the other at (£,, 7J. 

Consider next the integral 



where 7' = ~. It can easily be seen that it is not infinite save at (£, 7). Writing for the 
neighbourhood of this place, which is supposed not to be a branch place, 
y = 7 +(#-£) 7 '+ i (#-£) 2 7 "+ 
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which is equal to 


f d* v+( x -i)v+i( x -() t ’l"+ ••• 

) (*-e* ■»+(*- i) ■»'+*(*- e* ... ’ 


Thus the integral is there infinite like £ , and is thus an elementary integral of 

x “ c 

the second kind. 

The elementary integral of the second kind for a branch place, say (0, 0), is a multiple of 

2 Jxy 

In fact near x — 0, writing x—t\ y=Dt[\ +P (<*)], this integral becomes 

i [i +/w 

or 

as desired. 

The integral is clearly not infinite elsewhere. 


which is equal to 


Example 1. Verify that the integral last considered is the limit of 
22) J y \jc-£ x J 

as the place (£, »;) approaches indefinitely near to (0, 0). 


Example 2. Shew that the general integral of the first kind for the surface is 

fjW 1 +A t v+...+A p - 1 **-*). 

09) We have in the first chapter §§ 2, 3 spoken of a circumstance that can arise, that 
two sheets of the surface just touch at a point and have no further connexion, and we 
have said that we regard the points of the sheets as distinct places. Accordingly we may 
have an integral of the third kind which has its infinities at these two places, or an integral 
of the third kind having one of its infinities at one of these places. For example, on the 
surface 

/to y)=(y- m v v ) (y - v) + (•*, y) 3 +to y) 4=° 

where (x, y) 3i (,r, ?/) 4 are integral homogeneous polynomials of the degrees indicated by the 
suffixes, with quite general coefficients, and m ly wi 2 are finite constants, there are at #=0 
two such places, at both of which y— 0. 


In this case 


¥ . 


[ dx 

SfiyY 


where f(y) = , is a constant multiple of an integral of the third kind with infinities at 

these two places (0, 0) ; and 

f y -m ^+AxP+Bxy + Cy 2 dx 

J Jti+My f'(y) 


2—2 
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is a constant multiple of an integral of the third kind, provided A, B, C be so chosen that 
y-m l x+ Ax?+Bxy+Cy* vanishes at one of the two places other than (0, 0) at which 
Lx+My is zero. Its infinities are at (i) the uncompensatod zero of Lx -f My which is not 
at (0, 0), (ii) the place (0, 0) at which the expression of y in terms of x is of the form 
y = m t c + /V ... 


In fact, at a branch place of the surface where x—a + fi, f'(y) is zero of the first order, 
f dx 

and dx*=2t dt ; thus * s fi n if° the branch places. At each of the places (0, 0), 

f{y) is zero of the first order, Lx+My is zero of the first order and y - m x x + A x 2 + Bxy + Cy 2 
is zero at these places to the first and second order respectively. These statements are 
easy to verify ; they lead immediately to the proof that the integrals have the character 
enunciated. 


The condition given for the choice of A, /?, C will not determine them uniquely — the 
integral will be determined save for an additive term of the form 

where I\ Q are undetermined constants. The reader may prove that this is a general 
integral of the first kind. The constants P , Q may be determined so that the integral of 
the third kind has no periods at the period loops of the first kind, whose number in this 
case is two. The reasons that suggest the general form written down will appear in the 
explanation of the geometrical theory. 


(y) The reader may verify that r or the respective cases 

y*=(x-a)(x-b) ( v — c) 2 , 
if**\x-a)\x-b) (x-c)\ 
y? = (x— a) (x—b) (x ~c)\ 

the general integrals of the first kind are 

fp (x-b)(x-ey, 

/?<->• 

v-c)‘[Ay+B(x-c)], 

J~ (x - cf [A f + By (x -c)+C (x - cf], 
where A, B, C are arbitrary constants. 

See an interesting dissertation “de Transformationo aequationis y n —R{x).„ n Eugen. 
Netto (Berlin, Gust. Schade, 1870). 


(d) Ex. Prove that if F denote any function everywhere one valued on the Riemann 
surface and expressible in the neighbourhood of every place in the form 

~ 4* +...+2?+2?|$+2?g$ 2 +... 

the sum of the coefficients of the logarithmic terms log t of the integral j Fdx , for all 
places where such a term occurs, is zero. 
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It is supposed that the number of places where negative powers of t occur in the 
expansion of F is finite, but it is not necessary that the number of negative powers be 

finite. The theorem may be obtained by contour integration of JfcZx, and clearly 
generalizes a property of the integral of the third kind. 

18. The value of the integral* jr^ c dv^ c taken round the p closed curves 

formed by the two sides of the pairs of period loops (a l} b j), ...» ( a p , b p ) t in such 
a direction that the interior of the surface is always on the left hand, is equal 
to the value taken round the sole infinity, namely the place a, in a counter- 
clockwise direction. Round the pair a r , b r the value obtained is 

n r J dv* ,c , 

taken once positively in the direction of the arrow head round what in the 
figure is the outer side of b r . This value is D r (- « ir ), where a ) ir denotes the 
period of v t for transit of a r) namely, from what in the figure is the inside of 
the oval a r to the outside. 



The relations indicated by the figure for the signs adopted for o) tr , r ir and 
the periods of F *’ c will be preserved throughout the book. 

Since co tr is zero except when r = i, the sum of these p contour integrals 
is — Taken in a counter-clockwise direction, round the pole of V* , 

where 

r*- c =-] + A + Bt + ct* + ..., 

* t 

the integral gives 

j -j + A+Bt+Ct*+ ...J | ~Dv*' c + tD‘ 2 v a % ’ 1 +- 

where D denotes ™ . Hence, as x — 1, 
at ’ 


n. = 2 ir*(D/’ r ^ a . 


* Cf. Forsyth, pp. 448, 451. Harkness and Morley, p. 439. 
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This is true whether a be a branch place or a place at infinity (for which, 
if not a branch place, x = t~ l ) or an ordinary finite place. In the latter case 

Similarly the reader may prove that the periods of FT*’ ^ arc 
0, 0, 2t 2t 

In this case it is necessary to enclose w 1 and x % in a curve winding w t + l 
times at x u w % 4- 1 times at x it in order that this curve may be closed. 


19. From these results we can shew that the integral of the second kind 
is derivable by differentiation from the integral of the third kind. Apart 
from the simplicity thus obtained, the fact is interesting because, as will 
appear, the analytical expression of an integral of the third kind is of the 
same general form whether its infinities be branch places or not ; this is not 
the case for integrals of the second kind. 

We can in fact prove the equation 


JJ*. c __ p*. « 
I #|i .V, 


namely, if, to take the most general case, x 1 be a winding place and a?/ a place 
in its neighbourhood such that x( =*x 1 + $* +1 , the equation, 


lim. 



n 


x, r 
X\\ J?a 



r* ,c . 
* . 


For, let the neighbourhood of the branch place x x be conformally represented 
upon a simple closed area without branch place, by means of the infinitesimal 
of x , as explained in the previous chapter. Let ft', ft be the representatives 
of the places x \ 9 x lt and £ the representative of a place x which is very near 
to x lt but is so situate that we may regard x( as ultimately infinitely closer 
to x x than x is. 


Then x — x x = (f - ft) w+ \ 

where C does not vanish for x x = x , 


and II x x ' ° Xi = log (x - x’) + $' = log (f - £') + 

where </>' is finite for the specified positions of the places and remains finite 
when ft' is taken infinitely near to ft (§ 16). 

h*,* = lo s (« - »■ ) + <#» = (£ - ?>) + <P< 


Also 
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where <f> is also finite. Therefore 
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and thus 

rn*’ 1 ’ -n*’ 0 ! 1 

“"W + * 

where yjr is finite. 

Now as f/ moves up to f,, for a fixed position of f, we have 


C‘ = 1 f=-rf +». 

*■ fl ? - fi 


-It: 


fl “ fl — (#1 — ^l) w+1 — fcjl 

and 

where ^ is finite. 

Hence 

is finite when # is near to x x . 

Moreover it does not depend on x 2 . For from the equation 

n*- c _ n* 1 ’ Xa 
^ c > 

we may regard IL x,e as a function of x lt which is determinate save for an 
additive constant by the specification of # and c only. This additive constant, 
which is determined by the condition that the function vanishes when x x = x 2 , 
is the only part of the function which depends on x 2 . It disappears in the 
differentiation. 


Finally, by the determination of the periods previously given, it follows 


that 


d. - ry 


% Xi x x 

has no periods at the 2 p period loops. Hence it is a constant, and therefore 
zero since it vanishes when x = c. 

Corollary i. 

Hence D t T x,e = D t D t U x,c = D t D t n x " x * = D t T Xu \ 

l x X x l X f X x X u X a l X x f X X, 0 l x, X * 

of which neither depends on the constant position c. 

Corollary ii. 

The functions 

n *» c n a c n 8 


n, r** 
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are respectively infinite like 


* 



I _! 

v’ k 


We shall generally write D Xi , D\ y ... instead of D tjc , Dl When x x 

is an ordinary place D Xi will therefore mean , etc. 

dXi 


Corollary iii. 

By means of the example ($) of § 17 it can now be shewn that the infinite 
parts of the integral 

jFdx, 

in which F is any uniform function of position on the undissccted surface 
having only infinities of finite order, are those of a sum of terms consisting of 
proper constant multiples of integrals of the third kind and differential 
coefficients of these in regard to the parametric place. 


20. One particular case of Cor. iii. of the last Article should be stated. 
A function which is everywhere one-valued on the undissccted surface must 
be somewhere infinite. As in the case of uniform functions on a single 
infinite plane (which is the particular case of a Riemann surface for which 
the deficiency is zero), such functions can be divided into rational and 
transcendental, according as all their infinities are of finite order and of finite 
number or not. Transcendental functions which are uniform on the surface 
will be more particularly considered later. A rational uniform function can 
be expressed rationally in terms of x and y *. But since the function can be 
expressed in the neighbourhood of any of its poles in the form 

cf + T + ^ + - + ^ + i> ( < )- 

we can, by subtracting from the function a series of terms of the form 

- A.D.T.-+ ... +i ^j D." r.~] . 

obtain a function nowhere infinite on the surface and having no periods at the 
first p period loops. Such a function is a constant "f\ Hence F can also be 
expressed by means of normal integrals of the second kind only. Since F 
has no periods at the period loops of the second kind there are for all rational 
functions certain necessary relations among the coefficients A u .,, t A m . 
These are considered in the next Chapter. 

* Forsyth, p. 869. Harkness and Morley, p. 262. 

+ Forsjth, p. 439. 
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21. Of all rational functions there are p whose importance justifies a 
special mention here; namely, the functions 

dVj dv 2 dvp 

don * doc y dx 9 


In the first place, these cannot be all zero for any ordinary finite place a of 
the surface. For they are, save for a factor 27 ri, the periods of the normal 
integral r„ c . If the periods of this integral were zero, it would be a rational 
uniform function of the first order; in that case the surface would be repre- 
sentable conformally upon another surface of one sheet*, f = r/ ,c being the 
new independent variable; and the transformation would be reversible 
(Chap. I. § 6). Hence the original surface would be of deficiency zero; 
in which case the only integral of the first kind is a constant. The functions 
are all infinite at a branch place a. But it can be shewn as here that the 
quantities to which they are there proportional, namely D a v i, ...,D a v p , cannot 
be all zero. The functions are all zero at infinity, but similarly it can be 
shewn that the quantities, Dv ... , Dv p , cannot be all zero there. 

Thus p linearly independent linear aggregates of these quantities cannot all vanish at 
the same place. We remark, in connexion with this property, that surfaces exist of all 
deficiencies such that p~\ linearly independent linear aggregates of these quantities 
vanish in an infinite number of sets of two places. Such surfaces are however special, and 
their equation can be putf into the form 

y 1 — (#, l) 2 p + 2 ■ 

We have seen that the statement of the property requires modification 
at the branch places, and at infinity ; this particularity is however due to the 
behaviour of the independent variable x. We shall therefore state the pro- 
perty by saying: there is no place at which all the differentials dv l} ..., dv p 
vanish. A similar phraseology will be adopted in similar cases. For instance, 
we shall say that each of dv u dv if ... , dv p hasj 2 p — 2 zeros, some of which 
may occur at infinity. 

In the next place, since any general integral of the first kind 


\ x vf + ... + \ p v p x 


must necessarily be finite all over any other surface upon which the original 
surface is conformally and reversibly represented and therefore must be an 
integral of the first kind thereon, it follows that the rational function 



+ \p 


dv p 

dx 


I owe this argument to Prof. Klein. 

See Forsyth, p. 4G1. Harkness ancl Morley, p. 450. 


+ See below, Chap. V. 
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is necessarily transformed with the surface into 



where F* = is an integral of the first kind, not necessarily normal, on the 

dj: 

new surface, f being the new independent variable, and M = ~ . 

Thus, the ratios of the integrands of the first kind are transformed 
into ratios of integrands of the first kind ; they may be said to be invariant 
for birational transformation. 

This point may be made clearer by an example. The general integral 
of the first kind for the surface 

= (*, i)* 

can be shewn to be 

Jj(A+Bx + Ca?), 

A, By G being arbitrary constants. 

If then : <j > 2 : 0 3 denote the ratios of any three linearly independent 
integrands of the first kind for this surface, we have 

1 : a : a? - o,0i 4- Ma + Cj0 3 : Mi f Ms 4- M „ : a 3 0 t 4- 6 3 0 3 + c 3 0 3 
for proper values of the constants a u b lf , c 3 , 
and hence 

(a,0, 4- ^i02 4- C!0,) (a s 0, 4- 6 3 0 2 4* c,0 3 ) = (Mi 4- -f c 3 0 3 ) 3 . 

a relation will therefore hold for all the surfaces into which the given 
one can be birationally transformed . 


22. It must be remarked that the determination of the normal integrals 
here described depends upon the way in which the fundamental period loops 
are drawn. An integral of the first kind which is normal for one set of 
period loops will be a linear function of the integrals of the first kind which 
are normal for another set ; and an integral of the second or third kind, which 
is normal for one set of period loops, will for another set differ from a normal 
integral by an additive linear function of integrals of the first kind. 
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CHAPTER III. 

The Infinities of Rational Uniform Functions. 

23. In this chapter and in general we shall use the term rational function 
to denote a uniform function of position on the surface of which all the 
infinities are of finite order, their number being finite. We deal first of all 
with the case in which these infinities are all of the first order. 

If k places of the surface, say a,, a 2 ... a k , be arbitrarily assigned we can 
always specify a function with p periods having these places as poles, of the 
first order, and otherwise continuous and uniform ; namely, the function is of 
the form 

Po + fh 1 ^, + ... + , 

where the coefficients fju x ... //* are constants, the zeros of the functions T 
being left undetermined. Conversely, as remarked in the previous chapter 
(§ 20), a rational function having a lt ...,d* as its poles must be of this form. 
In order that the expression may represent a rational function the periods 
must all be zero. Writing the periods of TJ in the form (a), . . . , fl^, (a), 
this requires the equations 

(dj) + /x a U, (dn) -f ... + fcfl, (a*) = 0, 

for all the p values, i = 1, 2, ... , p t of i. In what follows we shall for the sake 
of brevity say that a place c depends upon r places c,, c,, ... , c r when for all 
values of i, the equations 

( C ) == /lH» (, c l) + • • • +fr ®> i ( c r) 

hold for finite values of the coefficients these coefficients being 

independent of i. Hence we may also say : 

In order that a rational function should exist having k assigned places as 
its poles , each simple , one at least of these places must depend upon the others. 

24. Taking the k places ci a , . .. , a* in the order of their suffixes, it may 
of course happen that several of them depend upon the others, say a a+li ... f Uk 
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upon ttj, the latter set Oj being independent: then we have 

equations of the form 

(^*+ 1 ) = n s+ 1, l (®i) 4* . . . + Wf+i, t fit (p't) 

fit { a k) ~ il k t l Hi ( rt i) + • • • + Wj b j „ (Ot*), 

the coefficients in any of the rows here being the same for all the p values of 
i. In particular, if s be as great as p and a lt ..., a 8 be independent, equations 
of this form will hold for all positions of a s+1 , ...,a k . For then we have 
enough disposeable coefficients to satisfy the necessary p equations. 

When it does so happen, that a 8+l depend upon a x ...i i 8 , there 
exist rational functions, of the form 

-^*+1 = Gf+l + ^»+i [^, + | “ ' tl s+h 1 “ ~ w*+i , » F 0- ] * 

R k =<r t +x* [r; i*- r;]. 

wherein <r t+1 ... <r kf \, +1 ... X* are constants, which are all infinite once in 
a x ...a 8 and are, beside, infinite respectively at a t+1 , ..., a k ; and the most 
general function uniform on the dissected surface, which is infinite to the 
first order at a x , ..., a k% being, as remarked, of the form 

/*» + /*! it, + + 

can be written in the form 

mo +/* 1 r <Ii + +m« 

+ M«+1 ^*+1 + r rti + 4- W*+1,* To, — r^- +1 I 

L A *+1 

+ 

+^[^ k R » r ‘, + +«*,. 

namely, in the form 

V 0 + V x T aj -f- + V t Fa, 4* V 8+X R 8 + X -f + V k R k . 

If this function is to have no periods, the equations 

pA(«i) + + = 0, (i* 1, 2, ...,p), 

must hold. Since a Xt ...,a 8 are independent, such equations can only hold 
when v x — 0 = . . . = v 8 . Thus the most general rational function having k 
poles of the first order, at a Xi ..., a k , is of the form 

v 0 +v 8 + x R 8 + x + + v k R k , 

and involves k — s + 1 linearly entering constants, s being the number of 
places among a 1} ...,a k which are independent. These constants will generally 
be called arbitrary : they are so only under the convention that a function 
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which has all its poles among a x ,...,a k be reckoned a particular case of a 
function having each of these as poles ; for it is clear that, for instance, R k is 
only infinite at a lt . a a , a*. The proposition with a slightly altered enuncia- 
tion, given below in § 27 and more particularly dealt with in § 37, is called 
the Riemann-Roch Theorem, having been first enunciated by Riemann*, 
and afterwards particularized by Rochf. 

25. Take now other places a k+X} a k+i , ... upon the surface in a definite 
order , and consider the possibility of forming a rational function, which beside 

simple infinities at a x a k has other simple poles at, say, a k+Xt a k+i , 

By the first Article of the present chapter it follows that the least value 
of h for which this will be possible will be that for which a k depends 
on . . . a k a k + x . . . a k - x , that is, depends on a x . . . a s a k+x . . . a h- x . This will 
certainly arise at latest when the number of these places a x ...a s a k + x ... cth- 1 
is as great as p, namely h—\=k + p — s, and if none of the places a* +1 . . . a k - x 
depend upon the preceding places a x ...a tl , it will not arise before: in that 
case there will be no rational function having for poles the places 

e* «*+ 1 Uic+j 

for any value ofj from 1 to p — s. 

But in order to state the general case, suppose there is a value of j less 
than or equal to p — s, such that each of the places 

®k+j+ i a h 

depends upon the places 

a s a k+ 1 a k+j> 

the smallest value of j for which this occurs being taken, so that no one of 
a k + x ••• depends on the places which precede it in the series 

tffc+i a k+j • 

Then there exists no rational function with its poles at n, a* a k + x . . . 

but there exist functions 

Rki-J+I — ff k+jU + ^k+j+l C^cffc+, + 1 “ w *fj+i,i — 

— n k+j+i,u — n k +j+ Xt k + 1 Ba^ + 1 “ Kk+J+I.k+J J n* +J ]. 


Rk+jli — ^k+j+i + ^k+j+i + l “ n k+j+i,i ““ 

“ Wk+j+i,* I a i ~ fi k¥j+i,k+i + 1 n k+j+i,k+j r’ffj+jX 

whose poles are respectively at 

a x ...... a a , ct k + x a k+)> a k+j+i 

for all values of i from 1 to h — k — j . 

* Riemann, Ges. Werke, 1876, p. 101 (§ 5) and p. 118 (§ 14) and p. 120 (§ 16). 
t Crelle, 64. Cf. also Forsyth, pp. 469, 464. The geometrical significance of the theorem 
has been much extended by Brill and Noether. (Math. Ann. vii.) 
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Then the most general rational function with poles at 

a kdk+i 

is in fact 

v 0 4 V a+ i R a+l -I- 4 V k R k + V k+ j +l R k+ j +x + + Vk+j+iRk+j+i 

and involves k - 8 4- % 4 1 arbitrary constants, namely the same number as 
that of the places of the set 


j them. 


G&i ...... d k Cl k+ 1 * 

which depend upon the places that precede t 
For such a function must have the form 

/-•+/!» r:, + +/*« + m*+i r£, +1 4 + m* F OJfc + m*+i r^ +1 + 

+ M’k+j I a k+J + M*+j+i r*a* +J + 1 “1" + Pk+j+i 1 <»*+* + <> 

namely, 

Mo + Ml 

* 

4 


« • r*n ~ » < + 1 - »* • r*T* - »* + 1 

/**+./ ^ «*+; “h M*+j+i + i "1" “^* f^k+j+i 1 a*+j + 

fy 

*K+ + m. il. + *« r ; +1 + + W+J i% + , 

S’ M . + r L A + r + ».+!•, i It,+ + *. +r> . It. - 

r=l L A '*+ r A s+rJ 

^ I > Rk+j+t “1” ^k+j+t, l 1 a, “f" •••••• 

[_ A *+j+* 

t,* F«r a + Wjfc+j+r.t+i r ajt + 1 4 4 Tljc+j+t.k+j F«* + y *“ ’ 

l 


t=l 

+ 2 M*+j+< 
f=l 


+ W*+j+«, 
which is of the form 


Po + Pj 1^, 4 4 Vg T a< 4 v s+x R a+x 4 4 v k R k 

+ Vk+i r « i + 1 4 4% It* +J 4 Pjb+j+ii2 Jt+l+l + 4 Vk+j+tR k+J + t ; 

and the periods of this, each of the form 

v x il (a,) 4 4 v 8 n (u«) 4 v k+x il (a fc+1 ) 4 4 v k+j n (a k+J ), 

cannot be zero unless each of v x ... v 8 v k+1 ... be zero, for it is part of 
the hypothesis that none of a k+l . . . a k+J depend upon preceding places. 

26. Proceeding in this way we shall clearly be able to state the following 
result — 

Let there be taken upon the surface, in a definite order, an unlimited 
number of places a,, a 3 , .... Suppose that each of d x ..,a (i _^ is inde- 
pendent of those preceding it, but each of a^_ 9l+1 ••• a Ql depends on 
ai---a Q _ qi . Suppose that each of u Q+l a Q+i ... is independent of 

those that precede it in the seiies a x ... ••• a Q 2 - qi , but eac ^ of 

•••“«, de P ends u P° n ®> "• “q.-A+i ••• This requires that 

Q>~qi + [Q a -?.-Q.] >P- 
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Suppose that each of a Qt+1 ... is independent of those that precede it 

in the series a, ... a n M a n . . ... a n „ a n , . ... a n „ , but each of a n . . ... a., 

1 Oi-«i Vi+i Q%-q* Ci+i Q»~q* ft-fc+i & 

depends upon the places of this series. This requires that 

Qi - 0i + [ft* “ 02 - ft] + [Q 3 — 08 “ Qa] ^ 

Let this enumeration be continued. We shall eventually come to places 
a Q k ,+i» a Q +a» ••• a Q » each independent of the places preceding, for which 

the total number of independent places included, that is, of places which 
do not depend upon those of our series which precede them, is p — so that 
the equation 

P = (Qh-qh~ Qh-i) + + (ft - 0a “ ft) + (Qi - 0i) 

= Qh - 0i - 0a - - qh 

will hold. Then every additional place of our series, those, namely, chosen 
in order from a q _ q +l , a q _ q +2 , ... will depend on the preceding places of the 

whole series. 

This being the case, it follows, using Rf as a notation for a rational 
function having its poles among ... a fy that rational functions 

’ R Q,+1 : ■” 

do not exist. 

The number of these non-existent functions is p. 

For all other values of f a rational function R/ exists. 

To exhibit the general form of these existing rational functions in the 
present notation, let m be one of the numbers 1 , 2, ..., h; i be one of the 
numbers 1, 2, ... q mt and let the dependence of a q _ q +| upon the preceding 

places arise by p equations of the form 

n (««„-,.+,) =0> ft (“») + - + (««.-,.>] + ••• 

+ + ••• + -J] ; 

then, denoting T* by T r , there is a rational function 

= A + B f “ [P> r > +-+Pq , r «.-<,,] 

which has its poles at 

and the general rational function having its poles at 


a, ... a q a Qi+l • •• a Q t a Qi+ 1 ••• a Q m -<?„+»■ 
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is of the form 

*' n+ + + + •'* + ‘VAl 

+ ••• +[^_ 7 w+ i-^Q w _ 9m+ i + ••• + 

and involves q y + q 3 + . . . + q m . + i + 1 arbitrary coefficients. 

The result may be summarised by putting down the line of symbols 
1, 2, ... (ft - q x ), («,-*,+ l),...,Q lf Qi + 1, ... (Q,- 

(0a </:> + 1), 0a> & + !»•••» Qh-i + 1» • • • > (Qa #a)> 

with a bar drawn above the indices corresponding to the places which depend 
upon those preceding them in the series. The bar beginning over Qa — qh + 1 
is then continuous to any length. The total number of indices over which 
no bar is drawn is p. There exists a rational function Rf , in the notation 
above, for every index which is beneath a bar. 

The proposition here obtained is of a very fundamental character. Sup- 
pose that for our initial algebraic equation or our initial surface, we were able 
only to shew, algebraically or otherwise, that for an arbitrary place a there 
exists a function K x a , discontinuous at a only and there infinite to the first 
order, this function being one valued save for additive multiples of k periods, 
and these periods finite and uniquely dependent upon a, then, taking arbitrary 
places a 1} a 3 , ... upon the surface, in a definite order, and considering func- 
tions of the form 

+ + a 

that is, functions having simple poles at a u ..., a jy, we could prove, just as 
above, that there are k values of N for which such functions cannot be one 
valued ; and obtain the number of arbitrary coefficients in uniform functions 
of given poles. Namely, the proposition would furnish a definition of the 
characteristic number k — which is the deficiency, here denoted by p— based 
upon the properties of the uniform rational functions. 

We shall sometimes refer to the proposition as Weierstrasss gap 
theorem *. 

27. When a place a is, in the sense here described, dependent upon places 
b ly b, iy ...,6 r , it is clear that of the equations 

* “ Luckensatz.” The proposition has been used by Weierstrass, I believe primarily tinder 
the form considered below, in which the places a x , a 9 , ... are consecutive at one place of the 
surface, as the definition of p. Weierstrass’s theory of algebraic functions, preliminary to a theory 
of Abelian functions, is not considered in the present volume. His lectures are in course of 
publication. The theoiem here referred to is published by Sohottky : Gonforme Abbildung 
mehrfach zusammenhangender ebener Flachen, Crelle Bd. 88. A proof, with full reference to 
Schottky, is given by Noether, Crelle Bd. 97, p. 224. 
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iliO} (6j) + ... + Apflp (6j) =* 0 

■^l^i (fi r ) "i" ••• 4 1 Apflp (fir) “ 0 

A 1 fl 1 (a) + ... +A p Clp(a) = 0 

the last is a consequence of those preceding — and conversely that when the 
last equation is a consequence of the preceding equations the place a depends 
upon the places b Xi b 2y 

Hence the conditions that the linear aggregate 

f! (x) = A jHi (x) + . . . + Apflp (x) 
should vanish at the places 


«i 


• a e.“e.+i 


a Q, a Q,+i 


wherein i q m , are equivalent to only 


or 


(Q l - ( li) + (Q 2 — Gfa ~ Qi) + • • • + ( Qm “ ( im — Qvi-i) 
Qm-qi- 


linearly independent equations. 

If then t + 1 be the number of linearly independent linear aggregates of 
the form fl (x), which vanish in the Q m — q m -f i specified places, we have 

t + 1 = p - ( Q m -qi- ... - q, n)« 

Denoting Q m — q m + t by Q, and the number of constants in the general 
rational function with poles at the Q specified places, of which constants one 
is merely additive, by q + 1, 


g + 1 = + £-» + ••• + q m _ x + i + l. 


We therefore have 

Q - 1 =P - ( T + !)• 


Recalling the values of flj (#)... and the fact (Chapter II. §21) 

that every linear aggregate of them vanishes in just 2p — 2 places, we see 
that when Q is greater than 2p — 2, t + 1 is necessarily zero. 


In the case under consideration in the preceding article the number 
t + 1 for the function ll Q , namely the number of linearly independent 

linear aggregates H (a?) which vanish in the places 


«,tt 2 ... a Qi «Q 1+1 ... a Qh 

is given, by taking m = h— 1 and i — qh-i in the formula of the present 
article, by the equation 

T + 1 = p - (Q h _, -q l -... - q h - ,) 

— Qh — qh — Qh- 1. 

B. 3 
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Hence one such linear aggregate vanishes in the places 

... a q ^ a Q ^ +1 ... \-q k -i 

and therefore 

Qh — qh - 1 — 2 

or, the index associated with the last place a Q k -q h °f our seines, corresponding to 
which a rational function does not exist , is not greater than 2p — 1. A 

case in which this limit is reached, which also furnishes an example of the 
theory, is given below § 37, Ex. 2. 


28. A limiting case of the problem just discussed is that in which the 
series of points a„ a 2 > are all consecutive at one place of the surface. 


A rational function which becomes infinite only at a place, a, of the 
surface, and there like 


Oi 

t 


+ 




where any of the constants C u C, 2i ... , but not C r , may be zero, t being the 

infinitesimal, is said to be there infinite to the rth order. If — A» = C,/(i — 1) !, 
such a function can be expressed in a form 

x + + ... + Kifr' r* 

where, in order that the function be one valued on the undissected surface, 
the p equations 

\n t (a) + XAOi («)+...+ (a) = 0 

must be satisfied : and conversely these equations give sufficient conditions 
for the coefficients \ 1} X 2 , ... , X r . 


In other words, since \ r cannot be zero because the function is infinite to 
the rth order, the p differential coefficients D r ( r l L\(a), each of the r— 1th 
order, must be expressible linearly in terms of those of lower order, 

fl t (a), Dili ( a ), . . . , (a), 

with coefficients which are independent of i. We imagine the p quantities 
Dr 1 ^ («), for i = l,2,...,/), written in a column, which we call the rth 
column; and for the moment we say that the necessary and sufficient con- 
dition for the existence of a rational function, infinite of the rth order at a, 
and not elsewhere infinite, is that the rth column be a linear function 
of the preceding columns. 

Then as before, considering the columns in succession, they will divide 
themselves into two categories, those which are linear functions of the pre- 
ceding ones and those which are not so expressible. And, since the number 
of elements in a column is p, the number of these latter independent columns 
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will be just p . Let them be in succession the /^th, feth, . . . , & p th. Then 
there exists no rational function infinite only at a, and there to these 
orders k lt k it ,..,k pt though there are integrals of the second kind infinite 
to these orders. But if Q be a number different from k lf ..., k py there does 
exist such a rational function of the Qth order, its most general expression 
being of the form 

XqDQ- 1 ^ + x<2-iD?- 2 r* + ... + 4- 

namely, the integral of the second kind whose infinity is of order Q is 
expressible linearly by integrals of the second kind of lower order of infinity, 
with the addition of a rational function. 

If q 4- 1 be the number of linearly independent coefficients in this function, 
one being additive, we have an equation 

Q-q=p-(r + 1), 

where p— (t 4- 1) is the number of the linearly independent equations of the 
form 

Xjfi, (a) + + ... 4- XqDQ-'SI^ (a) = 0, ( i = 1, 2, ...,p), 

from which the others may be linearly derived. As before, t + 1 is the 
number of linearly independent linear aggregates of the form 

Aifli (#) + ... + A p Q, p (x) 
which satisfy the Q conditions 

A.D'il, (a) + ... + A p D r n p (a) * 0 
for r = 0, 1, 2, ..., Q— 1. 

29. In regard to the numbers ... k p we remark firstly that, unless p — 0, 
k x = 1 — for if there existed a rational function with only one infinity of the 
first order, the positive integral powers of this function would furnish rational 
functions of all other orders with their infinity at this one place, and there 
would be no gaps (compare the argument Chapter II. § 21); and further 
that in general they are the numbers 1, 2, 3 ... p, that is to say, there is only 
a finite number of places on the surface for which a rational function can be 
formed infinite there to an order less than p 4-1 and not otherwise infinite. 
We shall prove this immediately by finding an upper and a lower limit to 
the number of such places (§ 31). 

30. Some detailed algebraic consequences of this theory will bo given in 
Chapter V. It may be * here remarked, what will be proved in Chapter VI. 
in considering the geometrical theory, that the zeros of the linear aggregate 

A x Qi (a?) 4- ... 4- A p £l p (x) 

* It is possible that the reader may find it more convenient to postpone the complete 
discussion of § 30 until after reading Chapter vi. 


3 — 2 
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can be interpreted in general as the intersections of a certain curve , of the 
form 

<f> = (x) + . . . + Ap<j>p ( x ) = 0, 

wherein are integral polynomials in x and y, with the curve repre- 

sented by the fundamental equation of our Riemann surface. In such 
interpretation, the condition for the existence of a rational function of order Q 
with poles only at the place a, is that the fundamental curve be of such 
character at this place that every curve <j> , obtained by giving different values 
to A x ... A p , which there cuts it in Q— 1 consecutive points, necessarily cuts 
it in Q consecutive points. As an instance of such property, which seems 
likely also to make the general theory clearer, we may consider a Riemann 
surface associated with an equation of the form 

f(x, y)=K- 1- {as, y\ + ( X , y), + {as, y\ + (x, y\ = 0, 

wherein (x t y) r is a homogeneous integral polynomial of the rth degree, with 
quite general coefficients, and K is a constant. Interpreted as a curve, this 
equation represents a general curve of the fourth degree; it will appear 
subsequently that the general integral of the first kind is 

\rh( A+Bx+c y ) ‘ 

where f (y) = dfldy, and A, B, C are arbitrary constants; and thence, if we 
recall the fact that ... f £l p (x) are differential coefficients of integrals 

of the first kind, that the zeros of the aggregate 

(x) + .. . + Apfip (x) 

may be interpreted as the intersections of the quartic with a variable straight 
line. 


Take now a point of inflexion of the quartic as the place a. Not every 
straight line there intersecting the curve in one point will intersect it in any 
other consecutive point ; but every straight line there intersecting the curve 
in two consecutive points will necessarily intersect it there in three consecu- 
tive points. Hence it is possible to form a rational function of the third 
order whose only infinities are at the place of inflexion ; in fact, if 

+ 1 = 0 

be the equation of the inflexional tangent, and 

X (Affic + B 0 y + 1) + y, (Ax + By + 1) = 0 

be the equation of any line through the fourth point of intersection of the 
inflexional tangent with the curve, the ratio of the expressions on the left 
hand side of these equations, namely 


X-fi /Lt 


Ax + By + 1 
A qX + B 0 y + 1 
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is a general rational function of the desired kind, as is immediately obvious 
on consideration of the places where it can possibly be infinite. Thus for the 
inflexional place the orders of two non-existent rational functions are 1, 2. 
It can be proved that in general there is no function of the fourth order — the 
gaps at the orders 1, 2, 4 are those indicated by Weicrstrass’ theorem. 

In verification of a result previously enunciated we notice that since 
Ax 4* By + 1 = 0 may be taken to be any definite line through the fourth 
intersection of the inflexional tangent with the curve, the function contains 
<7 + 1 = 2 arbitrary constants. From the form of the integrals of the first 
kind which we have quoted, it follows that p = 3 ; thus the formula 

Q-q=p-(T + i)> 

wherein Q = 3, requires r + 1 = 1 ; now by § 28 r + 1 should be the number 
of straight lines which can be drawn to have contact of the second order with 
the curve at the point : this is the case. 

If the quartic possess also a point of osculation, a straight line passing 
through two consecutive points of the curve there will necessarily pass 
through three consecutive points and also necessarily through four. Hence, 
for such a place, we can form a rational function of the third order and one 
of the fourth. In fact, if A v x + B u y +1=0 be the tangent at the point of 
osculation and A x x + Byl- 1 = 0 be any other line through this point, while 
Xx + py + v — 0 is any other line whatever, these functions are respectively, 
in their most general forms, 

A x x + B x y 1 Xx + py-\- v 
+ ^AqX + B^y + 1 ’ AoX + B 0 y + l’ 

wherein X, /z, v are arbitrary constants. 

It can be shewn that in general we cannot form a rational function of the 
fifth order whose only infinity is at the place of osculation. Thus the gaps 
indicated by Weierstrass’s theorem occur at the orders 1, 2, 5. (Cf. the 
concluding remark of § 34.) 

In case, however, the place a be an ordinary point of the quartic, the 
lowest order of function, whose only infinity is there, is p + 1 = 4 : it will 
subsequently become clear that a general form of such a function in S'/S, 
where $ = 0 is any conic drawn to intersect the quartic in four con- 
secutive points at a , and S' = 0 is the most general conic drawn through 
the other four intersections of S with the quartic. S' will in fact be of the 
form \S + pl\ where T is any definite conic satisfying the conditions for S' t 
and X, p arc arbitrary constants; the equation Q — q=p — (r + 1) is clearly 
satisfied by^=4, g = l,j) = 3, t+1 = 0. 

The present article is intended only by way of illustration; the examples 
given appear to find their proper place here. The reader will possibly 
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find it desirable to read them in connexion with the geometrical account 
given in Chapter VI. 


31. Consider now what places of the surfaces are such that we can form 
a rational function infinite, only there, to an order as low as p. 

For such a place, as follows from § 28, the determinant 


A- 


n, (x) , a, (x) 

Dn, (x) , Da, (x) 


a p (x) 

Da Jt (x) 


Dp^n, (x), bp-' a, (x), ,Dp- i n p (x) 


must vanish. Assume for the present that none of the minors of A vanish 
at that place. It is clear by § 28 that A only vanishes at such places as we 
are considering. 


Let v be any integral of the first kind. We can write 


and similarly put 


fi t (x) = — in the form 


dv dvi 
dt dv ’ 


Dn t (x) = 


d 2 v dvi 
dt 2 dv + 


di A 3 d~v t 
Jit) dip 1 


and so write 


D*- i a x («) = 


/ dvy d p v t 
+ \dt) dv v ' 


A 


f dv\to(p+ 1 ') 

Jt) 


where D is the determinant whose rth row is formed with the quantities 

d r v i d r v p 

dv r ’ dv r 

Now is a rational function ; and it is infinite only at the zeros of dv, 

dpu • 

whose aggregate number is 2p — 2 ; and ^ * is a rational function of the 

(4 p - 4)th order, its poles being also at the zeros of dv ; and a similar state- 
ment can be made in regard to the other rows of D. 


Hence D is a rational function whose infinities are of aggregate number 

(2p - 2) (1 + 2+ ... +p) = (p - 1 )p (p + 1), 

and this is therefore the number of zeros of I). 
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Now A can vanish either by the vanishing of the factor D or by the 

( dv\hp 

-£■ ) . The zeros of the last factor are, however, 


the poles of I). Hence the aggregate number of zeros of A is (p - 1) p (p + 1). 
We shall see immediately that these zeros do not necessarily occur at as 
many as(p — l)p(p + l) distinct places of the surface. 


In order that a rational function should exist of order less than p } its 
infinity being entirely at one place, say of order p — r, it would be necessary 
that the r determinants formed from the matrix obtained by omitting the 
last r rows of A should all vanish at that place. We can, as in the case of 
A, shew that each of these minors will vanish only at a finite number of 
places. It is therefore to be expected that in general these minors will not 
have common zeros; that is, that the surface will need to be one whose 
3 p — 3 moduli are connected in some special way. 

Moreover it is not in general true that a rational function of order p 4- 1 
exists for a place for which a function of order p exists, these functions not 
being elsewhere infinite. For then we could simultaneously satisfy the two 
sets of p equations 


X A (a) + XJA (a) -f + Ay-, Z^A (a) + X^Z*^ 1 (a) = 0, 

pfli (a) + fiJJSli (a) + + /v-iDP-A (tf) + Mp+i DA (a) = 0, 

^A 

namely, A and would both be zero at such a place. The condition that 

this be so would require that a certain function of the moduli of the 
surface — what we may call an absolute invariant — should be zero. 

Therefore when of the p gaps required by Weierstrass’s theorem, p - 1 
occur for the orders 1 , 2, ..., p — 1 , the other will in general occur for the 

order p + 1. The reader will see that there is no such reason why, when a 

function of order p exists, a function of order p + 2 or higher order should 
not exist. 


32. The reader who has followed the example of § 30 will recall that the 
number of inflexions of a non-singular plane quartic* is 24 which is equal to 
the value of (p — 1) p (p + 1) when p— 3. The condition that the quartic 
possess a point of osculation is that a certain invariant should vanish f. 

When the curve has a double point, there are only two integrals of the 
first kindj, and p is equal to two. Tlius in accordance with the theory above, 
there should be(p — l)p(p + l) = 6 places for which we can form functions 


* Salmon, Higher Plane Curves (1879), p. 213. 

t The equation can be written so as to involve only 5=s3p-3-l parametric constants 
(Chap. Y. p. 98, Exs. 1, 2). 

t Their forms are given Chapter II. § 17 0. Reasons are given in Chapter VI. The reader 
may compare Forsyth, p. 395. 
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of the second order infinite only at one of these places. In fact six tangents 
can be drawn to the curve from the double point : if + B^y = 0 be the 
equation of one of these and + By) 4- fi {A<pc + B$) = 0 be the equation 
of any line through the double point, the ratio 


A x + B v 

* A& + B 0 y 


+ t* 


represents a function of second order infinite only at the point of contact of 

Aatc + Boy = 0 *. 


For the point of contact of one of these tangents the p gaps occur for the 
orders 1 and 3. 


The quartic with a double point can be biratioiially rulatod to a surface expressed by 
an equation of tho form 

7 2 =«> l)o, 

£ being the function above. The reader should compare the theory in Chapter I. and the 
section on the hyperelliptic case, Chapter V. below. 


33. Ex. For the surface represented by the equation 

/(■»■> !/)=*y {x,!j}i+xy {Of, .</} 2 +(.!', y) a +(.r, y),=0 

where the brackets indicate general integral polynomials of the order of the suffixes, p is 
equal to 4, and the general integral of the first kind is 


. y 


t- 


dx {A xy + Bx -f Cy + D)/f (y) 


where f(y) = Prove that at tho (p - 1 ) p (/> + 1) = 60 places for which rational functions 
of the 4th order exist, infinite only at these places, the following equations are satisfied 

2/7/-3(/V/) 2 =0, 

whero y=^, etc oto. 


Explain how to express these functions of the fourth order. 

Enumerate all the zeros of the second differential expression here given. 

Ex. 2. In general, the corresponding places are obtained by forming tho differential 
equation of the pth order of all adjoint 0 curves. In a certain sense A is a differential 
invariant, for all reversible rational transformations. (See Chapter VI.) 


* Here the number of integrands of the integrals of the first kind, which are of the form 
(L.r + My)ff'(y) (cf. Chapter III. § 2ft), which vanish in two consecutive points at the point of 
contact of A v x + Ii 0 y = O t is clearly 1, or t + 1 = 1: hence the formula Q-q=j> (r+1) is verified 
by Q= 2, q = l,p=2, so that the form of function of the second order given in the text is the 
most general possible. 
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34. We pass now to consider whether the (p — 1) p (p + 1) zeros of A 
will in general fall at separate places*. 

Consider the determinant 


V = 


0,ni(#) , ^(a;) 

, 


I I 

wherein (f) = D£ (f ), and k u ..., k p are the orders of non-existent 
rational functions for a place f, in ascending order of magnitude, (k x = 1) ; 
and let its value be denoted by 


X] G>j ( X ) + • • • + (x), 


so that u r = 



dt x is an integral of the first kind. 


Then <o 1 (x) vanishes at f to the (k r — 1 )th order. 
For (o r (x) is the determinant 


v r =(-x 


(x) Q p (x) 

np-Qif) , 


np'-'-'Ha > 

JV* r+1 - 1) (f), n^i-i)(f) 





now the (/i, — l)th differential coefficient of this determinant (in regard to 
the infinitesimal at x) has at f a value which is in fact the minor of the 
element (1, 1) of V, save for sign. That this minor docs not vanish is part 
of the definition of the numbers k\, L, ..., k p . But all differential coeffi- 
cients of V r of lower than the (k r — 1) th order do vanish at f : some, because 
for x = f they are determinants having the first row identical with one of 
the following rows, this being the case for the differential coefficients of 
orders k x — 1, k 2 — 1, ... ; others, because when p is not one of the numbers 
k u k. i} ..., k p> Z> _1 fl t (f) is a linear function of those of D* (f), 
JD**” 1 11, (f), ... for which p is greater than k lf k if ... , the coefficients of the 
linear functions being independent of i. This proves the proposition. 

It is clear that the & r th differential coefficient of V, may also vanish at f. 
In particular a>i(x) does not vanish at f : a result in accordance with a 
remark previously made (Chapter II. § 21), that there is no place at which 
the differentials of all the integrals of the first kind can vanish. 

* The results in §§ 34, 35, 36 are given by Hurwitz, Math. Annal. 41, p. 409. They will 
be useful subsequently. 
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An important corollary is that the highest order for which no rational 
function exists , infinite only at the place £, is less than 2 p. For a> p (x) vanishes 
only 2jp — 2 times, namely, k p — 1 ^ 2p — 2. 

35. Wc can now prove that if k\ > 2, the sum of the orders k u k 2 , ... , k p 
is less than p\ For if there be a rational function of order m, infinite only 
at and r be one of ‘the non-existent orders* k x ... k p , r — m is also one of 
these non-existent orders — otherwise the product of the existent rational 
function of order r — m with the function of order m would be an existent 
function of order r. The powers of the function of order m are existent 
functions, hence none of k x . . . k p are divisible by in. 

Let r t be the greatest of the non-existent orders h\ . . . k p which is con- 
gruent to t (< m) lor the modulus m : then, by the remark just made, 

r*, r t — m, ?v — 2m, ... , m + i, i 

are all non-existent ordei-s — and all congruent to i for the modulus m. Since 
r t occurs among k x ... k p , all these also occur. Take i in turn equal to 
1, 2, ... m — 1. 

Then, the number of non-existent orders being p t 

so that r, + r*+... + r m _ x = mp — \ m (m — 1) 

= £ m (2 p — m + 1). 

Now the sum of the non-existent orders is 

wt-l 

2 [n + (Vi - ill) + (?\ - 2m) + ... + i], 

«= i 

which is equal to 

J m-l 

2^,?, (ri + » -<)(*■* + »•) 

= [n - (2p - 1)] + 2 r, [2 p+m- 1] 

+ J m (m — 1) — fa (in — 1) (2m — 1), 
and, since 2 r { = (2 p — m + 1), this is equal to 

2»» f ri t r< " _1 ^ + i tV “ ( m “ 0 s ] + Vs (»* -!)(»»+ 1). 

or p> - 2r< (2p - 1 - r,) 2). 

* i.e- orders of rational functions, infinite only at £, which do not exist : and similarly in 
what follows. 
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Since, by the corollary of the preceding article, 2p- 1 is not less than r i} 
this is less than p 3 unless m is 1 or 2. Now m cannot be equal to 1 ; and if 
it is 2 then also > 2. Hence the statement made at the beginning of the 
present Article is justified. 

When there is a rational function of order 2, it is easy to prove that 
there are places for which k x ... k p are the numbers 1,.3, 5, , 2p — 1, whose 

sum* is p 3 . An example is furnished by § 32 above. 

Ex. For the surface 

y 3 +y 2 (*^ i) 2 +fo 1 )4=°> 

for which p= 3, there is, at x=cc , only one place, and the non-existent orders are 1, 2, 5 : 
whose sum is p l - 1. 

36. We have in § 34 defined p integrals of the first kind 



by means of a place f. Since the differential coefficients of these vanish at f 
to essentially different orders, these integrals cannot be connected by a homo- 
geneous linear equation with constant coefficients. Hence a linear function 
of them with parametric constant coefficients is a general integral of the first 
kind. Therefore each of ... Q p (x) is expressible linearly in terms of 

to l (x) ... (o p (x) in a form 

f \ O) = c tl w x (x) + ... + Ci p W p (x)> 

where the coefficients are independent of x. Thus the determinant A (§ 31), 
which vanishes at places for which functions of order less than p + 1 exist, is 
equal to 

G C0 1 (&') , (Op (x) 

y » D x (Op(x) 


I Dr®i(4 , Df' up (x) I 

where G is the determinant of the coefficients c y . It follows from the result 
of § 34 that the determinant here multiplied by G vanishes at f to the order 

(Jc x - 1) + (& 3 - 2) + ... +(k p -p)=k l + ... + k p - %p(p + 1). 

Thus, the determinant A vanishes at any one of its zeros to an order equal 
to the sum of the non-existent orders for the place diminished by \p (p + 1). 

For example, it vanishes at a place where the non-existent orders are 
1, 2, — 1, p + 1 to an order i p (p — 1) +p + 1 - \p (p + 1) or to the 

first order. We have already remarked that such places are those which 
most usually occur. 

* Cf. Burkhardt, Math. Annal. 32, p. 388, and the section in Chapter V., below, on the hyper- 
elliptic case. 
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Hence, since k x -f . . . + k p < p*, A vanishes at one of its zeros to an order 
< bp(p-i). 

Further, if r be the number of distinct places where A vanishes, and 
m u m 3 , ..., m, be the orders of multiplicity of zero at these places, it follows, 
from 

+ ... + m r = (p-l)p(p + l), 
and m x + ... + mr < r %p(p — 1), 

that r > 2p + 2, or 

there are at least 2 p + 2 distinct places for which functions of less order 
than p + 1, infinite only thereat , exist ; this lower limit to the number of 
distinct places is only reached when there are places for which functions of 
the second order exist. 

Ex. For the surface given by 

x A 4- y 4 + iflx + by + c) 4 = 0, 

p is equal to 3 ; there are 12=2p + 6 distinct places where A vanishes. 

37. We have called attention to the number of arbitrary constants con- 
tained in the most general rational function having simple poles in distinct 
places (§ 27) and to the number in the most general function infinite at a 
single place to prescribed order (§ 28) : in this enumeration some of the con- 
stants may be multipliers of functions not actually becoming infinite in the 
most general way allowed them, that is, either of functions which are not 
really infinite at all the distinct places or of functions whose order of infinity 
is not so high as the presciibed order. 

It will be convenient to state here the general result, the deduction of 
which follows immediately from the expression of the function in terms of 
integrals of the second kind : — 

Let a lt a 2 , ... be any finite number of places on the surface, the infinitesi- 
mals at these places being denoted by t u t, — The most general rational 
function whose expansion at the place a,- involves the terms 

JL l L 

fr 9 t *' ’ ty 

— whose number is finite, = say, — and no other negative powers, involves 
q + 1 linearly entering arbitrary constants, of which one is additive, q being 
given by the formula 

Q-q=p-(r + 1 ), 

where Q is the sum of the numbers Q t , and t + 1 is the number of linearly 
independent linear aggregates of the form 

f! (pc) = (x) -f- ... 4* A p tl p (x), 
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which satisfy the sets of relations, whose total number is Q, given by 
iljDV- 1 (a t ) -f A.iD k - 1 ft 2 (a t ) + ...+- ftp (a t ) = 0, 

n, (a t ) + A^D*-' ft 2 (a») -+ ... + A p l >~ 1 £l p (a<) = 0, 


As before, this general function will as a rule be an aggregate of functions 
of which not every one is as fully infinite as is allowed, and it is 
clear from the present chapter that in the absence of further information in 
regard to the places a u a 2 , ... it may quite well happen that not one of these 
functions is as fully infinite as desired , the conditions analogous to those stated 
in §§ 23, 28 not being satisfied . See Example 2 below. 

The equation Q — q=p — ( t + 1) will be referred to as the Riemann-Roch 
Theorem. 


Ex. 1. For a rational function having only simple poles or, more gene- 
rally, such that the numbers X t , pi, ... for any pole are the numbers 
1, 2, 3, ... Q it 


if Q > 2p — 2, t + 1 is zero, since ft (x) has only an aggregate number 
2p — 2 of zeros : the function involves Q — p + 1 constants, 


if Q — 2p — 2, r + 1 cannot be greater than 1 ; for the ratio of two of the 
aggregates Q(x) then vanishing at the poles, being expressible in a form 

dV 

, where V, W are integrals of the first kind, would be a rational function 


without poles, namely a constant ; then the linear aggregates fl (x) would be 
identical : thus the function involves Q —p + 1 or Q — p + 2 constants, 
namely p - 1 or p constants. 


if Q— 2 p — 3, r + 1 cannot be greater than 1, since the ratio of two of 
the aggregates Q ( x ) then vanishing at the poles would be a rational function 
of the first order and therefore p be equal to unity — in which case 2 p — 3 is 
negative : thus the function involves p — 2 or p — 1 constants, 

if Q = 2 p — 4, and t+1 be greater than unity, the ratio of two of the 
vanishing aggregates ft (x) would be a rational function of the second order : 
we have already several times referred to this possibility as indicative that 
the surface is of a special character — called hyperelliptic — and depends in 
fact only on 2p — 1 independent moduli. In general such a function would 
involve p — 3 constants. 


Ex. 2. Let V be an integral of the first kind and a be an arbitrary 
definite place which is not among the 2 p — 2 zeros of dV . We can form a 
rational function infinite to the first order at the 2p — 2 zeros of dV and to 
the second order at a; the general form of such a function would contain 
2p — 2 + 2— ]0 + l= p-+l arbitrary constants. But there exists no rational 
function infinite to the first order at the zeros of dV and to the first ordei' at 
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the place a. Such a function would indeed by the Riemann-Roch theorem 
here stated, contain 2p — 2 4-1 —p 4 1 = p arbitrary constants : but the coeffi- 
cients of these constants are in fact infinite only at the zeros of dV. For when 
the places a u ... , are all zeros of an aggregate of the form 

4 A («) + ...+ A p £l p (x) } 

the conditions that the periods of an expression 

x + x x rj, + ... + Xap_ 2 r ^_ B + p fj 

be all zero, namely the equations 

Xjfl* (Oi) + ... *+* O t {a^p— 2 ) "I - fifli (a) = 0, ({“l, 2, ... , p\ 

lead to 

p [4,12, (a) + ... + A p n p (a)] = 0, 
and therefore to p = 0. 


Thus the function in question will be a linear aggregate of p functions 
whose poles are among the places a ly ... , o.^. As a matter of fact, if W be 
a general integral of the first kind, expressible therefore in the form 

XF 4- X 2 + ... + Xj,F^, 

dIF . 

wherein V £ , ...» V p are integrals of the first kind, involves the right 

number of constants and is the function sought. 

In this case the place a does not, in the sense of § 23, depend upon the 
places a,, ... , ttop-o , the symbol suggested in § 2G for the places a lt ... , 0 ^- 2 , 
a , ... is 

1 , 2, 3, ... , p - 1 , p, p + 1 , ... , 2p - 2, 2 p - 1 , 2 p, 2 p + 1 


It may be shewn quite similarly that there is no rational function having 
simple poles in a lt a 2 , ..., and infinite besides at a like the single 

term , t being the infinitesimal at the place a. 
t 


Ex. 3. The most general rational function R which has the value c at 
each of Q given distinct places, R -c being zero of the first order at each of 
these places, is obviously derivable by the remark that 1/(R — c) is infinite at 
these places. 
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CHAPTER IV. 

Specification of a General Form of Riemann’s Integrals. 


38. In the present chapter the problem of expressing the Riemann 
integrals is reduced to the determination of certain fundamental rational 
functions, called integral functions. The existence of these functions, and 
their principal properties, is obtained from the descriptive point of view 
natural to the Riemann theory. 

It appears that these integral functions are intimately related to certain 
functions, the differential-coefficients of the integrals of the first kind, of 
which the ratios have been shewn (Chapter II. § 21) to be invariant for 
birational transformations of the surface. It will appear, further, in the 
next chapter, that when these integral functions are given, or, more pre- 
cisely, when the equations which express their products, of pairs of them, in 
terms of themselves, are given, we can deduce a form of equation to re- 
present the Riemann surface; thus these functions may be regarded as 
anterior to any special form of fundamental equation. 

Conversely, when the surface is given by a particular form of fundamental 
equation, the calculation of the algebraic forms of the integral functions may 
be a problem of some length. A method by which it can be carried out is 
given in Chapter V. (§§ 72 ff). Compare § 50 of the present chapter. 

It is convenient to explain beforehand the nature of the difficulty from which the 
theory contained in §§ 38 — 44 of this chapter has arisen. Let the equation associated 
with a given Riemann surface be written 

^y n +^ 1 y w “ 1 +...+^ tt =o, 

wherein A, A 1} ... , A n aro integral polynomials in x. An integral function is one whose 
poles all lie at the places x= oo of the surface ; in this chapter the integral functions 
considered are all rational functions. If y bo an integral function, the rational 
symmetric functions of the n values of y corresponding to any value of .r, whose 
values, given by the equation, are -AJA, AJA, -AJA> etc., will not become infinite 
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for any finite value of x, and will, therefore, bo integral polynomials in x. Thus when 
y is an integral function, the polynomial A divides all tho other polynomials A lt 

A 2i A h . Conversely, when A divides those other polynomials, the form of tho 

equation shows that y cannot become infinite for any finite value of x, and is therefore 
an integral function. 

When y is not an integral function, wo can always find an integral polynomial in 
x, say fl, vanishing to such an order at each of the finite poles of y, that fly is an 
integral function. Then also, of course, fl a y 2 , fl 3 y 3 , ... are integral functions : though it 
often happens that there is a polynomial fl 2 of less order than fl 2 , such that fl 2 y 2 is 
an integral function, and similarly an integral polynomial fl 3 of less order than fl 3 , 
such that fl 3 y { is an integral function ; and similarly for higher powers of y. 

In particular, if in the equation given we put Ay^rj, the equation becomes 
r) n + A l T) n ~ 1 + A 2 Ar) n - 2 + .„ + A n A n - 1 = O i 
and r) is an integral function. 

Suppose that y is an integral function. Then any rational integral polynomial in 
x and y is, clearly, also an integral function. Hut it does not follow, conversely, 
though it is sometimes true, that overy integral rational function can tie written as an 
integral polynomial in x and y. For instance on the surface associated with the 
equation 

y z + By 2 x -f Cyx 2 + Dx 2 - E (y 2 - x 2 ) = 0 , 

the three values of y at the places .r=0 may bo expressed by series of positive integral 
pavers of x of the respective forms 

y=x+\x 2 +.., t y— -x+fjLX 2 -\-,.' t y= E+vx +... . 

Thus, the rational function (y 2 - Ey)/v is not infinite when ,r=0. Since y is an 
integral function, the function cannot be infinite for any other finite value of x. 
Hence (y 2 - Ey)/x is an integral function. And it is not possible, with the help of the 
equation of the surface, to write the function as an integral polynomial in x and y 
For such a polynomial could, by the equation of tho surface, be reduced to the form 
of an integral polynomial in x and y of the second order in y ; and, in order that such 
a polynomial should lie equal to (y' 2 - Ey)}x t the original equation would need to be 
reducible. 

Ex. Find the rational relation connecting x with the function r) — (y 2 -Ey)Jx ; and 
thus shew that rj is an integral function. 

39. We concern ourselves first of all with a method of expressing all 
rational functions whose poles are only at the places where x has the same 
finite value. For this value, say a, of x there may be several branch places : 
the most general case is when there are k places specified by such equations as 

x - a- ... , x - a — t k w k +l . 

The orders of infinity, in these places, of the functions considered, will be 
specified by integral negative powers of t u ..., t k respectively. Let F be 
such a function. Let or + 1 be the least positive integer such that ( x — aY +1 F 
is finite at every place x = a. We call <r + l the dimension of F. Let 
f(x, y) = 0 be the equation of the surface. In order that there may be any 
branch places at x = a, it is necessary that dfjdy should be zero for this value 
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of x. Since this is only true for a finite number of values of x , we shall suppose 
that the value of x considered is one for which there are no branch places. 

We prove that there are rational functions h 1} ..., A n _j infinite only at 
the n places a? = a, such that every rational function whose infinities occur 
only at these n places can be expressed in the form 

f— l) +(- 1 , l) h,+ ... +(-i- , l') A„-i (A), 

\x -a \x — a J\ x \x — a ) 

in such a way that no term occurs in this expression which is of higher 
dimension than the function to be expressed : namely, if a + 1 be the dimen- 
sion of the function to be expressed and <r x + 1 the dimension of A*, the 
function can be expressed in such a way that no one of the integers 

X, A* + 0i + 1, , Xn-i + & «— i + 1 

is greater than cr + 1. We may refer to this characteristic as the condition 
of dimensions. It is clear conversely that every expression of the form (A) 
will be a rational function infinite only for x — a. 

Let the sheets of the surface at x = a be considered in some definite 
order. A rational function which is infinite only at these n places may be 
denoted by a symbol (R lt R 2 , , R n ), where R u R if ... , R n are the orders of 

infinity in the various sheets. We may call R lt R 2 , ... , R n the indices of the 
function. Since the surface is unbranched at x = a, it is possible to find a 

certain polynomial in ~~~ a > involving only positive integral powers of this 
quantity, the highest power being ^r~ ) suc ^ the function 

(R„ R>, ... , Rn) ~ (f„ , l)„ , = (Su s 2 0) say (i), 

\X — Cl / A n 

is not infinite in the nth sheet at x = a. 

Consider then all rational functions, infinite only at x - a, of which the 
?ith index is zero. It is in general possible to construct a rational function 
having prescribed values for the (n — 1) other indices, provided their sum be 
p + 1. When this is not possible a function can be constructed* whose indices 
have a less sum than p + 1, none of them being greater than the prescribed 
values. Starting with a set of indices (p 4- 1, 0, ... , 0), consider how far the 
first index can be reduced by increasing the 2nd, 3rd, ... , (n — l)th indices. 
In constructing the successive functions with smaller first index, it will be 
necessary, in the most general case, to increase some of the 2nd, 3rd, ..., 
(n — l)th indices, and there will be a certain arbitrariness as to the way in 
which this shall be done. But if we consider only those functions of which 
the sum of the indices is less than p + 2, there will be only a finite number 
* The proof is given in the preceding Chapter, (§§ 24, 28). 


B. 


4 
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possible for which the first index has a given value. There will therefore 
only be a finite number of functions of the kind considered*, for which the 
further condition is satisfied that the first index is the least possible such that 
it is not less than any of the others. Let this least value be r x , and suppose 
there are k x functions satisfying this condition. Call them the reduced 
functions of the first class — and in general let any function whose nth index 
is zero be said to be of the first class when its first index is greater or not 
less than its other indices. In the same way reckon as functions of the 
second class all those (with nth index zero) whose second index is greater 
than the first index and greater than or equal to the following indices. Let 
the functions whose second index has the least value consistently with this 
condition be called the reduced functions of the second class; let their 
number be k. 2 and their second index be r 3 . In general, reckon to the ith 
class (i < n) all those functions, with wth index zero, whose ith index is 
greater than the preceding indices and not less than the succeeding indices. 
Let there be k x reduced functions of this class, with ith index equal to 
Clearly none of the integers r u ... , r n _ x are zero. 

Let now (s x ... s^ x r t s i+1 ... s n - x 0), 

where r { > s lt ... , r £ > s x _ u r t > s t+X) ... , ?\ > s n _ x , 

be any definite one of the ki reduced functions of the ith class. Make a 
similar selection from the reduced functions of every class. And let 

(S x ... flU *1 1 ... Sn-1 0) 

be any function of the ith class other than a reduced function, so that 

R t >S x ,...,R t > flU, Ri>S t+l , S n . i. 

Then by choice of a proper constant coefficient X we can write 

(S, .. . R t 8 l+ 1 ... S„_, 0) - X (x - («! . . . «i_, r, s i+1 . . . s„_, 0) 

in the form 

(T 1 ...T i . 1 R t / Ti +1 ...T n . li R^r l ) (ii), 

where Ri < Ri \ T x may be as great as the greater of S lt R t — (r £ - s,), but is 
certainly less than R { \ and similarly T it ... , are certainly less than 
while Ti +1 may be as great as the greater of S i+1 , Ri — (r £ — s i+1 ), and is there- 
fore not greater than R x \ and similarly T i+2 , ... , are certainly not greater 
than Ri . 


* Functions which have the same indices are here regarded as identical. Of course the 
general function with given indices may mvolve a certain number of arbitrary constants. By the 
function of given indices is here meant any one such, chosen at pleasure, which really becomes 
infinite in the specified way. 
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Further, if ( — - — , l) be a suitable polynomial of order R t - r t - in 
•— cl ) 

(x — a)" 1 , we can write 

(^l * • • ^*-1 Hi • • • ^ 1 n-i » Ri ~ r i) ~ ~ > l) p 

\x — a / R t -ri 

= . . . SU R\ $'i+i . . . S'n-x 0) (iii), 

where may be as great as the greater of R\, Ri — r it but is certainly less 
than Ri\ S\ may be as great as the greater of 2 \ , R t — r t , but is certainly less 
than Ri\ and similarly $' 2> $V-i are certainly less than Ri\ while S\ +l 
may be as great as the greater of T i+J , Ri—r lf and is certainly not greater 
than R t ; and similarly S\ +2i ... , S'^ are certainly not greater than R{. 

Hence there are two possibilities. 

(1) Either (S\ . . . R" { S ' i+1 . . . S' n ^ 0) is still of the tth class, 

namely, R!\ > 8 lt ..., R'\ > , R'\ > S\ +l , ...,R"i> , 

and in this case the greatest value occurring among its indices (R'\) is less 
than the greatest value occurring in the indices of (J3i ... Si- X Ri S t+1 ... $„_! 0). 

(2) Or it is a function of another class, for which the greatest value 
occurring among its indices may be smaller than or as great as R l (though 
not greater) ; but when this greatest value is R l} it is not reached by any of 
the first t indices. 

If then, using a term already employed, the greatest value occurring 
among the indices of any function ( R ^ , R n ) be called the dimension of 
the function, we can group the possibilities differently and say, either 
(&J . . . $' t _, R"i S\ +1 . . . S ' n - 1 0) is of lower dimension than 

0), 

or it is of the same dimension and then belongs to a more advanced class, 
that is, to an (t + &)th class where k > 0. 

In the same way if (t x ... t l+1 . . . t n ~\ 0) be any reduced function of 

the tth class other than (s x ... r t s i+1 . . . s n ^ 0), we can, by choice of a 

suitable constant coefficient fi, write 

(£i ... t t — | ^i+i • • • ^n— i 0) A 6 ( 5 i • •• s %— l r i s i+i • • • s n — i 9) 

= ip l * • • ^ i— l r i t v+1 • • • t n _j 0) (iv), 

where r'i<r t , t\ ... t *_- : x may be respectively as great as the greater of the 
pairs (t lf Sj) ... (£»•_, , *$_*) but are each certainly less than r if while similarly 
no one of t\ +1} ... , is greater than r t -. 

The function (t\ . . . $'*_i r % t'i+i • • • t'n - 1 0) cannot be of the tth class, since 
no function of the tth class has its tth index less than r<: and though the 
greatest value reached among its indices may be as great as r< (and not 
greater), the number of indices reaching this value will be at least one less 

4—2 
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than for (^ . . . s t _ x r t - s< +1 . . . s n ^ 0). Namely . . . t\^ r\ t'i +l . . . t' n - x 0) is 
certainly of more advanced class than (s a ... r x s t+1 . . . s n _! 0), and not of 
higher dimension than this. 

Denote now by h lt ... , A n -i the selected reduced functions of the 1st, 
2nd, ...,(n — l)th classes. Then, having regard to the equations given by 
(ii), (iii), (iv), we can make the statement, 

Any function (S 1 ... R t S t+1 ... S n -. x 0) can be expressed as a sum o/( 1) 

an integral polynomial in (x — a) -1 , (2) one of h u ... , h n ^ multiplied by such 
a polynomial (3) a function F which is either of lower dimension than the 
function to be expressed or is of more advanced class. 

In particular when the function to be expressed is of the (n — l)th class 
the new function F will necessarily be of lower dimension than the function 
to be expressed. 


Hence by continuing the process as far as may be. needful, every function 
f— (Si... Ri $ l+1 ... $, 4 _1 0) 
can be expressed in the form 

f , 1^) + ( , l') /?!+■... + ( , l\ A n — i + F lt (v) 

\x-a’ J\ \x-a J\ x \x — a A n _j w 

where F } is of lower dimension than f. 


Applying this statement and recalling that there are lower limits to the 
dimensions of existent functions of the various classes, namely, those of the 
A -f ... + Av-i reduced functions, and noticing that the reduction formula (v) 
can be applied to these reduced functions, we can, therefore, put every func- 
tion / = ($! . . . Si-i R x S l+1 . . . $n-i 0) into a form 




h 


«-!• 


Now it is to be noticed that in the equations (ii), (iii), (iv), upon which 
this result is based, no terms are introduced which are of higher dimension 
than the function which it is desired to express : and that the same remark 
is applicable to equation (i). 


Hence every function (R lt ... , R n ) can be written in the form ( A ) in such a 
way that the condition of dimensions is satisfied. 


40. In order to give an immediate example of the theory we may take 
the case of a surface of four sheets, and assume that the places x — a are such 
that no rational function exists, infinite only there, whose aggregate order of 
infinity is less than p + 1. In that case the specification of the reduced 
functions is an easy arithmetical problem. The reduced functions of the first 
class are (m u m^, 0), where m^ is to be as small as possible without being 

smaller than m 2 or m 3 : by the hypothesis we may take 

m x + m 2 + m 3 =p + 1. 
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Those of the second class require m 3 as small as possible subject to 
m 1 + Wj + m 3 = p + 1, m 2 > m lt m 2 > m 3 : 

those of the third class require m 3 greater than m ^ and but otherwise as 
small as possible subject to m, + m 2 + m 3 — p + 1. We therefore immediately 
obtain the reduced functions given in the 2nd, 3rd and 4th columns of the 
following table The dimension of any function of the tth class being denoted 
by o-{+l, the values of are given in the fifth column, and the sum 
*i + (t>i 4- <7 3 in the sixth. The reason for the insertion of this value will 
appear in the next Article. 


p \ 

lieduced functions of 
the first class 

Beduced functions of 
the second class 

lieduced functions of 
the third class 


(T 1 + 0- 2 + (7 i , 

~ BM - 1 

(M, My M t 0) 

(w-2, a/+i, jyr+i, 0) 

(Af-l, M + l, My 0) 

{My A/+1, Af-l, 0) 

(Af-l, M t M+ 1,0) 

M-lyM, M 

33/ - 1 

= 3N-2 

L* 

ss 

(N- ly Ny Ny 0) 

(N ~lyN-lyN+ly 0) 

N -lyN -1, N 

3N--2 

= 3 P 

(P+ 1, P, P,0) 
(P+1,P+1,P-1,0) 
(P+1, P-1, P + 1,0) 

(P -1, P+1, P + 1, 0) 
(P, P+1, P, 0) 

(P, P,P+1, 0) 

P, P, P 

3 P 


Here the reduced functions of the various classes are written down in 
random order. Denoting those first written by h l} h 2} k i} wc may exemplify 
the way in which the others are expressible by them in two cases. 

(a) When p = 3M — 1, we have, p being such a constant as in equa- 
tion (iv) above (§ 39), 

(if, if + 1, if- 1, 0)-p(M- 2, if + 1, if + 1, 0 )= (M, if, M+ 1, OJ, 

the right hand denoting a function whose orders of infinity in the various 
sheets are not higher than the indices given. If the order in the third sheet 
be less than M+ 1, the right hand must be a function of the first class and 
therefore the order in the third sheet must be M. In that case, since a 
general function of aggregate order pi- 1 contains two arbitrary constants, 
we have an expression of the form 

(if, if + 1 , if - 1 , 0) = ph. 2 + A h x + B, 
for suitable values of the constants A , B. 

If however there be no such reduction, we can choose a constant \ so 
that 

(if, if, if + 1, 0) - \(if - 1, M , M + 1, 0) = [if, if, if, 0) - A% + 
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and thus obtain on the whole 

(M t M + 1, M — 1, 0) = fih} -4- \h% + A h x + B\ 
for suitable values of the constants A', B\ 

(6) When p = 3 P we obtain 

(P + l f P + l,P-l > 0)«X* I + A(P f P+l # P f 0 ) + P 

= A hy + A {/uh a + Ch 3 + D] + B. 

Ex. 1. Shew for a surface of three sheets that we have the table 


p 

h\y h 2 


( r 1 4-<r 2 

odd 


p - 1 jt>+l 

2 ’ 2 

P 

even 


P P 

2’ 2 

P 


Ex. 2. Shew, for a surface of n sheets, that if the places x=a be such that it is 
impossible to construct a rational function, infinite only there, whose aggregate order of 
infinity is less than jt?+l, a set of reduced functions is given by 

A 1 ..A r + 1 = (A,...A, A — 1,...,A — 1,0), (A- 1,A,...A, A — 1, ...,A — 1, 0) (A — 1 1, A, ...A, 0) 

/ir + 2-^.-i = (^-b ...,A-1,A+1, A, ...X*, 0) (A — 1, ...,A-1, A,A+1, »■*. 0) 

(A-l, ...,A-1, A, ...A, A + 1,0) 

wherein p + l = (tt-l)A-r (r< a— 1) and, in the first row, there aro r numbers £-1 m 
each symbol, and, in the second row, there are r-f-1 numbers A — l in each symbol. In 
each case A, ...k denotes a set of numbers all equal to k and k— 1, ..., k — 1 denotes a set of 
numbers all equal to A — 1. 

The values of <r ly ..., <r r + x are each A- 1, those of tr r + 2 , ..•> <r»- i aro «wh k. Hence 
<ri + ... +cr r + i4-<r rT2 + ... ! = (/* + !) (A— l) + (» — r— 2) k—(n — 1) k— r— 1 ~p. 

Ex. 3. Shew that the resulting set of reduced functions is effectively independent of 
the order in which the sheets are supposed to be arranged at x~a. 

41. For the case where rational functions exist, infinite only at the places 
x = a, whose aggregate order of infinity is less than the specification 

of their indices is a matter of greater complexity. 

But we can at once prove that the property already exemplified and 
expressed by the equation a x + . . . + <r n _ x = p, or by the statement that the sum 
of the dimensions of the reduced functions is p + n — 1, is true in all cases. 

For consider a rational function which is infinite to the rth order in each 
sheet at x = a and not elsewhere : if r be taken great enough, such a function 
necessarily exists and is an aggregate of nr —p -f 1 terms, one of these being 
an additive constant (Chapter III. § 37). By what has been proved, such a 
function can be expressed in the form 

2 )x + t '-a‘ 1 X** + - + (•-«• l ) K J n ~" 
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where the dimensions of the several terms, namely the numbers 

X, Xj + 0"l + 1> ••• , \ri—i + <r n _! + 1, 

are not greater than the dimension, r, of the function. 

Conversely *, the most general expression of this form in which Xj, X^, ..., 

X n j attain the upper limits prescribed by these conditions , is a function of the 

desired kind. 

But such general expression contains 

(X + 1) + (X 2 + 1) 4- ... 4- (Xn-! 4- 1), 
that is (r 4- 1) + (r - <r x ) 4- ... 4- (r — a n ^) } 

or nr-(crj -f ... + o"n-i) + 1 

arbitrary constants. 

Since this must be equal to nr — p + 1 the result enunciated is proved. 

The result is of considerable interest — when the forms of the functions are 

determined algebraically, we obtain the deficiency of the surface by finding the sum of the 
dimensions of It is clear that a proof of the value of this sum can be obtained by 

considerations already adopted to prove Weierstrass’s gap theorem. That theorem and 
the present result are in fact, here, both deduced from the same fact, namely, that the 
number of periods of a normal integral of the second kind is p. 

42. Consider now the places x — oo : let the character of the surface be 
specified by k equations 

X X 

there being k branch places. A rational function g which is infinite only 
at these places will be called an integral function. If its orders of infinity 
at these places be respectively r,, r 2 ,..., r k and G [r t /(w fc + 1)] be the least 
positive integer greater than or equal to i\j (wt 4-1), and p4-l denote the 
greatest of the k integers thus obtained, then it is clear that p 4- 1 is the 
least positive integer such that ar (p+I) g is finite at every place x = oo. We 
shall call p 4- 1 the dimension of g. 

Of such integral functions there are n — 1 which we consider particularly, 
namely, using the notation of the previous paragraph, the functions 

(x — hit » (*r u)° r n-i +1 /in— 1 > 

which by the definitions of <r,, are all finite at the places x=*a, 

and are therefore infinite only for x — oc. Denote (x — a) a i +1 hi by g v If hi 
do not vanish at every place x = oo , it is clear that the dimension of p* is 

* It is clear that this statement could not be made if any of the indices of the function to be 
expressed were less than the dimension of the funotion. For instance in the final equation of 
§ 40 (a), unless /a, X, A ' be specially chosen, the rivht hand renresents a function with its third 
index equal to M + 1. 
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<Ti + 1. If however hi do so vanish, the dimension of g t may conceivably be 
less than <r{ + 1 ; denote it by pi 4* 1, so that p x < cr* Then gi, and 

therefore also (x — a) -(p » +1) g if = (x — a)V" p t h i} is finite at all places x — cc : 
hence ( x — a)\~\ hi is a function which only becomes infinite at the places 
x = a. But, in the phraseology of § 39, it is clearly a function of the same 
class as hi, it does not become infinite in the ?ith sheet at x = a, and is of 
less dimension than hi if <r* > pi. That such a function should exist is 
contrary to the definition of h ;. Hence, in fact, cr t = p t . The reader will 
see that the same result is proved independently in the course of the present 
paragraph. 

Let now F denote any integral function of dimension p 4-1. Then 
a;-(p+i) ]? i$ finite at all places x= ao : and therefore so also is (# — a)““ (p+1) F. 
This latter function is one of those which are infinite only at places = a ; if 
F do not vanish at all places x — a , the dimension <r 4 1 of (x — a)“ <p+1) F 
will be p 4- 1 : in general we shall have a < p. 

By § 39 we can write 

F=(~, l) +( 1 -,l) /(,+ + l) /t„_„ 

\x — a Jx \x-a ,/ A| \x~a ) An _ t 

where 4 1 > Xt 4- <Ti 4- 1, 

and therefore, a fortiori, 

p4"l > X* 4- 4- 1 > X l 4- p t 4- 1. 

Hence we can also write 

F= (1, a: - a) x (x - ay~ x + (\,x- a) Al (x - a) p " A ‘- <r ‘ g t 4 

+ (1, x - a) An . ( x - ay-^n-r **- 1 g n _ x> 

or say 

F — ( 1 ; x)p + ( 1 , ®) t i l g x 4 * + ( 1 , 9n—it • 

where p x 4- pi 4- 1 = p - o'* 4- pi 4- 1 = p 4- 1 - (tr x - p t ) < p 4- 1, 

namely, there is no term on the right whose dimension is greater than that 
of F (and each of p, is a positive integer). 

Hence the equation (B) is entirely analogous to the equation (A) 
obtained previously for the expression of functions which are infinite only 

at places x — a. The set (1, g lt , g n -i) will be called a fundamental set 

for the expression of rational integral functions*. 

It can be proved precisely as in the previous Article that p x 4- p 3 4 

+ p n - l =p. For this purpose it is only necessary to consider a function 

* The idea, derived from arithmetic, of making the integral functions the basis of the theory 
of all algebraic functions has been utilised by Dedekind and Weber, Theor. d. alg. Funct. e. 
Ver&nd. Crelle, t. 92. Kronecker, U. die Discnrn. alg. Fctnen. Crelle, t. 91. Kroneoker, Qrundzilge 
e. arith. Theor. d. algebr. Qnmen , Crelle, t. 92 (1882). 
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which is infinite at the places x=oo respectively to orders r(w,4- 1), 
r (w k 4- 1). And the equations %p = = p, taken with <r t > p u suflfice to shew 

thato* t = pi. Jt can also be shewn that from the set gi...g n -i we can 
conversely deduce a fundamental set 1, (x — b)~ {p % +1) g u ..., (x — b)~ {p n-r 1] g ^ 
for the expression of functions infinite only at places x=b; these have the 
same dimensions as l,g lt ..., g n -\*> 

43. Having thus established the existence of fundamental systems for 
integral rational functions, it is proper to refer to some characteristic pro- 
perties of all such systems. 

(а) If G x ... G n -i be any set of rational integral functions such that 
every rational integral function can be expressed in the form 

(a-, 1)* + (jc, 1)*, G l + + (sc, l) An _, G n _, (C), 

there can exist no relations of the form 

(x, 1)^ 4- (x, l) Mi G x 4- 4- (x f l)^ n _ l G n -i = 0. 

For if k such relations hold, independent of one another, k of the functions 
Gi ... G n —i can be expressed linearly, with coefficients which are rational 
in x , in terms of the other n — 1 — k. Hence also fty, /S.# 2 ,..., fi n -\-k 
&n-ky n ~~ k , which are integral functions when &, ... , #„_* are proper poly- 
nomials in x t can be expressed linearly in terms of the n — 1 — k linearly 
independent functions occurring among Gi . . . (r tt _, , with coefficients which 
are rational in x. By elimination of these n — 1 — k functions we therefore 
obtain an equation 

A + A t + A n _ fc y n ~ k = 0, 

whose coefficients A. A ly , A n _ * are rational in x. Such an equation is 

inconsistent with the hypothesis that the fundamental equation of the surface 
is irreducible. 

(б) Consider two places of the Ricmann surface at which the inde- 
pendent variable, x, has the same value : suppose, first of all, that there 

are no branch places for this value of*. Let X, \ lf \ n - x be constants. 

Then the linear function 

X 4- \ x Gi 4- 4- \i-i G n - 1 

cannot have the same value at these two places for all values of X, 

\ > \»-i- 

For this would require that each of G x , , G n -i has the same value 

at these two places. Denote these values by a it u n -i respectively. 

We can choose coefficients fi lt p, n - x such that the function 

— Ui) + + /X-n— 1 (^»— i ^n— 1 )» 

* The dimension of an integral function is employed by Hensel, Crelle, t. 105, 109, 111 ; Acta 
Math. t. 18. The account here given is mainly suggested by Hensel’s papers. For surfaces 
of three sheets see also Baur, Math. Annul, t. 43 and Math. Annul, t. 46. 
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which clearly vanishes at each of the two places in question, vanishes also 
at the other w — 2 places arising for the same value of x. Denoting the 
value of x by c, it follows, since there are no branch places for a?=c, that 
the function 

— di) + 4- fin— i(Qn~i ~ d n —if\j{x — c) 

is not infinite at any of the places x = c. It is therefore an integral 
rational function. 

Now this is impossible. For then the function could be expressed in 
the foim 

(&> 1)a 4* (x f 1)/* 4" 4* (x, 1)„ Gn — i > 

and it is contrary to what is proved under (a) that two expressions of 
these forms should be equal to one another. 

Hence the hypothesis that the function 

X 4* A-! G x 4- 4“ X n _j G n - 1 

can have the same value in each of two places at which x has the same 
value, is disproved. 

If there be a branch place at x=c, at which two sheets wind, and no 
other branch place for this value of x, it can be proved in a similar way, 
that a linear function of the form 

\ G x 4- 4- \ n -i G n _! 

cannot vanish to the second order at the branch place, for dll values of 

Xi, , Xn_! namely, not all of G u , G n - t can vanish to the second 

order at the branch place. For then we could similarly find an integral 
function expressible in the form 

(A*i#i + 4- fln-i G n -i)!(x - c). 

More generally, whatever be the order of the branch place considered, 
at #=c, and whatever other branch places may be present for x = c, it is 

always true that, if all of G l} , G n - X vanish at the same place A of 

the Riemann surface , they cannot all vanish at another place for which x 
has the same value; and if A be a branch place , they cannot all vanish 
at A to the second order. 

Ex. 1. Denoting the function 

A+X l G t 1 + ...4'X»_ 1 G ? »_i 

by K t and its values in the n sheets for the samo value of x by KV\ A'M, A», we 
have shewn that, for a particular value of x } wo can always choose X, X,,..., X n _j, so 
that the equation KM=Kl 2 ) is not verified. Prove, similarly, that we can always 
choose X, Xj,..., X n .j so that an equation of the form 

4 , wi*AW=0, 

where m k are given constants whose sum is zero, is not verified. 
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Ex. 2. Let be h distinct given values of x: then it is possible to 

choose coefficients X, X lf ... f n, jtj,..., finite in number, such that the values of the 
function 

(X + fix -f- vx l + . . . ) + (X t + HiX + viX 2 + . . . ) O x -f . . . + (X n _ i + fin _ x x 4- v H _ ^r 2 + . . .) G n _ , , 
at the places x=y u shall be all different, and also the values of the function, at the 
places x—y 3 , shall be all different, and, also, the values of the function, for each of 
the places x*=y 3 ,.,,, y k , shall be all different. 

(c) If 1, H u I!.,, H n - X be another fundamental set of integral 

functions, with the same property as 1, Q u , Q n -i, we shall have 

linear equations of the form 
1 = 1 

Hi — CL{ + Ott, i G\ + 4* Ob, n — 1 Gn - 1 (D)> 

where a , ( } is an integral polynomial in x. 

Now in fact the determinant | a,,; | is a constant (i= 1, 2, ..., n — 1 ; 
j a= 1, 2, ..., n - 1). For if Hi lr) denote the value of Hi, for a general value 
of x, in the rth sheet of the surface, we clearly have the identity 


1, 1 ,1 

//,“ If, 1 ’" 

II 

1, 0, 0 

*l» «l,i. 

i l, l ,i 

!<?,<’>, G, a 




i 




T 

T 

7 

’ ^ 

On-i > ®n— i,l > i n- 1 




If we form the square of this equation, the general term of the square of 

the left hand determinant, being of the form H, { "H/ l) + -f H t {n) Hj {n) , will 

be a rational function of x which is infinite only for infinite values of x ; it 
is therefore an integral polynomial in We shall therefore have a result 
which we write in the form 

A (1, H u #n-i) = V 3 . A (1, G u G», G»-i), 

where V is the determinant | a t)J |. A (1, H u //„_,) may be called the 

discriminant of 1, H u , H n - X . 

If £ be such an integral polynomial in x that fiy, — r\, say, is an integral 

function, an equation of similar form exists when 1, rj, rf, , rf'~ l are 

written instead of 1 , H u , H n ~ Since then A (1, tj, rf, , r/ n_1 ) does 

not vanish for all values of x it follows that A (1, Q u G (?»_ 1 ) does 

not vanish for all values of x. (Cf. (a), of this Article.) 

But because 1, if,, H 3f are equally a set in terms of which all 

integral functions are similarly expressible, it follows that A (1, 2f„ 

does not vanish for all values of x, and that 

A (1, G lt , G n - l ) = V 1 i A (1, H u ,H n . _), 

where V, is an integral function rationally expressible by x only. 
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Hence V 2 . V, 2 = 1 : thus each o/ V and V x is an absolute constant 

Hence also the discriminants A (1, G lf G t ^ x ) of all sets in terms of 

which integral functions are thus integrally expressible, are identical, save 
for a constant factor. 

Let A denote their common value and 7) u ... t rj n denote any n integral 
functions whatever; then if A ( rj u rj 2 , ... t 7j n ) denote the determinant which is 
the square of the determinant whose (s, r)th element is i) { *\ we can prove, as 
here, that there exists an equation of the form 

A (%, Vn) = M'A, 

wherein M is an integral polynomial in x. The function A (rj lt i} n ) is 
called the discriminant of the set rj u rj ti . Since this is divisible by A, 
it follows, if, for shortness, we speak of 1, i/,,..., // n _, , equally with t/ 0 
rjt,..., i] n , as a set of n integral functions, that A is the highest divisor common 
to the discriminants of all sets of n integral functions. 

(d) The sets (1 , G ly fr n -i), (1, H u H n - X ) are not supposed 

subject to the condition that, in the expression of an integral function in 
terms of them, no term shall occur of higher dimension than the function to 

be expressed. If (l, g u , g n -\) be a fundamental system for which this 

condition is satisfied, the equation which expresses G t in terms of 1 , g lt 

g 2 g n -i will not contain any of these latter which are of higher 

dimension than that of G v Let the sets G u g u >g n -\ be each 

arranged in the ascending order of their dimensions. Then the equations 

which express Q u G a , , Gk in terms of g u , $r M _, must contain at least 

k of the latter functions ; for if they contained any less number it would be 
possible, by eliminating those of the latter functions which occur, to obtain 

an equation connecting G lt , Gk of the form 

(#, 1)* + (%> IX, Gi + + (x, l) Ajfc Gk — 0 ; 

this is contrary to what is proved under (a). 

Hence the dimension of g k is not greater than the dimension of G k : 

hence the sum of the dimensions of G u G 2t , is not less than the 

sum of the dimensions of g lf g 2 , , r/ n _,. Hence, the least value which is 

possible for the sum of the dimensions of a fundamental set ( 1, G Xi , G n ^ x ) 

is that which is the sum of the dimensions for the set (1 , g u , g n ~i) t namely , 

the least value is p + n — 1. 

We have given in the last Chapter a definition of p founded on 
Weierstrasss gap theorem : in the property that the sum of the dimensions 
of ft,... is p + w-l we have, as already remarked, another definition, 
founded on the properties of integral rational functions. 

Ex. 1. Prove that if (1, g lt ..., g n -^ (1, h lt ..., h n ~ x ) be two fundamental sets both 
having the property that* in the expression of integral functions in terms of them, no terms 
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occur of higher dimension than the function to be expressed, the dimensions of the 
individual functions of one set are the same as those of the individual functions of the 
other set, taken in proper order. 


Ex. 2. Prove, for the surface 

y 1 - V + - a i a t = o, 

that the function 

r ? = ( 3 / 2 " ty + a i c )/ a i 


satisfies the equation 


t} 3 - ctj 2 + a 2 b tf - a{a x — 0 ; 


and that 


A (1, y, r)) = b 2 c 2 + 18 a x a,J)c - 27a l 2 a z 2 — — 4 a 2 b\ 

A(l»y»^ 2 ) = « i 2 A(l,y, rj) A(l, 17, >; 2 ) = tf 2 2 A(l,y, rj) A (y, y 2 , 9 ) = a,%* A(l, y, 7)- 
In general 1, y, rj are a fundamental sot for integral functions, in this case. 


44. Let now (1, g u g 2 , g n -i) be any set of integral functions in 

terms of which any integral function can be expressed in the form 

A, IV + (X, IV, (J, + + («, IV.-, ffn—lt 

and let the sum of the dimensions of g u , g n _ x be p -f n — 1. 

There will exist integral polynomials in x, ft, ft 2 , such that 

fty* is an integral function: expressing this by g ly g n -i in the form 

above and solving for g l% , we obtain* expressions of which the 

most general form is 

„ _ Pi, n - 1 3/ n_1 + + Pi,iV + Pi 

3i ~~ A 

where i> > /i ti , , p u D t are integral polynomials in x. Denote this 

expression by g x (y, x). 

Let the equation of the surface, arranged so as to be an integral 
polynomial in x and y, be written 

/ (y. *) = Q, y" + Qi y" _1 + + Q»-> y + <?» = o, 

and let (//, x) denote the polynomial 

ft. y x + ft y*' 1 + + ft- 1 y + ft, 

so that ^0 (//, r) is ft>. 

Let <j>o, $' n _, be quantities determined by equating powers of y 

in the identity 

<t> 0 ' + <#>.' • gx (y, x) + • 9 x ( y , *) + + V-i. y«-i (y, v) 

= Xo 2/ n_1 + y n ~ 9 Xi (y', ■?) + + y Xn-a (y\ x ) + x*-i (y'» *) : 

* Since g x , < 7 n _j are linearly independent, 
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in other words, if the equations expressing 1, y, y n ~ l in terms of 

9i {y> x )> > 9n-i (y> *) be 

1 = 1 , 

y = «1 + «i , j 9i + + a h n - 1 9n- 1 , 

yn-i — -f. (X n _ 1( i (ft -f. &n-i, n— l 9n-u 

where the coefficient a it j is an integral polynomial in x divided by then 

<t>o = %»-i (y'> a) + «i (y\ &) 4- + (in -1 xo 

4>1= «i,i Xn-a (/, + + Xo 

<f) n _! = Xa — 2 (y, A’) -}“. • • • • •"!* (t/i-i, «— l Xo- 

So that if we write 

(l, y, y\ y n ~ x ) = n (i, <7, , <&.-»)■ 

ft being the matrix of the transformation, we have 

( 4 >o » » $ n— 1) = H (X n— 1, X »— a* Xi * 

where yj, — x, (y, x )> and ft represents a transformation whose rows are the 
columns of ft, its columns being the rows of O. 

But if (Q) denote the substitution 

| Qn- 1 , Qn—‘it Ql 1 Qo j 

:Qn-,. <2»-, Qo. 0 


j Q„ Qo, 0 j 

! Q«. 0 I 

we have 

(xn-u x»-2 xi. x«) = (Q) (i. y. y s > y n ~')- 

Hence, changing y to y in </>/ and writing therefore <pi for <fc', we may write 

C h . *»-») = n (<2) n (i. y„ y» y*->) (E) 

Either this, or the original definition, which is equivalent to 

4 >o {y\ *) + <#>1 (y, *) y. (y, «) + + <t > n - 1 (2/', *) yn-i (y, «) 

= /(y'-«)-/ (y. *) 
y'-y 

= x« y'” -1 + y'" - ’ Xi (y. «) + + y' x»-o (y- *) + x»-i (y> *) 

= Xo y""’ + y n_1 Xi (y'. *) + + y x n -> (y', *) + x»-> (y'. *) (F). 

may be used as the definition of the forms $<>, <f> i, , 1 - 

The latter form will now be further changed for the purposes of an 
immediate application: let y lt y n denote the values of y corresponding 
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to any general value of x for which the values of y are distinct. Denote 
<pi (Vr, ®), >Ji (Vr. *)> by <t>i ,r >, gi m , etc. 

Then putting in (F) in turn y = y' = y, and y =y„ y=y„ we obtain 

<t>* m + V si” + + *»-, 9n-i = (^) yi =/'(y.) ^y. 

*«" + </>,"’ y.'" + + ^-, = 0, (■<■• = 2, 3 «). 

Hence if, with arbitrary constant coefficients c 0t c lf , Cn~ u we write 

Cof," 1 + C, </>,"' + + C,_, * = <#><”, 

we have 

C 0 C] C n -i | = 

1 <7i"’ f (.Vi) i 


1 g l '» W 1 0 

I 

I I </,«”' yn-, w o 

1 gi m 9 n- I “ ' c o c l C»— 1 

, 1 gS-' 

l y. (n ’ 9n-r \ ' i gr 

and we shall find this form very convenient : it clearly takes an inde- 
terminate form for some values of x. 

If we put all of c u Cn-i, — 0 except c r , and put c r = 1, and multiply 

both sides of this equation by the determinant which occurs on the left hand, 
the right hand becomes 

S r + $r, 1 0\ (1) + + &r, n- 1 9^ - 1 > 

where, if s tJ ** g % *' g/ l) 4- g™ g/ 2) 4- 4- g t {n) gj (n) , S, tJ means the minor of s itj 

in the determinant 




A (1, g l} g 2t g n -i) = n 5, s»-, 

$1 «*?!, i A’i, 2 n— l 


( S n —i S n -i t i S»_i, a ^n— i, «— 1 

Since this is true for every sheet, we therefore have 


<f) r __ 4“ Sr, 1 9 i + + jjr, n-i ffn-i 

/' (y)~ A (X 9i> 9 *- 0 


_10A 1 0A 

~ A 0s r + A a* r , , ^ + ' 


1 0A 

+ A0T“„1 1 !7n - 1 


(H), 
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and therefore, also 

f (y) ffr — s r 4*0 "h s r, l <f> i+ + $r, ?i—i <f>n—i‘ 




The equation (H) has the remarkable property that it determines the 
functions from the functions g x with a knowledge of these latter only. 

But we can also express g x g n -\ so that they are determined from 

’ f^ly) ’ ply) * W ^ L a ^ now ^y e °f ^ iese on ^* 

For let these latter be denoted by y 0 , y u , y n - x : and, in analogy with 

n 

the definition of s rtl , let oy ,« = 2 7r ,i) 

S - 1 

Then from equation (H) 

2 7r W 9i {8) — £ jk*f + $r, 1 s i, l + + $r, n-i n— 

= 0 or 1 according as i =)= r or i — r. 

Therefore, also, by equation (H), 

07, » = 2 7 r w 7t (8) = k 2 7< w + >SV, , S 7i w + + A, n~i 2 7i (8, l 

* = 1 & L s = l S=1 J 


= iSr,i, 


so that equation (H) may be written 

7r = 0V, o + 0>, l ffi + + °7, n— i Qn— i* 

If then 2 r , i denote the minor of oy, t in the determinant of the quantities 

<r r ,i — which determinant we may call V(y 0 , 7 j, , 7 n -j ) — we have, in 

analogy with (H), 

^ ( 2 r 7 o + 2 r , ! 71 + + 2 r> n—i 7 n-i) (K)*. 

Of course V = ~ and 2 r , » ==^ s r> », and equation (K) is the same as (H'). 


Ex. 1. Verify that if the integral functions g u ...,g n _ l have the forms 



wherein D x , D n _ x are integral polynomials in x, then <f> 0l are given by 

<t>o( x > y)=y w “ 1 » 4>i (*» y)= Ay" -2 * .... <£»- i(#> y)= A-i* 

* The equations (H) and (K) are given by Hensel. In his papers they arise immediately from 
the method whereby the forms of ... are found, 
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Ex, 2. Prove from the expressions here obtained that 

^ [<£»//(#)]«— 0, (i=l> 2, .. M n— 1), 

8-1 

n 

and infer that 2 (dvjdx), = 0, 

v being any integral of the first kind. 


45. We are now in a position to express the Riemann integrals. 

Let be a general integral of the third kind, infinite only at the 

places x u x, 2 , Writing, in the neighbourhood of x Xi x — x l = t 1 Wi+ \ dPfdx 
will (§§ 14, 16) be infinite like 


namely, like 


(^Ti) i [ log *■ + A + Ai ti + A - A ’ + ] * 

_L r_J_ + A + Mi + 1. 

w l + 1 \_x — x 1 t x w ' t x Wi ~' J ’ 


dP . 1 

thus (x — x x ) ^ finite at the place x x and is there equal to 


w x + 1 ’ 


dP 1 

Similarly (x — x. 2 ) ^ is finite at x 2 and there equal to — — ^ . 


Assume now, first of all, for the sake of simplicity, that at neither x = x x 
nor x = # 2 are there any branch places ; let the finite branch places be at 
x — a u x — cu 2> 

At any one of these where, say, x = a + < w+1 , dP/dx is infinite like 

CirnTr|t® + *' +JW+ -i 

dP 

and therefore (x — a) is zero to the first order at the place. 

Hence, if a = (x — a x ) (x — a 2 ). . . 

be the integral polynomial which vanishes at all the finite branch places of 
the surface, and g be any integral function whatever, the function 

K = a . g . (® - a-,) (a; - x s ) 

is a rational function which is finite for all finite values of x and vanishes at 
every finite branch place. 

Therefore the sum of the values of K in the n sheets, for any value of x, 
being a symmetrical function of the values of K belonging to that value of a?, 
is a rational function of x only, which is finite for finite values of x and is 
therefore an integral polynomial in x. Since it vanishes for all the values of 

5 


B. 
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x which make the polynomial a zero, it is divisible by a, and may be written 
in the form a J. 


Let the polynomial J be written in the form 

\ x (x — x 2 ) — Ao (x — #j) + (x — #,) (x — x. 2 ) H, 

wherein X x and Xj are constants and H is an integral polynomial in x. This 
is uniquely possible. Let H be of degree p — 1 in x ; denote it by (a*, l)*"" 1 . 


Then, on the whole, 




+ (*,! )r l - 


Multiply this equation by x — x\ and consider the case when x — x Xf there 
being by hypothesis no branch place at x — x x . Thus we obtain the value of 
X x ; namely, it is the value of g at the place x x . This we denote by g(x Xi y x ). 
Similarly X. is g(x. 2 , y>). Further, at an infinite place where a? = 

= _ t w ■** dP 
dx w + 1 dt ’ 


so that x-dP/dx is finite at all places x = cc . Hence if p + 1 be the dimen- 
sion of the integral function g , and we write 

_ g (*>, yd _ 9(®2> yd , (x L iYi l 

(x — x x ) x^ 1 ( x — x>) of -1 

we can infer, since p cannot be negative, that p is at most equal to p. 


Hence, taking g in turn equal to 1 t g it ... , g n -\> the dimensions of these 
functions being denoted by 0, r x + 1, ... , t„_, + 1, we have the equations 


(£), + + 




(dP\ _ 9 x(x x , y x ) g ± (x , , y, 2 ) _ 


Ah I 


i dx) l 


+ ... + ( 


. ( An) (dP\ _ 9 n- 1 (gj, yd 9 n- 1 (*« , y a ) D ^" 1 

where t'„ . . . , T' n _i are positive integers not greater than t x , ... , T n _! respectively. 

( dP\ 

: then in accordance with equa- 
tions (G) on page 63 we have, after removal of the suffix, 
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f (y) £ = (*, i) T ,_1 ^ + (*. i)^- 1 ^ + • • • + («, 1 

+ <£« + 01 (*i._yi) _+ • - + </>«-! (Jn - 1 (*i, yi) 

A’ “ a? x 

_ ^o + ^ i ( x v y») + — + ^>»-i r/..-i 0**, y ? ) 

x — X.> * 

where stands for </>; ( x , t/). 

This, by the method of deduction, is the most general form which dP/dx 
can have; the coefficients in the polynomials ( x , 1) T » _1 are in number, at most , 


Ti + Ta + . . . 4- T n _, , 

or p ; and no other element of the expression is undetermined. Now the 
most general form of dP/dx is known to be 

dv , ( t ^ dv p t fdP\ 


2 ♦(£). 


wherein is any special form of having the necessary character, and 

Xj , . . . , \ p are arbitrary constants. Hence, by comparison of these forms, we 
can infer the two results — 

(i) The most general form of integral of the first kind is 

f x dr 

J f i'j) ^ 1)T , ~ 1 ^ (,r ’ V) + “* + ^ (*» 0)1 

wherein t'* < T t and the coefficients in (x, 1) T '» -1 are arbitrary: 


(ii) A special and actual form of integral of the third kind logarithmically 
infinite at the two finite, ordinary, places ( x lt y x ), (x 2> y 2 ), namely like 
log [( x — #,)/(# — a\,)], and elsewhere finite, is 

f*_d® f ft o (x, y) + 4> x (x, (/) g 2 , y,) 4- ... + ft n - 1 (#, y) <7n-i fa > y») 

J f (y) L 

__ <#>o y)+_j>\( x > y) <7i fa* 0j) + ... + ft»-i fajO_y»-ifas» y.O 
or 

f* dx r*> d^ |“ft 0 fa y) + ft, fa, y) (f, 17)+ ... + </>„_, ( x > y)_ 9 n-i(Z> v) 

J f (y) L x — % 

In the actual way in which we have arranged the algebraic proof of this 
result we have only considered values of the current variable x for which the 
n sheets of the surface are distinct : the reader may verify that the result 
is valid for all values of x, and can be deduced by means of the definitions 
of the forms ft 0 , ft^, which have been given, other than the equation 
(G). 

Ex. Apply the method to obtain the form of the general integral of the first kind only. 

5—2 



68 DEDUCTION OF INTEGRAL OF SECOND KIND. [45 


We shall find it convenient sometimes to use a single symbol for the 
expression 

<fto (x> y) ± 4>i (a y)gi (& v) ± • - . ± 4>»-i (%> y) 9 *- 1 (f . v) 
(*-&/ v (2/) 

and may denote it by (x, f). Then the result proved is that an elementary 
integral of the third kind is given by 

-(*.**)]• 


This integral can be rendered normal, that is, chosen so that its periods at 
the p period loops of the first kind are zero, by the addition of a suitable 
linear aggregate of the p integrals of the first kind. 

Now it can be shewn, as in Chapter II. § 19, that if E *’ c denote an elemen- 
tary integral of the second kind, the function of (x, y) given by the differ- 
ence 


^nir E V 


wherein denotes a differentiation, is not infinite at (f, rj). It follows from 
the form of l**® here, that this function does not depend upon (# 2 , y 2 ). 
Hence it is nowhere infinite, as a function of (, x , y). Therefore, if not inde- 
pendent of (a?, y), it is an aggregate of integrals of the first kind. Thus we 
infer that one form of an elementary integral of the second kind, which is 
once algebraically infinite at an ordinary place (f, 77), like —(x — f) _1 , is 
given by 

r d [* (5 y) + &(*>y ) fr (fr vY±j •• + <ft» - 1 (*. y)_9n - » (fc *?)] 

J f(y) L ~ J ' 

The direct deduction of the integral of the second kind when the infinity 
is at a branch place, which is given below, § 47, will furnish another proof of 
this result. 


46. We proceed to obtain the form of an integral of the third kind when 
one or both of its infinities (x lt yj, y 2 ) are at finite branch places; and 
when there may be other branch places for x — x x or x = x 2 . 

As before, let a be the integral polynomial vanishing at all the finite 
branch places. The function 

ga (x — x x ) (x — # 2 ) dP/dx 

will vanish at all the places x — x x \ and though it may vanish at some of 
these to more than the first order, it will vanish at (x u y,) only to as high 
order as (x — #,). Hence the sum of the values of this function in the several 
sheets for the same value of x is of the form a J, where J is a polynomial in x 
which does not vanish, in general, for x = x } or x = x v 
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Hence as before (§ 45) we can write 


/ dP\ 


+ 


fr 


dP\ _ \ 

dx J n X — X x 


X — X 2 


+(*, 


Multiply this equation by x — x x and consider the limiting form of the 
resulting equation as ( x , y) approaches to {x u y x ) : let w + 1 be the number of 
sheets which wind at this place. Recalling that the limiting value of 
(x — x x )dPjdx is l/(w + l), we see that w+ 1 terms of the left hand, corre- 
sponding to the w + 1 sheets at the discontinuity of the integral, will take a 
form 


[1 + A x te 4- 2A. i t 2 e i *f . . .] [y (x Xi y x ) + Ct + Dt*+ .. .], 

where e is a (w + l)th root of unity. The limit of this when $ = 0 is 
g(x Xi yi)l(w + 1); the corresponding terms of the left will therefore have 
g(x lt y x ) as limit. The other terms of the left hand will vanish. 


Hence \ x = y (x x> y x ) t \ 2 = g (x 2t y 2 ). The determination of the upper limit 
for p and the rest of the deduction proceed exactly as before. Thus, 

The expression already given fon' an integral of the third kind holds whether 
(x u y x ), (# 3 , y 2 ) be branch places or ordinary places. 


If we denote the form of integral of the third kind thus determined by 
, the zero c being assigned arbitrarily, it follows, as in § 45, above, that 
an elementary integral of the second kind, which is infinite at a branch 
place x u is given by 


lim. 1** ° -P*' c 
L • Xi x " - r 



= lim. I 

X, , ! 



Now if we write t for t Xl and x x — x x 4- t w+ \ the coefficient of dxjf(y) in the 
integrand of the form here given for P* x l x is 

5^o + <fti • (f/\ + tyf + • » • ) + • ■ ■ + j >»- 1 • (gn - 1 + tg'n -i 4- ...) 
jc-x x -t w + 1 

_ <f >o + <f>i « ffi + . . . -f <frn - 1 • <7 »- 1 
X — X x 

wherein <f> 0} ..., are functions of x , y, and g Xi ..., g n ~\ , y/, g 8 ', ... are 
written for g x (x lt y,), ... , y„_i (x X} y x \ Dg x {x u y,), Dgfx u y,), ... , respectively, 
D denoting a differentiation in regard to t. Hence the ultimate form is 

£ gi + • 4-0u-ij7 n-i 

# — X x 
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That is, introducing rj, instead of % u y x , an elementary integral of the 
second kind, infinite at a finite branch place (f, rj), is given by 

[ x da c y)g\ (£<;)+••• + («■', y) ff , ( f y) 

J /'(</) 

where g\ (f, rj), ... are the differential coefficients in regard to the infini- 
tesimal at the place. It has been shewn in ( b ) § 43 that these differential 
coefficients cannot be all zero. 

Sufficient indications for forming the integrals when the infinities arc at 
infinite places of the surface are given in the examples below (1, 2, 3, ...); in 
fact, by a linear transformation of the independent variable of the surface we 
are able to treat places at infinity as finite places. 

Ex. 1. Shew that an integral of the third kind with infinities at (x u y x )> (x 2 , can 
also be written in the form 


[ dv f X 1 ~ 1 4* 0 (•*’ > .?) + SX 1 tV 4>r (*> ?/)<Jr . >/ l) __ h ~*<M *’>, */) ^)ffr (-5a » >h)~] 

if is/) L i -- r \ J* 

wherein \ l = (x-a)J(x l -a), 'X 2 =(x-a r r + x is the dimension of//,., and a is any 
arbitrary finite quantity. 

It can in fact be immediately verified that the difference between this form and that 
previously given is an integral of the first kind. Or the result may bo obtained by con- 
sidering the surface with an independent variable £=(.r-«) -1 and using the forms of § 39 
of this chapter for the fundamental set for functions infinite only at places x = a. The 
corresponding forms of the functions <f> are then obtainable by equations (H) § 44. 

Ex. 2. Obtain, as in the previous and present Articles, corresponding forms for inte- 
grals of the second kind. 

Ex. 3. Obtain the forms for integrals of the third and second kinds which have an 
infinity at a place x—ao. 

It is only necessary to find the limits of the results in Examples 1 and 2 as (.*■,, y x ) 
approaches the prescribed place at infinity. It is clearly convenient to take a—O. 

Ex. 4. For a surface of the form 


f=x{x- ai ) (x-a 2p+1 ), 

wherein a u ..., « 2 j> + i arc finite and different from zero and from each other, wo may* take 
the fundamental set (1, g x ) to be (l, y), and so obtain (0 O , <p{)=(y, 1). Assuming this, 
obtain the forms of all the integrals, for infinite and for finite positions of the infinities. 


Ex. 5. In the case of Example 4 (or which p— 1, the integral of Example 1, when a 
is taken 0, is 

fdxrx, y+xh\~*y x _ y +.r^ ~ 2 y 2 ~l 

V L x x x-x 2 J* 

Putting .rj = oo and y x = mx^ + nx x -\-A + Bx x ~ 1 + . . ., this takes the form 

._i [dxV y+mx 1 x 2 y xy 2 "j 

* J y L x {x-x 2 )x^ x 2 {x-x 2 ) J 

or L+?.+»i 

J y L x-x 2 


* Chap. V. § 56. 
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Prove that this integral is infinite at one place x—ao like log and is < 
infinite only at (.r 2 , y 2 ), namely like - log (x - x 2 ), if (x 2 > y 2 ) he not a branch place. 
Ex. 6. Prove in Example 5 that the limit of 

£ ftk T' r i.V+* : * r r*!/i t y+wM *! 

J !/ L-* r ~ x \ x J 

as (x lf y t ) approaches that place (ao , oo ) where g = tnx 2 + nx+ A + B/x + is 

- £ j~ (y + mx 1 4- nx), 

and that the expansion of this integral in the neighbourhood of this place is 


is otherwise 


X 2m x+" 


and that it is otherwise finite. It is therefore an integral of tlie second kind with this 
place as its infinity. The process by which the integral is obtained is an example of the 
method followed in the present and the last Articles, for obtaining an elementary integral 
of the second kind from an elementary integral of the third kind. 

47. We give now a direct deduction of the integral of the second kind 
whose infinity is at a finite place (f, 77 ): wc suppose that (w + 1 ) sheets of 
the surface wind at this place, and find the integral which is there infinite 
like an expression of the form 

•d 1 , 2 , t ^10 A W+1 

T + > + - + > + x _ f , 
t being the infinitesimal at the place. 

Firstly, let F be an integral which is infinite like the single term (x — f)" 1 , 
so that in the neighbourhood of the infinity its expansion has a form 

F= 1 - f . + A+Bt + Ct*+.... 

Forming as before the sum of the values of the functions g . (x — %) 2 dF/dx in 
the n sheets of the surface, g being any integral function, we obtain an 
expression 

s" [ 9 <* - f > a fi] ( = * + a* (* -»+(*- 1 r • (•>•. 1 y-'- 

Putting x = f wc infer, since all terms on the left except those belonging to 
the place (f, rj) vanish, that 

\ = -(w+l)yr(f, rj). 

Differentiating, and then putting x = J, we obtain, from the terms on the left 
belonging to the infinity, 

M | w + 1 = lim. 2 . . (* • - f y 2 ■ + 0 . [- : 1 + (« • - f Y £. (X + . Bt + . . . . . . )] } , 

the summation extending to (w 4 - 1 ) terms. 
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Now 

£[<*-e4< J+ *‘ + -->]-o^W >"«>+»+•>] 

vanishes when t is zero : hence 

H = -^ Dw+1 9(tv> 

Hence we can prove as before that, save for additive terms which are 
integrals of the first kind, the integral which is infinite like ( x - f ) -1 is 
given by 

p /... , i , i dx <#>» + <Mi (f. v) + — + 4>n-ig n ~i (t v) 

F= - (w+ 1) lf(y) 

If _<&_ D* +l [<t>° + (fc V) + • + 

\v>] f{>j) "«-£ 

This result is true whether (f, rj) be a branch place or an ordinary place. 

Consider now the integral, say E, which is infinite at (f, vj) like t~ m , m 
being a positive integer less than w + 1. At this place, therefore, (x — f ) dEjdx 
vi 1 

is infinite like T . — . If, as before, we consider the sum of the n values 

w + i r 

of the expression a . g . (x — f) dE/dx, wherein g is any integral function and 
a is the integral polynomial before used, which vanishes at all the finite 
branch points of the surface, we shall obtain 

To find let x approach to f. Then all the terms on the left, except 
those for the w+ 1 sheets which \.ind at the infinity of E, vanish : for such a 
non-vanishing term we have an expansion of the form 

[g + tDg + | D’g + ...][ - ± + A + Bt+C * + ...] . 

where 1) denotes, as usual, a differentiation in regal’d to the infinitesimal of 
the surface at (f, i?), and g is written for g (£, 77 ). The sum of these w + 1 
expansions is 


ryn , VI v 1 . 171 / v' 1 

-1 + m 9 s r + 9 ■ 1 + - ’■ ’ + 1 




+ (w + 1) Ag + (Ag' -jr Bg) + . . . . 


Now in fact every summation Xt r , being a sum of terms of the form 


e r * r + ... + €<«* J > r r, 


wherein e is a primitive ( w 4* l)th root of unity, will be zero unless r be a 
multiple of w 4-1. Thus the terms involving negative powers of t in the 



48J 


OF INTEGRAL OF SECOND KIND. 


73 


sum will vanish : those involving positive powers of t will vanish ultimately 
when t = 0 ; and in fact A is zero, otherwise E would contain the logarithmic 
term A log (x — f) when (x, y) is near to (£, rj). Hence on the whole 

X = -|"^T Dm9{lv) - 

Then, proceeding as before, we obtain an expression of the integral in the 
form, 


1 C x dx 1 

- j J j* ■ —g v n [<t>« (*. y) + •• • + £»-> <*. y) ( Jn-i (?. v)l 

Thus, denoting the expression 

n - 1 

<f>0 («, y) + t<j>r (®, y) <Jr (?, v) 

1 

by <l>, an integral which is infinite like an expression 

A l _L ^~ W I ^ J £+ 1 

t + ••• + 

is given by 

, , 1U f x dx <D 

(w + l)A u+ ,J 

-I’m ■ - + fh 


+ ... + A* £>” + 4 ?±! 1 <b. 

\w — 1 w 


Of course the differentiations at the place (f, 77 ) must be understood in 
the sense in which they arise in the work. If <f> (f, rj) be any function of 
f, rj, D<f> (f, rj) means that we substitute in <f> ( x , y) } for x, f + £ w+1 , and for y, 
an expression of the form rj + P(t), that we then differentiate this function of 
t in regard to t, and afterwards regard t as evanescent. 

Ex. 1. Obtain this result by repeated differentiation of the integral pjj* . 

Ex. 2. Obtain by the formula the integral which is infinite like Ajt-\- Bjt 1 in the 
neighbourhood of (0, 0), the surface being y i =x(x, 1) 3 . Verify that the integral obtained 
actually has the property required. 

48. The determinant A (1, g u ... , g n -\), of which the general element is 


Sv = 9t w 9j l) + ••• + 9 l n) 9 } n) > 


can be written in the form 


n , x~ T i~ l s 1 , , x- r n-i- 1 s n ^ | x 2n -*+w. 

x~ T i~ x Sx , x~ T r T 2 - 2 s 1>3 , «" T i- T n-i“ 2 s lfH _, 1 

X r »-i * 5 n _i , X t h— i T i " 1,1 > ....... X “ r n-l 2 i,n— l 

In this form the determinant factor is finite at every place x = oo : hence 
also ^-(ap-a+an) a ( 1 , g u ... , y n _,) is finite (including zero) at infinity. Thus 
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A (1, <71, ... , which is an integral polynomial in x, is of not higher order 
than 2?i — 2 4- 2p in x. 

But when the sheets of the surface for x = x are separate, it is not of less 
order; it is in fact easy to shew that if for any value of x, x — a, there be 
several branch places, at which respectively w x + 1, w a + 1, ... sheets wind, then 
A (I> ffu •••> tfn-i) contains the factor (x- a) Wl+Wt+ - 

For, writing, in the neighbourhood of these places respectively, 
x — a — ti Wi+ \ x — a = < 2 W * +1 , ..., 

the determinant (§ 43) 

l <fx\ . . , flfii, , 

i i. ^ . . . *«, ■ 

; i, $*, . . , 1 

of which A(l, fjr„ ..., is the square, can, for values of x very near to 
x — a, be written in a form in which one row divides by $,» another row by 
tf , ..., another row by t x w ', in which also another row divides by t>, another 
row by £„ 2 ,..., and another row by t? c \ and so on. 

Thus this determinant lias the factor t^ w ^ w> M) , and hence 

the square of this determinant has the factor (x — a) u ''(x — 

Therefore, when there are no branch places at infinity, A (1, g lt ...,g n -\) 
has at least an order = 2n 4- Zp - 2 (§ 6). 

In that case then A (1 ,g u ... , g,^) is exactly of order 2 n 4- 2 p — 2 : and, 
■when all the branch places occur for different values of x, its zei'os are the 
branch places of the surface, each entering to its appropriate order. 

When the surface is branched at infinity, choose a value x = a where 
all the sheets arc separate: and let — (x — a) T t +1 h,. Then by putting 
f = we can similarly prove that A (1, A,, ... , h n - x ) is an integral 

polynomial in f of precisely the order 2n + 2p— 2. But it is immediately 
obvious that 

A(l, g u ••• > {Jn- 1) = (# ~ a)- n+! 3' “ A (1, hi, ... , A,*_ i). 

Hence if the lowest power of { in A (1, hi, ... , />„_,) be f*, A (1, g u ... , g n ^ ,) 
is an integral polynomial of order 2 n -\-2p—2 — s. In this case the zeros of 
A (1, <7, , ...,<7n-i), which arise for finite values of x, are the branch places, 
each occurring to its appropriate order, provided all the branch places occur 
for different values of x: and A (1, h x , ... , h n ^) vanishes for x— oo to an 
order expressing the number of branch places there. 

Ex,. 1. For the surface y^—x 2 {x- \){x-a) there are two branch places at x — 0, and 
a branch place at each of the places a?s=l, x—a, where all the sheets wind. Thus 

Zn+2p-2-w**2 . 14343 = 8. 

* Chap. II. § 21. 
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For this surface fundamental integral functions arc given by g x =y, g-i = y 2 ! x \ 

With these values, prove that A (1, g lt g 2 , g s )= — 256a- 2 (x — 1)* (j;—a) 3 , there being a factor 
x 2 corresponding to the superimposed branch places at x = 0, while the other factors are of 
the same orders as the branch places corresponding to them. 

Ex. 2 . The surface y 4 = x 2 (.r — 1 ) is similar to that in the last example, but there is a 
branch place at infinity at which the four sheets wind, so that, in the notation of this 
Article, s =3. As in the last example 2?i + 2p — 2— 8, and 1, y, y 2 Ar, y'fx arc a fundamental 
system of integral functions. Prove that, now, A (1, g x , g 2 , g 3 ) is equal to — 256./; 2 — l) 3 , 
its order in x being 2a+2p — 2— 5 = 8 -3 = 5. 

49. In accordance with the previous Chapter* the most general rational 
function having poles at p + 1 independent places, is of the form AF+B , 
where F is a special function of this kind and A, B are arbitrary constants. 
The function will therefore become quite definite if we prescribe the 
coefficient of the infinite term at one of the p + 1 poles — the so-called residue 
there — and also prescribe a zero of the function. 

Limiting ourselves to the case where the p + 1 poles arc finite ordinary 
places of the surface, we proceed, now, to shew that the unique function thus 
determined can be completely expressed in terms of the functions introduced 
in this chapter. It will then be seen that we are in a position to express 
any rational function whatever. 

If the general integral of the third kind here obtained with unassigned 
zero be denoted by 1^ n , the current variables being now (z, s), instead of 
(#, y), the infinities of the function being at x and a, the function 

f, n \ dI *x. a_fa Ob s) + fa (z, s) g x (a*, y) + + <#>,*_, (z, s) g n -1 (.**, //) 

dz ~z-x 

_ ( Z > *) + fa S ) 9 ' + + (Zy s) </»-! 

z — a 

+ 4>> ( z > s ) (*• i)' 1 ' 1 + + 4>“-i (z> #) (-. i)v 1“‘. 

wherein g u ...,g n - 1 are written for the values of the functions g x (z, a), . .., 
g n - x (z, s) at the place denoted by a, contains p disposeable coefficients, 
namely, those in the polynomials ( z , l) r * “ 0, 1)'» r*. 

Let now c u , c p denote p finite, ordinary places of the surface, the 

values of z at those places being actually c lt ..., c Jti which arc so situated that 
the determinant 


A = 

Cl, ... 

<k'« c, 1 '-', .. 

. ..., fa l) n - X , fa l \i— 1 C 1} ... 

A(l) r r —1 

• • • y Y> <i-i Ci n-l 





, . . . , fa P \i—i , fa l ’\i—i Cp, . . . 

AXv) r t -1 

• • • > y >i—i n_1 

wherein fa U) is the value of fa (z, s) at the place c r , does not vanish. That it 


is always possible to choose such p places is clear: for if v x , v v denote a 

* Chap. III. § 37. 
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set of independent integrals of the first kind, the vanishing of A expresses 
the condition that a rational function of the form 



involving only p — 1 disposeablc ratios \ : A, j : : Ap, vanishes at each of 

the places c 1} , c p . 

Choose thep coefficients in the function f'(s)dP/dz , so that this function 
vanishes at c lt , c p : and denote the function dPjdz, with these coeffi- 
cients, by yjr (x, a ; z, c lf ,c p ) } so that A /' {s) yjr (x, a ; z } c x c p ) is equal 

to the determinant 

[z, x] - [z, a], <f) x (z t s), z<f) x (z, A'), Z r '-* </>! (j, 6'), Z'n-r 1 (z, s) , 

fe, *] - [c„ 4 c, c,vr l $1, 

[Cp, a?] - [Cj,, a], </>! (i,) , ...» c/n-r 1 

where [- 2 :, a;] denotes the expression 

5M51 s )±jhSl> *) + ( *,*) 2/1 («, y) 

-Sr — £t? 


Suppose now that ( 2 , 5 ) is a finite place, not a branch place, such that 
none of the minors of the elements of the first row of this determinant 

vanish. Consider yjr (x, a ; z, c x , c p ) as a function of (sc, y). It is 

clearly a rational function ; and is in fact rationally expressed in terms of all 

the quantities involved. It is infinite at each of the places z t c u c 2 c p — 

and in fact as x approaches z , the limit of (z — x) y/r (x, a ; z, c u , c p ) is 

the same as that of 

<h (z> a) + S (z> s) g r (tf, y) 

>'W 


namely, unity (§ 44, F) : so that at x = z, yjr is infinite like — (x — z)~ l . And 
at Ci, ..., c p it is similarly seen to be infinite to the first order. 

To obtain its behaviour when x is at infinity, we notice that, by the 
definition of the dimension of gi ( x , y), the expression 

9i fa y) 


which is of the form 


) / \ r 1 ^ £ t * -1 


- ar<\ +1) <7, (*, y) 


Z , i +l , z T . +J , 

H 1 — +• 

x x 3 




is finite for infinite values of x. If then we add to the first column of the 
determinant which expresses the value of A f{s) yjr (x, a; z, c u ..., c p ), the 
following multiples of the succeeding p columns 


g>(s,y) gi(M ) frfay) __ 

«f>' o T '' ’ « T, ‘ a T >' 


• ( T / = 1> 2, r,' 


= 1, 2,.. 


■v. 
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the determinant will contain only quantities which remain finite for infinite 
values of x. 

On the whole then, as the reader can now immediately see, we can 
summarise the result as follows. 

yfr (x, a ; z,c x , , c p ) is a rational function of os, having only p + 1 poles, 

each of the first order, namely z,c x , ,c p . It is infinite at z like -{x- z)~' 

and it vanishes at x = a. 


It is immediately seen that if a function of x of the form 



, + x p dv ” 


dx ’ 


which is so chosen that it is zero at all of c x , ...» c p except c t and is unity at 
C{, be denoted by a>i (x), then yfr(x, a; z, ... c p ) is infinite at c % like — . 

X — Ci 

Let now R ( x , y) be a rational function of ( x , y) with poles at the finite 
ordinary places z lt z 2 , z Q : let its manner of infinity at z t be the same as 
that of — \i (x — Z{)~\ Then the function 

R(x, y)-\ if (os, a: z x , c u ...,c p ) \ Q ^(x, a; z Qi c u ...,c p ) 

is a rational function of ( x , y) which is only infinite at c u ...,c p . Since 
however these latter places are independent*, no such function exists — nor 
does there exist a rational function infinite only in places falling among 
Ci, ...,c p . Hence the function just formed is a constant; thus 

R(x, y) = X 1 'f (x, a\ z u c x , ...,c p ) +...+ \ylr(x, a ; z Q , c u ...,c p ) + \. 

Conversely an expression such as that on the right hand here will represent 
a rational function having z u ..., z Q for poles, for all values of the coefficients 
\i, ..., \ Q% \, which satisfy the conditions necessary that this expression be 
finite at each of c u c p \ these conditions are expressed by the p equations 

Xl (Oi (Z X ) + X* (Oi (Z^ +. . .+ Xg (Oi (z Q ) = 0. 

where i — 1 , 2, , j>. 

When these conditions are independent the function contains therefore 

Q-jj + 1 

arbitrary constants — in accordance with the result previously enunciated 
(Chapter III. § 37). The excess arising when these conditions are not inde- 
pendent is immediately seen to be also expressible in the same way as before. 

We thus obtain the Riemann-Roch Theorem for the case under con- 
sideration. 

The function y/r (x, a\ z,c i, cf) will sometimes be called Weierstrass’s 

function. The modification in the expression of it which is necessary when 
* In the Rense employed Chapter III. § 23. 
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some of its poles are branch points, will appear in a subsequent utilization 
of the function (Chapter VII.*). The modification necessary when some of 
these poles are at infinity is to be obtained, conformably with § 39 of the 
present chapter by means of the transformation = — m)”\ whereby the 

place x = oo becomes a finite place f = m. 

50. The theory contained in this Chapter can be developed in a different 
older, on an algebraical basis. 

Let the equation of the surface be put into such a form as 

y n + y n ~' yitn-i + ti n = 0 , 

wherein a u ...,a n are integral polynomials in x: so that y is an integral 
function of x. 

By algebraical methods only it can be shewn that a set of integral 
functions g u ..., # u -i exists having the property that every integral function 
can be expressed by them in a form 

(x t l) A + 0r, l) Al «&+...+ (a*, 1 )a„_, gn-u 

in such a way that no term occurs in the expression which is of higher 
dimension than the function to be expressed; and that the sum of the 
dimensions of g x , ... , g n is not less than n — 1 but is less than that of any 
other set (1 , /t n _,), in terms of which all integral functions can be 
expressed in such a form as 

[(#, 1)a + (#> 1)a, hi +...+ (#, 1) A „- 1 />„_,]/(#, l)m- 

If the sum of the dimensions of g n _ x be then written in the form 

p + n — 1, p is called the deficiency of the fundamental algebraic equation. 

The expressions of the functions g u g 2i g n _ Y being once obtained, 
and the forms <£ 0 , <j) u the ce deduced as in this Chapter, the integrals 

of the first kind can be shewn, {is in this Chapter or otherwise f, to have the 
form 

I* rTrt j 

J [fo 1) T/,_1 </>i + + (x t lj^n-r 1 4>n- 1 ], 

wherein t\<t u etc., T t + 1 being the dimension of g t . Thus the number 

of terms which enter is at most t, -f or p. But it can in fact be 

shewn algebraically that every one of these terms is an integral of the first 
kind, namely, that an integral of the form 

I fb*** (i=1,2 ' ” -]) 

is everywhere finite J provided 0 ^ r ^ t,- — 1. 

* The reader may, with advantage, consult the early parts (e.g. §§ 122, 130) of that chapter at 
the present stage. 

t Hensel, Crelle , 109. 

t For this we may use the definition (G) or the definition (H) (§ 44). The reader may 
refer to Hensel, Crelle , 105, p. 386. 
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Then the forms of the integrals of the second and third kind will follow 
as in this Chapter: and an algebraic theory of the expression of rational 
functions of given poles can be built up on the lines indicated in the 
previous article (§ 49) of this Chapter. In this respect Chapter VII. may be 
regarded as a continuation of the present Chapter. 

A method for realising the expressions of g x , ...,g n _ x for a given form of 
fundamental equation is explained in Chapter V. (§ 73). 

For Kroneckers determination of a fundamental set of integral functions, 
for which however the sum of the dimensions is not necessarily so small as 
p + n — 1, the reader may refer to the account given in Harkness and 
Morley, Thew'y of Functions, p. 262. It is one of the points of interest of the 
system here adopted that the method of obtaining them furnishes an algebraic 
determination of the deficiency of the surface. 



CHAPTER Y. 


On certain forms of the Fundamental Equation of the Riemann 

Surface. 

51. We have already noticed that the Riemann surface can be expressed 

in many different ways, according to the rational functions used as variables. 
In the present chapter we deal with three cases : the first, the hyperelliptic 
case (§§ 51 — 59), is a special case, and is characterised by the existence of a 
rational function of the second order; the second, which we shall often 
describe as that of Weierstrass’s canonical surface (§§ 60 — 68), is a general 
case obtained by choosing, as independent variables, two rational functions 
whose poles are at one place of the surface : the third case referred to 
(§§ — 71) is also a general case, which may be regarded as a generalization 

of the second case It will be seen that both the second and third cases 
involve ideas which are in close connexion with those of the previous chapter. 
The chapter concludes with an account of a method for obtaining the funda- 
mental integral functions for any fundamental algebraic equation whatever 
(§§ 73-79). 

It may be stated for the guidanc of the reader that the results obtained for the 
second and third cases (§§ 60—71) are not a necessary preliminary to the theory of the 
remainder of the book ; but they will be found to furnish useful examples of the actual 
application of the theory. 

52. We have seen that when p is greater than zero, no rational function 

of the first order exists. We consider now the consequences of the hypothesis 
of the existence of a rational function of the second order. Let f denote 
such a function ; let c be any constant and a, /3 denote the two places where 
f =c, so that (f— c)" 1 is a rational function of the second order with poles 
at a, The places or, /3 cannot coincide for all values of c, because the 
rational function d^jda; has only a finite number of zeros. We may therefore 
regard a, fi as distinct places, in general. The most general rational function 
which has simple poles at a, /3 cannot contain more than two linearly entering 
arbitrary constants. For if such a function be \+ X 1/1 + A^/ 2 + X, \ u ... 
being arbitrary constants, each of the functions must be of the 

second order at most and therefore actually of the second order : by choosing 
the constants so that the sum of the residues at a is zero, we can therefore 
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obtain a function infinite only at 0, which is impossible*. Thus the most 
general rational function having simple poles at a , 0 is of the form 
A (£ — c)"" 1 + B. Therefore, from the Riemann-Roch Theorem (Chapter III., 
§ 37), Q - q =p - (t -f 1), putting Q = 2, q = 1, we obtain ^ - (r + 1) = 1 ; 
namely, the number of linearly independent linear aggregates 

ft (a?) = \,ft, (#)+... -f \pft p (a?), 

which vanish in the two places a, 0 is p -1. Since a may be taken arbitrarily 
and c determined from it, and p — 1 is the number of these linear aggregates 
which vanish in an arbitrary place, we have therefore the result — When there 
exists a function of the second order , every place a of the surface determines 
another place 0: and the determination may he expressed by the statement 
that every linearly independent linear aggregate ft (x) which vanishes in 
one of these places vanishes necessarily in the other. 

53. Conversely when there are two places a, 0 in which p — 1 linearly 
independent ft (x) aggregates vanish, there exists a rational function having 
these two places for simple poles. To see this we may employ the formula 
of § 37, putting Q = 2, T-fl=p — 1, and obtaining q= 1. Or we may 
repeat the argument upon which that result is founded, thus — Not every 
one of ft, (x ), ... , ftp (x) can vanish at a ; let ft, (a) be other than zero. Since 
p — 1 linearly independent ft ( x ) aggregates vanish in a, and, by hypothesis, 
p - 1 linearly independent ft ( x ) aggregates vanish in both a and 0 t it 
follows that every ft (x) aggregate which vanishes in a vanishes also in 0. 
Hence each of the p — 1 aggregates 

ft 2 (a) ft, ( x ) - ft, (a) ft, (x), ftp (a) ft, (x) - ft, (a) fl p (a?), 

vanishes in 0, namely, we have the p — 1 equations 

ft* (°0 ft ( 0 ) — fti (®) ft» ($) *0, (i = 2, 3, ... , p). 

Therefore the function 

n, (y9)it-n,(a)rj 

has each of its periods zero. Thus it is a rational function whose poles are at 
a and 0 : and ft (0) cannot be zero since otherwise the function would be of 
the first order. 

Hence when there are two places at which p — 1 linearly independent 
ft (x) aggregates vanish, there is an infinite number of pairs of places having 
the same character. For any pair of places the relation is reciprocal, namely, 
if the place a determine the place 0, a is the place which is similarly 
determined by 0: in other words, the surface has a reciprocal (1, 1) corre- 
spondence with itself. It can be shewn by such reasoning as is employed in 

* By the equation Q-q=p-(r + 1), if q were 2, r + 1 would be p, or all linear aggregates Q(x) 
would vanish in the same places, whioh is impossible (Chap. II. § 21). 


B. 


< j 
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Chap. I. (p. 5), that if (x 1} y x ), (a? 3 , y 3 ) be the values of the fundamental 
variables of the surface at such a pair of places, each of x lt y x is a rational 
function of x 3 and y u and that conversely a? 3 , y 2 are the same rational 
functions of x x and y x . 

54. We proceed to obtain other consequences of the existence of a rational 
function, f , of the second order. If the poles of f do not fall at finite distinct 
ordinary places of the surface, choose a function of the form (f - c)” 1 , in 
accordance with the explanation given, for which the poles are so situated. 
Denote this function by z. Then* the function dz/dx has 2.2+2p— 2=2p+2 
zeros at each of which z is finite. Denote their positions by a?,, a? 2 , ...» #ap+ 2 * 
If these are not all finite places we may, if we wish, suppose that, instead of 
x> such a linear function of x is taken that each of x u ... , x 2p+2 becomes 
a finite place. They are distinct places. For if the value of z at x x be Ci, 
z — Ci is there zero to the second order : that another place Xj should fall at 
x t would mean that z — d is there zero to higher than the second order, 
which is impossible because z is only of the second order. By the expla- 
nations previously given it follows that a linear aggregate tl(x), which 
vanishes at any one of these places x lt ... , a^+o, vanishes to the second order 
there. Hence there is no linear aggregate 12 ( x ) vanishing at p or any 
greater number of these places, for 12 (x) has only 2p — 2 zeros. The general 
rational function which has infinities of the first order at the places x x ,..., x p + r 
will therefore f contain a number of q + 1 of constants given by p -f r - </ = p, 
namely, will contain r-f 1 constants. Such a function will therefore not 
exist when r = 0. In order to prove that a function actually infinite in the 
prescribed way does exist for ail values of r greater than zero, it is sufficient, 
in accordance with §§ 23 — 27 (Chap. III.), to shew that there exists no 
rational function having x lt a 3 , ... , x t for poles of the first order for any 
value of i less than p + 1. Without stopping to prove this fact, which will 
appeared posteriori , we shall suppose r chosen so that a function of the 
prescribed character actually exists. For this it is certainly sufficient that r 
be as great as pj. Denote the function by h, so that h has the form 

h = X 4* X-jSi 4* ... + X r 2 r , 

X, X lf ..., X r being arbitrary constants. 

Let h, h' denote the values of h at the two places (x, y), ( x', y'), where 
z has the same value. Then to each value of z corresponds one and only one 
value of h + h\ or h + K may be regarded as an uniform function of z : the 
infinities of X + X' are clearly of finite order, so that h + K is a rational 
function of z. Consider now the function (z — Cj) (z — c 3 ) . . . (z - c p+r ) (h + h'), 

* Chap. I. § 6. 

+ Chap. III. § 37. 

X Chap. HI. § 27. For the need of the considerations here introduced compare § 37 of 
Chap. III. 
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Since h and h ! are only infinite at places of the original surface at which 
z is equal to one or other of c,, ...» c p+r , this function is only infinite for 
infinite values of z. As it is a rational function of z, it must therefore be a 
polynomial in z of order not greater than p + r. Hence we may write 

h + h'=* (z, 1 )p+rK* ~C X ) ... (Z- C p+r ). 

But here the left hand is only infinite to the first order, at most, at any 
one of Ci, c p+r — and the denominator of the right hand is zero to the 
second order at such a place. Hence the numerator of the right hand must 
be zero at each of these places, and must therefore be divisible by the 
denominator. Thus h + ti is an absolute constant, = 2(7 say. From the 
equations 

h = A + XA + . . . + , 

A' = a + xAi + . . . + x r SV> 

we infer then that 2, + is also a constant, = 2(7, say : for h was chosen to 
be the most general function of its assigned character and the coefficients 
X, ..., are arbitrary. Thence we obtain 

(7 = X + XjC^ + • . . 4* X r (7 r . 

We can therefore put 

s = h — C = — s' = — {h! — C) = Xj — (7j) 4* ... + Ay (£ r — (7 r ), 
so that $ will be a function of the same general character as h, such however 
that s 4-^ = 0: in its expression the constants X 1} ..., X r are arbitrary, while 
the constants C lt ..., C r depend on the choice made for the functions 
Si, 

55. Consider now the two places a, a! at which z is infinite. Choose the 
ratios \ x : Xa : ... : Ay so that s is zero to the (r — l)th order at a. This can 
always be done, and will define s precisely save for a constant multiplier, 
unless it is the case that when s is made to vanish to the (r — l)th order 
at a, it vanishes, of itself, to a higher order. In order to provide for this 
possibility, let us assume that s vanishes to the (r — 1 + &)th order at a. 
Since s' = — s, s will also vanish to the (r — 1 + £)th order at a. There will 
then be other p + r — 2 (r — 1 -f k), or p — r + 2 — k , zeros of s. From the 
manner of formation this number is certainly not negative. Consider now 
the function 

f=(z-c 1 )...(z-c p + r )s a . 

At the places where z is infinite / is infinite of order p + r — 2 (r — 1 + k), 
or p — r + 2 — 2k times. At the places, x u ... , x p + r where s is infinite, it is 
finite; each of the factors z — c lt ...» z — c p + r is zero to the second order at 
the place where it vanishes. Since s* = — ss\ f is a symmetrical function of 
the values which s takes at the places where z has any prescribed value. 
Hence, by such reasoning as is previously employed, it follows that the func- 

G— 2 
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tion / is a rational integral polynomial in z of order p — r + 2 — 2k. Denote 
this polynomial by H. By consideration of the zeros of f it follows that the 
2 (p — r + 2 — 2k) zeros of the polynomial II are the zeros of s a which do not 
fail at a or a'. But since the sum of the values of s at the two places where 
z has any prescribed value is zero, it follows that s is zero at each of the 
places afp+r+u ..., # 2 p+ a . For each of these is formed by a coalescence of two 
places where z has the same value, and at each of them s is not infinite. 
Hence the polynomial H must be divisible by (z — c p+r+1 ) ... (z — Cq>+»). 
Thus, as H is a polynomial of order p — r + 2 — 2k in z , p — r + 2 — 2k must 
be at least equal to 2p + 2 — ( p -f r) or to p — r + 2. Hence k is zero, and 
the value of H is determinate save for a constant multiplier. Supposing 
this multiplier absorbed in s we may therefore write 

( ,Z ~ Cj) ... (z — Cp + r ) S 2 = {z — Cj,+ r +i) ... (z — C;»p +3 ) (A) , 

and s is determined uniquely by the conditions, (1) of being once infinite at 
x lt ..., x p+r , (2) of being (r — 1) times zero at each of the places a, a f where z 
is infinite. Denote s, now, by s p + r , and denote the function h from which we 
started, which was defined by the condition of being once infinite at each of 
x lt •••> Xp+ r , by hp+r, and consider the function (z - c p + r ) s p + r . This function 
is once infinite at each of x lt ..., x p+r - u it is zero to the first order at x p + rt 
and it is r— 1 — 1, = r - 2 times zero at each of the places a, a ' where z is 
infinite. Hence the function 

( z - c p+r ) Sp+ r (A + A x z 4- . . . 4- A r _ 2 z ( ~ 2 ) + B , 

wherein B, A, A lt .., A r _ 2 are arbitrary constants, has the property of being 
once infinite at each of x lf . . . , x p + r -i , and not elsewhere. It is then exactly 
such a function as would be denoted, in the notation suggested, by h p + r - lt 
and it contains the appropriat number of arbitrary constants — and we can 
from it obtain a function ^ +r __! , having the property of being once infinite at 
each of x lf ..., x v + r _ x and vanishing (r — 2) times at each of the places a, a' 
where z is infinite. 

Ex. 1. Determine s p + r -i in accordance with this suggestion. 

Ex. 2. Prove that h p + r is of tho form s p + r (A + .1 x z + . . . + A r _ x z r - l ) + B. 

Ex. 3. Prove that A„ tr+( is of the form -R . tr if ± A l Ltp+A'iJ-J. f*L3 + B. 

(2-Cp + r + 1 )...(*-C p + r + l ) 

Ex. 4. Shew that the square root 2 ) can bo interpreted as an 

one-valued function on the original surface. 

56. The functions, z, s p+r are defined as rational functions of the x, y 
*>f the original surface. Conversely x } y are rational functions of z, s p + r . 

L 'r* we have found a rational irreducible equation (A) connecting z and 

* See Ch6p. I. § 4. 
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8 p + r wherein the highest power of 8 p + r is the same as the order of z. Hence 
this equation (.4) gives rise to a new surface , of two sheets , with branch places 
at z — c x , ... , Cap+a, whereon the original surface is rationally and reversibly 
represented. 

It is therefore of interest to obtain the forms of the fundamental integral 
functions and the forms of the various Riemann integrals for this new surface. 
It is clear that the function 

{Z — C\) ... {z — Cp+ r ) Sp+ r ( Z t 1 )jfc— i * 

where A; is a positive integer, and ( z , 1)*^ denotes any polynomial of order 
k — 1, is in6nite only at the places a, a' where z is infinite, and in fact 
to order p + r — (r-l) + &- l, = /) + &: and that, therefore, by suitable choice 
of the coefficients in another polynomial (, z , l) p+ *, we can find a rational 
function 

(z-Ci ) ... (z- c p+r )s p + r (z, 1)*-! + (z, 1 ) p + k , 

which is not infinite at a\ and is infinite at a to any order, p + k, greater 
than p. Now, of rational functions which are infinite only at a, there are p 
orders for which the function does not exist*. Hence these must be the 
orders 1, 2, ... t p. 

Hence, of functions infinite only in one sheet at z = oo , on the surface 
(z — Ci) . . . (z — c p + r ) s 2 p+ r — (z — Cj,+ r+1 ) ... (z — C^pjfi), 
that of lowest order is a function of the form 

V = (z-Ci)...(z- Cp +r ) Sp+r + ( z , l) p+1 , 

which becomes infinite to the (p + l)th order. Hence by Chapter IV. § 39, 
every rational function which becomes infinite only at the places z = oo , can 
be expressed in the form 

(z, l)x + (z, IVt;, 

and if the dimension of the function, namely, the number which is the order 
of its higher infinity at these places, be p + 1, X and p are such that 

p-fl>\, p-f*l>ya+p + l. 

Therefore also, if a = (z — c x ) . . . (z - c p+r ) s p + r = rj — (z, 1 ) p+l , in which case 
equation (A) may be replaced by the equation 

= (z - Ci) (z-Cs)...^- c 2p+2 ), 

we have the result that all such functions can be also expressed in the form 

(z } 1) A ' + (*, 

with 

p + 1 > V, p + 1 > P +p + 1. 

* Cbap. III. § 28. 
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By means of this result, hitherto assumed, the forms for the various 
integrals given Chapter II., § 17, Chapter IV., § 46, are immediately 
obtainable by the methods of Chapter IV. 

57. Or we can obtain the forms of the integrals of the first kind thus — 
Let v be such an integral. Consider the rational function 

s p+r ( z — Ci) • • • ( z “ c p+r) • 

It can only be infinite (1) where z is infinite (2) where dz=* 0, that is at 
the branch places of the (Sp +r , z) surface. It is immediately seen that the 
latter possibility does not arise. Where z is infinite the function is infinite 
to the orders + 1 — 2, or p— 1. Hence it is an integral polynomial in z of 
order p — 1. Namely, the general integral of the first kind* is 

f _ (fi 1 )p- * dz 

J ( z Ci) (Z Cp+ r ) Sp+ r 

58. Ex. 1. A rational function infinite only at the places where z—c ly ..., 
contains p- k-p+r + 1 + l=r+2-£' arbitrary constants, where r + 1 is the number of 
coefficients in a general polynomial (z, l) p _, which remain arbitrary after the prescription 
that (z, l) p _ t shall vanish at c u ..., c v _ k . Prove this: and infer that h Vi A /) _ 1 , ... do not 
exist. 

Ex. 2. It can be shewn as in § 57 that at any ordinary place of the surface 
a 2 =.(z - Cj) . . . (z — c 2J , + a)> 

rational functions exist, infinite only there, of orders jo-fl, jd + 2, the gaps indicated by 
Weieratrass’s theorem (Chapter III. § 28) come therefore at the orders 1, 2, p. At a 
branch place, say at z=c, the gaps occur for the orders 1, 3, 5, ..., (2p- 1). For, all other 
possible orders, which a rational fun ion, infinite only there, can have, are expressible in 
one of the forms 2(p-k) f 2/>+ 2r+ 1, 2p + 2r, where k is a positive integer less than p, or 
zero, and r is a positive integer, and we can immediately put down rational functions 
infinite to these orders at the branch place z—c and nowhere else infinite. Prove in fact 
that the following functions have the respective characters 

( z i !) ;>-* { z i l)r (z — c) (z, l) p + r ( z f 1 )p + r 
(z-c)P~ k ' (Z-C)P + 1+1 * (z- C )P + r> 

wherein (z, l) p .*, (z, l) r , (z, l) p+r are polynomials of the orders indicated by their suffixes 
with arbitrary coefficients. 

Shew further that the most general Q(x) aggregate which vanishes 2p-2k times at the 
branch place contains k arbitrary coefficients: and infer that the expressions given 
represent the most general functions of the prescribed character (see Chapter III. § 37). 

Ex. 3. Prove for the surface 

Ax 2 + Bxy + Cy 2 + Pa? + Qa?y + Rxy 2 + Sy 3 + atf? -f a x a?y + apohf + a^pf + a^y * = 0 
that the function 

z^P+Xx/y, 


Cf. the forms quoted from Weierstrass. Forsyth, Theory of Functions , p. 456, 
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wherein X and /* are arbitrary constants, is of the second order. And that there are six 
values of z for which the pairs of places at which z takes the same value, coincide, these 
places of coincidence being zeros of the function 

2(Ax 2 + Bxy + Cy 2 ) 4- Px 3 + Qx 2 y 4- Rxy 2 + Sy 3 , 

Prove further that a rational function which is infinite at these six places is given by 

, _ 2 ( A x 2 + Bxy 4- Cy 2 ) + P'x 3 4- Qx?y -f R’xy 2 4- S'y 3 
~ 2 (Ax 2 + Bxy 4- Cy 2 ) 4- Px 3 4- Qx 2 y 4- Bxy 2 4- By 3 

for arbitrary values of the constants P\ Q 1 , R\ S'. 

This function is, therefore, such a function as has been here called h p+r : and since there 
are six places at which dz is zero, p is equal to 2 and r equal to 4. 

Prove that the sum of the values of h at the two places other than (0, 0) at which z has 
the same value is constant and equal to 2. 

We may then proceed as in the text and obtain the transformed surface in the simple 
hyperelliptic form. But a simpler process in practice is to form the equation connecting 
z and h. Writing k—h— 1 and Z^xjy, prove that 

k 2 {(PZ 3 + QZ* + RZ+ S) 2 - 4 (AZJ + BZ+ 0 (dfyZ* 4- a x Z 3 + a 2 Z 2 + a 3 Z+ a 4 )} 

= {{P - P) Z 3 + (Q. - Q) Z 2 + (R' - Ii) Z+ {S' - S)} 2 . 
Hence, if the coefficient of l 2 on the left lie written (Z t 1) 6 , and we write 

y= [(/* - P) z 3 + w - Q) z 2 + (jr - R) z+ (S' - S)];k 

= [2 ( *l.» a 4- Bxy + Cy 2 ) + Px 3 4- Qx 2 y 4- Rxy 2 4- Sy 3 ]}y\ 

wo have 

l)e, 

which is the equation of the transformed surface. And, as remarked in the text, the 
transformation is reversible ; verify in fact that .r, y arc given by 

x=2Z(AZ 2 +BZ+ OUT- (PZ*+QZ 2 +RZ+S)l 
y=2(AZ 2 + BZ+ Oil r “ + ( & 2 + RZ + $)]• 

Hence any theorem referred to one form of equation can be immediately transformed so 
as to refer to the other form. 

59. The equation 

O’ 2 = (Z “ CO (Z - C 2 ) ... (z - C2p +2 ) 

by which, as we have shewn, any hyperelliptic surface can be represented, 
contains 2p A- 2 constants, namely c x , Ca, . . . , c n , +2 . If we write z = (ax 4- b)/(x *f c) 
we introduce three new disposable constants; by suitable choice of these 
the equation of the surface can be reduced to a form in which there are only 
2p — 1 parametric constants. For instance if we put 

(z — Ci) (cs — Cz)!(z — C'i) (^8 Ci) = ocf(x —1) 

and then, further, 

s- Aa(z — c 3 )"^ _1 , 
where the constant A is given by 

A ={c,~ C,) y (c, - <hfl(c x - Ct)*** (C 3 - C,) 1 (C, - C,)» . . . (c, - c^+a) 1 . 
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the equation becomes 

s* = x (x - 1) (x - a 4 )(a? - a 5 ) ... (a?- Oap +a ), 

wherein 

& r = (C 2 — C 3 ) (C r — Cj)/(Ci — Ca) (c s — C r ), 

and the right-hand side of the equation is now a polynomial of order 2p + 1 
only. Of its branch places three are now at a? = 0, a?=l, x=oo, and the 
values of x for the others are the parametric constants upon which the 
equation depends. It is quite clear that the transformation used gives s , x 
as rational function of <r, z. Thus 

The hyperelliptic surface depends on 2p — 1 moduli only . Among the 
positions of the Sp — 3 branch places upon which a general surface depends 
(Chapter I. § 7), there are , in this case, 3p — 3 — (2 p — l)—p — 2 relations . 

Thus a surface for which p = 2 is hyperelliptic in all cases. There are in 
fact (p — l)p (p 4* 1) = 6 places* for which we can construct a rational 
function of order 2 infinite only at the place. 

A surface for which p = 1 is also hyperelliptic — but it is more than this 
(Chapter I. § 8), being susceptible of a reversible transformation into itself in 
which an arbitrary parameter enters. 

Ex. 1. On the surface of six sheets associated with the equation 
y°=x(x-a) (x-by 

there are four branch places, one at (0, 0) where six sheets wind, and at («, 0) where six 
sheets wind, two at ( b , 0) at each of which three sheets wind. These count f in all as 
?£ =6-14-6-1+2 (3 -1)=1 4. 

Hence, by the formula 

?c=2?i + 2/?-2, 

putting n — 6, we obtain p — 2. 

Thus there exists a rational function £ of the second order, and the surface can l>e 
reversibly transformed into the form t = 1) 6 . In fact the function 



is infinite to the first order at each of the branch places (6, 0), (a, 0) and is not elsewhere 
infinite. 

To obtain the values of $ at the branch places of the new surface, we may express either 
x or y in terms of £. Since there are two places at which £ takes any value, each of x and 
y will be determined from £ by a quadratic equation — which may reduce to a simple 
equation in particular cases. When £ has a value such that the corresponding two places 
coincide, each of these quadratic equations will have a repeated root. 

Now we have 

(*-v. jts. - 

* *(*-<*) (i+yl)(i-«+yf)' 

f Forsyth, Theory of Functions , p. 349, 


Chap. III. § 31. 
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Honce 

# 2 (^-l)-y£ 6 («-26)-6(a-6)£ 4 =0. 

The condition then is 

£*°(a-26) 2 4-46(a-6)£ 4 (£«-l)=0, or ?[a 2 (?>- l) + (a- 26) 2 ]=0. 

The factor 

a 2 (^-l)+(a-2&) 2 , 

is equal to 

[a 2 {(.r - b) 2 - x {x - a)} + (a - 2b) 2 x (x - a)]/x (x-a) y 
which is immediately seen to 1)0 the same as 

[x ( a - 26) + ab]/x (v-a) 
or 

{{x (a - 26) + ab] [x - 6] 2 /y 3 } 2 . 

Thus this factor gives rise to the six places at which x— - abj(a - 26). And if we put 
rj = [x (a - 26) 4* ab] [x - b] 2 /y\ 

we obtain 

q 2 =a 2 (£ a ~ 1)4- (a-26) 2 , 

which is then the equation associated with the transformed surface. 

Then, from the equation 

»?£ ' ~ 3 = [x (« -26)4- ab]/[x - 6], 

we obtain 

x = [67 4- ab£ 3 ]/[rj - £ 3 (a - 26)], 
y = [26 (a - 6) £ 2 ], [17 - £ 3 (a - 26)], 
which give the reverse transformation. 


Ex. 2. Prove for the surface 

y*=x (x - a ) (x - 6) 2 (a* - c) 2 

that p~2 and that the function 

£=(x-b)(x-c)/y 

is of the second order. Prove further that 

[a£ 3 - 6-c] 2 4-46c(£ 3 ~ !)={[«- 6-c).r 2 4- 2bcx - abc]/x (x - a)} 2 
Hence shew that the surface can be transformed to 

7* = [«£ 3 — 6 - c] 2 4- 46c (£ 3 — 1 ) 

and that 

x = [a 2 £ 3 4* aq 4- 26c - 06 - «c]/[a£ 3 4- 7 4 6 4- c - 2a], 

V — 2£ 2 [6c 4- a* - ab - ac] [a 2 £ 3 4- aq + 26c -ab- ac ] / [a£ 3 4- 7 4- 6 4-c - 2a] 2 . 

Ex. 3. In the following five cases shew that jo = 2, that £ is a function of the second 
order, that in each case q 2 is either a quintic or a sextic polynomial in £, and obtain each 
of x and y as rational functions of £ and q ; 

(а) /»=.r(a*-a) 4 (.r-6) 5 , £=(.r-a) (.r-6)// 2 , q=.sla.(x-a) 2 {x-bf 

(£) y 8 —x(x-a) 3 (x - 6) 4 , £=(.r-a) (x-b)/y 2 y q = *Ja.(x- a) 2 (x - 6) 3 /y 5 

(y) y*=x(x-a)(x-b)\ £=(.r-6)/y, 7~[*(«- 26)4-a6][.r-6] 2 /y 3 

(б) y , *=.r 2 (.r~a) 3 (A--6) 3 (.'r-c) 4 , £=.r(.e-a)(.r-6)(.r-r)/y 2 , q^cx{x-a) i (x-b) i (x-c)fy s 

(«) y***x{x-a) 2 (x - bf (.r - c) 3 , £=(.r- a; {.r - 6) (.r - c) 2 /y 2 , 7 = c (x - a) (x - b) (.r - c)f.ry. 
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Ex. 4. Shew that the surface 

y*=(tf~a 1 )*\..(a?-a r ) Wr 

can always be transformed to such form that ?i t , n r are positive integers whose sum is 
divisible by n : and in that form determine the deficiency of the surface. Shew also that, 
in that form, the only cases in which the deficiency is 2 are those given in Exs. 1, 2, 3. 
Prove that the cases in which p=l are* 

y 6 ~x (x - a) 2 (x - ft) 3 , y 2 —x (x -a) {x— 6), 
y 4 =»# (a? - a) (x - b) % y y*=x(x-a)(x- b) (x - c). 

The results here given have been derived, with alterations, from the dissertation, 
E. Netto, De Transformations Aequationis y n —R{x) (Berlin, 1870, G. Schade). 

The equation 

y n = - aj"' ...(x- a r )* r 

is considered by Abel, (Euvres Computes (Christiania, 1881), vol. I., pp. 188, etc. 

It is to be noticed that in virtue of Chapter IV. we are now in a position, immediately 
to put down the fundamental integrals for the surfaces considered in Examples 1, 2, 3. 

60. Passing from the hyperelliptic case we resume now the considera- 
tion of the circumstances considered in Chapter III. §§ 28, 31 — 36. 

Consider any place, c, of a Riemann surface : and consider rational 
functions which are infinite only at this place: all such functions will be 
denoted by symbols of the form g Nl the suffix N denoting the order of infinity 
of the function at the place. 

Let g a be the function of the lowest existing order. The suffixes of all 
other existing functions g N can be written in the fonn N = pa + i, where 
i < a. Since there are only p orders for which functions of the prescribed 
character do not exist, all the values % = 0, 1 , . . . , (a — 1) will arise. Let p l a + i 
be the suffix of the function of lowest order whose order is congruent to i for 
modulus a. We obtain thus a functions 

9a» 5V»a+i > 9w+2, •••> 9* a ~ 1 a+a- 1» 

Then, if g in a+i he any other function that occurs, m cannot be less than pi, 
and a constant X can be chosen so that gma+i-Xg™"* 1 * g^u which is clearly 

a rational function infinite only at c, is not infinite to the order pia + i. 
Thus we have an equation of the form 

5W+* — Xg a i g^Jd+i + g^+j » 

wherein pa +j is less than ma -f i. Proceeding then similarly with g^+j, we 
clearly reach an equation of the form 

9rna+i = -4 + Bg^a+i + ^M»a+a + ••• + Kg^^ ^+<*-1 (i) 

wherein the coefficients A, B , ..., K, whose number is a, are rational integral 
polynomials in g a . 

* Of. Forsyth, p. 486. Briot and Bouquet, Thtorie des Fonct. Ellipt. (Paris, 1876), p. 890, 
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In particular, if g r be any rational function whatever of the g N functions, 
we have equations 

g r = 4* B$ + 4* K ^g^ _ ^+<1-1 

9* = A 2 4- B 2 g H i 1 a+i 4- 4- K^g^ ^a-i (ii)* 


9 r — i 4- Z? a _]^ Mia + 1 4“ 4* K(i-i9n a _ ja+a-i • 

61. If these equations, regarded as equations for obtaining # Ml «+i,..., 
9* a _ x a+a-\ in terms of g a and g n be linearly independent, we can obtain, by 
solving, such results as 

9np+i == Qi,i ( 9r ~~ -d-i) 4" Qi ,2 (gr 2 ~~ «A 2 ) 4" • • • 4“ Qi,a~i (9 r ~ A a _ 2 ), 

wherein Q iflJ ..., Q lf a~i are rational functions of g a , which arc not necessarily 
of integral form. 

If however the equations be not linearly independent, there exist equations 
of the form 

P 1 (gr — ^ 1 ) 4 - Pt(g 2 — ^ 2 ) 4 - ■ ■ ■ 4 - Pa-i (g r — = 6 

or say 

Pa-\9 a r 1 + Pa-*9r 2 4-...4-Pi#r4-P=0 (“*)» 

wherein P it P 2 , ..., P a -i, P are integral rational polynomials in g a . Denote 
the orders of these in g a by A 2 , A^, \ a _ lf A. respectively; here P denotes 
the expression 

P l-d-i 4- P^A-i 4- ••• 4- Pa-iAa— 1« 

Then P k g k is of order aA* 4- rk at the place c of the surface. In order 
that such an equation as (iii) may exist, the terms of highest infinity at 
the place c must destroy one another: hence there must be such an 
equation as 

a\fc + rk — a\ k ' 4- rk\ 

and therefore 

r/a = (\f - \k)/(k - k'). 

Now k and k' are both less than a : this equation requires therefore that 
r and a have a common divisor. 

62. Take now r 'prime to a ; then it follows that the equations (ii) must 
be linearly independent. And in that case each of g^a+i, • ••> g* a ~ a +a-i can 
be expressed rationally in terms of g a and g r , the expression being integral 
in g r but not necessarily so in g a . 

Also by equation (i) it follows that every function infinite only at c is 
rationally expressible by g a and g r : and in particular that there is an 
equation of the form 

Lg a r 4* L x g a f 1 4- ... 4- ^a-i 9r 4* P<* = 0 (iv), 
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wherein L t L lt L a are integral rational polynomials in g a , of which 
however, since g r is only infinite when g a is infinite, L is an absolute 
constant. It follows from the reasoning given that the equation (iv) is 
irreducible, and therefore belongs to a new Riemann surface, wherein g a and 
g r are independent and dependent variables. Further, any rational function 
whatever on the original surface can be modified into a rational function 
which is infinite only at the place c, by multiplication by an integral 

polynomial in g a of the form (g a — E^) r ' (g a — E 2 ) r * Hence any rational 

function on the surface is expressible rationally by g a and g r . Hence the 
surface represented by (iv) is a surface upon which the original surface can 
be rationally and reversibly represented. 

Since g~ l is zero to order a at the place where g a is infinite , it is clear that 
the new surface is one for which there is a branch place at infinity at which all 
the sheets wind. 

To every value of g r there belong r places of the old surface, at which g r 
takes this value, and therefore also, in general*, r values of g a . Hence the 
highest power of g a in equation (iv) is the ?*th, and this term does actually 
enter. While, because g a only becomes infinite when g r is infinite, the 
coefficient of the term g r a is a constant (and not an integral polynomial in g r ). 

The equation (iv) is the generalization of that which is used in introducing what arc 
called Weierstrass’s elliptic functions, namely of the equation 

S r 3 2 -( 4 5 f 2 3 - flr 2^2-«3)=0. 

This equation is satisfied by writing yj=jp(w)» 9z~^i u ) : is a known fact that the 
poles of (u) are at one place (where m = 0). This is not true of the Jacobian function 
mu. 

63. It follows from equation (i) that the functions 
0> 9ha+ 1’ ••• » 9 t* a _ jB+a—i) 

form a fundamental set for the expression of rational functions infinite only 
at the place c of the surface, that is, a fundamental set for the expression 
of the integral rational functions of the surface (iv). And, defining the 
dimension D of such an integral function F as the lowest positive integer 
such that g~ D F is finite at infinity on the surface (iv), in accordance with 
Chap. IV., § 39, it is clear that in the expression of an integral function by 
this fundamental system there arise no terms of higher dimension than the 
function to be expressed : this fundamental set is therefore entirely such 
an one as that used in Chapter IV. If k be the order of infinity of an 
integral function F, at the single infinite place of the surface (iv), it is obvious 

k 

that the dimension of F is the least integer equal to or greater than - . 


That is, for an infinite number of values) of g r . 
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64. We shall generally call the equation (iv) Weierstrass’s canonical form; 
a certain interest attaches to the tabulation of the possible forms which the 
equation can have for different values of the deficiency p. It will be sufficient 
here to obtain these forms for some of the lowest values of p ; it will be seen 
that the method is an interesting application of Weierstrass’s gap theorem. 

Take the case p= 4, and consider rational functions which are only infinite 
at a single place c of a surface which is of deficiency 4. Such functions do 
not exist of all orders — there are four orders for which such functions do not 
exist ; these four orders may be 1,2, 3, 4, and this is the commonest case*, 
or they may fall otherwise. We desire to specify all the possibilities : their 
number is limited by the considerations — 

(i) If functions of orders k lf k it ... exist, say F lt F. 2> ... , then there exists 
a function of order n x k j + n 2 k 2 + ... , where n u n 2 , ... are any positive integers. 
In fact F*'F*\.. is such a function. 

(ii) The number of non-existent functions must be 4. 

(iii) The highest order of non-existent function cannot bef greater than 
2 p — 1 or 7. 

It follows that a function of order 1 does not exist, and if a function of 
order 2 exists then a function of order 3 does not exist ; for every positive 
integer can be written as a sum of integral multiples of 2 and 3. 

Consider then first the case when a function of order 2 exists. Write 
down all positive integers up to 2 p or 8. DrawJ a bar at the top of the 
numbers 2, 4, 6, 8 to indicate that all functions of these orders exist — 

1 2 3 4 5 6 7 8 (a). 

If then the functions of orders 5 or 7 existed there would need to be 
a gap beyond 8, which is contrary to the consideration (iii) above. Hence 
the non-existent orders are 1,3, 5, 7. We have thus a verification of the 
results obtained earlier in this chapter (§ 58, Ex. 2). 

Consider next the possibility that a function of order 3 exists, there being 
no function of order 2. If then a function of order 4 exists, the symbol 
will be _ 

1 2 3 4 5 6 7 8, 

a function of order 6 being formed by the square of the function of order 3, 
that of order 7 by the product of the functions of orders 3 and 4, and the 
function of order 8 by the square of the function of order 4. Thus there 
would need to be a gap beyond 8. Hence when a function of order 3 exists 

* Chap. III. 31. 

t Chap. III. § 34. Also Chap. III. § 27. 

X Cf. Chap. III. § 26. 
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there cannot be one of order 4. If however functions of orders 3 and 5 
exist the symbol would be 

1 2 3 4 5 6 7 8 (£), 


the function of order 8 being formed by the product of the functions of orders 
3 and 5. So far then as our conditions are concerned this symbol represents 
a possibility. Another is represented by the symbol 

1 2 3 4 5 (TTs (7). 


In this case however the existent integral function of order 8 is not expressible 
as an integral polynomial in the existent functions of orders 3 and 7. 

When a function of order 3 exists there are no other possibilities ; other- 
wise more than 4 gaps would arise. 

Consider next the possibility that the lowest order of existent function 
is 4. Then possibilities are expressed by 

■ 1 2 3 4 5 6 7 8 (5), 

1 2 3 4~5 6 (€), 

1 2 3 4 5 6 7 8 (?), 

as is to be seen just as before. 


Finally, there is the ordinary case when no function of order less than 
5 exists, given by 


1 2 3 4 5 6 7 8 


W- 


For these various cases let a denote the lowest order of existent function 
and r the lowest next existent order prime to a. Then the results can be 
summarised in the table 


i 

1 

P=1 

a 

r 

Gaps at 
orders 

Fundamental 
system of orders 

Dimensions of 
functions of 
fundamental 
system 

Sum of 
these di- 
mensions 

p +«- 1 

Krt-lMr- l)-/> 

a 

2 

9 

1, 3, 5, 7 

0, 9 

0, 5 

5 

5 

0 

a 

3 

5 . 

1, 2, 4, 7 

0, 5, 10 

0, 2, 4 

r, 

6 

0 

y 

3 

7 ; 

1, 2, 4, 5 

0,7,8 

0, 3, 3 

6 

6 

2 


4 

5 

1, 2, 3, 7 

0, 5, 6, 11 

0, 2, 2, 3 

7 1 

7 

2 

€ 

1 

, 4 

1 

5 

h 2, 3, 6 

0, 5, 7, 10 

0, 2, 2, 3 

7 

7 

2 

( 

1 4 

7 . 

1, 2, 3, 5 

0, 6, 7, 9 

0, 2, 2, 3 

7 ! 

' 7 

5 


i 5 

e i 

1 

1, 2, 3, 4 

0, 6, 7, 8, 9 

0, 2, 2, 2 

8 

8 

6 
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That the seventh and eighth columns of this table should agree is in 
accordance with Chapter IV., § 41. The significance of the last column is 
explained in § 68 of this Chapter. 

Similar tables can easily be constructed in the same way for the cases 
p == 1 , 2, 3. 

Ex. 1 . Prove that for p — 3 the results are given by 


j 

! n 

j 

! 

r 

Gaps at 
orders 

Fundamental 
system of orders 

Dimensions of 
functions of 
fundamental 
system 

Sum of 
these di- 
mensions 

,P+o-l 

' a 

, 2 

7 

1, 3, 5 

0, 7 

0,4 

4 

i 4 

a 

; 3 

4 

1, 2, 5 

0, 4, 8 

0, 2, 3 

5 

! 5 

y 

3 

5 

1, 2, 4 

0, 5, 7 

0, 2, 3 

5 

5 

' 8 

1 1 

5 | 

u, 

w 

i 

0, 5, 6, 7 

0, 2, 2, 2 

6 

j 6 


Ex. 2. Provo that for p = f), 6, 7, 8, the passible cases m which the lowest existing 
function is of the third order are those denoted by the symbols 

(1 2 3 4 5 6 7 8 910 
p=5 4 _ _ 

(123456789 10 

0 (1 2 3 4 5 6 7 8 9 10 11 12 
(1 2 3 4 5 6 7 81) 10 11 12 

jl 2 3 4 5 6 7 8 9 10 11 12 13 14 

p= 7 , 1 2 3 4 5 6 7 8 9 lb 11 12 13 14 

(l 23456789 10 lTT2 13 14 

(1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

p = 8 ^ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

(l 2345678 9~10 11 12 13 14 15 16 

65. We have already stated (Chap. IV. § 38) that when the fundamental 
set of integral functions are so far given that we know the relations expressing 
their products in terms of themselves, the form of an equation to represent 
the surface can be deduced. We give now two examples of how this may be 
done : these examples will be sufficient to explain the general method. 

Take first the case p = 4, a = 3, r = 7. Denote the corresponding func- 
tions by g 3 , g 7 . In accordance with § 60 preceding, all integral functions can 
bo expressed by means of g 3 and two functions g 7t g s whose orders are respec- 
tively = 1 and 2 for modulus 3 : in particular there fire equations of the form 

gr* = 9s(9*> ^a + ^a, ^a + ^a, 

Mi = (0a. X )a + 9r (ft, + (ft, 1) 5 

9* = 9* (ft> l) 2 +ft (ft, + (ft, 1) 5 
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wherein (g 3 , 1) 2 denotes an integral polynomial in g 3 of order 2 at most, the 
upper limit for the suffix being determined by the condition that no terms 
shall occur on the right of higher dimension than those on the left. Similarly 
for the other polynomials occurring here on the right. 

Instead of g 7 , g s we may clearly use any functions g 7 — (g 9 , l) a , g 8 — (g 3} 1 ) 3 . 
Choosing these polynomials to be those occurring on the right in the value of 
g 7 g 8 , we may write our equations 

97* ~ a 2^8 + ft -$7 + a 4> 9* = 7^8 + ^3^7 + #7^8 ~ fto (A), 

where the Greek letters denote polynomials in g 3 of the orders given by 
their suffixes. 

Multiplying the first and last equations by g s and g 7 respectively, and 
subtracting, we obtain 

g 7 & = 9% (<*•$ s + 0*9? 4- « 4 ) 

= « 8 ( 7 ^ + a r 4- «,) 4- 4- g 8 a 4 , 

and thence, since* 1 t g 7} g s cannot be connected by an integral equation of 
such form, 

0*7*4- *4 = 0, cua 3 - A = 0, o 2 o 8 4- 0A = 0, 

from which, as clj is not identically zero, — for then g 7 would satisfy a quadratic 
equation with rational functions of g A as coefficients — we infer 

4- &o 3 = 0 (B). 

Similarly from the last two equations (A) we have 

9 A = 97 (y*9» + + «■) 

— 7 ^ s 4- o 3 (« 2 ^s 4- 0i9 7 4- a 4 ) 4- o 3 #7j 

and thence 

A~« 2 o 3 == 0, 7A + «A = 0, 

so that, since o s cannot be zero — as follows from the second of equations (A) — 
we have 

7 * 0 * 4- o 4 = 0 (C). 

The equations (B) and (C) have been formed by the condition that the 
equations (A) should lead to the same values for g 7 *g 8 and gjg 7 , however these 
latter products be formed from equations (A). We desire to shew that, con- 
versely, these equations (B) and (C) are sufficient to ensure that any integral 
polynomial in g 7 and g 8 should have an unique value however it be formed 
from the equations (A). Now any product of powers of g 7 and g s is of one of 

the three forms g 7 , 9*, g 7 g% K. In the first two cases it can be formed from 
equations (A) in one way only. In the third case let us suppose it proved 
that K has an unique value however it be derived from the equations (A); 

* Chap. IV. § 48. 
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then to prove that g 7 g s K has an unique value we require only to prove that 
g 7 . g 9 K — g 8 . g 7 K. Let K be written in the form g 8 L + g 7 M + N. Then the 
condition is that g 7 (Lg 8 2 + Mg 7 g 8 + Ng % ) shall be equal to g H ( Lg 7 g 8 + Mg 7 2 + Ng 7 ). 
This requires only g 7 . g£ = g % . g 7 g 8 and g 7 . g 7 g 8 = g s . g 7 * : and it is by these 
conditions that we have derived equations (B) and (C). Hence also g 7 g 8 K 
has an unique value. 

Thus every rational integral polynomial in g 7 and g 8 will, when the con- 
ditions (B), (C) are satisfied, have an unique value however it be formed from 
equations (A). 

The equations (B) and (C) are equivalent to a 4 = - a^y^, — a 2 a 3 , 

a b — — a 3 /S 5 j, and lead to 

9? = i + - a*?*, 9b 2 = 7s^8 + ^9i ~ 9 i9b = a.,a 3 . 

Thence 

g 7 2 — a 2 3 + ~ a a 72 > 

97 

or g* - $ 2 g 7 4- a*y 2 g 7 - a 2 a 5 = 0, 

which is the form of equation (iv) which belongs to the possibility under 
consideration. 

The expression of the fundamental set of integral functions 1, g 7 , g s in terms of y 3 and 
g 7 is therefore 

1 „ 5 , 7 2 “^7+«2V2 

a 2 

66. Take as another example the possibility e, § 64 above, where 
a = 4, r = 5, the orders of non-existent functions being 1, 2, 3, 6. For a 
fundamental system of integral functions we may take 1 ,g bi g 2 , g 7 . 

We have then such an equation as 

g*97 = g 7 (9*, l)i + cg B * + g b (g 4 , l), + ($r 4 , 1)-, 
where c is a constant : let this be written in the form 

9*9? ~ a i9 7 “h 9 c 2 + $i9& + a 3t 
the constant c being supposed absorbed in g s 2 . 

Write h 6 for g n — a, and h 7 for g 7 — h b — /Si — 2^. 

Then 

h 6 h 7 = at 2 2 + + ®s* 

Replacing now h 6 , h 7 by the notation g s , g 7 and a 9 -f a i /3 l + cq* by a s we may 
write 

g 2 = /9 a + a*g b + a x g* + fag 7 , gf = y s + &$r 8 + y,g? + y 3 g 7 - 

7 


B. 
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Hence the condition g 6 . g 7 * = g s g 7 . g 7 requires 

a a g 7 = fog n + <Ms 3 + «i [73 + Atf« + 7 i ^ 2 + 7^7] + A«b> 

from which 

<*3 = «i 7 j» A + «i A = 0 , or 2 + 0,7! = 0, 0,7s = - A«*» 

anti thence 

a i73= ” A«i 7 a» or a i not zero > 7 * ss ”A 7 a- 

Substituting this value for 73 and the value y 7 = tn s /g 6 — otiy t /gn in the 
expression for </ 8 3 we obtain 

#5 3 = “ A7* + A g* + 7l^ 2 + «l73 2 /^5 

or 

#> 4 ~ 7i5T»* - A#* 2 + A7*^» - q i72 2 = 0, 

which is then a form of the equation (iv) corresponding to the possibility (e). 
In this case the fundamental integral functions may be taken to be 
h ff*> W-yiffs 2 - foth+M/yi- 

It is true in general, as in these examples, that the terms of highest order 
of infinity in the equation (iv) are the terms g r a , g*. For there must be two 
terms (at least) of the highest order of infinity which occurs ; and since r is 

prime to a , two such terms as g^gr, ffai/r cannot be of the same order of 
infinity. 

Ex. 1. Prove that for p = 3 the form of the equation of the surface in the case where 
a = 3, r — 4 is 

9\+9\ 2 <9*> ] )l +9i(9at 1 ) 3 + (.? 3 > 1 )4 = °» 
and shew that this is reducible to the form 

y 3 \yx (x + a) + x* -f a Y r? + ap' 1 + ap; -f — 0, 

x being of the form Ag^+B, y of the form Cy 4 + Dg :i + E } A, ZJ, C, O f E lieing constants. 
Thus the surface depends on 3p - 4 or 5 constants, at most. 

Ex. 2. The reader who is acquainted with the theory of plane curves may prove that 
the homogeneous equation of a quartic curve which has a point of osculation, can be put 
into the form 

+ <•>& (|, 7),-K& 7)4 = r0 - 

By putting x=rj/$, y=w/|, this takes the form of the final equation of Example 1. Com- 
pare Chapter III. § 32. 

Ex. 3. Prove that for p= 3, the form of the equation of the surface in the case where 
a = 3, r = 5 is 

9* +9 2 (^3) IJj+flb* (#3> 1)3—0. 

Ex. 4. Denoting the left hand of equation (iv) by f(g T , 9a)> tyfyr hy f'(g r ) and the 
operator 
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by D y prove that if g m be any rational function which is infinite only where g a and g r are 
infinite, there exists an equation 

X 0 D» ~ 'g m +X x D a ~ 2 g m + + X a _ x g m = 0, 

where X 0 , X a - x are polynomials in g a . 

67. We have already in Chapter IV. referred to the fact that an integral 
function is not necessarily expressible integrally in terms of the coordinates 
x, y by which the equation of the surface is expressed, even though y be an 
integral function. The consideration of the Weierstrass canonical surface 
suggests interesting examples of integral functions which are not expressible 
integrally. 

In order that an integral function g whose order is y. should be expressible 
as an integral polynomial in the coordinates g a , g r of the surface, in the form 

m n . 

9 = 9 a {fr + 

it is necessary that there should be a term on the right hand whose order of 
infinity is the same as that of the function ; we must therefore have an 
equation of the form 

y = ma -f nr 

wherein m, n are positive integers. Since a polynomial in g a and g r can be 
reduced by the equation of the surface until the highest power of g r which 
enters is less than a, we may suppose n less than a. 

This equation is impossible for any value of y of the form nr — ka. And 
since herein k may be taken equal to any positive integer less than nr /a, the 
number of integers of this form, with any value of n, is E{nrja), or the 
greatest integer contained in the fraction nr/a. Hence on the whole there 
are 

2 E (nr I a) 

»=i 

orders of integral functions which are not expressible integrally by g a and g, . 

Corresponding to any order which is not expressible in the form nr — ka, 
which is therefore of the form nr + ma t we can assign an integral^ expressible 

integral function * namely gUgl ' hence the p orders corresponding to which, 
according to Weierstrass’s gap theorem, no integral functions whatever exist, 
must be among the excepted orders whose number we have proved to be 

2 E (nr / a) orf J (a — l)(r — 1). 

»=i 

* Though it does not follow that every integral function whose order is of the form nr + ma 
can be expressed wholly in integral form. 

t If a right-angled triangle be constructed whose sides containing the right angle are 
respectively a and r, and the interior of the triangle be ruled by lines parallel to the sides 

7 — 2 
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Hence the number of orders of actually existing integral functions which are 
not expressible integrally is 

i(«- !)(»•- 1)— P- 

In the table which we have given for p = 4 (§ 64) the existing integral 
functions which are not expressible integrally are, for the case (y), of orders 8 
and 1 1 ; for the case ( S ) of orders 6 and 1 1 ; for the case (e) of orders 7 aud 
11 ; for the case (f) of orders 6, 9, 10, 13, 17 ; for case (y) of orders 7, 8, 9, 13, 
14, 19. The reader can easily assign the numbers for the cases in which 
P- 3- 


Ex. 1. Provo that for the surface 

S’s’+S’s* (ft-' - ) +&%(&> l)i+9s‘(9a> 1 ):,=«, 

the function 

&7 = <7o(</t>-c)/f/3 

is an integral function which is not expressible as an integral polynomial in g z and g h . 

Ex. 2. Prove that for the surface 

<]•? +!J7 2 P'> + </7 n >y2 + a l a 3 = 

where (ft -*i) (&-**)» 

— 3 “ + ^1 > 

fi being of the first order in g 3 , and k t l>eing constants, the two following functions 

are integral functions not integrally expressible — 

9a ~9i (9 7 + &)/“ 2 > .^n — 97 (97 + M/(9a “ D- 

68. The number \ (a — 1) (r - 1) -p is susceptible of another interpre- 
tation which is in close connexion with the last. Let the set of fundamental 
integral functions for the Weierstrass canonical surface be denoted by 
1, G lt 6r 2 , ..., (r a _j. From the equations whereby 1, g rt g*~ l are 

expressed in terms of them we are able (Chapter IV., § 43) to deduce an 
equation 

A(l, g r , ..., 9 r l ) = V a . A (1, G lt G 2 , ..., G a _0, 

wherein A(l, g r , ..., g a r ~ l ) is formed as a determinant whose (i, j)th element 
is the sum of the values of g l r +J ~ 2 at the a places of the surface where g a has 
the same value, and is therefore an integral polynomial in#,, A(l, G if ... , G a -i) 
is formed as a determinant whose (i, j)th element is the sum of the values of 
Gt^Gj-i for the same value of g a , which also is an integral polynomial in 

containing the right angle, and at unit distances from these sides and each other, so describing 
squares interior to the triangle, the number of angular points interior to the triangle is easily 
a - 1 

seen to be 2 E ( nr{a ). On the other hand if the right-angled triangle be regarded as the half of 
n=l 

a rectangle whose diagonal is the hypotenuse of the right-angled triangle, and the ruled lines be 
continued into the other half, it is easily seen that the total number of angular points of the 
squares interior to the whole rectangle is (a - 1) (r - 1). 
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g a , and V is a determinant whose elements are those integral polynomials in 
g a which arise in the expressions of 1 , g rt ..., g*~ l in terms of 1 , G lf ... , G a -\> 

The determinant A (1, g r , ... , g* 1 ) is the square of the product of all the 
differences of the values of g r which correspond to any value of g a . It 
therefore vanishes, for finite values of g a , when and only when two of these are 
equal. If the form of the equation of the surface be denoted by f(g r » 9 a) — 0, 
this happens when, and only when, df/dg r = 0. Now df/dg r is an integral 
polynomial in g a and g r , of order a — 1 in the latter. Regarded as a rational 
function on the surface it is only infinite when g a and g r are infinite. It 
follows from the fact (§ 66), that g a r is a term of the highest order of infinity 
which enters in the polynomial f(g r > ga)> that df/dg r is infinite, at g a — x , 
to an order r(a — 1). This is therefore the number of finite places on the 
surface at which df/dg r vanishes. Hence we infer that the polynomial 
A (1, g r (j “ _1 ) is of degree r (a - 1 ) in g a . 


Since there is a branch place at infinity counting for (a— 1) branch 
places, the polynomial A (1, G lt ..., 6r a _,) is of order 2a 4- 2p — 2 — (a - 1) 
= a - 1 + 2 p in g a (§§ 48, 61). 


Thus V is of order 
that is, of order 
in g a - 


£ [»•(«- 1)- (« -1 + 2 p )], 


This interpretation of the degree of v is of interest when taken in connexion with the 
theorem — Every integral function can be written m the form 

(9<i » 9r)l (l/a > 1 )» 

the numerator being an integral polynomial in g a and g r , and the denominator l>eing an 
integral polynomial in g a . All the polynomials (g ai 1) thus occurring are divisors of the 
polynomial v. See § 48 and § 88 Exx. ii, iii *. 

When the factors of v are all simple wo may therefore expect to be able to associate 
each of thorn, as denominator, with an integral function which is not integrally expressible. 
In this connexion some indications are given in a paper, Camb. Phil. Trans, xv. pp. 430, 436. 
For Wcicrstrass's canonical surface see also a dissertation, De aequatione algebraica...in 
quandam formam canomcam transformata. O. Valentin. Berlin, 1879. (A. Haack.) 
Also Schottky, Crelle , 83. Conforme Abbildung...ebcner Flachen. 


69. The method which has been exemplified in §§ 65, 66 for the formation 
of the general form of the equation of a surface when the fundamental set 
of integral functions is given, is not limited to Weierstrass’s canonical surface. 

Take for instance any surface of three sheets, and let 1, g u g % be any set 


Cf. Harkness and Morley, Theory of Functions , p. 268, § 186. 
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of fundamental integral functions with the properties assigned in Chapter IV. 
§ 42. Then there exist equations of the form 

= 7 + & 9i + « [h 
</i 3 = 7i + ftigi + a x g 2 
9a — 7a + a a9i + ftiQi 

wherein the Creek letters denote polynomials in the independent variable 
of the surface, x, whose degrees are limited by the condition that no terms 
occur on the right of higher dimensions than those on the left. 

Thus the dimension of ft is not greater than that of g % and the dimension 
of a is not greater than that of g x . Hence we may use g x — a, g 2 — ft instead 
of g x and g t respectively, and so take the first equation in the form g x g 2 = y, 
the form of the other equations being unaltered. As before, there are con- 
ditions that these equations should lead to unique values for every integral 
polynomial in g x and g 2 , namely 

9a (7i + ft <7i + «i !h) = ft7> <h (7 2 + Mi + ft# 2 ) = g* r 
These lead to the equations 

y— a x a 2 , 71 = — «ift, 7 2 =-a 2 ft, 

and thence to 

9 * ~ ft tfi 3 + «i ft^i - «i^2 = 0 

# 2 3 ~ ft$ 2 3 +fl 2 ft #2 ~ = 0- (v) 

Since every rational function cqi be represented rationally by x and 
g x and r/ a = a x a. 2 /g x , it follows that every rational function can be represented 
rationally by x and g x . Hence the surface represented by the first of these 
two final equations is one upon which the original surface is rationally and 
reversibly represented. So also is the surface represented by the second of 
these equations. 

The fundamental integral functions are derived immediately from the 
equation, being 

hffu to.’ 

Ex. 1. Prove that the integrals of the first kind for the surface 
f(3u ~W+«A9 i -«i\=0 

are given by 

where rj + 1, r 8 + l arc the dimensions of g l and <j 2 and /' (g x ) = df/dg i . 

Ex. 2. Prove that for the case quoted in Ex. i, § 40, Chapter IV, the form of the 
equation is, (i) when p is odd =2n- 1, say, 

9n-a n gn+a n - 1 a H + l g n ~a 2 n „ l a n+i = 0 , 
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where a M _ 15 a n , a n+1 , « n+2 are polynomials in x of the orders indicated by their suffixes, 
(ii) when p is even = 2 n - 2, say, 

<Jn - °n<Jn + KQn “ = 0 , 

where o n , /3 n , y n , d' n are polynomials in x of the nth order. 

Ex. 3. Writing the first of the equations (v) becomes 

a iy 3 -/ 3 iy 2 +^2.y" a 2=°- ( A ) 

If the dimensions of g x and g 2 lie tj + 1, r 2 -f 1, find the degrees of the polynomials 
a x , /3j, a 2 , /S 2 . And prove that if the positive quadrant of a plane of rectangular co- 
ordinates (.r, y) be divided into squares whose sides are each 1 unit in length, and a convex 
polygon be constructed whoso angular points are determined from this equation (A), by 
the rule that a term x r y* in the equation determines the point (r, s) of the plane, then the 
number of angular points of the squares which lie within this polygon is p. 

70. In obtaining the equation 

9i - Pi9i + ~ aM = 0 (E) 

we have spoken as if the original surface were of three sheets. It is im- 
portant to notice that this is not necessary. 

Suppose our given surface to be any surface for which a rational function 
of the third order, exists. Take c so that the poles of the function (f — c)" 1 , 
which is also a function of the third order, are distinct ordinary places of the 
surface. So determined denote the function by x. Let a x , a 2 , a 3 denote these 
poles. Then just as in § 39 of Chapter IV. it can be shewn that there exist 
two rational functions g x and y i} only infinite in a 1 and a.,, such that every 
rational function which is infinite only in a Xi a i} a 3 can be expressed in the 
form 

7 + «9i + 09%> 

wherein 7 , a, ft are integral polynomials in x whose degrees have certain 
upper limits determined by the condition of dimensions. 

And as before we can obtain the equation (E). Further, if F be any 
rational function whatever and A lt A. 2t ... be the values of x at the places 
other than a lf a 3 , a 3 at which ^becomes infinite, it is clearly possible to find 
a polynomial K of the form ( x — A x ) n > (x — A 2 ) n * ... such that KF only becomes 
infinite at a lf a a , a 3 . Hence every rational function of the original surface 
can be expressed rationally by x and g x . 

Thus as x } g x are rational functions on the original surface, (E) represents 
a new surface upon which our canonical surface is rationally and reversibly 
represented. And it is as much the proper normal form for surfaces upon 
which a rational function of the third order exists as is the equation 
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o' 2 = (z, l) ap + 2 > previously derived^ for the hyperelliptic surfaces upon which a 
function of the second order exists. 

Ex. Obtain the hyperelliptic equation m this way. 

71. In the same way we can obtain a canonical form for surfaces upon 
which a function of the fourth order exists. We can shew that there exist 
three functions g u g. 2} g d satisfying such equations as 

<? 3 2 = atfi 4- 1h g t + c x g A 4 h 
9'iOz — 4- 

9i9* = a *9i + ^3 4- A,*, 

wherein the nine coefficients are integral polynomials in a rational function x, 
which is of the fourth order; and that the surface is rationally and reversibly 
representable upon a surface given by the equation 

9* 9* 4- Ci) — g/ (cij ) j 4 — u 3 Ci) 4- g A ( a x 1c 3 — hjc 9 4- aj)^ 4- ajcf) 

4- a x bjc 3 4- ajbjcz 4 = 0. 

Ex. These coefficients a v ..., k t satisfy certain relations; prove that the conditions 
that g 2 . g^=g 2 g 2 . g 6) g x . g}~g x 9 * • g 3 , 9i9i-9'2 s= 9i93-9i aro that the following nine 
polynomials should lie divisible by a polynomial A, whose value is * 

«2 W 1 (®i^3 — ~~ — Ct x lj)j 

- 02*^6} 4010^1 +0^,, - (a 1 a 3 4a i! ft 1 )4a 1 (« a ^ 3 w i _a A)> - 

(Aj 4 <*3^1) {u x b^— 0j^i) — ~ ( tt A ~ a A) ~ ^3 (^i^i 4 ^3)1 

1*3 (* A ~ w A) — 2 . 

Herein n x ~o 3 - c x , ^=^63-^. 

In fact if 

^2= = «65 , i4’%24e 6 5 r 3 4l5, // 2 J = 4 & 4 4- ^ 4- 1’ 4 , Z/ 1 2 * «e <7i 4- Kg 2 4 4 / fl , 
the results of the division of these nine polynomials by A are respectively 
a o> ^51 c o> a i) b x , if fti b Rj c B) 

while 

1*4 “ a 2 C b ~ c l c i > 1*6 = ?i l c 6 4" ^3 C 4 > 1*8 ~ ?l l C 0 + ^3 C .> * 

72. When the order of the indc|)endent function, denoted in §§ 69 — 71 by x, is known, 
and the dimensions of the fundamental integral functions in regard thereto, the general 
forms of the polynomial coefficients m the equations, whereby the products of pairs of 
these integral functions arc expressed as linear functions of themselves, can be written 
down. And thence, if the necessary algebra (such as that indicated in the example of 
§ 71), which serves to limit the forms of these polynomial coefficients, can bo carried out, a 
canonical form of the equation of the surface can be deduced. 

But the converse process may arise : when wo are given a form of the fundamental 
equation associated with tho surface, we may require to replace the given equation by one 
in which the dependent variable is one of the set of fundamental integral functions. More 
generally we may replace it by an equation in which tho dependent variable is an integral 
function of the form 

7=(*> 1 )*+(•*', l) A ft+ ••• + (*. 1) A <Jn-l- 
1 n-1 
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This replacement possesses a high degree of interest (§ 88. Ex. iii). In either case 
it is necessary to be able to calculate the fundamental integral functions. 


73. We give now sufficient explanation to enable the reader to calculate the expression 
of the fundamental integral functions for any given form of the fundamental equation 
associated with the Riemann surface. This equation may* be taken in the form 

^ n +y w_1 a 1 + ...+y«»- 1 +« n =o, (A) 

a l% ..., a n being integral polynomials in x ; thus y is an integral function of x (§ 38). 

The n values of any rational function, 7, which arise for the same value of x, will be 
denoted by j/ 1 ), ... , tj( n ) and called conjugate values ; their sum will be denoted by 2rj. If 
any of the possible rational expressions of 7 be 0 (x, y)/\fr (x, y), <f> and \fs being integral 
polynomials in x and y, .and if in the expression of 7 W, 

we multiply numerator and denominator by the product of the n— 1 values conjugate to 
i' C r > y (l) )> the denominator will become an integral symmetric function of yl l \ . . . , y( n \ and 
can therefore be expressed by means of the equation (A), as an integral polynomial in x ; 
and the numerator will take a form which can be expressed as an integral polynomial in 
x and ?/‘). Hence the value of any rational function, on the surface associated with the 
equation (A), can be expressed in the form 

A + A x y+ ...+A n ^ l y n ~ l 

7 — y - - - , W 

A, ..., d n -!, I) denoting integral polynomials in x, with no common divisor. 

Thus, to determine the expression of the fundamental integral functions, we may 
enquire what modification this general form undergoes when 7 is an integral function. 


74. In the first place the denominator D must be such that D 2 is a factor of the 
integral polynomial + A (l,y, ..., y n ~ l ) ; so that D is capable only of a limited number of 
forms. For let a’— a be a factor of D, repeated r times, and write 

A t =(.r -«)'£,+ (i'=0, 1,...,(»-1)) 

wherein C t is a polynomial of order less than /* ; since J, A n _ x have no common divisor 
which divides D y not all of C, C lt . , (7 n _j can be divisible by x — a. Then the function 
riJ)j('V—a) r ‘-(B+B l y+...+B n _ 1 y H ~ l ) i = (C+C l y+. t .+C n _ 1 y n ~ 1 )l(x—a) r 1 
is an integral function, when 7 is an integral function, as appears from its first form of 
expression. Denote it by £. 

Suppose C\ not divisible by x—a. From the equation + 


+ *••»#* 1 ) — V 2 t A (Ij^n 


recalling the form of the determinant which is the square root of the left hand side, we 
infer 


<? 

(x-a)*r 








Hence, save for sign, 
so that (x — a) r divides v. 


vM=(.r-«)7C t , 


Thus the first step in tho determination of tho integral functions is to put A(l,y, 
... } y n ~ 1 ) into tho form u * 1 ... u r kr , wherein ?q, ... , v r are i>olynoniials having only simple 


Chap. IV. § 38. 


f Chap. IV. § 43. 
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factors. This can always be done by the rational process of finding the highest divisor 
common to A(l,y, and its differential coefficients in regard to x. It will include 

most cases of practical application if we furthor suppose all the linear factors of 
A(l,y, to be known*. 

75. Suppose then that x — a is a factor which occurs to at least the second order in 
A(l,y, ...,y H_1 ). Denote x—a by u. By the solution of a system of linear equations, 
we can (below, § 78) find all the existing linearly independent expressions of the form 

(a + ai^ + ...+n n _ 1 y n_1 )/i/, 

wherein a, a t , ..., a n _ x are constants, which represent integral functions. If the highest 
power of y actually entering be the same m two of these integral functions, say in £ and £', 
we can use instead of £' a function of the form £' - n£, where p is a certain constant. By 
continued application of this method of reduction we obtain, suppose, k integral functions, 
of the form 

Cr = (o + «', y + . . . -f a r f)l «, (0) 

wherein, sinco these functions are linearly mdejamdent, k is less than ?i, and tho values of 
r that occur are all different. These values of r that occur are among the sequence 
1, 2, ..., (a — 1) ; let 8 denote in turn all the n— 1 — k other integers m this sequence. Put 
($ for y*. Consider now tho set of integral functions 

1> Cu ••• > Cn-V 

As before we can determine by the solution of a system of linear equations all the 
linearly independent functions of the fonn 

(£+0i Ci+-"+£»--if»-i)/tt, 

wherein 0,0!, ..., (3 n - l are constants, which arc integral functions; and, as before, we can 
choose them so that the £’s of highest suffix which occur shall not be the same in any two 
of these integral functions. Then m place of 1, £ u ..., £ n _ t we obtain a set 1, ... ,£ n _ 1} 

wherein £ r is £ r unless there be an integral function of the form 

(£'+£ / ifi+...+£VCr)M (l>) 

wherein the £ of highest suffix occurring is £ n m which case £ r denotes this function. 

Then we enquire whether there are any integral functions of the form 

(y+yi £i+*--+yn-i£tt-i)/^j 

y, ...,y«-i being constants. If there are, the process is to be continued +. If there are 
none, let v denote any other linear factor occurring in A (1, y, ..., y n ~ x ) to at least tho 
second order. Then, as for the set 1, y, ..., y n ~\ we investigate what linearly independent 
integral functions exist of the form 

(a+oi £i + ...+a«-.i£n-i)/*>> 

and continue the process for v as for u : and afterwards for all other repeated factors of 

76. When these processes are completed, we shall obtain a set of integral functions 

VU •••> Vn-li 

such that there exists no integral function of the form 

(a + fl! tji + . . . + a n _ J tj n _ t )/(.r - n), 

# In the work below, if u be a polynomial of order r, it is necessary to suppose a, aj , . , a* to 
be polynomials of order r— 1. 

t The number of steps is finite, by § 74. 
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wherein a, ... , a„_i are constants, for any value of c. It is obvious now from the successive 
definitions (C), (D), ... of the sets (1, ft, fn-i), ( 1 , fe, £n-i), 0» •••» that 

every power of y can be represented m the form 

y l =zv+v l r h +... + v n _ 1 T )n - u 

wherein v, y 15 <’ n -i are integral polynomials in x. Hence every integral function can 
be written m the form 

r)=(K+E 1 1/1 + ... + A»-i»7n-i)/^ 

wherein ... , fi n -u F are integral polynomials in x without common divisor. If now 
x — c be a factor of i^and we write 

— c) 0\ 4- a, , i=0, 1, 2, ..., (/i— 1), 

a t being a constant, the function 

- c) - [(' + < J \ »7l + • • • + Un - 1 *}n - 1 ] = (« + <*i»7l + • • • + «n - 1 7n - ~ c) 
is an integral function, as appears from the form of the left-hand side. By the property 
of the set 1, tj u r) n _ l there is no integral function having the form of the right-hand 
side, unless each of a,a 1} ..., a n _! be zero. 

Hence each of E , ..., K n -x are divisible by x — c. By successive steps of this kind it 
can be shewn that every integral function can be written in the form 

r t =-H+H 1 ri l + ... + H n _ l Ti n _ l , (E) 

wherein //, //,, ..., are integral polynomials in x. 

77. But m order that the set 1, t) lt ..., rj n ^ t should be such a fundamental set as 
1, f/i, ..., used in Chap. IV , there must be no terms occurring on the right-hand side 
here, which are of higher dimension than rj. We prove now that this requires a further 
reduction in the forms of l,*h, n which is of a kind precisely analogous to the 

reductions already described. 

Let <r 4-1 bo the dimension of rj, the order, and therefore also the dimension of the 
polynomial II \ (§ 76) and tr, 4*1 the dimension of rj % ; we suppose oj > cr 2 ... o»-i ; 
then 

Putting x— 1/£, h=r)(x <T+l , /i l =i; l /a <r+l , H x x P| =(l, £) p> , an integral polynomial in |, 
this equation is 

A=...4-(l,a i W f<r ‘" <7 + .... 

If now in equation (E) a term arises of higher dimension than 17, one of the integers 
p-(<r 4-1), pi 4-^-0-,... 

is greater than zero. I11 that case lot 7*4-1 be the greatest of these integers. Then we can 
write 

fA=(-+(l,&s *•+-}/£- 

wherein the symbols (1, £)„ H denote integral polynomials in £. Putting 
(1> ( l= 0> 1> 2, ...,71-— 1), 

wherein n t is a constant, wo have 

— (if 4- K x h x 4- . . . 4- K n _ i h n _ t ) = (a + cq k x 4- . . . 4 * a* - 1 - 1)/£- 

Herein the left hand is a function which is not infinite when x is infinite. Hence, 
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when the set 1, >h, •••> >?»-i are such that the condition of dimensions* is not satisfied, 
thore exist functions of the form 


(a -H Aj + . . . + a„ _ x h n _ J/& 

i.e. of the form 

.r [a + a! ij j/a ,<7 ‘ + 1 + . • • + a n _ ! »; n _ - 1 + *], 

wherein are constants which are not infinite vvhon £ is zero or x is infinite. 

In virtue of their definition the functions h lt /# w -i are not infinite when x is infinite, 
and are therefore infinite only when x is zero or £ infinite. Wo may therefore regard them 
as integral functions of £. And since there exists no integral function of the form rjjx, the 
dimensions of Aj, ..., A n _ 1 as functions of £ are o^d-l, <7n-t + l. 


As before determine a set of linearly independent functions of the form 

(a + «iAi + ...+o»-iA n _|)/£, 

a, ..., o n _ 1 being constants, which are not infinite when £=0, choosing them so that the h 
of highest suffix which occurs is not the same in any two of the functions. Let the 
function wherein the h of highest suffix is h r lie denoted by k ri so that k r is of the form 

K — {p + + • • • + 

Then 

W - H 0* + wnl*" 1 +1 + ...+ Mr I **' H ) 

is a function which is not infinite when x = 0, as appears from tho form of the right-hand 
side ; it is therefore an integral function of .r, and since k r is not infinite when x is infinite 
it is an integral function of x whose dimension is only or,. Denote it by G r . Then ij r can 
be expressed in the form 

, r = - i ^" +1 +•••+*- - o r ], (F) 

rr 

and in the right hand no term occurs of higher dimension than that of rj ri while G r is of 
less dimension than rj r . If then there be m functions such as k rj m of the functions 
»7i» •••> Vn-i 0411 be expressed in the form (F) in terms of tho remaining n — 1 — m functions 
of rjn ... , 7n-i a nd m functions G r ; the sum of the dimensions of these m functions G r is 
less by m than that of the dimensions of the functions r) r which they replace. Denoting 
the functions among ..., 7 tt -i which are not thus replaced by functions (#, also by the 
symbol G i for the sake of uniformity, every integral function iB expressible in tho form 

{x y 1 ) A +(.r, 1) A + + l) An G n _ u 

and the sum of the dimensions of G lt ..., G n ^ t is less by m than the sum of tho dimensions 
°f >?i> * 7n— i • 


If now in this expression of integral functions by G v G n _ , any terms can arise 

which are of higher dimension than the functions to be expressed, we can similarly replace 
the set G v ..., G n _ t by another set whose dimensions have a still less sum. 

Since no integral function can havo a less dimension than 1, the sum of the dimensions 
of the functions whereby integral functions are expressed, cannot be diminished below n - 1. 
We shall therefore arrive at length at a set g u of integral functions, in terms of 

which all integral functions can be expressed so that tho condition of dimensions is 
satisfied. 


It is this system which it was our aim to deduce. 


* Chap. IV. § 39. 
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Ex. For the surface associated with the equation y 1 - {x, l) 2p+2 all integral functions 
can in fact be represented in the form ( x , l) A +(.r, 1) A i^, where r) l =y+x m . If m>p+ 1 
the dimension of i; l is m. In order to ascertain whether the condition of dimensions is 
satisfied we enquire whether there exist any functions of the form #[«+<!! {y+x m )jx m \ 
wherein a, are constants, which are finite for x=ao } namely whether [a+aj (y£ m -fl)]/£ 
can l>e an integral function of £. 

Shew that this can only be the case when a+a^O. Putting k r ~[-u+a l (y£ m +l)]/£ 
it is clear that k r X m ~ 1 —a l y. Tlius all integral functions can be represented in the form 
(.r, l) A +(^, 1 ) A( y. Shew that the condition of dimensions is now satisfied. 

78. There is one part of the process given here which has not been explained. Let 
ijiy lie integral functions, and let u denote a linear function of the form .r— c. It 

is required to find all possible functions of the form 

(a + a l r ll + ...+a n _ l T} n _ l )/u, 

wherein a,.! are constants, which are not infinite when w=0. We suppose 

9 i, ..., rj n _ x to be such that the product of every two of them is expressible in the form 
v + v i7i + *‘‘ + y n-i»7n- ii *’»•••> p»-i being integral polynomials in x ; this condition is 
always satisfied m the actual case under consideration. 

The integral function 7/=sa+a l i; 1 + ... 4- a« i will satisfy an equation of the form 
( H - 7/0)) ... (77- ffW) - //* + K \H" ~ A' n _ JI+ K n = 0, 

wherein K % is an integral polynomial in a, ..., a n _ 1 of the ith order ; K x is also an integral 
polynomial in x. In order that Hju be an integral function it is sufficient that K x be 
divisible by u\ and when H}u is an integral function these n conditions will always be 
satisfied. And it is easy to see that if denote the sum of the ith powers of the n values 
of // which arise for any value of x, these conditions may be replaced by the conditions 
that S t be divisible by i/ t . It is clear that it may not be an easy matter to obtain the 
values of a, ..., a»-i, which satisfy the conditions thus expressed. 

But in fact these conditions can lie reduced to a set of linear congruences, and event- 
ually to a set of linear equations for a, ..., a»-|. We shall not give here the proof of this 
reduction* but give the resulting equations. For m many practical cases we can obtain 
the results, geometrically or otherwise, m a much shorter way. 

Let 


denote m order of magnitude all the positive rational numerical fractions not greater than 
unity, whose denominators are not greater than n ; each being in its lowest terms. Let 
rji, ..., Tj r denote any linearly independent integral functions. Let 2 denote the sum of the 
n values of a function which arise for any value of x. Determine all the possible sets of 
values of the constants a, a lf ...» a r such that the congruence 

2(a + a l T Jl + ...+a r i] r )(c + i' l Ti l + ...+c r ri r ) = 0 (mod. ?/) 

is satisfied for all values of the quantities c, c lf ..., c r . Substituting in the left hand the 
value of x for which «= 0 and equating separately to zero the coefficients of c, Cj, ..., c rf we 
obtain r+1 linear equations for the constants a, a,, ..., a P . By these equations we can 

* Which is given by Hensel, Acta Math. 18, pp. 284—292. His use of homogeneous variables 
is explained below Chap. VI. § 85. Byt it is unessential to the theory of the reduction referred to. 
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express a certain number* of a, a lf ...» a r in terms of the others ; denoting these others by 
/9 0 0, the function a + a 1 i?i + .*> +a r *} r takes the form ftfi + •••+£•£»» wherein ft, ..., 

are definite linear functions of 1, ij l , ..., rj r with constant coefficients, and the equations in 
question are then satisfied for all constant values of p lt ..., 0 # . We associate + the fimctions 

ft, ..., ft with the first term i of the senes of fractions specified above. We proceed thence 

to deduce a set of integral functions associated with the next term of the series, . 

But in order to be able to describe the successive processes in as few words as possible, let 
us assume we have obtained a set of integral functions ft, ft H which in the sense 
employed are associated mth\ tho fraction e of the series, and wish to deduce a sot of 
functions associated with the next following fraction of the series, Put down the con- 
gruence 

2(y,£i + ...+ y,n !m) fa + *mU ) % " 1 = 0 (mod. u 

Herein y x , ..., y m denote constants, i denotes in turn all positive integers not greater 
than n which are exact multiples of the denominator of the fraction f, so that u is an 
integer, | it ( denotes the least integer which is not less than tV, and, for any proper value 
of f, tho congruence is to be satisfied for all values of the quantities e v ..., e m . It will bo 
found in practice that the left-hand side divides by u lt ' for all values of y„ ..., y w , 
e lt ..., e m . If we carry out the division, then, in the result, substitute the value of r 

which makes m= 0, and equate separately to zero the coefficients of the ^. Wl ^ products of 

*i, ..., e m which enter on the left, we shall have this number of linear equations for 
yi, .. , y m . Solving these, and thereby expressing as many as possible of y lf ..., y m in 
terms of the remaining, which we may denote by y/, ..., y m > , y l £ 1 + ... + y»,£ W i will take a 
form y / £/ + ••. +y'm'£ , m , > wherein y/, ..., y' m ' are arbitrary constants, and ft', ..., are 
definite linear functions of ft, ..., ft n . We say that ft', ..., g m > are associated with the 
fraction t. 

This process is to be continued beginning with the case when c-* and ending with the 

case when e'=l. The functions associated with the last term, 1, of tho scries of frac- 
tions, say fa, ..., fa, are all tho functions of the form a + a l > 7 ,-K.. + n n _ 1 T 7 n _ 1 , wherein 
a, aj, ..., Oii-i are constants, which are such that fa/w, fa/« are finite when u=0. 

For the case n— 3, of a surface of three sheets, the series is J, £, j, 1. The successive 
congruences may therefore tie denoted by 

(£jj)==0 (mod. u), (£ 3 )=0 (mod. u 2 ), (>S’ 2 )=0 (mod u 2 ), (&,) =0 (mod. m 1 ), 

wherein (Si) denotes such an expression as 2 (yift+...+y,„ftn) faft*K.« +e m ^ m )‘ -1 . 

In fact 3 is the only integer not gi-eater than 3 such that 3. £ is integral and |3. $| = 2. 
And 2 is the only integer not greater than 3 such that 2 . \ is integral and |2.jj|=-2; 
finally 3 is the only integer such that 3 . is integral, and |3. 1 1=3. 

For a surface of four sheets the fractions are 

£> b h t $> 

* At most, and in general, equal to r. 

t In a certain sense the functions ft, ft are all divisible by un. 

% Divisible by »*, in a sense. 



79 ] 


FUNDAMENTAL INTEGRAL FUNCTIONS. 


Ill 


We therefore have 


t 

1 

c' 

i such that it— integral 

I«V| 

congruence 

0 

i 

i=2 

1 

(ft) = 0 (mod. u) 

1 

4 

i = 4 

141=2 

(/S’ 4 )=0 (mod. ii 2 ) 

1 

.1 

i 

/ = 3 

m=2 

(ft) = 0 (mod. w 2 ) 

l 

^ I 

7 = 2 

141 = 2 

(ft) = 0 (mod. u 2 ) 

2 

3 ! 

1 = 4 

141 = 3 

(ft) = 0 (mod. m 3 ) 

s 

1 

7 = 3 

! m=s 

(ft) = 0 (mod. u 3 ) 

* 

1 

1 

i = 4 

l |4|-4 

(ft) & 0 (mod. m 4 ) 


It must be borne in mind that the results of the solution of each of the seven con- 
gruences of the sequence in the right-hand column, are here supposed to be substituted in 
the next one : so that, for instance, the fourth congruence here may be quite other than a 
slightly harder case of the first congruence. 

Ex. Prove that for a surface of five sheets the congruences are, in order, 

(I) (tfJsO (, *); (2) (S 6 ) = 0 (, n«); (3) (S 4 )sO (, n*); (4) (,V 3 ) S 0 (, **); (5) (^sO (, *?); 
(6) (fa) = 0 (, «*;; (7) (*V 4 )sO (,*); (8) (.VJsO (, *«,; (9) ^) S 0(, w 3 ;; (10) (tysO (, a 4 ); 

(II) (tf 6 )sO (,*»). 

79. Ex. i. Prove for the equation ?/ = jr* (.r — 1 ) that A (1, y, y\ y 3 ) = - 250 .r 6 (.r - 1 )®. 
Shew that the equations 

2 (o ■ + a x y + a t y 2 + a.,/)* = 0 (mod. (.*■ - 1 )*;, 

where a, a t , a 2 , a, are constants, and i is in turn equal to 1, 2, 3, 4, are only satisfied by 
a = — <i 2 — a 3 — 9. 

Shew that the equations 

2 (0 + ft# +0 2 y* +&/)*= 0 (mod. .r*), 

where ft ft, ft, ft are constants, and i is in turn equal to 1, 2, 3, 4, require /3=/3 l =0 and 

m3 

leave ft and fa arbitrary. Hence , - - are the only integral functions of tlie form 
(a+n li y+« 2 y 2 +a 3 y 3 )/.r. 

Shew that the equations 

2 (y+yiy+y* ~+yj =o (mod. .r») 

require y =y 1 =y 2 =y 3 =0. 

4i3 

Prove that the dimensions of 1, y, ^ , — are 0, 1, 1, 2. Prove then that there is no 
function of the form 

(»+*,*+«$+«.;£) •<-, 


which is finite for x infinite. 
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»2 »3 

Hence 1, y, J , a — are a fundamental system such as 1, g ly y 2 , y 3 in Chap. IV. ; and 
the deficiency of the surface is 1 + 1+ 2- (4 -1) = 1. 


Ex. ii. In partial illustration of Hensel’s method of reduction consider the case of the 
equation 

y 3 - Zxy 1 + 3 i/.v (x - 1 ) + x 2 (x - 1 ) 2 (9.i A + lx' 1 + 5x + 3) = 0, 
for which the sums of the powers of y are given by 

x, = 3.r, s i = 2x 2 + (u\ s 3 = — 27 x 7 + 33.i fl + 3.r* + 1 8-r 2 , 
-108^+132^+3^+36^+l&r 2 . 

The determinant A (1, y, y l ) is divisible by a- 3 and by (x-\)\ as appears on calculation. 
By forming the equation satisfied by y 2 [x it appears that y 2 /x is an integral function. 
Denote it by 9. Wo consider now what functions exist of the form 

(o+a 1 y+a 2 9)/(a , -l), 

wherein a, o l5 a 2 are constants, which are integral functions. 

The congruence (S 2 ) = 2 (a + a, y + a 2 9) (c + c x y + c 2 9) s 0 (mod. x— 1) leads, considering 
the coefficients of c, c u c 2 separately, to the congruences 

3a+a 1 x l +a 2 ^=0( ,.r-l), ,.r-l), a -+aj ~+« 2 ^ 2 = 0 ( , .1 — 1), 


and therefore to the equations 

3a + 3a 1 + 9a 2 =0, 3a + 9a 1 + 27a 2 =0, 9a + 27a 1 + 81a 2 =0, 

which give a=0, a x — -3 a 2 , and shew that the only function of the kind required is, save 
for a constant multiplier, 

(9-3y)/(.r-l). 


The other three congruences reduce then to conditions for this function ; for example, 
the congruence (tfj = 0 ( , x 2 ) becomes 


’UV.-i]- 0 *''’- 


But in fact, if we write g = (y 2 — 3xy)/x (x — 1 ), „ 1 = 9a- 1 + lx 2 + 5.r + 3, we immediately 
find from the original equation that 

g 3 + 6y 2 - 3 g (Ax - 3) + A 2 x (x - 1) + OAr = 0, 
so that g is an integral function. 


Apply the method to shew that y 2 /x is the only integral function of the form 
(a+a 1 y+a 2 y 2 )/.r. 


Prove that the dimensions of the functions 


are respectively 0, 3, 3. 


!»//» (y 2 -3<y)/r(a--l) 


Putting x —\ /{, yjx 1 = A, examine whether there exists any integral function of £ of 
the form 

[«+« I A+3< ls (A’-3£’A)/f(l-f)]/£, 
and deduce the fundamental integral functions. 


The deficiency of the surface is 3+3 — (3— 1)=4. 
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CHAPTER VI. 

Geometrical Investigations. 

80. It has already been pointed out (§ 9) that the algebraical equation, 
associated with a Riemann surface, may be regarded as the equation of a 
plane curve ; for the sake of distinctness we may call this curve the funda- 
mental curve. The most general form of a rational function on the Riemann 
surface is a quotient of two expressions which are integral polynomials in 
the variables (x, y) in terms of which the equation associated with the surface 
is expressed. Either of these polynomials, equated to zero, may be regarded 
as representing a curve intersecting the fundamental curve. Thus we may 
expect that a comparison of the theory of rational functions on the Riemann 
surface with the theory of the intersection of a fundamental curve with other 
variable curves, will give greater clearness to both theories. 

In the present chapter we shall make full use of the results obtainable 
from Riemann’s theory and seek to deduce the geometrical results as con- 
sequences of that theory. 

81. The converse order of development, though of more elementary 
character, requires much detailed preliminary investigation, if it is to be 
quite complete, especially in regard to the theory of the multiple points 
of curves. But the following account of this order of development may be 
given here with advantage (§§ 81 — 88). Let the term of highest aggregate 
degree in the equation of the fundamental curve f(y , x) = 0 be of degree n; 
and, in the usual way, regard the equation as having its most general form 
when it consists of all terms whose aggregate degree, in x and y , is not 
greater than n ; this general form contains therefore £(a + l)(?i + 2) terms. 
Suppose, further, that the curve has no multiple points other than ordinary 
double points and cusps, & being the number of double points and k of cusps. 
Consider now another curve, yfr ( x , y) = 0, of order m, whose coefficients are 
at our disposal. By proper choice of these coefficients in yfr we can determine 
^ to pass through any given points of f y whose number is not greater than 
the number of disposeable coefficients in yfr. Let k be the number of the 
prescribed points, and interpret the infinite intersections of f and y/r, in the 
usual way, so that their total number of intersections is run. Then there 

8 


B. 
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remain mn — k intersections of / and yjr which are determined by the others 
already prescribed. We proceed to prove that if m > n — 3, and if we utilise 
all the coefficients of yjr to prescribe as many of the intersections of yjr and f 
as possible, and introduce further the condition that shall pass once through 
each cusp and double point of f then the number of remaining intersections 
which are determined by the others will be p = £ (n — 1) (n - 2) — 8 — * *, for 
all values of m. For, if m ^ n, the intersections of yfr with / are the same as 
those of a curve 

^ o, 

wherein U m ~n is any integral polynomial in the coordinates x and y, in which 
no term of higher aggregate dimension than m — n occurs. By suitable 
choice of the |(ra-n+l) (m — n + 2) coefficients which occur in the general 
form of U m - n we can reduce \ (m—n 4- l)(ra —n -f- 2) coefficients in ^r+ U m - n f 
to zerof. It will therefore contain, in its new form, 

M + 1 « 1 -f (in + 3) — \ (in — n + 1) (m - n 4- 2) 

arbitrary coefficients. M is therefore the number of the intersections of y/r 
with f which we can dispose of at will, by choosing the coefficients in y]r 
suitably. Of these intersections, by hypothesis, 2 (8 + k) are to be taken 
at the double points and cusps of the curve /. This can be effected by the 
disposal of 8 + k of the arbitrary coefficients. There remain then 

1 + (m -h 3) - £ (m — n + 1) (m — n + 2) — 8 - k 
disposeable coefficients and mn — 2 (8 + k) intersections. Of these, therefore, 
mn — 2 (8 + fc) — [£ m (m + 3) — \ (m — n 4- 1) (m — n + 2) — 8 - tc] 

is the number of intersections determined by the others which are at our 
disposal ; and this number is 

i(rc-l)(n-2)-(S + *). 

In case m < n, of the mn — 2 (S 4- k) intersections of yfr with f which are 
not at the double points or cusps of /, we can, by means of the \m(m+$)— 8 — k 
coefficients of yfr which remain arbitrary when yfr is prescribed to vanish at 
each double point and cusp, dispose of all except 

mn — 2 (8 + k) — (in + 3) — (8 + *)] ; 
when m = n — 1 or n — 2 it is easily seen that this is the same as before. 

82. Let us assume now that the polynomials which occur, as the nume- 
rator and denominator, in the expression of a rational function, have the 

* Reasons are given, Forsyth, Theory of Functions , p. 356, § 182, for the conclusion that this 
number is the deficiency of the Riemann surface having f (y, x)-0 as an associated equation. 
We shall assume this result. 

t As, for instance, the coefficients of y m , y m ~\ y m ~ 1 x, . , y n , y n x t ..., y n x m n , in which case 
the highest power of y, in that remains, is y n ~ l . 



83] 


INTRODUCTORY SKETCH. 


115 


property here assigned to of vanishing once at each double point and 
cusp of f Without attempting to justify this assumption completely, we 
remark that if it is not verified at any particular double point, the rational 
function will clearly take the same value at the double point by whichever of 
the two branches of the curve / the double point be approached. As a 
matter of tact this is not generally the case. Suppose then we wish to obtain 
a general form of rational function which has Q given finite points of 
/, A u ... , A Qy as poles of the first order. Draw through these poles, 
A lt ..., A q , any curve yjr whatever, of degree greater than n — 3, which passes 
once through each double point and cusp of f Then \/r will intersect f in 

mn — 2 (8 -f tc) — Q 

other points B lt B. iy — Through these other points B ly Z? 2 , ... of f and 
through the double points, draw another curve, of the same degree as yjr. 
The curve ^ will in general not be entirely determined by the prescription 

of the mn — 2 (8 + k) — Q points B u B if Let the number of its coefficients 

which still remain arbitrary be denoted by q + 1. Then it would be possible 
by the prescription of, in all, 

mn — 2 (8 + k) — Q 4- q 

points of to determine ^ completely. But bj' what has just been proved, 
& is determined completely when all but p of its intersections are prescribed. 
Wherefore 

mn — 2 (8 -f k) — Q + q = mn — 2 (8 -f k) — p. 

Hence Q — q = p } and has the form 

\yjr + + . . . + 

where X, \ u . .. , \ q are arbitrary constants and yjr, ... , are q + 1 linearly 
independent curves, all passing through the mn — 2 (8 + k) — Q points 
B lt B. it ..., as well as through the double points and cusps; and the general 
rational function with the Q prescribed poles will have the form 

X 4- X, jRj 4- ... 4- XqBg, 

where R{ = %/>!? ; and this function contains # 4- 1 arbitrary coefficients. 

83. In this investigation, which is given only for purposes of illustration, wo have 
assumed that the prescription of a point of a curve determines one of its coefficients in 
terms of the remaining coefficients, and that the prescription of this one point does not of 
itself necessitate that the curve pass through other points ; and we have obtained not 
the exact form of the Riemann-Roch Theorem (Chap. III. § 37), but the first approxima- 
tion to that theorem which is expressed by Q-q—p; this result is true for all cases only 
when Q > n (n - 3) - 2 (3+ it). 

We may illustrate the need of the hypothesis that the curves yjr and ^ pass through the 
double points and cusps, by considering the more particular case when the fundamental 
curve 

/=<•*> y) 4 =°» 

8—2 
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wherein (x t y\ is an integral homogeneous polynomial in x and y of the second degree, etc., 
is a quartic with a double point at the origin ^=0, y—0. Since here «=4 and 8+ u— 1, 
we have 

p=J(?i-l)(»-2)-8-K=i.3.2-l=2, 

and therefore (in accordance with Chap. III. §§ 23, 24, etc.) there exists a rational function 
having any three prescribed points as poles of the first order. Let us attempt to express 
this fimction in the form wherein ^ are curves, of degree wi, (m > 1), which do not 
vanish at the double point. Beside the three prescribed poles A ly A 2 , A s of the function, 
^ will intersect /in 4m -3 points B ly B 21 .... The intersections with / of the general 
curve of degree m, are the same as those of a curve 

provided m ^ 4, and are therefore determined by J«i(m+3)- J'(m-4 + l)(m-4+2), or 
4m — 3 of them. And it is easily seen that the same result follows when m=3 or 2. 
Hence no curved can be drawn through the points B lt ... other than the curve \ff, 
which already passes through them ; and the rational function cannot be determined in 
the way desirod. It will be found moreover that this is still true when the hypothesis, 
here made, that yfr and ^ shall be of the same degree, is allowed to lapse. As in the 
general case, this hypothesis is made in order that the function obtained may be finite for 
infinite values of x and y. 

A curve which passes through each double point and cusp of the fundamental curve / 
is said to be adjoint. When /has singularities of more complicated kind there is a corre- 
sponding condition, of greater complexity. For example m the case of the curve 
f=y* — (1 — # 2 ) (1 - Fa- 2 ) =0, 

which, in the present point of view, we regard as a quartic, there is a singularity at the 
infinite end of the axis of y. If, m the usual way, we introduce the variable z to make the 
equation homogeneous, and then* put y— 1, whereby the equation becomes 

z 2 =(z 2 -x*)(z*-kW) f 

we see that the branches are, approximately, given by z= ± kx 2 , namely there is a point of 
self contact, the common tangent being z— 0. If wo assume that it is legitimate to regard 
this self contact as the limit of two coincident double points, we shall infer that the condi- 
tion of adjointness for a curve yjr is that it shall touch the two branches of f at the point. 
For example this condition is satisfied by the parabola 

y=aj?+bx + c, 

which, by the same transformation as that above, reduces to 

z — asc 1 -f- bxz + C 2 2 , 

and it is obvious that the four intersections with / of this parabola, other than those at 
the singular point, are determined by all but p of them, p being in this case equal to 1. 

We shall see in this chapter that we can obtain these results in a somewhat different 
way: the equation y 2 =(l-x 2 ) (l-k 2 x 2 ) is a good example of those in which it is not 
convenient to regard the equation as a particular case of a curve of degree equal to the 
highest degree which occurs. Though this method, of regarding any given curve as a 
particular case of one whose degree is the degree of the highest term which occurs in the 
given equation of the curve, is always allowable, it is often cumbersome. 

Ex. 1. Prove that the theorem, that the intersections with / of a variable curve yfr are 
determined by all but p of them, may bo extended to the case where / has multiple points 

* This process is equivalent to projecting the axis y=0 to infinity. 
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of order k , with separated tangents, by assuming that the condition of adjointness is that 
if? should have a multiple point of order k - 1 at every such multiple point of /, whose 
tangents are distinct from each other and from those of /. (In this case any such multiple 
point of / furnishes a contribution \k {k— 1) to the number 8+k of /.) 

Ex. 2. The curve y 2 =(.r, l) fl may be regarded as a sextic. Shew that the singular 
point at infinity may be regarded as the limit of eight double points, and that a general 
adjoint curve is 

(x, 1 ) 4+ <‘+y(x, lf +1 =0. 

Ex. 3. Shew that for the curve y 2 ~( >•, l) 2 p + 2 a general adjoint curve is 
(x, lf + "- 1 =0. 

For further information on tins subject consult Salmon, Higher Plane Curves (Dublin, 
1879). pp. 42 — 48, and the references given in this volume, § 9 note, § 93, § 97, § 112 note, 
§ H9. 

84. In the remaining analytical developments of this chapter we 
suppose* the equation associated with the Riemann surface to be given in 
the form 

/(y> ®) = y" + y n-1 («, !)*, + ••• + yO. ])*.-, + («, 1 )*„ = 

so that y is an integral function of x. Let a + 1 be the dimension of y ; 
then <r + l is the least positive integer such that y/af^ 1 is finite when x is 
infinite; thus if we put #=l/f and y—rjl^\ <r + 1 is the least positive 
integer, such that rj is an integral function of This substitution gives 
f(y, x)~ F(rj f f), where 

+ fn<*+D-A tt(1> 

so that <r + 1 is the least positive integer which is not less than any of the 
quantities 

...» ~ 1 )> 

Ex. 1. For the case 

y 4 +yV(.r, l) s +yA a (.r, 1) 4 +^ (x, 1) 6 =0 

the dimension of y as an integral function of x is 3. Writing y=>?/£ 3 , where .r=l /£, the 
equation becomes 

v 4 +^(i,a+7^ 2 (i,i)4+^(i,a=o 

and rj is an integral function of £ of dimension 2. In fact ])\—r}lt- l —ylx satisfies the 
equation 

yi 4 +yi 2 (*, i) 3 +yi(^i i )*+(*> 1 ) 5 =° 
and is finite when £ = oo , or x~0. 

Ex. 2. Shew that in the case in which the equation associated with the Biemann 
surface contains y to a degree equal to the highest aggregate degree which occurs, <r=0. 


Chap. IV. § 38. 
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Whenever we are considering the places of the surface for which x = oo , 
we shall consider the surface in association with the equation F(rj, f) = 0 ; 
and shall speak of the infinite places as given by f=0. The original equation 
is practically unaffected by writing x — c for x, c being a constant. We may 
therefore suppose the equation so written that at x = 0, the n sheets of 
the surface are distinct; and may speak of the places « = 0 as the places 
f =00. 

85. By the simultaneous use of the equations /(y, x) = 0, F (rj, f ) = 0, 
we shall be better able to formulate our results in accordance with the view, 
hitherto always adopted, whereby the places x — oo are regarded as exactly 
like any finite places. But it should be noticed that both these equations 
maybe regarded as particular cases of another in which homogeneous variables, 
of a particular kind*, are used. For put x = co/z, y — u\z vJcX \ we obtain 
f(y, z)=z'~ n(<T+1) U (u ; &), z ), where 

U ( u ; <», z) — u n -f u / n ~ 1 z <r+1 ~ kl (w, z) Kl + ... + uz {n ~ 1] z)\ n _ l 

+ *nCH D— *„(©, Z ) Kni 

and it is clear that U (u ; oo, z) is changed into f (y, x) by writing u = y, 
oo = x , z— 1, and is changed into F{rj, f) by writing n — i), <*> = 1, z = f. 
We may speak of &), z as forms , of degree 1, and suppose that they do not 
become infinite, the values x = oo being replaced by the values z — 0. When 
& ), z are replaced by too, tz, t being any quantity whatever, u is replaced by 
t^'u, y and x remaining unaltered. We may therefore speak of u as a form 
of degree a + 1. 

Similarly U (u ; cd, z) is a form of degree n (a + 1), being multiplied by 
w hen u, g), z are replaced by t a+1 u, too, tz respectively. That there 
is some advantage in using such homogeneous forms to express the results of 
our theory will sufficiently appear; but it seems proper that the results 
should first be obtained independently, in order that the implications of the 
notation may be made clear. We shall adopt this course. 

Some examples of the change which our expressions will undergo when 
the results are expressed by homogeneous forms, may be fitly given here : — 
Instead of /(y, x) we shall have U (n ; oo, z) which is equal to s^ (9+l) f(y, x ) ; 
instead of /'(y) we shall have U' (u)=* z {n -' ){<r+l) f' (y ) ; instead of the integral 
function + y*, of dimension t* -f 1, an integral form y t - of degree + 1, equal 
to z r i +l gi , will arise ; since 2 (T t + 1) = n + p — 1, it is easy to see that the 
determinant}: A (1, g is equal to A(l, y,,..., g n _ x ). In 

accordance with § 48, Chap. IV. the former determinant will have a factor 

* This homogeneous equation is used by Hensel. See the references given in Chap. IV. 
(§ 42). It may be regarded as a generalization of the familiar case when <r=0. 

t Chap. IV. § 42. 

X Chap. IV. § 43. 
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(g>— cz) r corresponding to a finite branch place of order r where x — c, and a 
factor z* corresponding to a branch place of order s at x = oo . Further, if, 
by the formula (H) of page 63, we calculate the form <f> t ( u, co, z) from 
g u ..., (jn—ii as cj) t (x, y) is there calculated from g u ..., g n _ l , it is easy to see 
that we obtain a form, 4> t (u, co, z), which is equal to z {n ~ 1] {9+1} ~i T » +1, <£ t (a?, y). 
Hence also, if u u <o u z l denote special values of u , co, z, the integral 

Czdco — codz fi~ l <j) 0 (u, co, z) + '£y> Tr <j> r (u, co, z)g r {u 1 , co lf z x ) 

J U' (u) coz x — co x z ’ 

wherein = ( bco — az)/(bco l — az x ), a and b being arbitrary constants, is equal to 

fz 2 dx . z in -" (<r+1 > <j> 0 (x, y) f < f> r (x, y)g r {® u Vi) 

J Z (n-1) (<r+i) f (y) • ZZ l (x-X l j 

and is thus equal to 

f dx y) + Sk Tr < t> r (x, y) g r (x x , y x ) 

Jf'W n-Xi 

where \ = yzjz = (i bx - a)j{bx x - u). 

If in this we put 6 = 0, we obtain the form which we have already shewn 
to be part of the expression of an integral of the third kind (Chap. IV. p. 67). 
But if we put 6=1, the integral is exactly what we have already deduced 
(Chap. IV. p. 70, Ex. 1) by the ordinary process of putting x — 1/(1; — a) 
and regarding f as the independent variable. 

We may, if we please, further specialise the quantities co , z, of which 
hitherto only the ratio has been used, supposing* them defined by 
&) = xj(x — c), z =l/(x — c), where c is a constant. Then co-cz = 1. 

Ex. 1. The integral of the first kind obtained in Chap. IV. § 45, p. 67, can similarly 
be written 

f Zd< U' (u)~ (j"’ *) Tl ” 1 ( u > a > 2 ) + + ( w > z ) w 1 ~ i ( w > 2 ) J • 

Ex. 2. In the case y l —{x, l) 2p + 2 , wherein y is of dimension p+1, the equation 
U (u ; «, 2)=0 is 

W 2 = (w, z) 2p + 2 

obtained by putting y=w/z» , + 1 , x—iajz. 

86. We shall be largely concerned here with rational polynomials which 
arc integral in x and y. The values of such a polynomial here considered 
are only those which it has for values of y and x satisfying the fundamental 
equation. We shall therefore suppose every integral polynomial in x and y 
reduced, by means of the fundamental equation, to a form in which the 
highest power of y which enters is y n ~\ say to a form 

x) = y n ~* (x, 1)*, + ... +y n ~ 1 “ l ’(ff, l),* t +... + (*?, 1)^. 

* In this view w and * are functions. If we regard c as throughout undetermined, we may 
regard these functions as having no definite infinities. 
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If herein we write y — 17/jf* 4 *, #= 1 /f, <r -f 1 being, as before, the dimen- 
sion of y as an integral function of x, we shall obtain y/r (y, x) — ¥ (rj, f), 

where 'F (97, £ ) is an integral polynomial in rj and f of which a representative 
term is 

^n— -l— i ^-(n-i-0 (cr+i)-Mi(l, f)^, i =0 , 1, , (7i-l) 

and Cr is the positive integer equal to the greatest of the quantities 
(n-l-i)(<r + l) + /Ai. 

Thus 0 is the highest dimension occurring for the terms of ®)> 
and 'P (17, f) is not identically divisible by f. The dimension of the integral 
function \/r ( y , x) may be G ; but if >F (77, f) vanish in every sheet at f = 0, 
the dimension of y/r( y , x) will be less than G. For this reason we shall 
speak of G as the grade of y/r (y, x). It is clear that if all the values of 17 
for f = 0 be distinct, that is, if F (r;) do not vanish for any place f — 0, the 
polynomial 'F (17, f), of order n — 1 in 77, cannot vanish for all the n places 
f = 0 . In that case the grade and the dimension of yfr(y, x) are necessarily 
the same. Further, by the vanishing of one of the coefficients, a polynomial 
of grade G may reduce to one of lower grade. In this sense a polynomial of 
low grade may be regarded as a particular case of one of higher grade. 

In what follows we shall consider all polynomials whose grade is lower 
than (n — 1) <r + n — 3 or (n — 1) (<r + 1) — 2, as particular cases of polynomials 
of grade (a - 1) <r + w — 3: the general expression of the grade will therefore* 
be (n - l)<r + n - 3 + r, or (n - 1) (or + I) + r - 2, where r is zero or a positive 
integer. The most general form of a polynomial of grade (n — \)(a + l) + r —2 
is easily seen to be 

^ (y> x ) = y n ~' (®> i)r- 2 + y n ~- O. i)r_i+ ... +y n - i ~ i (x, l V_, + ... + (*, i),-i 

+ x r {/•-* (x, !)<,+,-. + + y” -1- * (x, 1 ),(»+,)_, + + (&'. 1 (»+,!_,}, 

wherein the first line is to be entirely absent if r = 0, the first term of the 
first line is to be absent if r = 1, and the first term of the second line is to be 
absent if a = 0. 

Hence when r > 0, the general polynomial of grade (n - 1 ) <r -+ n — 3 4* r 
contains 

nr — 1 + £ (n — 1) (n - 2 + n<r) 

terms, this being still true if cr = 0 ; but when r = 0, the general polynomial 
of grade (n — 1 ) a + n — 3 contains 

! (n— l)(w — 2 + n<r) 

terms. This is not the number obtained by putting r = 0 in the number 
obtained for r > 0. 

# The number is written in the former way to point out the numbers for the common case 
when <r=0. 
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Further, putting 

yfr (y, x) = S# ( 7?j f), 

and denoting the aggregate number of zeros of (rj, £) at f = 0 by fi, it 
is clear that the aggregate number of infinities of ^r(y, x) at « = oo is 
[(n - 1) a- + n - 3 + r] n - fi. Since yfr (y, x) is only infinite for x = oo , this 
is also the total number of zeros of yjr (y, x). We shall find it extremely 
convenient to introduce a certain artificiality of expression, and to speak 
of the sum of the number of zeros of yjr(y, x) and the number of zeros of 
'F (ff, f ) at £ = 0 as the number of generalized zeros of yjr (y, x). This number 
is then n ( n — 1) (<r -f 1) + n (r — 2). 

If by a change in the values of the coefficients in ^ (y, x), T' (??, f) 
should take the form £ % (rj, £) where ^,(>7, £) is an integral polynomial 
in r] and £ so that y/r (y, x) is equal to f~ (n_1 > <r— <»*— 3 ) — <»*— d f), the sum 0 f 

the number of finite zeros of yjr (y, x) and the number of zeros of ‘ V F 1 ( rj , £) 
is /&(?i-l)(<r-f-l) + ?i(r-3). But, since ^(17, £) is equal to £¥,(?/, ?)> 
the number of zeros of 'F (rj, f) at f = 0 is n more than the number of zeros 
of % (rj, f) at £ = 0. Hence the sum of the number of finite zeros of yjr (y, x) 
and the number of zeros of 'F (rj, f) at f = 0, is still equal to 

n (n — 1) {a- -f 1) 4- n (r — 2). 


Ex. i. The number n(n-l) (rr + l)+a(r-2) is clearly the mmiber of zeros of the 
integral form 

Ex. ii. The generalized number of zeros of /'(y), for which r— 2, is n(n- 1) (<r + 1). 

Ex. lii. The general polynomial of grade d, < (n -1) o-+w— 3, contains 

[' + A; Cti)] [ l !) E Cil)] tenus > 

E(x) being the greatest integer in x. Its generalized number of zeros is nd. 


87. We introduce now a certain speciality in the integral polynomials 
under consideration, that known as adjointness. 


An integral polynomial yjr(y, x) is said to be adjoint at a finite place 
(x=sa,y = b) when the integral 


f x f (y> g) 

J f'{y) 


dx 


is finite at this place. If t be the infinitesimal at the place (Chap. I. §§ 2, 3) 
the condition is equivalent to postulating that the expression 


f (y, x) dx 
f (y) dt 
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shall be finite at the place; or again equivalent to postulating that the 
expression 

(x - a) yfr ( y , x) 

f'(y) 

shall be zero at the place, to the first order at least. 

As a limitation for the polynomial yjr(y, x), the condition is therefore 
ineffective at all places where f (y) is not zero. And if at a finite place 
where /' (y) vanishes, i 4- w denote the order of zero of /' (y), w 4- 1 being 
the number of sheets that wind at this place*, the condition is that \/r ( y , x) 
vanish to at least order i at the place. We shall call Ji the index of the 
place; the condition of adjointness is therefore ineffective at all places 
of zero index. 


If yjr (y, x) be of grade (n — 1) a 4- n — 3 4- r, and 

f (2/, *) = ^ (• rj , f), 

the condition of adjointness of ^r(y, x) for infinite places, is that, at all 
places f = 0 where F' ( rj ) = 0, the function 

pr(v, f) 

F'(v) 

should be zero, to the first order at least. It is easily seen that this is 
the same as the condition that the integral 


I f dx 

*f{y) 


should be finite at the place considered. 


When the condition of adjointness is satisfied at all finite and infinite 
places where f (y)~ 0 or F' (77) = 0, the polynomial ^ (y, sc) is said to be 
adjoint. If II (x — a) denote the integral polynomial which contains a 
simple factor corresponding to every finite value of x for which /' ( y ) vanishes, 
and if N denote the number of these factors, it is immediately seen that the 
polynomial yfr (y, x) is adjoint provided the function 

is zero, to the first order at least, at all the places where f'(y)~ 0 or 

F'(v)= 0 . 


Ex, i. For the surface associated with the equation 

/(y, x)=(x, y) 2 +(x, y) 3 +(x, y) 4 =-0 

there are two places at x=0, at each of which y— 0. At each of these places /'(y) vanishes 
to the first order, and w=Q. Hence the condition of adjointnoss is that ifr(y, x) vanishes 


It is easy to see that i is not a negative integer. Cf. Forsyth, Theory of Functions , p. 169. 
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to the first order at each of these places. The general adjoint polynomial will therefore 
not contain any term independent of x and y. 

Ex. ii. For the surface 

y*-if[(\+W) x *+l]+lcW= 0 

there are two places at x— 0 , at each of which y is zero of the second order : they aro not 
branch places. At each of these f'(y) vanishes to the second order. 

The dimension of y is 1, and the general polynomial of grade (n— 1) <r+n - 3 + 1 or 2, is* 
Ay 2 +By + C+x [Dy +Ex-\-F], 

In order that this may vanish to the second order at the places in question, it is sufficient 
that ( 7=0 and F— 0 . Then the polynomial takes the form 

By + Ay 2 + Dxy + Ex 2 , 

and if we put x/rj for x and I/77 for y this becomes, save for a factor rj~‘ 2 , 

By+ A + Dx + Ex 2 , 

which is therefore an adjoint polynomial for the surface 

l-(l+P)^-i^+F^=0. 

Compare § 83 . 

Ex. iii Prove that the general adjoint polynomial for the surface 

y 2 ={v-a)\ 

is y(x, l)r- 2 + (x-«) (.*•, ljr^-a 

(The indox of the place at x—a is 1.) 

88. Since the number of generalized zeros of f\y) is n(n— l)(o- + l), 
(§ 86, Ex. ii), we have, in the notation here adopted, 

2 (i +w) = n (?i — 1) (<r + 1), 

or if I denote 2 i and W denote 2 w, the summation extending to all finite 
and infinite places of the surface 

/ 4- W — n. (n — 1) (cr -f 1). 

Hence, as + 

W = 2n + 2p — 2 , 

we can infer 

P = i ( n ~ 1) ( n - 2 + n<r) - {I, 
shewing that I is an even integer. 

Further if X denote the number of zeros of an adjoint polynomial 
yfr (y, x), of grade (n — I) a + n — 3 + r, exclusive of those occurring at places 
where f* (y) = 0 or F' {rj) — 0, and calculated on the hypothesis that the 
adjoint polynomial vanishes, at a place where f (y) or F' ( rj ) vanishes, to an 
order equal to twice the index of the place J, we have the equation 

X 4- / = n (n — 1) (<r + 1) + n (r — 2). 

* § 86 preceding. 

t Forsyth, Theory of Function*, p. 349. 

$ So that a place of index £ i where ^ (y, r), or 'k (if, £), vanishes to order i + X, will furnish a 
contribution X to the number X . 
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Thus, as 
we have 


J = w(a-l)(a + l)-2(n-l)-2p, 


X = nr 4- 2p — 2 ; 
and this is true when r = 0. 

These important results may be regarded as a generalization of some of 
Pliicker's equations* for the case <r — 0. 


Ex. i. The numlier of terms in the general polynomial of grade (n- 1) o*4-a-3+r was 
proved to be \ {n- l)(n-2 + w<r) + w- 1 or $(n- 1) (n- 2+?itr), aecoiding as r>0 or r— 0. 
This number may therefore be expressed as p+\I+nr - 1 or p + \I in these two cases. 

Ex. ii. It is easy to see, in the notation explained in § 85, that the homogeneous form 
A (1, m, m-, ... , ?« w_1 ) is of degree n{n- l)(er+ 1) in to and z, and the form A (1, g lt ... , jf n -i) 
of degree W. The quotient A(l, a, ..., w n * 1 )/A(l, g x , . . , y n _j) is (§ 43) an integral form 
in a), z, which, by an equation proved here, is of degree /. It is the square of an integral 
homogeneous form v whoso degreo in *>, z together is \I. 

Ex. iii. It can bo proved (compare § 43 h, Exx. 1, 2, and § 48; also Harkness and 
Morley, Theory of Function*, pp. 269, 270, 272, or Kronecker’s original paper, Crello , t. 91) 
that if for y we take the function 

X+ Ai<ft + ... + A n -ifl r n -i> 

wherein X, X t , ... , X n _ t are integral polynomials in x f of sufficient (but finite) order, the 
polynomial V occurring in the equation, 

A(l,y> •.•>^ w " 1 )=V 2 A(1, ft, 

cannot, for general values of the coefficients in X, X lf ... , X n _j, havo any repeated factor, or 
have any factor which is also a factor of A(l, g x , ... , y n -i)- And the inference can bo 
madef that for this dependent variable y, there is no place at which the index is greater 
than and no value of x for which two places occur at which /'(y), or F'{rj), is zero. 


89. We proceed, now, to shew the utility of the notion of adjoint 
polynomials for the solution of the problem of finding the expression of 
a rational function of given poles. 

Let R be any rational function, and suppose, first, that none of the finite 
poles of R are at places where f'{y) = 0. Let yjr be any integral polynomial, 
chosen so as to be zero at every finite pole of R, to an order at least as high 
as the order of the pole of R, and to be adjoint at every finite place where 
f'(y) vanishes. Denote the integral polynomial II (a — a), which contains a 
linear factor corresponding to every finite value of x for which /' (y) vanishes, 
by ft. Then the rational function 

(iA (y, x ) = pR+lf (y) 


# Salmon, Higher Plane Curves (Dublin, 1879), p. 65. 

t See also Noether, Math. Annal. t. xxiii. p. 311 (Rationale Ausfiihrung, u.b.w.), and Halphen, 
Comptes Rendus, t. 80 (1875), where a proof is given that every algebraic plane ourve may be 
regarded as the projection of a space curve having only one multiple point at which all the 
tangents are distinct. But see Valentiner, Acta Math., ii. p. 137. 
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is finite at all finite places where R is infinite, and is finite, being zero, 
at every finite place at which /'(y) = 0 . If y lt ..., y n denote the n values 
of y which belong to any value of x , and c be an arbitrary constant, the 
function 

i (c ~ yi)(c ~^;-- (c ~ y ’‘ ) M <*, *), 

is a symmetrical function of y lf ..., y n and, therefore, expressible as a rational 
function in x only ; moreover the function is finite for all finite values of 
x and, therefore, expressible as an integral polynomial in x. Since this 
polynomial vanishes for every finite value of x which reduces the product 
/i to zero, it must divide by Finally, the function is an integral polynomial 
in c, of degree n — 1. Hence we have an equation of the form 

2 ( c _ A (y t , x) = c n ~ l A n + c 1l ~ 2 A ] + ... + cAn-t + A n ^ , 

»=i c ~Vi 

wherein A 0 , A u ..., A n _, are integral polynomials in x. 

Therefore, putting c — y v , recalling the form of the function A (y, x), and 
replacing y* by y, we have the result 

Ryfr = y n ~ x A & + y n ~*A , + ...+ yA n _ 2 + , 

which we may write in the form 

R = ^/yjr, 

^ being an integral polynomial in x and y. 

Since 

(x-a)^_ p (xj- a) yjt 

f'(y) f'iy) ’ 

like y/r, is adjoint at every finite place where f (y) vanishes. 

Suppose, next, that the function R has finite poles at places where f (y) 
vanishes. Then the polynomial yjr is to be chosen so that R(x — a) yfr/f' (y) 
is zero at such a place, a being the value of x at the place. This may be 
stated by saying that yfr is adjoint at such a place and, besides , satisfies 
the condition of being zero at the place to as high order as R is infinite. 

Corollary. Suppose R to be an integral function ; and for a finite place, 
x = a, y = b, where f' (y) vanishes, suppose t + 1 to be the least positive 
integer such that (x - a) t+1 /f' (y) has limit zero at the place. Then the 
polynomial yjr of the preceding investigation may be replaced by the product 
II (x — a) f , extended to all the finite values of x for which f* (y) is zero. 
Hence, any integral function is expressible in the form 

*/n (x-af. 
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where & is an integral polynomial in x and y, which is adjoint at every finite 
place where f'(y) vanishes. 

If the order of a zero of /' ( y ) be represented as before by % + w , it is 
clear that the corresponding value of t + 1 is the least positive integer for 
which (t + 1) (w + 1) > % + or, for which t>(i — 1 )/(w + 1). Hence the 
denominator n (x - ct)* only contains factors corresponding to places at which 
the index £ i is greater than zero ; if the index be zero at all the finite places 
at which f'(y) vanishes, every integral function is expressible integrally. 

It does not follow that when the index is zero at all finite places, the functions 
1, y, ... , y n_I , form a fundamental system of integral functions for which the condition of 
dimensions is satisfied. For the sum of the dimensions of 1, . . . , y n ~ 1 is greater than 
p+n - 1 by the sum of the indices at all the places x= qo . 

It is clear that if R be any rational function whatever, it is possible 
to find an integral polynomial in x only, say X, such that \R is an integral 
function. To this integral function we may apply the present Corollary. 
The reader who recalls Chapter IV. will compare the results there obtained. 

90. Let the polynomial yfr be of grade (n - 1) <r +n— 3 -fr, and the 
polynomial ^ of grade (n — 1) a + n — 3 + s, so that 

yjr — g - ( »-l ) <r- ('i-3) -r \J/ } ty — (U— 1) or- (n— 3 ) -S (5) 

and R = F-°®I% 

0, being integral polynomials in tj and f. 

If R have poles for f = 0, it will generally be convenient to choose the 
polynomial yfr so that is finite at all places f = 0 ; if F' (tj) vanish for 
any places f = 0, it is also convenient, as a rule, to choose yfr so that f'F/ F'(i j) 
vanishes at every place f = 0 where F’ (tj) vanishes, namely, so that y/r 
is adjoint at infinity. When both R is infinite and F ' (tj) vanishes at a 
place where f = 0, we may suppose yfr so chosen that ^R^V/F' (rj) is zero at 
the place. Let yjr be chosen to satisfy these conditions. Then, since 
RV, = Ryfr . j s finite at every place, except f=oo, and 

(1 — af) W/F' (rj), = % r ~ l (x — a) (y), vanishes at every place x = a,y = b, 
where x is finite, at which /' (y) vanishes, except f = x , it follows, as here, 
that R can be written in a form 

R = 0,/¥, 

wherein 0j is an integral polynomial in tj and {. 

Hence 0j = f r_ *0, and therefore r — 8 is not negative : namely, the 
polynomial ^ which occurs in the expression of a rational function in the 
form = is not of higher grade than the denominator yfr, provided 
yft be chosen to be adjoint at infinity, and, at the same time, to compensate 
the poles of R which occur for x = x . Since a polynomial of low grade 
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is a particular case of one of higher grade we may regard ^ and y/r as of the 
same grade. 

Hence we can formulate a rule for the expression of a rational function of 
assigned poles as follows — Choose any integral 'polynomial yfr which is adjoint 
at all finite places and is adjoint at infinity , which, moreover, vanishes at 
every finite place and at every infinite place* where R is infinite, to as high 
order as that of the infinity of R. If a pole of R fall at a place where 
/' (y), or F' (y), vanishes , these two conditions may be replaced by a single one 
in accordance with the indications of the text Then, choose an integral 
polynomial of the same grade as yjr, also adjoint at all finite and infinite 
places, which, moreover, vanishes at every zei'o of the polynomial yjr other than 
the poles of R, to as high order as the zero of yjr at that place. Then the 
function can be expressed in the form ^jyjr. 

91. We may apply the rule just given to determine the form of the 
integrals of the first kind. 

If v be any integral of the first kind, dvjdx is a rational function having 
no poles, for finite values of x , except at the branch places of the surface. If 
a be the value of x at one of these branch places, the product ( x — a) dvjdx 
vanishes at the place. Hence we may apply to dvldx the same reasoning 
as was applied to the function A (y, x) in § 89, and obtain the result, that 
dvjdx can be expressed in the form 

dv_ y n ~ l A 0 + y n ~ 2 A x + . . . + yA n _ 2 + A w _ x 
dx f (y) 

wherein A„, ..., A n are integral polynomials in x. Denote the numerator 
by <f>, and let its grade be denoted by (n - 1) <r + n — 3 + r ; then 

dv _ r ^dv _ r _, f-m-ixr f-rcp * 
df * dx * £— (n-ixr-tn-i)^) 

But, as a function of f, dvjdl; has exactly the same character as has dvjdx 
as a function of x. Thus by a repetition of the argument F'(y) dvjdl; is 
expressible as an integral function of y and f. Thus r is either zero or 
negative. 

Wherefore, /' (y) ^ is an integral polynomial in x and y, of grade 

(w — l)<r + n — 3 or less. It is clearly adjoint at all finite places, and, 
reckoned as a particular case of a polynomial of grade (n — 1) a + n — 3, it is 
clearly also adjoint at infinity. 

Conversely, it is immediately seen, that if <j> be any integral polynomial of 

• That is, if the polynomial bo of grade (n- 1) <r + n-3+r and 
vanishes at £ = 0 to the order stated. A similar abbreviated phraseology is constantly employed. 
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grade (n — 1) + — which is adjoint at all finite and infinite places, the 

integral 

JAs* 

is an integral of the first kind. 

Corollary. We have seen that the general adjoint polynomial of grade 
(n— l)<r-fw — 3 contains p + %1 terms, and we know that there are just 
p linearly independent integrals of the first kind. We can therefore make 
the inference 

The condition of adjointness, for a polynomial of grade (n — l)<r + n — 3, 
is equivalent to \I linearly independent conditions for the coefficients of the 
polynomial , and reduces the number of terms in the polynomial to p. 

92. We have shewn that a general polynomial of grade (n— l)cr+n — 3 + r 
is of the form 

"^n-n+r = y H 1 (#» l)r— 2 + y U “ (&'> l)r-l + • • • + V ( x > l)/-i + (#» l)r-i + & r f r n-3 • 

We shall assume in the rest of this chapter that the condition of adjoint- 
ness for a general polynomial of grade (n — 1) a + n — 3 + r is equivalent 
to as many independent linear conditions as for a general polynomial of 
grade (n — 1) <r + ?t — 3. Thence, the general adjoint polynomial of grade 
(n— 1) cr + w — 3 + r contains nr—\+p terms. 

Further we shewed that the adjoint polynomial of grade (n — l)<r + n - 3 
has 2p — 2 zeros exclusive of those falling at places where f (y) = 0, or 

F'(v) = 0. 

Hence, the 2p — 2 zeros of the differential dv (Chap. II. § 21) are the 
zeros of the polynomial f (y)dv/dx t exclusive of those where /'(y) = 0, or 

F'(v) = 0. 

It is in fact an obvious corollary from the condition of adjointness that 
dvldt=tt/f ’(!,))-- 

only vanishes when vanishes. For, at a place where f (y)=0 f <f> vanishes i times, 
vanishes w times, and f(y) vanishes ? + w times. 

Ex. i. For the surface associated with the equation 

f{y, x)=y*+f(x, i)j+y 2 (-®i l) 3 +(- r > l) 4 =0, 

where (x t l) lf ... are integral polynomials in x of the degrees indicated by their suffixes, 
<r=0; and the general polynomial of grade (n- l)«r+»-3 or 1, is of the form (§ 86) 

Ay + Bx + C. 

The indices of the places where /'(y) = 0 are easily seen to be everywhere zero— there 
are no places, beside branch places, at which f{y) vanishes. Hence p is equal to the 
number of terms in this polynomial, or p—3. And this polynomial vanishes in 2p- 2=4 
places. These results may be modified when the coefficients in the equation have special 
values. 
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Ex. ii. For the more particular case when the equation is 

/(y. x)-y*+y s (#, i)i+y 2 (x, i ) 2 1)2+^ i) 2 =o 

there are two places at #=0 at which y—0. For general values of the coefficients in the 
equation these are not branch places and f(y) vanishes to the first order at each; the 
index at each place is therefore where i— 1, and the condition for adjointness of the 
general polynomial of grade 1, is that it shall vanish once at each of thase places. These 
conditions .are equivalent to ono condition only, that 0=0. Hence, as there are no other 
places where the index is greater than zero, the general integral of the first kind is 

j(Ay+Bx)dx/f(y) 

and p — 2; the polynomial Ay+Bx vanishes in 2p-2 or 2 places other than the places 
x~0 f y—0 at which /'(y) = 0. 

Ex. iii. In general when the equation of the surface represents a plane curve with a 
double point, the condition of adjointnoss at the places which correspond to this double 
point, is the one condition that the adjoint polynomial vanish at the double point*. 

Ex. iv. Prove that for each of the surfaces 

y*+yHx, 1)1 +y(.r, 1)2 H?, 1)4=°) 

1)2 +y ( x , i) 4 +(•*•, 1)7=0, 

there is only ono place at infinity and the index there, in both cases, is 1. 

Shew that the index at the infinite place of Weierstrass’s canonical surface f is in all 
cases 

where J ~ I means the least integer greater than r/a, and that the deficiency is given by 

P = 1)-/', 

where /' denotes the sum of the indices at all finite places of the surface. 

Of. Camb. Phil. Trans, xv. iv. p. 430. The practical method of obtaining adjoint poly- 
nomials of grade (n- 1) <r-f n — 3 which is explained m that paper (pp. 414 — 416) is often of 
great use. 


Ex. v. In the notation of Chap. IY. the polynomial 
is an adjoint polynomial of grado (n- 1) <r+?i-3. 


Ex. vi. We can prove in exactly the same way as in the text that an integral of the 
third kind infinite only at the ordinary finite places (x if y x )> (H, y/), at tho former like 
C log (x - x t ) and at the latter like - 0 log (x - .r/), C being a constant, can lie written in 
the form 


yfr dx 

{x-x x ){x-x{)~f(y) 


where ^ is an adjoint integral polynomial in x and y, of grade (n— l)<r + »— 1, which 


* The sum of the indices at the k places of tho surface corresponding to an ordinary Jfc-ple 
point of the curve is (it - 1) ; the index at each of the places is in fact $(* “ !)• Cf. § 83, Ex. i. 
t Chap. V. § 64. 
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vanishes at the (w- 1) places x=x x where y is not equal to y x and at the (?? - 1) places 
x—x^ where y is not equal to y{. Putting ^ in the form 


where Co, C 0 \ C r „_, are constants, it follows, since (x - x t ') y n ~ 1 is of grade 

(ti — 1) or+n, and (fA)y*~ 1 +^iy*~ 2 +... + ^h-i) (x-x{) is of grado (w-l)<r+w + l 

at least, that R 0 is zero and C Q ~ (7 0 '. Further, if the equation associated with tho surface 
be written 


and x% ( x ) denote 


f(y, ^)=y n +fty B " 1 +to n " 2 4 -... + ^n- 1 = 0, 


it follows, from the condition for ifr which ensures that the integral P is not infinite at 
all the n places x=x lf that the factors of the polynomial 


e 0 3 r-*+c? 1 y-*+...+c „_ 1 


are the same as those of /(y, .r)/(y -.Vi), or of 

y n " 1 +^i(^i)-y n “ a +X2(^i)-y n “H...+x«-i(^i)- 
Hence, save for a constant multiplier, P has the form 
fdx 

] f (y) [(^ ( X * ^)ff-l'h^ W 3 (* r ) 1 "h • • • *t" («®» l)(n- l)<r + « -i] » 

where (x t x x ) denotes 

lr ~ 1 +#*“ 8 X i (*i) + .. . +*n-l (*0]/(*- *i), 

so that (r, x 1 ) = (^ 1 , x), and (x, a?/) denotes a similar expression. 


A general polynomial ^ of grade (n-\) a + n - \ contains 2n-l more terms than a 
general polynomial of grade (w- 1) <r-f w — 3. In accordance with the assumption made in 
§ 92 the general adjoint polynomial yjr of grade (» — 1) <r-f n- 1 will contain 2w— l-f-p 
terms. The condition that ^ vanishes in the 2a - 2 places x=x lf x—x^ other than those 
where y =y/ rcsi>ectively, will reduce tho number of terms to p+ 1. This is exactly 

the proper number of terms for a general integral of the third kind (cf. § 45, p. 67). The 
assumption of § 92 is therefore verified in this instance. 

The practical determination of an integral of the third kind here sketched is often very 
useful. In the hyperelliptic case it gives the integral immediately. 


Ex. vii. Prove that if the matrix of substitution Q occurring on p. 62, in the equation 

{hy,y\ -.,y n " 1 )=o(i,^ 

be denoted by O*, and the general element of the product-matrix Q^O” 1 be denoted by 
c r># , and if, for distinctness of expression, we denote the elements 

xn-i (•*), xn -% (*), ... , xi (*)» h i, y» y\\ ... > y*~ l > 


respectively by 
then the function 


^i> ^2, ... , u n _ lt u n> k lf * 2 , * 3 , ... , k nt 


<t> o (*) + <t> i (*) 9i (*i ) + ...+</>»- 1 {*) 9n - 1 (*i), 

which occurs in the expression of an integral of the third kind given in § 45, is equal to 


c u w i*i + •••+c ii u i k i + ...+c rt u r k l +c tr u l k r + ... . 


This takes the form u x 1c x + obtained in Ex. vi. when c„=0 and c i{ — 1, namely 
when Q is a constant. This condition will be satisfied when the index is zero at all finito 
and infinite places. 
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Ex. viii. Prove for the surface associated with the equation 
y 3 4-y 2 (x t i)i+y(^, i) 2 +ta 1)4=0, 

that the condition of adjointness for any polynomial is that it vanish to the second order 
at tho place £=0. 

Thence shew that tho polynomial 

(x-x^) [y 2 +y*i M+X 2 h % +yx\ M+X 2 (- r i)] 

4- {Ay + Bx 2 + Cx+D)(x- x t ) (x — x{) 

is adjoint provided B = 0 ; and thence that tho integral of the third kind is 

(*L. .(**>+»(*) _t±m S.*A+z&i) +Ay+ c x +D\ 

JfW L *-*1 *-*i 5 J 

Ex. ix. There is a very important generalization* of tho method of Ex. vi. for forming 
an integral of the third kind. Let ft be any positive integer. Let a general non-adjoint 
polynomial of grade /a be chosen so as to vanish in the two infinities of the integral, which 
we suppose, first of all, to be ordinary fimto places. Denote this polynomial by L. It 
will vanish f in ?i/x- 2 other places /?,, B 2l .... Take an adjoint polynomial fa of grade 
(n- 1)0-4 - 71 — 34*/*, chosen so as to vanish in the places B lf B 2f .... The polynomial will 
presumably contain (§ 92) w/*— 1 +p- (w/* — 2) or p 4-1 homogeneously entering arbitrary 
coefficients, and will vanish (§ 88) in n^4-2/?-2-(n/x-2) or 2 p places other than the 
places B l} B. iy ... and places where /'(y), or F ' (?;), vanishes. Then tho integral 

[yj, dx 

Jifiy) 

is a constant multiple of an elementary integral of the third kind. 

The proof is to be carried out exactly on the lines of the proof of the form of an 
integral of the first kind in § 91, with reference to the investigation in § 89. 

Further as we know (§ 16) that dP/dx is of the form 

C(dPldx) 0 + (dvjdx) 4- . . . + X p ( dv p jdx\ 

where (7, X u ... , X p are arbitrary constants, (dPjdx) 0 is a special form of dP/dx with the 
proper behaviour at the infinities, and » l9 ... , v p are integrals of the first kind, it follows 
that the polynomial fa which is an adjoint polynomial of grade (n — 1) o-4-n-34-ft, pre- 
scribed to vanish at all but two of the zeros of a non-adjoint polynomial L of grado /*, is of 
the form 

fa=fa +L<t>, 

where fa is a particular form of yfr satisfying the conditions, and </> is any adjoint poly- 
nomial of grade (?i - 1 ) <r 4- ?i — 3 ; for this is the only form of ^ which will reduce dPfdx to 
the form specified. 

Ex. x. Shew that if in Ex. ix. one or both of the infinities of the integral bo places 
where /'(y)=0, the condition for L is that it vanish to the first order in each place. 

Ex. xi. For tho case of tho surface associated with the equation 
(y> *) 4 +(y> A ’) 3 4-(y, *) 2 =o, 

* Given, for <r=0, /*=1, in Clebsch and Gordan, Abel. Functional (Leipzig, 1866), p. 22, and 
Noether, “ Abel. DifferentialausdrUcke,” Math. Annal. t. 37, p. 432. 

t Counting zeros .which occur for ac = oo, or supposing all the zeros to be at finite places. 
Zeros which occur at x—ao are to be obtained by considering which is an integral polynomial 
in £ and if (§ 86). 
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for which the dimension of y is 1, let us form the integral of the third kind with its 
infinities at the two places .r=0, y—0 by the rules of Exs. ix. and x.; taking ft— l, the 
general polynomial of grade 1 which vanishes at the two places in question is Xx+py. 
The general polynomial of grade n - 3 + fi, or 2, is of the form ax 1 -f by 1 -f 2hxy + 2yx -f %fy + c. 
In order that this may be adjoint, c must vanish ; in order that it may vanish at the two 
points, other than (0, 0) at which \x -f \xy vanishes, it must reduce to the form 

(X# -f ny ) {Ax+By+ C). 

Hence the integral of the third kind is J(Ax+ By + C) dxjf(y). (Of. §6/3, p. 19.) 

Ex. xii. Obtain the other result of §6/3, p. 19 in a similar way. 

Ex. xiii. It will be instructive to compare the method of expressing rational functions 
which is explained here, with a method founded on tho use of the integral functions 
obtained in Chap. IV. We consider, as oxamplo, the case of a rational function which has 
simple poles at k x places where x—a ly /*. 2 places where x=a 2 , ..., k r places at x—a ry and for 
simplicity we supi>ose all these values of x to l>e finite, and assume that the sheets of the 
surface are all distinct for each of these values of x. If R be the rational function, the 
function (af-a,)...(jr-#/ r ) R is an integral function of dimension /*, and is expressible in 
the form 

(x, l) r +(.r, 1 l) r . v r ; 

this form contains (r+l) + (r — r 1 ) + ... + (r— r w _,) or wr— p+\ coefficients; those co- 
efficients are not arbitrary, for the function (x- «,)... (x—a r ) II must vanish at each of the 
n-k\ places x—a x where It is not infinite, and must vanish at each of tho places x—a 2 
where R is not infinite, and so on. The number of linear conditions thus imi>osed is 
m-(£ 1 +£j S 4-...+£ r ) or m-Q, if Q be tho total number of poles of the function R. 
Hence the number of coefficients left arbitrary is nr- p+\ - (nr- <j) or Q-p + 1 ; this is 
in accordance with results already obtained. 

Ex. xiv. If the differential coefficients of t 4- 1 linearly independent integrals of the 
first kind vanish m the Q poles, in Ex. xni., the conditions for the coefficients are equi- 
valent to only nr-Q - (r-f-1) independent conditions. 

93. Let A Xt ... , A q be Q arbitrary places of the Riemann surface. We 
shall suppose these places so situated that a rational function exists of which 
they are the poles, each being of the first order*. This is a condition which 
is always satisfied *)* when Q >p. The general rational function in question is 
of the form 

X -f Xj^! + ... + \qZ (J , 

wherein X, Xj,...,X 9 are arbitrary constants and Z x , . . . , Z q are definite 
rational functions whose poles, together, are the places A u ..., A Q . 

The number q is connected with Q by an equation 
Q-q = p-r-l, 

where r + 1 is} the number of linearly independent linear aggregates of the 
form 

(a?) + + fi p n p {x), 

* Wo speak as if the poles were distinct. This is unimportant, 
t Cf. Chap. III. % Chap. III. §§ 27, 37. 
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which vanish in A lt ..., A Q . This aggregate is the differential coefficient, in 
regard to the infinitesimal at the place x, of the general integral of the 
first kind. We have seen* that this differential coefficient only vanishes 
at a zero of the integral polynomial of grade (n — 1) <r + n — 3, which occurs 
in the expression of the integral of the first kind. Hence r + 1 is the 
number of linearly independent adjoint polynomials of grade (n — 1) <r + n — 3 
which vanish in the places A u ..., A Q ; in other words, r 4- 1 is the number of 
coefficients in the general adjoint polynomial of grade (n — l)<r + n — 3 
which are left arbitrary after the prescription that the polynomial shall 
vanish in A u A Q . 

Now we have proved that if any adjoint polynomial yfr, of grade 
(n — l)<r+ n — 3 + r be taken to vanish at the places A u ..., A Q f, its other 
zeros being B u . .. , B R) where \ R — nr 4- 2p — 2 — Q y and ^ be a proper general 
adjoint polynomial of grade (n — 1) cr 4- n — 3 + r vanishing at B u ... t B n , 
any rational function having A lt ...,Aq as poles, is of the form Sr/^r. Hence 
the rational functions Z 1} ..., Z q are of the forms %/yfr, ..., %/yfr, and the 
general form of an adjoint polynomial of grade (n — 1) a 4- n — 3 4- r vanishing 
at B x , . . . , B r must be 

^ = Xyjr + X^ 4* 4- 

wherein X, \ lt ..., \ q arc arbitrary constants, and yfr, are special 

adjoint polynomials of grade (n — 1) a 4- n — 3 + r which vanish in B u . .. , B & , 
some of them possibly vanishing also in some of A u ..., A Q . 

Since the general adjoint polynomial & of grade (n — 1) <r 4- n — 3 4-r 
contains nr — 1 +p arbitrary coefficients, and these, in this case, by the 
prescription of the zeros B u ..., B lt for reduce to q 4- 1, we may say that 
the places B u ..., B R , as de terminators of adjoint polynomials of grade 
(n— l)o-+n— 3+r, have the strength nr—l+p— q—l t or R— (p — 1)+Q — q — 1, 
or R — (t + 1). And, calling these places B u ..., B J{ the residual of the 
places A lt ..., A q> because they are the remaining zeros of the adjoint 
polynomial of grade (n — 1) <r + n — 3 + r which vanishes in Ai,,.., A Qf 
we have the result : — 

When Q places A n ..., A Q have the strength p — (r-fl) or Q — q as 
determinators of adjoint polynomials of grade (n — 1) cr 4- n — 3, their residual 
of R = nr + 2p-2- Q places , which are the other zeros of any adjoint 
polynomial of grade (n — 1) <r + n — 3 + r prescribed to vanish in the places 
A lt . .. , A Qf have the strength R — (t+1) as determinators of adjoint poly- 
nomials of grade (n - 1) <r 4- n — 3 + r. 

Particular cases are, (i), when no adjoint polynomial of grade (w-l)o--|-»-3 vanishes 
in A lt ... , A a ; then the places ... , B H have a strength equal to their number; 
(ii), when ono adjoint polynomial of grade (w— 1) cr+?i— 3 vanishes in A lf ..., A u \ then 


§ 92 . 


+ A condition requiring in general Q<nr- 1+p. 


t § 88 . 
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there are R—l of the places B u ..., B H such that every adjoint polynomial of grade 
(n--l)rr+H'-3-fr, vanishing at those places, vanishes at the remaining place. For an 
example of this case we may cite the theorem : If a cubic curve be drawn through three 
collinoar points A lf A 2i A s of a plane quartic curve, the remaining nine intersections 
B u . . . , Bq are such that every cubic through a proper set of eight of them necessarily 
l>asses through the ninth. In general any set of eight of them may be chosen. 

When t 4* 1 is greater than zero we may take the polynomial yfr itself to 
be of grade (n — 1) <r + n — 3. Since then a general polynomial ^ of grade 
(w — l)<r + ?i-3 contains p arbitrary coefficients, we can similarly prove 
that 

When r + 1 adjoint polynomials of grade {n — 1) a + n — 3 vanish in Q 
places Ai t •••, A Q , so that the Q places have the strength Q — q as deter- 
minators of adjoint polynomials of grade (n — 1) o* + n — 3, their residual 
, B Ri of R = 2p — 2 — Q places, have the strength p - q— 1, or R — r, as 
determinators of adjoint polynomials of grade (n — 1) cr 4- n — 3. In this case 
the numbers are connected by the equations 

Q 4- R = 2p — 2, Q — R = 2 (q — t), 

and the characters of the sets A u ..., A q , B lt ..., B Jt are perfectly reciprocal*. 

Ex. When the strength of a set dj, ... , A a , wherein Q<p, as determinators of adjoint 
polynomials of grade (?i— l)cr + »-3, is equal to their number, so that the number of 
linearly independent adjoint polynomials of grade a + n-3 which vanish in the 

places of the sot is given by r + 1 —p — Q, it follows that £ = 0. Thus if B l , ... , B H be the 
residual zeros of an adjoint polynomial, 0, of grade (?i- l)<r+w — 3, which vanishes in 
A lf ..., Aqj so that R+ Q=2p-2, only one adjoint polynomial of grade (n- l)<r+rc-3 
vanishes in ... , B Ri namely <f>. 

94. It is known that the number of places*)* of the Riemanu surface 
at which a rational function takes an arbitrary value c, is the same as the 
number of places at which the function is infinite. The sets of places at 
which c has its different values, may be called equivalent sets of places for 
the function under consideration. For such sets we can prove the result: — 
ij a set of places Af..., A' Q be equivalent to a set A lt ..., A q , in the sense 
that a rational function g takes the value c at each place of the former set 
and at no other places , and takes the value c at each of A lf ..., A q and 
at no other places of the Riemann surface , then the general rational function 
with simple poles at Ai, ...,A' Q contains as many linearly entering arbitrary 
constants as the general rational function whose poles are at A lt ...» A q . 

* For the theory of such reciprocal sets from the point of view of the algebraical theory of 
curves, see the classical paper, Brill u. Noether, “Ueber die algebraischen Functionen u.s.w.”, 
Math. Annal. vii. p. 283 (1873). 

t In this Article, when a rational function g is said to have the value c at a place, it is 
intended that g-c is zero of the first order at the place. A place where g-c is zero of the fc-th 
order is regarded as arising by the coalescence of k places where g is equal to c . 
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For let the general rational function with poles at A lt ..., A Q be denoted 
by G, and be given by 

G = V 0 + V\G\ + + v q G qi 

where i/ 0 , v q are arbitrary constants, and G u ... , G q are particular functions 
whose poles are among A lt ..., .4q— - of which one, say G x , may be taken 
to be the function (g — c)/(g — c). Then if G' denote any function what- 
ever having poles -4/,..., A' Q , and not elsewhere infinite, the function 
G' (g — c')/(g — c) is one whose goles are at A x A Q ; thus G' (g — c')/(g — c) 
can be expressed in the form 

G'(g- c')/(g - c) = v 0 + v x G x + + v q G q > 

for proper values of v 0t ..., v q . Therefore G' can be expressed in the form 


G' — v 0 9 C , + v x 4- v t G 2 — C , + . 
g — c g— c 


0 


Since this is true of every function whose poles are at A ^ y ...» A' Qf and that 
the functions G t (g — c)/(g — c') are functions whose poles are at A /, A' Q , 
the result is obvious. 


95. If the symbol oo be used to denote the number of values of an 
arbitrary (real or complex) constant, the general adjoint polynomial of 
grade (n — 1) a + ?i — 3 4- r, of the form 

^ = \yfr + Ai^i + + ^q^q, 

which vanishes in the places B lf ..., B Ry gives rise to oo ® sets of places, 
constituted by the zeros of ^ other than B lt ...,B R , each set consisting of, 
say, y places. Let A u ..., A Q be one of these sets. 

We shall say that these sets are a lot of sets ; that each set is a residual 
of B x ..., B Xt and that they are co-residual with one another; in particular 
they are all co-residual with the set A lt ..., A Q . Further we shall say that 
the multiplicity of the sets, or of the lot, is q , and that each set has the 
sequence Q — q; in fact an individual set is determined by q independent 
linear conditions, namely, of the Q places of a set, q can be prescribed and 
the remaining Q — q are sequent 

It is clear then that any set, AS, A' Q , which is co-residual with 
A lt ..., A. q , is equivalent with A lf ..., A Q , in the sense of the last article; 
for these two sets are respectively the zeros and poles of the same rational 
function ; in fact if yfr be the polynomial vanishing in B u ..., B R , A Xi ..., A Qf 
and ^ the polynomial vanishing in B u ..., B R , A Xi ..., A' Q} the rational 
function has A x , A' Q for zeros and A lt ..., A Q for poles. Hence 
by the preceding article it follows that the number q + 1 of linear, arbitrary, 
coefficients in a general rational function prescribed to have its poles at 
A u ..., A q , is the same as the number in the general function prescribed to 
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have its poles at the co-residual set ..., A'q. In other words, co-residual 
sets of places have the same multiplicity, this being determined by the 
number of constants in the general rational function having one of these 
sets as poles ; they have therefore also the same strength Q — q, or p — (t + 1), 
as determinators of adjoint polynomials of grade (n — l)<r + n- 3. 

96. In the determination of the sets co-rcsidual to a given one, A if ..., 

Aq, we have made use of a particular residual, B u B n . It can however 
be shewn that this is unnecessary — and that, if two sets be co-residual for any 
one common residual, they are co-residual for any residual of one of them . In 
other words, let an adjoint polynomial i/r, of grade (n — 3 + r, be 

taken to vanish in a set A lf ..., Aq, its other zeros (besides those where 
f'(y ) — 0, or F‘ (rj) — 0), being B x , ...,B R , and an adjoint polynomial S-, of 
grade (n — 1) a + n — 3 + r, be taken to vanish in B lt ..., B It , its other zeros 
being the set A{ 9 ..., A' Q , co-residual with A u ..., A Q ; then if an adjoint 
polynomial, yjr', of grade (n — 1 ) <r + n - 3 4- r', which vanishes in A lf ..., Aq, 
have BS, ..., B' R > for its residual zeros, R being equal to nr' 4- 2p — 2 — Q, it 
is possible to find an adjoint polynomial S', of grade (n — l)cr + n — 3 + r, 
whose zeros are the places 2?/, • ••, B r IV , A /, ..., A' Q . 

For we have shewn that any rational function having A x , ..., Ay as its 
poles can be written as the quotient of two adjoiut polynomials, of which the 
denominator is arbitrary save that it must vanish in the poles of the function, 
and be of sufficiently high grade to allow this. In particular therefore the 
function 'b/yfr, whose zeros are A t \ ..., A' Q , can be written as the quotient of 
two polynomials of which \fr f is the denominator, namely in the form 'b'/yfr 
The polynomial will therefore vanish in the places B x ', ..., R Jt , Af ..., A'q, 
as stated. 

Hence, not only arc equivalent sets necessarily eo-rcsidual, but co-residual 
sets are necessarily equivalent, independently of their residual*. 

97. The equivalence of the representations 'Sty, here obtained, of the same 

function, has place algebraically in virtue of an identity of the form 

W=W + h7, 

where /=0 is the equation associated with the Riemann surface and K is an integral poly- 
nomial in x and y. Reverting to the phraseology of the theory of plane curves, it can in 
fact bo shewn that if throe curves /= 0, yfr=0, 11=0 be so related that, at every common 
point of / and yjr, which is a multiple point of order k for / and of order l for yjr, whereat 
/ and yjr intersect in kl+ft points, the curve II have a multiple point of order k+l - 1 +0, 
so that in particular U passes through every simple intersection of / and yjr, then there 
exist curves *y=0, K—0, such that, identically, 

Now in the case under consideration in the text, if the only multiple points of / be 
multiple points at which all the tangents are distinct, the adjointness of ^ ensures that yjr 

* For the theory of co-residual sets for a plane cubic curve see Salmon, Higher Plane Curves 
(Dublin, 1879), p. 137. That theory is ascribed to Sylvester ; cf. Math . AnnaL, t. vii., p. 272 note. 
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has a multiple point of order it— 1 at every multiple point of / of order k. The adjointness 
of the polynomials \fs' ensures that the compound curve has a multiple point of 
order 2(k— 1) or k + k— 1 — 1 at every multiple point of / of order k. Further, the curve 
§\Jf' passes through the simple intersections of / and \|a, which consist of the sets 
A v B lf ... , B r ; for ^ passes through B u ... , B H , and is drawn through 

A lt ... , Ay. Hence the conditions are fully satisfied in this case by taking 7 /=^// ; thus 
there is an equation of the form 

from which it follows that the curve is adjoint at the multiple points of / and passes 
through the remaining intersections of / and namely through A' lt ... , A' a and 

B\, ... , B' h ,. This is the result of the text. 

In case of greater complication in tho multiple points of /, there is need for more care 
in the application of tho theorem here quoted from the algebraic theory of plane curves. 
But this theorem is of great importance. For further information in regard to it the 
reader may consult Cayley, Collected Works, VbL I. p. 26 ; Noether, Math. Annal. vi. 
p. 351 ; Noether, Math. Annal. xxiii. p. 311 ; Noether, Math. Annal. xl. p. 140 ; Brill and 
Noether, Math. Annal. vii. p. 2G9. Also papers by Noether, Yoss, Bertini, Brill, Baker in 
the Math. Annal. xvn, xxvii, xxxiv, xxxix, xln respectively. See also Grassmann, Die 
Ausdehnungslehre von 1844 (Leipzig, 1878), p. 225. Ch. 'isles, Compt. Rendus , xli. (1853). 
de Jonqui6res, Mem. par divers savants , xvi. (1858). 

98. From the theorem, that a lot of co-residual sets, of Q places, may be 
regarded as the residual of any residual of one set, S Q , of the lot, it follows, 
that every lot wherein the sequence of a set is less than p f may be determined 
{is the residual zeros of a lot of adjoint polynomials of grade (?i — l)cr + n — 3, 
which have R - 2p — 2 — Q common zeros. For the sequence Q- q is equal 
to p — (t-P 1), and when r-|-l>0 an adjoint polynomial (involving r-fl 
arbitrary coefficients) can be determined which is zero in any one set, >S^, of 
the lot, and in 72 other places. 

Hence also, when Q places are such that the most general rational 
function, of which they are the poles, contains more than Q— p+ 1 arbitrary 
constants, this general rational function can be expressed as the quotient of 
two adjoint polynomials of grade (?i — 1 ) o* + n — 3 ; the same is true when 
the Q places are known to be zeros of an adjoint polynomial of grade 
(n — 1) <j + n — 3. 

It follows from what was shewn in Chap. III. §§ 23, 27, that if p places be 
the poles of a rational function, an adjoint polynomial of grade (w— l)<r-f n— 3 
vanishes in these places ; and an adjoint polynomial of that grade can always 
be chosen to vanish in jp — 1, or a less number, of arbitrary places. Hence, 
every rational function of order less than p + 1, is expressible as the quotient 
of two adjoint polynomials of grade (n— l)<r + n — 3. 

Ex. i. A rational function of order 2p — 2 which contains p, or more, arbitrary constants 
(one being additive) is expressible as the quotient of two adjoint polynomials of grade 
(w — l)(T+» — 3. 

Ex. ii. For a general quartic curve, co-residual sets of 4 places with multiplicity 1 are 
determined by variable conics having 4 given zeros ; but co-residual sets of 4 places with 
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multiplicity 2 are determined as the zeros of variable polynomials of degree 1, i.e. by 
straight lines. 

Ex. iii. The equation of a plane quintic curve with two double points, can bo written 
in the form §S'~ ^'£=0, where are cubics passing through the double points and 
seven other common flints, and S, 8’ are conics passing through the double points and 
two other common points. 

Ex. iv. When r+1 adjoint polynomials of grado (w- l)cr-f « — 3 vanish in a set, 8 Ui of 
Q places, there must be p—r—\ independent places A lf ..., d |) _ T _ 1 , in 8 U , such that 
every adjoiut polynomial of grade (?t - 1) a + n—Z which vanishes in them vanishes of 
itself in the remaining q places d p _ T , ... , A u . Let S R be a residual of S gt R being equal 
to 2p-2-Q. Then, regarding S H and d p _ T , ..., A Q) together, as forming a residual of 
An ... , dp_ T _j, it follows (§ 93) that there is only one adjoint polynomial of grade 
( 71 - l)<r+n — 3 which vanishes in S H and in d,,_ T , ... , A u . Hence there exists no rational 
function having poles only at the places A lf ... , A p ^ T _ l . For such a function could be 
expressed as the quotient of two adjoint polynomials of grade (ti — l)o-+n — 3 having 
Sr and -dp _ r , ..., A Q as common zeros. Compare § 26, Chap. III. 

It can also be shown, in agreement with the theory given in Chapter III., that if 
2?,, ... , Br'+i be any r' + l independent places, t being less than t, there exists no rational 
function having poles in 8 V and B lt ... , B r +i. In fact r-f 1 - (r -f 1) linearly iude]>endent 
adjoint polynomials of grade (w- 1) o- + rc-3 vanish in 8 U and B lf B r '+ 1 . Lot S H , , 

where R = 2p — 2- (^+r'-fl), be the residual zeros of one of these polynomials. Then the 
strength of S R ,, as determinators of adjoint polynomials of grado (»-l)<r + n-3 is (§ 93) 
E?-(t-t’) + \ = R-t, where R = 2p-2- Q, namely the strength of S K . is the same as the 
strength of S H . and /?,, ... , B r +i together; hence every adjoint polynomial of grade 
(» — 1) (r+n — 3 which vanishes in S H , y vanishes also in B l9 ... , B r ’+ 1 . Now every rational 
function having S Q and B l , ... , Z? T '+i as poles, could be expressed as the quotient of two 
adjoint polynomials of grade (n-\) ar + n — 3 having S H , as common zeros; since each of 
these l>olynomials will also have B v , ... , B r '+i as zeros, the result is clear. 

99. The remaining Articles of this Chapter are devoted to developments 
more intimately connected with the algebraical theory of curves. 

We have seen that an individual set of a lot of co-residual sets of Q 
places is determined by the prescription of a certain number, q , of the places ; 
this number q being less than* Q and not greater than Q—p. 

But it does not follow that any q places of a set are effective for this 
purpose ; it may happen that q places, chosen at random, are ineffective to 
give q independent conditions. 

We give an example of this which leads (§ 100) to a result of some interest. 

Suppose that a set of Q places, Sy, is given, in which no adjoint polyno- 
mial of grade (n — l)cr 4-n — 3 vanishes; then r + 1 is zero, and co-residual 
sets are determined by Q — p places. Suppose that among the Q places there 
are p + s — 1 places, forming a set which we shall denote by < t p+s _i , which 
are common zeros of t' + 1 adjoint polynomials of grade (n — 1) <r + n — 3 ; 
denote the other Q —p — s + 1 org — s + 1 places by <r g _ #+1 . 

# Tlie formula is Q-q-p-(r-\- 1); if q wore Q and therefore r + l~p t all adjoint poly- 
nomials of grade (n - 1) <r + n - 3 would vanish in the same Q places, contrary to what is proved 
in § 21, Chap. II. 
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Take an adjoint polynomial of grade (w-l)(r + »--3 + r which vanishes 
in the places of the set S Q , and let S# denote its remaining zeros, so that 
R + Q = nr + 2p - 2. If we now regard the sets S R} <r 9 _ <+1 together as the 
residual of the set <r p+ ,_ 1 , it follows (§ 93) that S Jt , together have only 

the strength R + q — s + 1 — (r + 1 ), or nr +p -2-(t' + s), as determinators 
of polynomials of grade (n — l)<r + n-3 + r; and if we choose s — 1 places 

A u ... , Ag i from Op + „_i, the polynomial of grade (n — 1) a -f n — 3 -f r with 

zeros in S Jit which vanishes in the q places constituted by <r q - 8+ i and 
A Xi ..., Ag- X together, will not be entirely determined, but will contain* 
t' + 2 arbitrary coefficients, at least f : thus t' + 1 further zeros must be 
prescribed to make the polynomial determinate. 

A particular case of this result is as follows: — Consider a lot of co- 
residual sets of Q, — places, in which no adjoint polynomial of grade 
(a— 1 ) a + n — 3 vanishes. If p of the places of a set be zeros of r +1 
adjoint polynomials of grade (n — 1) <r -I- n — 3, then the other q places arc not 
sufficient to individualise the set ; t' + 1 additional places are necessary. 

For instance a particular set from the double infinity of sets of 5 places, on a plane 
quartic curve, determined by variable cubic curves having seven fixed zeros, is generally 
determined by prescribing 2 places of the set. But if there be one of the sets for which 
3 of the five places are collinear, then the other two places do not determine this set ; 
we require also to specify one of the three collinear places. It is easy to verify this result 
in an elementary way. 

100. Consider now two sets S Kf S Qji which .are residual zeros of an 
adjoint polynomial, yfr lt of grade (n — 1) ar + n — 3 + r Xl so that 

Q, + R = nr x -f 2 p - 2. 

Let X r _ ri + 1 be the number of terms in the general non-adjoint polynomial 
of grade r — 1 \ and iV r _ ri be the total number of zeros of such a non-adjoint 
polynomial of grade r-i\. Take X r _ ri independent places on the Riemann 
surface, forming a set which we shall denote by T r _ ri , and determine a non- 
adjoint polynomial, of grade r - 1 \ , to vanish in T r - rr It will vanish in 
iV r _ ri - X T -r x other places, U r - r ,• Suppose that no adjoint polynomials of 
grade (w — 1) <r + n — 3 vanish in all the places of S Ql and T r _ ri . The product 
of the polynomials^, and x is an adjoint polynomial of grade (n-l)<r + n 
— 3 + r. A general adjoint polynomial of grade (n — l)<7-f?t-3 + r which 
vanishes in S R will vanish in all the places forming S Ql , T r _ r> , U r - ri together, 
provided we choose the polynomial to have a sufficient number of these 
places as zeros. Divide the set S Ql into Jwo parts, one, f, consisting of 
Q x —p {N r ^. rx — A r _ ri ) places, the other U consisting of p - (I\T r _ ri - Z r _ r ,) 

* For nr+p- 2 is the number of independent zeros necessary to determine an adjoint poly- 
nomial of grade (n - l)<r + n - 3 + r. 

t More if the s - 1 places A v .... be not independent of the others already chosen. 
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places. Tho sets T and TV-r, together consist of Q x —p 4- iV r _ ri , or Q—p> 
places, where 

Q=Q 1 +N r - ri , =nr + 2 p - 2 - R, 

for i\T r _ ri = n (r —»*,), (§ 86, Ex. iii.) ; if then the sets U and U r - ri together 
are not zeros of any adjoint polynomial of grade (n— 1 ) cr -f n — 8, the general 
adjoint polynomial, of grade (n — 1) a 4- n - 3 + r, which vanishes in S H , will 
be entirely determined by the condition of vanishing also in the places of 
T and 7 T r _ r , , and will of itself vanish in the remaining places U and U r - ri . 
If, however, r 4- 1 adjoint polynomials of grade (n — 1) a + n — 3 — (r — 
vanish in the places U , the products of these with the non-adjoint polynomial 
X give t' 4-1 adjoint polynomials of grade (n — l)<r + a -3 vanishing in U 
and U r ~r x ■ In that case, assuming that no adjoint polynomials of grade 
(n— l)<r + n — 3 vanish in the p places U> Ur-r,, other than those contain- 
ing % as a factor, the adjoint polynomial of grade (n — 1 ) <t 4- n — 3 4 * r which 
vanishes in S 1{ , i T and T r _ ri , will require r 4- 1 further zeros for its complete 
determination (§ 99 ). 

Since now the set T r ^ Vl entirely determines the set U r - 7 , , we may drop 
the consideration of it, and obtain the result — 

The adjoint polynomial, of grade (?i — 1 ) <r 4- n — 3 4- r, which vanishes in 
all but p — (N r -r x - X r -. r ) of the zeros of an adjoint polynomial of grade 
(n — 1) <r 4- n — 3 4* r„ will have a multiplicity t' 4- 1 4- A r r _ r ,, where 1 4 - 1 is 
the number of adjoint polynomials of grade (n — 1) <r 4 n — 3 — (r — ?*j) which 
vanish in these other p — W r _ ri 4- A r _ ri zeros. When r 4 - 1 is zero the adjoint 
polynomial of grade (a — 1) er 4- n — .3 4- r vanishes of itself in the remaining 
p — N r - ri +X r - ri zeros of the adjoint polynomial of grade (n — l)<r 4- ft — 34 - r,. 
When t'4-1 is not zero it is necessary, for this, to prescribe t'4-1 further 
places of these p — i\T r _ ri -f X r _ ri zeros (provided t' 4* 1 < p — N r _ rx 4- A r _ ri ). 

We have noticed (§ 8G, Ex iii.) that 


N r _ ri = w (r — r,), 
(r - r. 


x ~- [ S G vi) + >] [r- + 1 - i <* + 1) * (;;?)] - 1 . 


where E (x) denotes the greatest integer in x. 

For <r == 0 , therefore, the number p — N r - Tl 4- X r - Tl is immediately seen to 
be equal to 

i(7-l)(7"2)-i/. 

where 7 = n — (r — r,), and \I is the sum of the indices, of the surface, for 
finite and infinite places (§ 88). 

Thus the result, for a — 0 an adjoint polynomial of degree n — 34 -** 
which vanishes in all but i (7 — 1) (7 — 2) — \I of the zeros of an adjoint 
polynomial of degree n -3 + r 1 (r>r 1) y = n —(r — rj 3 ) will have a 
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multiplicity r + 1 + ^ (n — 7) (n — 7 + 3 ), where t' + 1 is the number of adjoint 
polynomials of degree 7 - 3 which vanish in the £ (7 — 1) (7 — 2) - £7 un- 
assigned zeros ; if r + 1 is zero this polynomial of degree n — 3 + r will of 
itself vanish in these unassigned zeros : if r + 1 > 0 it is necessary , for this , to 
prescribe t' + 1 or, if r + 1 > \ (7 — 1) (7 — 2) — £ 7 , to prescribe all the un- 
assigned zeros. 

For example let n— 5 ; take as the fundamental curvo a plane quintic with 2 double 
points (p— 4) ; lot the remaining point of intersection with the quintic, of the straight lino 
drawn through these double points, l>c denoted by A. 

(i) Take r— 2 , f*j = l. Then y=5-l=4, y-3 — 1 ; thus, an adjoint quartic curve 
vanishing in all but 4 (y — l)(y“ 2 )- 2 , or 1 , of the zeros of an adjoint cubic, that is, 
vanishing in 10 of these zeros, beside vanishing at tho double points, will have a multi- 
plicity r' + l +£4, or t'+ 1+2, where r' + l is zero if the non-assigned zero be not the point 
A : and this quartic will then, of itself, pass through the unassigned zero. In this case, in 
fact, the prescription of the 10 + 2 zeros of the quartic on the cubic, is a prescription of 
more than 4.3 -p lt where p x is the deficiency of the cubic. Hence the quartic will 
contain tho cubic wholly, as part of itself. (In general, the condition to provide against 
this can be seen to be r > 3.) 

(ii) Take tho same fundamental quintic, with r=4, ^=3. Then an adjoint sextic 
curve, passing through all but \ 3 . 2 — 2 , or 1 , of the zeros of an adjoint quintic, that 
is through 20 of them, will have multiplicity r'+l + 2 , where r'+l is zero unless the other 
zero of the quintic, be tho point A. 

If however the unassigned zero of the quintic, be the point A, the 20 points are not 
sufficient ; tho sextic, yfr, has multiplicity 3 and the 20 points plus A are necessary to 
make \j/ go through the remaining 7 points. 

It should be noticed that an adjoint curve of degree 7 — 3 can always be 
made to pass through J (7 - 1 ) (7 — 2 ) — \I — 1 places. The peculiarity in 
the case considered is that such curves pass through one more place. 

The theorem here proved was first given by Cayley in 1843 ( Collected Works , Vol. 1 . 
p. 25) without special referenco to adjoint curves. A further restriction was added by 
Bacharach {Math. Annal. t. 26, p. 275 (1886)). 

101. In the following articles of this chapter we shall speak of an 
adjoint polynomial of grade (n - l)<r + w -3 as a ^-polynomial. In chapter 
III. (§ 23 ) we have seen that the set of places constituted by the poles 
of a rational function, is such that one of them ‘ depends ’ upon the others ; 
thus (§ 27 ) there is one place of the set such that every ^-polynomial vanish- 
ing in the other places, vanishes also in this. Conversely when a set of 
places is such that every ^-polynomial vanishing in all but one of the places, 
vanishes of necessity also in the remaining place, this remaining place 
depends upon the others*. When a set S is such that every ^-polynomial 

* Or on some of them. For instance, if in a two-sheeted hyperelliptic surface, associated with 
the equation y 2 =(ar, l) ap+a , we take three places (* lf y,), (x a , y a ), (a^, -1/3), every ^-polynomial, 
(x - a?,) (x - x 2 ) (a?, l)p_ 3 , of order p-1 in x, which vanishes in (a?,, y x ), (x a , y a ), vanishes also in 
(x 3 , -y t ). But this last place does not, strictly, ‘depend’ on (*,, y x ) and (x a , y a ); it depends on 

(*>. y>) only- 
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vanishing in S, vanishes also in places A, B , ...» it will be convenient, here, to 
say that these places are determined by 8 . 

Take now any p — 3 places of the surface, which we suppose chosen 
in order in such a way that no one of them is determined by those preceding. 
Then the general 0-polynomial vanishing in them will be of the form 
+ vyfr, wherein X, /*, v are arbitrary constants and 0, yjr are 
^-polynomials vanishing in the p - 3 places. We desire now to find a 
place (a?!) such that all ^-polynomials vanishing in the p — 3 given places 
and in x lf shall vanish in auother place a? 2 . For this it is sufficient that 
the ratios 0 (#,) : ^ (a^) : i jr (a?,) be equal to the ratios 0 (a? 2 ) : & (# 2 ) : yjr (a? 2 ). 
From the two equations thus expressed, with help of the fundamental 
equation of the surface, we can eliminate x. 2 , and obtain an equation for x lt so 
that the problem is in general a determinate one and has a finite number of 
solutions : as a matter of fact (§ 102, p. 144, § 107) the number of positions 
for x l is § p(p — %)*> and each determines the corresponding position of x. 2 . 
Hence there exist on the Riemann surface oo sets of p — 1 places such 
that a single infinity of ^-polynomials vanish in them; such a set can be 
determined from p — 3 quite arbitrarily chosen places, and, from them, in 
\p (p — 3) ways. Putting Q = p - 1, t -f 1 = 2, we obtain, by the Riemann- 
Roch Theorem q = 1 . Hence to each set once obtained there corresponds 
a single infinity of co-residual sets. 

102. The reasoning employed in the last article, to prove that there 
are a finite number of positions possible for #,,and the reasoning subsequently 
to be given to determine the number of these positions, is of a kind that 
may be fallacious for special forms of the fundamental equation associated 
with the Riemann surface. An extreme case is when the surface is hyper- 
elliptic, in which case all the 0-poly nomials vanishing in any given place 
have another common zero (Chap. V. § 52). In what follows wc consider only 
surfaces which are of perfectly general character for the deficiency assigned. 

In particular we assume, what is in accordance with the reasoning of the 
last article, that not every set of p - 2 places is such that the two (or more) 
linearly independent 0-polynomials vanishing in them, have another common 
zerof. 

* This result is given in Clebsch and Gordan, Theorie der Abel. Funct. (Leipzig, 1866) p. 213. 

t Noether {Math. Annal. xvii.) gives a proof that this is true for every surface which is not 
hyperelliptic. Take a set of p - 2 independent places, denoted, say, by S, and, if every p- 2 places 
determine another place, let A be the place determined by the set S. Take a further quite 
arbitrary place, B. When the surface is not hyperelliptic, B will not determine another place. 
Each of the i {p - 1) (p - 2) sets, ofp-3 places, which can be selected from the p - 1 places formed 
by S and A , constitutes, with J3, a set of p - 2 plaoes, and, in accordance with the hypothesis 
allowed, each of these sets determines another place. It is assumed that the p -2 places S, and 
the place B, can be so chosen that the £ {p - 1) (p - 2) other places , thus determined , are different 
from each other and from the p places constituted by S, A and B together. Since the places S are 
independent, the ^-polynomial vanishing in S and B is unique; and, by what we have proved, 
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Then it will be possible to choose p - 3 independent places, S, as in the 
last article, such that there is a finite number of solutions of the problem of 
finding a place (x x ) such that the ^-polynomials vanishing in 8 and (a^), have 
another common zero ; let p — 3 places, forming a set denoted by 8, be 
so chosen. Let A be a place not coinciding with any of the positions possible 
for x lf and not determined by S. Let </>, ^ be two linearly independent 
^-poly nomials vanishing in 8 and A. Then the general 0-polynomial vanish- 
ing in 8 and A is of the form X0 -f /j&, X and p being arbitrary constants, 
and the general 0-polynomial vanishing in the places 8 only can be written 
in a form \0 + p*& + n/r, wherein v is an arbitrary constant and 0 is a 
0-poly nomial so chosen as not to vanish at the place A. 

Consider now the rational functions* s=0/0, s=Sr/0, each of the 
(p + l)th order. They both vanish at the place A. 

These functions will be connected by a rational algebraic equation, 
(s, z) — 0, obtained by eliminating ( x , y) between the fundamental equation 
and the equations z\fr = 0, syfr — ^ ; associated with the equation ($, z) = 0 
will be a new Riemann surface ; to every place (x, y) of the old surface 
will belong a definite place z — 0/0, s — ^/0, of the new surface ; to every 
place of the new surface will belong one or more places of the original surface, 
the number being the same for every place of the new surface f; since there 
is only one place of the old surface at which both z and s are zero, namely 
the place which was denoted by A, it follows that there is only one place of 
the old surface corresponding to any place of the new surface. Hence each 
of x, y can be expressed as rational functions of s, z, the expression being 
obtained from the equations zyjr = 0, s\fr = (*, z) = 0 j. 

Since a linear function, Xz + fis + v, equal to (X<£+/^ + *0)/0 vanishes* at the variablo 
zeros of the polynomial + namely in p + 1 places, it follows that the equation 

(s, z )= 0 may be interpreted as the equation of a piano curve of order p-f 1 ; the number 


it vanishes in p + \ (p - 1) ( p - 2) places. This number, however, is greater than 2p - 2 when p > 3. 
Hence the hypothesis, that every p- 2 places determine another is invalid. In case p= 3 the 
surface is clearly hyperelliptic when every p~2 places determine another. In case p = 2 or 1 the 
surface is always hyperelliptic. It may be remarked that when we are once assured of the 
existence of a rational function of p poles, we can infer the existence of a set of p - 2 places 
which do not determine another (of. § 103). We have already shewn (Chap. III. § 31) that in 
general a rational function of order p does exist. The reader may prove that for a hyperelliptic 
surface whose deficiency is an odd number there does not exist any rational function of order p. 

* It must be borne in mind that, in dealing with a rational function expressed as a ratio of 
two adjoint polynomials, we speak of its poles as all given by the zeros of the denominator; some 
of these may be at x=cc (cf. § 86), and in that case their existence is to be shewn by considering 
(§ 84), instead of the polynomial, \f/, of grade /*, the polynomial in tj and £, given by p* \f/. Or we 
may use homogeneous variables (§ 85). For instance, for p = 3, we may, in the text, have (§ 92, 
Ex. i.) <p—x , $ — y, if/= 1. Then <f> : ^ : \ p — 1 : q : £=w : u : z ; and \f/ has a zero at z = ao . 

t Chap. I. § 4, 

t Or by the direct process of § 5, Chap. I. 
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of its double points will, therefore*, be jp (p- 1 )--/?, or \p (p - 3), though it is not shewn 
here that they occur as simple double points. These double points are the transforma- 
tions of the pairs of places, (.z^), (x 2 ), on the old surface, which wore such that every 
0-polynomial, vanishing in the p — 3 fixed places $, and in # 1} also vanished in 

Since a double point of a curve requires one condition among its coefficients, and the 
number of coefficients that can be introduced or destroyed, in the equation of a curve, by 
general linear transformation of tho coordinates is 8, it follows that a curve of order m has 

Jm(wi+3)-(8+-*)-8, or l)(m~2)-|-p— 8, or 3m+p— 9 

constants which are not removeable by linear transformation. In the case undor con- 
sideration here, there are p— 3 places, S, of each of which an infinite number of positions 
is possible, independently of the others, and the most general linear transformation of 
s and z is equivalent only to adopting three new linear functions of 0, \ft, instead of 
0 , % rfr, in order to express the general ^-polynomial through tho places S. Hence 
there are, in the new surface («, z) effectively 

3(p+l)-9+/>-(p-3), 

that is, 3/? — 3 intrinsic constants * this is in agreement with a result previously obtained 
(Chap. I. § 7). 

103. The p — 3 places S may be defined in a particular way, thus : — 
In general there are (Chap. III. § 31) (p — l)p(p + 1) places of the original 
surface, for each of which a rational function can be found, infinite only 
at such place and infinite to the ^pth order. Every rational function, whose 
order is less than p +1, can be expressed as the quotient of two ^-polynomials 
(§ 98). The ^-polynomial, 0, occurring in the denominator of the function, 
willf vanish p times at the place where the function has a pole of order p \ , 
and will vanish in p — 2 other places forming a set T. The general 
0-polynomial § through these p — 2 places T will not have another fixed 
zero, or it would be impossible to form a rational function of order p with 0 
as denominator. Let now A denote any place of the set T, the remaining 
p — 3 places being denoted by 8. Then we may continue the process exactly 
as in the last Article. 

The p variable zeros of the 0-polynomials, of the form A.0 + /xSr, which 
vanish in the p — 2 places T will, for the transformed curve, become the 
variable intersections of it with the straight lines, \z + ps = 0, which pass 
through the place s= 0, z = Q. We enquire now how many of these straight 
lines will touch the new curve. This number may be found either by the 
ordinary methods of analytical geometry || or as the number of places where 

* By the formula p=$(w - 1) {n<r+n - 2) - £ 2i, for it is clear that * is an integral function of z 
of dimension 1, so that <r=0. And we have remarked that i is 1 at each of the places cor- 
responding to a double point of the curve, so that 5 + * = $2/ ; cf. Forsyth, Theory of Functions , 

§ 182. 

+ See the note ( *) of § 102. 

X This is the fact expressed by the vanishing of the determinant A in § 81, Chap. III. 

§ Which we assume to be of the form X0 + /x^, involving q + 1=2 arbitrary coefficients. If q 
were greater than unity, it would be possible to construct a function of lower than the pth 
order. This possibility is considered below (§ 105 £f.). 

|| See for example Salmon’s Higher Plane Curves. 
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the differential of the function of order p, vanishes to the second order, 
namely* 2p + 2p — 2. Among these tangents, however, there is one which 
touches the transformed curve in p points, counting as p — 1 tangents. 
There are, therefore, 3p — 1 other tangents. Of the Sp distinct tangent 
lines thus obtained, there are 3p — 3 distinct cross ratios, formed from the 
3p — 3 distinct sets of four of them, and these cross ratios are independent of 
any linear transformation of the coordinates s and z. 

There are thus 3p — 3 quantities obtainable for the transformed curve. 
We prove, now*f*, that they entirely determine this curve, and may, therefore, 
since the transformation is reversible, be regarded as the absolute constants 
of the original curve. For take any arbitrary point 0 ; draw through it 
3 arbitrary straight lines and draw 3 p — 3 other straight lines which form 
with the 3 straight lines first drawn pencils of given cross ratios. Then the 
coefficients of a curve of order p + 1, which passes through 0, has \p(p — 3) 
double points, and touches 3 p straight lines through 0, one of them in p 
consecutive points, are subject to 1 +\p(p - 3) + 1 or lp‘+§p-l 

linear conditions The number of these coefficients is £ (p + 1) (p + 4) or 
iP 1 + iP + 2. Hence . there arc three coefficients left arbitrary ; besides these 
there arc five other constants in the equation of the curve, namely, those 
which settle the position of 0 and the three arbitrary straight lines through 
0. The eight constants thus involved in the curve can be disposed of by 
a linear transformation. 

The reader will recognise here a verification of the argument sketched in 
§ 7, Chap. I. ; the present argument is in fact only a particular case of that, 
obtained by specialising the dependent variable of the new surface, and the 
order of the independent variable g. The restriction that the p poles of g 
shall be in one place can be removed, with a certain loss of definiteness and 
conviction. 

The argument employed clearly fails for the hyperelliptic casp, since 
then the p — 2 fixed zeros of the polynomials <f> and & determine other places, 
and the function %/<f> is not of the /;th order. 

For p =3 we have the result : — If an inflexional tangent of a plane quartic curve meet 
the curve again in 0, eight other tangents to the curve can be drawn from 0. Tho cross 
ratios of the six independent sets of four tangents, which can be formed from these nine 
tangents, determine the curve completely — save for constants which can l*o altered by 
projection. 

More generally, from any point 0 of the quartic, ten tangents to the curve can be 
drawn. The seven cross ratios of these tangents leave, by elimination of the coordinates 
of 0 y six quantities from which the curve is determinate, save for quantities altered by 
projection. 

* Chap. I. § 6. 

+ Cayley, Collected Works, vol. vi. p. 0. Brill u. Noether, Math. Annal. t. vii. p. 803. 

B. 10 
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104. It is a very slight step from the process of the last Article to take 
the independent variable to be g = ^j<j), where <f> are ^-polynomials, having 
p — 2 common zeros forming a set such that a single infinity of ^-polynomials 
vanish in the places of the set. And it may be convenient to take another 
dependent variable. 

In the process of Article 102, the fixed zeros of the polynomials used 
are p — 3 in number, and a double infinity of ^-polynomials vanish in the 
places of the set. 

These two processes are capable of extension. If we can find a set S Qt 
of Q places, in which just (r + 1 =) 3 ^-polynomials vanish, and if the places 
S Q be such that these three (^-polynomials have no other common zero, while 
the problem of finding a further place sc ly such that the two ^-polynomials 
vanishing in S Q and have another common zero &’ 2 , is capable of only a 
finite number of solutions, then we can extend the process of Article 102 ; 
we can then, in fact, transform the surface into one of 2p — 2 — Q sheets. 
The dependent variable in the new equation will be of dimension unity, 
and the equation such as represents a curve of order 2p — 2 — Q. If, there- 
fore, we can find sets S Q in which Q > p — 3, the new surface will have a 
less number of sheets, and therefore, in general, a simpler form of equation, 
than the surface obtained in § 102. 

Similarly, if we can find a set, S Q , which are the common zeros of 
(t + 1 =)2 ^-polynomials, say ^ and <f), we can use the function <jr = ^/<£, with 
a suitable other function, as independent and dependent variables respectively, 
to obtain a new form of equation for which there are 2/> — 2 — Q sheets : and 
if we can get Q>p — 2 the new surface will be simpler thaiv that obtained 
in § 103. 

105. We are thus led to enquire what arc the conditions that r + 1 
linearly independent ^-polynomials should vanish in any Q places a u ... } <i Q . 

If the general ^-polynomial be written in the form X^ x (*)+... -f-Ap^^ar), 
where X u ..., Xp are arbitrary constants, the conditions are that the Q 
equations 

(«i) + ... + X p <j) p (a t ) = 0, (»= 1, 2, ..., Q) 

should be equivalent to only p - r — 1 equations, for the determination of 
the ratios X, : ... : X p ; we suppose Q >p— r — 1, and further that the notation 
is so chosen that the independent equations are the first p - r — 1 of them. 
Then there exist Q — (p — t — 1) sets, each of p equations, of the form 

4>j (<V-T-i+*) = (a,) + . . . -f g, (a^^), (j = 1, 2, . . . , p) 

for each value of a from 1 to Q — (p — r — 1), the values of m lt ..., 
being, for any value of cr, the same for every value of j. The set, of p t of 
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these equations, for which <r has any definite value, lead to r + 1 equations, 
of the form 

0l( a l)> •••» 01 {ttp—r—l) > 01 ( a p—T—l+a) =0, 

0J> — r — 1 (&l)> • • • » 0p — r — 1 {ttp—T—l) » 0P— t— 1 (%>— t— 1+a) 

<f*p—T—l+k (dl), • • • > 0p— T— 1+i {dp~ T — 1)> $P— T-l+h {dp—T—l+o) 
arising for A? *= 1 , 2 , . . . , t + 1 . 

Putting <7=(2 — (p-T — 1 ), we have therefore g (t + 1 ) such equations* 
connecting the Q places a 1} a p . 

It is obvious from the method of formation that these q(r + 1) equations 
are in general independent ; in what follows we consider only the cases in 
which they are independent and determinate. Then, taking Q — q(r+l) 
quite arbitrary places, it is possible to determine <7 (t 4- 1) other places, such 
that there are t + 1 linearly independent 0-polynomials vanishing in the 
total Q places. 

The determination of the 7 (r 4- 1 ) places, from the arbitrary Q— q(r + 1) places, may be 
conceived of as the problem of finding [Q-q (r+ 1)], or </r, places, 7\ to add to 

the Q—q(T + 1) arbitrary places, >S', such that all ^-polynomials vanishing in the resulting 
p — r—l places S, T, may have <J-(p- r — 1), or q, otlier common zeros. The p — r — l 
places S, T are independent determinators of (^-polynomials. 

For instance, when Q—p- 1, r+l==2, it follows that <7 = 1 and Q — q(r+l)=p~ 3, and 
hence, from the theory here given, it follows that we can determine p — l places m which 
two ^-polynomials vanish, and, of these, p — 3 places are arbitrary. The problem of 
determining the other two places may be conceived of as the problem of determining 
p — r— 1 - [Q—q (r + l)], or one, otlier place, to add to the p — 3 places, such that all <£- 
polynomials vanishing in the resulting p— 2 places, which are independent determinators 
of ^-polynomials, may have q — 1 other common zero. We have already seen reason for 
believing that, when the p- 3 places are given, the other two places can be determined in 
hp(P~ 3) ways. 

To every set of Q places thus determined, there corresponds a co-residual 
lot of sets of Q places, the multiplicity of the lot being q ; and every 
co-residual sot will have the same character as the original set. The number, 
<7, of places of a co-residual set which are arbitrary, cannot, obviously, be 
greater than the number, Q — q(r+ 1), of the original set, which are 
arbitrary. Hence, the self-consistence of the theory clearly requires that 
Q — <7 (t + 1 ) > g. From this, by means of the relation Q — q — p — r — 1, we 
can deduce the two important results 

jp>(s + 1 )( t + i). Q > q+p 

* These equations are necessary in order that a lt ..., a Q should be the poles of a rational 
funotion. 


10—2 
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Putting Q — q (t + 1) = q + «> we obtain 

From each such set Sq we can deduce, as its residuals, sets, S Rt of 
R, = 2jp — 2 — Q, places, in which </ + l ^-polynomials vanish, and it is 
immediately seen that 

Q-g(r + l)-£ = a=i2-T(£ + l)-T. 

106. If now we determine, in accordance with this theory, a set Sq in 
which t 4-1=3 (^-polynomials vanish, it being assumed that these three 
^-polynomials have no other common zero, and determine <f>, ^ to be two 
(^-polynomials vanishing in Sq and in one other place 0, yfr being another 

^-polynomial vanishing in Sq but not in 0, then the equations z^<f>/yfr, 

s = ^/yjr, determine, as before, a reversible transformation of the surface, to 
a new surface of which the number of sheets is J? = 2p — 2 — Q, and in which 
s is of dimension 1 in regard to z. 

Since R 5 t + pr^r + 1), the value of R is > 2 4- §p. Thus writing p = 3tt, 
or 37 t -f- 1, or 37 r -f 2, according as it is a multiple of 3 or not, R is p - ir + 2 
in ail cases. 

From R=p — 7 r + 2 follows Q-p — 4 + tt; thus q— Q -p + 3 = it — 1, 
and Q-< 7 (T + l)= j p + 7r-4-37r + 3=p-27r~l. This is the number 
of places of the set S Q which may be taken arbitrarily. If this number 

be equal to q — vr — 1, it follows that, by taking two different sets of 

Q — 5 r ( T + 1), —p — 27 r — 1, places, we get only two co-residual sets, and 
for the purposes of forming the functions 0/S|r, one is as good as the 
other. If however Q — q (t + 1) > q, we do not get co-residual sets by taking 
different arbitrary sets of Q — q (r + 1) places : — and there is a disposeableness 
which is expressed by the number of the arbitrary places, Q — q(T-f 1), 
which is in excess of the number, q , which determines the sets co-residual to 
any given one. 

Now Q — q(r +l) — q = p — 2 tt — 1 - tt + 1 = p - 3?r. And, in a surface 
of m sheets and deficiency p, the number of constants independent of linear 
transformations is Sm+p — 9 (§ 102). Hence the number of unassignable 
quantities in the equation of the surface is 

3(p-7r + 2)4-p-9-(p- Sir) or 3p-3; 
and this is in accordance with a result previously obtained (§ 7, Chap. I.). 

Ex. i. The values of n for p~4, 5 are 1, 1 respectively, and jo-rr-f 2, in these cases, 
=8, 6 respectively. 

Hence a quintic curve with two double points (p= 4), can bo transformed into a 
quintic ; this will also have two double points, in general, since the deficiency must be 
unaltered. We determine a set consisting of Q, =1, quite arbitrary place. Let the 
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general conic through this place, and the two double points, be X0+/i^4-i/0=O Then the 
formulae of transformation are 2=0/0, *=^/0. As in the text, we may suppose 0, ^ 
to have another common point, in which yfr does not vanish. 

Ex. ii. A quintic with one double point (p=5) can be transformed into a sextic with, 
in general, £(6-1) (6-2) — 5=5 double points. For this we take p- 2»r-l = 2 arbitrary 
points ; if X0 + -f vyjr bo the general conic through the two points and the double point, 
the equations of transformation are 2=0/0, *=^/0. 

Ex. iii. Shew that the orders p — n + 2 of tho curves obtainable by this method to 
represent curves of deficiencies 

P= 6, 7, 8, 9 

are respectively R—ti, 7, 8, 8. 


107. But, as remarked (§ 104), we can also make use of sets of R places 
for which t -f 1 = 2, to obtain transformations of our original surface. 

We can obtain such a set by taking R— r (<7 + 1), or R — g — 1, arbitrary 
places, and determining the remaining q+ 1 such that q + 1 0-poly tiomials 
vanish in the whole set of R places. 


It is proved by Brill* that the number of sets of thus obtainable 
from R — q — 1 arbitrary places, is 

' \\J\ 2 p-l-R-q-V* 

where p = $q or £(</+l), according as q is even or odd, and denotes 
A(\ — 1) ... (A, — 1 )jv ] . 


For instance with 11— p, q= 0, the series reduces to one term, whose value is — 1, 
which is clearly right ; while, when R—p-l, q — 1, the series reduces to 

or JpCjO-S), as in § 101, § 102, p. 144. 


When p is even and R— £p + 1, q = £p - 1, this series can be summed, 
and is equal to 


2 IP-V liP - 1 + 


When p is odd and R = £ (p -t- 1) + 1, q = £ (p — 1) — 1, the series can be 
summed, and is equal to 

4 P |p-8/ lHf»-8) lHff + 3) - 

Now let \0 + fjfo be the general 0-polynomial vanishing in a set which is 
residual to one of these sets of R places, \ and p. being arbitrary constants ; 
we may transform the surface with z = ^/0 as the new independent variable. 
The new surface obtained will have R sheets. The new dependent variable 
may be chosen at will, provided only the transformation be reversible. 


Math. Annal. xxxvi, pp. S54, 358, 369. See also Brill and Noether, Math. Annal. vn. p. 296. 
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The function pz+h, =/iS/$+X, depends on 2 + tf-^-l arbitrary quantities, namely 
the constants X, p and the position of the R-q- 1 arbitrarily taken places. There arc 
2/£+2/>-2 places whero dz is zoro to the second order, namely, 2R+2p-2 places where 
the curve ab + b(f >= 0 touches the fundamental curve ; there remain then 
2R+2p -2-(R — q + l), = R-l-p+q+l+3p-3, = 3p-3 
of the 2R+2p-2 values which s has when dz vanishes to the second order, which are 
quite arbitrary. Compare § 7, Chap. I. 

The least possible value of R is given by the formula R >t + pt/(t+ 1). 
If then p be written equal to 2i r, or 2-rr 4- 1, according as p is even or odd, we 
may take* R- p — ir + 1, that is hp 4- 1 or i(p + l)+l, according as p 
is even or odd. 

Hence, when p is even, we can determine a single infinity of co-residual 
sets of \p + 1 places, these sets being the zeros of <£- polynomials, \<f> -f /i&, 
which have ijp — 3 common zeros. To determine one of these sets of 1 
places, we may take one place, A, arbitrarily. The other £p places can 
then be determined in 2 | p — I/| \p — 1 4- 1 ways. Let two of these ways 

be adopted, corresponding to one arbitrary place A ; the resulting sets of 
\p + 1 places will not be co-residual; for the sets co-residual with a given 
set have a multiplicity 1, and therefore no two of these sets can have a 
place common without coinciding altogether. Let the sets co-residual to 
these two sets be given by \<f> 4- p& = 0, 4- = 0 ,<j> and <j>' being chosen 

so as to vanish in A : we assume that </>, <f> have no other common zero. 

Then the equations z = 0/SV, s = </>'/$•' will determine a reversible trans- 
formation, as is immediately seen in a way analogous to those already 
adopted. In the new equation z and s enter to a degree \p + 1, and, since 
there exists* no rational function of lower order than ip+1, no further 
reduction of the degree to which z and s enter, is possible. 

The new equation may be interpreted as the equation of a curve of order p + 2 : it 
will have the form 

(z, l) m a’» + (*, 1) W W»“ !+...+(*, l) w =0, 

wherein m=$p + 1 . 

By putting z=ljz l1 s=l /« 1} it is reduced to the equation of a curve of order p. The 
form possesses the interest that it was employed by Riemann. 

Ex. Obtain the 2 sets of \p-\-\ places corresponding to a given arbitrary point for a 
qumtic curve with two double points, and transform the equation. 

108. If we have a set of R placesf, for which t 4- 1 = 4, the co-residual 
places being given by the variable zeros of ^-polynomials of the form 

4- p<p 2 + vfa 4- yfr, we can, by writing 

X = fa/yjr, Y = fa/yjr, Z = <f> s /\jr, 

* Thus, for perfectly general surfaces of deficiency p, no rational function exists of order less 
than l+£p. Cf. Forsyth, Theory of Functions, p. 460. Riemann, Oesam. Werke (1876), p. 101. 

t Wherein R-rcp, or R<p+ 3. 
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and eliminating os, y from these three equations and the fundamental equation 
associated with the Riemann surface, obtain two rational algebraic equations 
connecting X, Y, Z ; these equations determine a curve in space, of order R\ 
for this is the number of variable zeros of the function \X + fiY+vZ+1. 
To a point X — X lf Y= Y u Z — Z x of the curve in space, will correspond the 
places of the surface, other than the fixed zeros of <f> lf <f > 3 , yfr, at which 

Xrf -<£, = (), ^^-<^ = 0, Z^-Q 3 = 0, 

and it is geneially possible to choose <£, , <#> 2 , (j> 3 , yjr so that these equations 
have only one solution. 

The lowest order possible for the space curve is given by 

R > r + r p/(r + 1) > 3 4- 3p/4. 

If then p = 4f7T, or 47r -f 1, or 4nr -F 2, or 47 r + 3, R may be taken equal 
tO p — 7T 4- 3. 

For instance with* />=4, R~G, taking a plane curve with double points at the places 
x — ao , ?y — 0 and .r = 0, y = ao , given by 

Of, y )i + ( a 1 , y) 2 + y), + fa y) 2 + fa y ) x + a = o, 

we mayf take A0, 4- /x$ 2 + ^ + ^ = -f *y 4- 1 ; the places residual to the variable 

set of R places are, in number, 2/> — 2 - 0, =0. Then the equations of transformation are 

AWy, Y=x, Z=y, 

and these give points (A r , T*, Z) lying on the surfaces, 

X— rz ; 

A^(r,^) l+ A'(j^) 2 +(r,n+(i^) 2 +(nn+d=o, 

of which the first is a quadric and the second a cubic. 

A set of R places with multiplicity r = 3 may of course also be used 
to obtain a transformation to another Riemann surface. With the same 
notation we may put z^fa/yfr, s = (j>Jyfr. It is clear that the resulting 
equation, regarded as that of a plane curve, is the orthogonal projection, on 
to the plane Z— 0, of the space curve just obtained. 

A set of R places with multiplicity t > 3 may be used similarly to obtain 
a curve of order R in space of r dimensions. Some considerations in this 
connexion will be found in the concluding articles of this chapter. 

109. It has already been explained that the methods of transformation 
given in §§ 101 — 108 of this chapter are not intended to apply to surfaces 
which are not of general character for their deficiency, and that, in particular, 
hyperelliptic surfaces are excluded from consideration. We may give here a 
practical method of obtaining the canonical form of a hyperelliptic surface, 

* Since p must be ^ (r+1) (q + 1), this is the first case to whioh the theory applies, 
t It is easy to shew that this is the general adjoint polynomial of degree n - 3. We may also 
shew that the integrals, \xydxff’{y), etc., are finite, or use the method given Camb. Phil. Trans. 
xv. iv. p. 413, there being no finite multiple points. 
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whose existence has already been demonstrated (Chap. V. § 54). Suppose 
first that p > 1. Jn the hyperelliptic case every ^-polynomial vanishing 
in any place A will vanish, of itself, in another place A'. Any one of these 
(^-polynomials will have 2p — 4 other zeros, forming a set which we shall 
denote by S. Putting Q = 2 and t + 1 = p — 1 in the formula Q — q—p~ t — 1, 
we find q- 1, so that the general polynomial vanishing in the places S 
will be of the form X,^ — wherein X 1} \ 3 are arbitrary constants; in 
fact these 2p — 4 places $ consist of p — 2 independent places and the other 
p — 2 places determined by them, one by each. Thus a function of the 
second order is given by z = <f> } /<f> 2 , A general adjoint polynomial of grade 
(n— 1 ) <r + - 2 will contain n+p — 1 terms and vanish, in all, in n + 2p — 2 

places; thus the general adjoint polynomial, of this grade, which is prescribed 
to vanish in a set T of n 4- p — 3 arbitrary places, will be of the form 
4- fa, fa being arbitrary constants, and will vanish in p 4-1 other 
places. We may suppose fa so chosen that it vanishes in one of the two 
zeros of fa which are not among the set S, and we shall assume that fa 2 
does not vanish in this place, and that fay does not vanish in the other 
of these two zeros of fa. Then the functions z~fa/fa 2> 2> are 

connected by a rational equation, (.v, z) = 0, with which a new Riemann 
surface may be associated ; to any place of the old surface there corresponds 
only one place z— fal<f> 2) s = fa/ fan, of the new surface; to the place z = 0, 
s = 0 of the new surface corresponds only one place of the original surface, 
and the same is therefore true of every place of the new surface. Thus 
the equation (s, z) — 0 is of degree 2 in s and degree p + 1 in z. The highest 
aggregate degree in s and z together, in the equation ( s, z) — 0, is the same 
as the number of zeros of functions of the form \z + ps 4- v, for arbitrary 
values of X, p, v, and therefore if the poles a be different from the poles 
of z, namely, if the zeros of fa 2 other than T, be different from the zeros 
of <j> 2 other than S, the aggregate degree of (.5, z) in s and z together will 
be p 4 3 ; thus the equation will be included in the form 

s 3 a + sff + 7 = 0, 

where a, ff, 7 are integral polynomials in z of degree p 4-1. 

If we put <7 = sa + iffy this takes the form 
<r 2 = £a 2 — ay, 

which is of the canonical form in question. 

Ex. A plane quartic curve with a double point (p = 2) may be regarded as generated 
by the common variable zero A of ( 1 ) straight lines through the double point, vanishing 
also in variable points A and A\ (li) conics through the double point and three fixed 
points, vanishing also in variable points A, B, C. 

_ When p is 1 or 0, the method given here does not apply, since then 
adjoint ^-polynomials (which in general vanish in 2 p -2 variable places) 
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have no variable zeros. In case p — 1 or p = 0, if p 1 fa l + p 3 fa + p z fa, with 
p lt p i} p s arbitrary, be the general adjoint polynomial of grade (n — 1) a -f n — 2 
which vanishes in n+p — 4 fixed places, fa being chosen to have one 

other common zero beside these n+p -4 fixed places, we may use the 
transformation z — fa/ fa, s = fail fa 3> z being a function of order p + 1, and s 
being a function of order p + 2. Then, since the function \z 4- ps + v vanishes 
in p + 2 places, we obtain an equation of the form * 

s'(z, 1)^ + s (z, l) p+1 + (z, l)p +2 = 0, 

of which the further reduction is immediate. 

Ex. For a plane quartic curve with two double points (p — 1 ) let pifa + + p 3 \J/ 3 be 

the general conic through the double points and a further point A, fa and fa being chosen 
also to vanish at any point B. Then we may use the transformation z—+J+ z , 8—+ Jfa. 

110. In the transformations which have been given we have made 
frequent use of the polynomials which wc have called ^-polynomials, namely 
adjoint polynomials of grade (n— 1) a + n — 3. For this there is the special 
reason, already referred to*)*, that, in any reversible transformation of the 
surface, their ratios are changed into ratios of </> -polynomials belonging to 
the transformed surface ; thus any property, or function, which can be 
expressed by these -polynomials only, is invariant for all birational trans- 
formations. We give now some important examples of such properties. 

Let the general ^-polynomial be always supposed expressed in the form 
\ x fa + ••• + \fa, Xj, ..., Xp being arbitrary constants. Instead of fa, ..., fa 
we may use any p linearly independent linear functions of fa, ..., (j> p , 
agreed upon beforehand. A convenient method is to take p independent 
places c 1} ..., c p and define fa as the ^-polynomial vanishing in all of c 1} ..., c p 
except c t ; but we shall not adhere to that convention in this place. Let any 
general integral homogeneous polynomial in fa, ..., fa, of degree p, be 
denoted by <J> w or 4>' w . This polynomial contains p (p 4- 1) . . . (p 4- p — l)jp ! 
terms. 

In a polynomial 4> <2) there are ip(p+ 1) products of two of fa, ..., fa. 
But these ip(j>4-l) products of pairs are not linearly independent. For 
example in a hyperelliptic case, we can choose a function of the second order, 
z , such that the ratios of p independent ^-polynomials are given by 

<j>i ‘ <f > 2 ! ... i (f>p — 1 \ z 1 z* ’. ... : z^ 1 j 
then there will be p — 2 identities of the form 

falfa = fa l fa ~ • • • == fa/ fa—i » 

* Further developments are given by Clebsch, Crelle, t. 64, pp. 43, 210. For this subject and 
for many other matters dealt with in this Chapter, the reader may also consult Clebsch- 
Lindemann-Benoist, Legons sur la G€om4trie (Paris 1883), t. in. 

+ Chap. II. § 21. 
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whereby the number of linearly independent products of pairs of fa fa 
is reduced to ip (p + 1) — (p — 2), at most. But we can in fact shew, 
whether the surface be hyperelliptic or not, that there are not more than 
3(p — 1) linearly independent products of pairs of fa, ...,fa. For consider 
the 4 (p — 2) places in which any general quadratic polynomial, <£ (a) , vanishes. 
If fa fa be any product of two of the polynomials fa , fa )f the quotient 
represents a rational function having no poles except such as occur 
among the zeros* of ; there are therefore at least as many linearly 
independent rational functions, with poles among the zeros of as there 
are linearly independent products of pairs of </>,, fa,. But the general 
rational function having its poles among the 4 (p — 1) zeros of <I> (S> , contains 
only 4 (p — 1 ) — p + 1, = 3 (p — 1), arbitrary constants. Hence there are not 
more than this number of linearly independent pairs of fa, ..., fa. In 
precisely the same way it follows that there are not more than (2 p — l)(p— 1) 
linearly independent products of p of the polynomials </>,, ..., fa. 


111. But it can be further shewn that in general f there are just 
(2p — 1) (p — 1) liuearly independent products of p of the polynomials 
fa, ..., fa] so that there arc 


£<E±%.<E±£zi> _ _ i) o, - 1) 

I/? 

identical relations connecting the products of p of the polynomials fa, ..., fa. 


Consider the case p = 2. Take p — 2 places such that the general 
^-polynomial vanishing in them is of the form \fa + /j.fa , X and p being 
arbitrary, and fa , fa 2 having no zero common beside these p - 2 places. Let 
denote two general linear functions of fa, ..., fa. The polynomial 
fa&v + fa&M 

is quadratic in fa , ..., fa. It contains 2 p terms. But clearly these terms 
are not linearly independent, for the term fa fa occurs both in fa&w and 
in Suppose, then, that there are terms, fa^' il) , occurring in fa/t> ,{1) , 

which are equal to terms, <f> 1 ? (l ’, occurring in fa<fr {l K The necessary equation 
for this, 

_ yv = fa 
* ilJ ~ fa 9 

shews that ¥ a) vanishes in the p zeros of fa which are not zeros of fa. 
But since these p zeros form a set which is a residual of a set (of p — 2 places) 


* Here, as in all similar cases, the zeros of the polynomial are its generalised zeros when it 
is regarded as of its specified grade. 

t Precisely, the theorem is true when the surface is sufficiently general to allow the existence 
of p -2 places such that the general ^-polynomial, vanishing in them, is of the form \tf> 1 -f p<f > 2 , 
X and p being arbitrary constants, and 0 } , <p 2 having no common zero other than the p-2 
places. We have already given a proof that this is always the case when the surface is not 
hyperelliptic (§ 102). 
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in which two ^-polynomials vanish, it follows * that only one ^-polynomial 
vanishes in these p places ; and such an one is fa. Hence ^ (1) must be 
a multiple of fa 2) and therefore ^' (1) a multiple of fa. Thus the polynomial 

fa<t>w + fa&n 

contains 2p -1 linearly independent products of pairs of fa, fa. 

Let now <f> 3 be a ^-polynomial not vanishing in the common zeros of 
fa, fa, and let fa, fa be chosen so that <£,, fa i} fa, ..., <f> p are linearly 
independent. Consider the polynomial 

(|> = fatpw 4. fajfr 4- <£, [X,</) 3 4- . . . 4- \fa\ 

wherein \ 3 , ..., X p arc arbitrary constants. Herein fa (\ 3 fa 4- ... + X p fa) 
cannot contain any terms fa (\/fa + . . . 4- XjSfa) which are equal to terms 
already occurring in the part fa<P ili 4- or else \ 3 <l> 3 + ... 4- X p fa would 

vanish in the p — 2 common zeros of fa and fa , and this is contrary to the 
hypothesis that Xfa 4* pfa, is the most general ^-polynomial vanishing in 
these p — 2 places. Hence the polynomial contains 2p — 1 +p — 2, or 
Sp — 3, independent products of twos of the polynomials fa } ...,fa. As 
we have proved that a greater number does not exist, 3p — 3 is the number 
of such products of pairs. 

Consider next the case p = 3. Since co-residual sets of 2 p — 1 places 
have f a multiplicity p — 1, it follows that the general polynomial, of 
the second degree in fa, ..., fa, which vanishes in 2p — 3 fixed places, and 
therefore in 2 p — 1 variable places, contains p arbitrary coefficients. If then 
the 2 p— .3 fixed zeros of 'l 7 ' 2 ' be zeros of a definite polynomial, <\> 2 , it follows 
that M^ 9) is of the form fa^^, r l /a) being of the first degree in fa, fa, ..., fa. 
Hence, as in the case p = 2, it can be proved that if fa , fa be ^-polynomials 
with one common zero, the reduction in the number, 2(3p — 3), of terms 
in a polynomial fa<P {3) 4- fa<P' m > which arises in consequence of the occurrence 
of terms, fa'V'®, in fa/P ,[i) , which are equal to terms, — faW®, occurring 
in fa<P li) , is at most equal to p. Hence the polynomial fa<P m + </> 2 <f> /(2) 
contains at least 5p— 6 linearly independent products of threes of fa, ..., fa. 
Hence taking fa, and a quadratic polynomial such as do not vanish 
in the common zero of fa, fa, it follows that a cubic polynomial with at least 
op — 5 linearly independent products, is given by 

faQ* + H- fa<P"*K 

We have thus proved that in the cases /a = 2, p = 3, the polynomial 
<J>w contains (2 /a- l)(p — 1) linearly independent products. Assume now 
that contains (2 /a — 3) (p -- 1) independent terms, and that cD 6 *”* 

* From the formula (Chap. VI. § 93) 

Q-R = 2(q-r), 

putting Q=p- 2, R=p, r= 1, we obtain q~0. 

+ From Q-q=p- (t + 1), putting r + l = 0 (because 2p- l>2p-2) Q—2p - 1, q=p - 1. 
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contains (2/4 — 5)(p — 1) independent terms. A general polynomial 
vanishing in the zeros of a definite ^-polynomial, <f> 3 , will have 2 (/li, — 2)(jp — 1) 
variable zeros; and the multiplicity of co-residual sets of 2(p — 2)(p — l) 
places, when /t > 3, is (2/t — 5)(p — 1) - 1, which by hypothesis is the same 
as the multiplicity of the sets of zeros of a polynomial in which 

'P ( ' A “ 8) has its most general form possible. Hence the general polynomial 
vanishing in the zeros of <f> 3 , is of the form If then, in a 

polynomial, <£ 1 4> < * A ” 1) 4 ■ of the /ith degree in <j> u ..., <f> p , wherein 

<f> lt </> 3 have no common zeros, there be terms, occurring in 

which are equal to terms, - fa' p(M-D } occurring in fa<t> itL ~ }) , then must 

be of the form fa'V {fl ~ 2 \ and of the form fa'V' 1 ^, and the resulting 

reduction in the number, 2 (2/t - 3)(yj — 1), of terms in ^ -f fa/P'^-v, 
is at most equal to the number, (2/t - 5) (p — 1), of terms in a polynomial 
Thus, there are at least 

2 (2/4 — 3) (p — 1) — (2/x. — 5)(p — 1), =(2/z-l)(p-l), 
linearly independent terms in the polynomial + fa&'^-V; as we have 

proved that no greater number exists, it follows that (2/4 — l)(p— 1) is the 
number of linearly independent products of p of the polynomials fa, ..., fa. 

112. Another most important theorem follows from the results just 
obtained: Every rational function whose poles are among the zeros of a 
polynomial can be expressed in a form cpw/q/w. For the most general 
function having poles in these 2p(p — \) places contains 2/i(p — 1) -j)+ 1 
arbitrary constants*, and we have shewn that a polynomial <J>w contains just 
this number of terms; thus the quotient which clearly has its 

poles in the assigned places, is of sufficiently general character to represent 
any such function. 

For further information on the matter here discussed the reader may consult Noether, 
Math. Annul, t. xvii. p. 263, “ Ueber die l ovarian te Darstellung algebraischer Func- 
tioned” Andt ibid. t. xxvi. p. 143, “Ueber die Normalcurven fiirp — 5, 6, 7.” 

In order to explain the need for the theorem just obtained, we may consider the simple 
case where the fundamental equation is that of a general plane quartic curve, /(#, y, z)= 0, 
homogeneous coordinates being used. If we take the four polynomials, 

fi=A fa=*y, 

which are not (^-polynomials, from which we obtain 

x :y \ *=*, : : * 4 , 

* When fi> 1. The theorem haB already been proved for /x = 1 (§ 98, Chap. VI.). 

+ In the present chapter all the polynomials considered in connexion with the fundamental 
equation have been adjoint; there is also a geometrical theory for polynomials of any grade in 
extension of the theory here given, in which the associated polynomials are not adjoint. For its 
connexion with the theory here, the reader may compare Klein, “Abel. Functionen,” Math. 
Annal. t. 36, p. 60, Clebsch-Lindemann-Benoist, Lemons tur la Otomttrie, Paris 1883, t. in., also 
Lindemann, Untersuchungen iiber den Riemann-Roch'schen Satz (Teubner 1879), pp. 10, 30 etc., 
Noether, Math. Annal. t. 16, p. 607, “ Ueber die Schmttpunktssysteme einer algebraischen 
Curve mit nicht adjungirten Curven.” 
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then the general rational function with poles at the sixteen zeros of a polynomial, ^ 2 \ of 
the second order in ^ 3 » ^ 4 i contains 14 homogeneously entering arbitrary con- 

stants. Now there are only ten terms in the general polynomial $( 2 ), of the second order 
in yfr l> ..., yfr 4 ; and these are equivalent to only nine linearly independent terms, because 
of the relation ^,^ 2 =^ 3 2 . Hence the rational function in question cannot be expressed m 
the form $( 2 )/¥< 2 ). 

113. The investigations in regard to the ^-polynomials <f> 1} ... , (j) p> which 
have been referred to in §§ 110 — 112, find their proper place in the con- 
sideration of the theory of algebraic curves in space of higher than two 
dimensions. 

Let fa, ..., fa be linearly independent adjoint polynomials of grade 
(n — 1) <t -f n — 3, defined, suppose, by the invariant condition that if 
c lt be p independent places on the Riemann surface, </>; vanishes in 

all of Ci, ..., c p except c t . Let x x , x p be quantities whose ratios are 

defined by the equations 

x \ : # 2 : • • • • ftp — <j> x ' fa : : fa . 

We may suppose * that there is no place of the original surface at which 
all of x u . . . , x p are zero, and, since only the ratios of these quantities are 
defined, we may suppose that none of them become infinite. 

Hence we may interpret x l , . . . , x p as the homogeneous coordinates 
of a point in space of p — 1 dimensions ; we may call this the point x. 
Corresponding then to the one-dimensionality constituted by the original 
Riemann surface, we shall have a curve, in space of p — 1 dimensions. Its 
order, measured by the number of zeros of a general linear function 
Xjfl’j 4- ... 4- \ptr p , will be 2 p - 2. To any place x of this curve there cannot 
correspond two places c, c' of the original surface, unless 

</>i(c) : <M C ) : ••• : <M c ) = <M<0 : <M<0 : ••• : 4 > p (»'). 

Now, from these equations we can infer that the (^-polynomials corre- 
sponding to the normal integrals of the first kind, have the same mutual 
ratios at c as at c' ; such a possibility, however, necessitates the existence of 
a rational function of the second order , expressible in the form 

xrT-/*r£, 

where p are constants whose ratio is definite, and , rj are normal 
elementary integrals of the second kind with unassigned zeros. Hence the 
correspondence between the original Riemann surface and the space curve, 
Cjp.a, is reversible except in the hyperelliptic case. 

In the hyperelliptic case the equations of transformation are reducible to 
a form 

• fl7jj • • • . ! Xp ■— l*i?! Z 2 * ... * 

* Chap. H. § 21. 



158 


NOETHER’S NORMAL CURVE. 


[113 


To any point x of the space curve corresponds, therefore, not only the place (*, z) of the 
Riemann surface, but equally the place ( - s, z). The space curve may be regarded as a 
doubled curve of order jo — 1. (Cf. Klein, Vorles. itb. d. Theorie der ellip. Modvlfunctionen , 
Leipzig, 1890, t. I. p. 569.) 

For the general case in which p = 3, the curve, G ^. a , is the ordinary 
plane quartic curve. For the general case, p = 4, the curve G 2p_ a is a sextic 
curve in space of three dimensions, lying* on \p{p 4- 1) — (3p - 3), = 1, 
surface of the second order and %p(p+ l)(p + 2) — (5p - 5), =5, linearly 
independent surfaces of the third order. 

Ex. If, for the case p— 4, we suppose the original surface to be associated with the 
equation f 

f{x, y) = x 2 y 2 ( Lx + My)+xy {ax 1 4- 2 hxy 4- by 2 ) + Px 3 4- Qx 2 y 4- Itxy 2 

4- By 3 4- Ax 2 4- 2 Hxy 4- By 2 + Cx+I)y+l =0, 

and put Z—xy^ X = x, Y ~y, as the non-homogeneous coordinates of the points of the 
curve the single quadric surface containing the curve is clearly given by 

u 2 =z-xy=o, 

and one cubic surface, containing the curve, is given by 

= Z 2 {LX 4- MY)+Z{aX 2 4- 2 hXY+ b Y 2 ) 4- PX'+ QX 2 Y+ ItXY 2 

+ fn r *+AX*+2IIXY+BY*+CX+DY+\~0. 

Four other cubic surfaces, = 0, r 2 =0, l r ,=0, l 4 =0, can bo ob tinned from U 3 = 0 by 
replacing XYhy Z, respectively in, (i) the coefficient of h, (ii) the coefficient of Q, (iii) the 
coefficient of /?, (iv) the coefficient of II ; these are linearly independent of £ r 3 = 0, and of 
one another Other cubic surfaces can be obtained from U :i — 0 by replacing XY by Z in 
two of its terms simultaneously ; for instance, if we replace XY by Z in the coefficients of 
h and //, we obtain a surface of which the equation is \\ - U 2 + F 4 =0. Similarly all 
others than U 2 — 0, 1^=0, ... , T 4 =0, arc linearly deductible from these. 

114. As an example of more general investigations, consider now the 
correspondence between the space curve C. ip _ 2 , for p= 4, and the original 
Riemann surface. Let us seek to form a rational function having p 4- 1 = 5 
given poles on the sextic curve. A surface of order p can be drawn through 
5 arbitrary points of the curve when p is great enough ; we may denote 
its equation by =0, in accordance with § HO. It was proved that 
the rational function can be written in the form 0 (m, / x F ( m) , being another 
polynomial, of order p in the space coordinates, which vanishes in the 6p — 5 
zeros of other than the 5 given points. Since a general surface of 
order p contains {p 4- 3, 3)J terms, the most general form possible for <I>M, 
when subject to the conditions enunciated, will contain 

(p 4- 3, 3) — (6p — 5) 

arbitrary, homogeneously entering, coefficients ; the polynomials which 
multiply these coefficients, represent, equated to zero, all the linearly inde- 

* § 111 preceding. 

+ Cf. § 108. 

$ Where (/u, v) is used for the number (/a - 1).. (/* -v + l)p\. 
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pendent surfaces of order p which vanish in the G//. — 5 points spoken of; 
they will therefore include the 

— | (j> + ^- 1) -(2 M -l)(j)-l), or (ji — S, 3) - (fin — 3), 

surfaces of the /*th order which* contain the sextic curve. Denote the 
number of these surfaces by r and their equations by U x = 0, ..., U r = 0. 
Then the general form of the equation of a surface, 4> (M) =0, vanishing in the 
6/u — 5 given points will be 

= Aj U x + + \ r U r + WM 4- pJJ = 0, 

wherein A r , A , fi are arbitrary constants, and U is a surface of order p, 

other than which vanishes in the 6p — 5 points, and does not wholly 
contain the curve. The intersections of the surface <J> <M) =0 with the sextic 
are the same as those of the surface 4- pU — 0 ; and the general form of 
the rational function having the p 4- 1 = 5 given points as poles is 

x .+pur¥to, 

involving the right number (g4-l=Q— p + 1 =5-4 + 1) of arbitrary 
constants. 


Ex. i. There are sixteen of the surfaces X*(m) + p U— 0 which touch the sextic (in points 
other than the 0 /m - 5 fixed points). 

For there are 2. 5 + 2. 4-2, =16, places at which the differential, dz , of the rational 
function z— Uj^\ is zero to the second order. 


Ex. li. 


In the example of the previous Article, prove that 


m, \ 


df\ 

?Z 


d£ e>6 r 2 
dF‘ dZ> 


= A say, 


and that the integrals of the first kind, expressed in terms of X, F, Z, are given by 
J(\ l X+h r +X 3 Z+X 4 )t^\/A, 
for arbitrary values of the constants X,, X 2 , X } , X 4 +. 


115. We abstain from entering on the theory of curves in space in this 
place. But some general considerations on the same elementary lines as 
those referred to in §§ 81 — 83, as applicable to plane curves, may fitly 
conclude the present chapter J. The general theorem considered is, that 
of the intersections of a curve, in space of k dimensions, which is defined 
as the complete locus satisfying k — 1 algebraic equations, with a surface 

* § ill. 

t The canonical curve discussed by Klein, Math. Annal. t. 36, p. 24, is an immediate 
generalisation of the curve U ap _ s here explained. But it includes other cases also. 

t See the note in Salmon, Higher Plane Curves (Dublin 1879), p. 22, “on an apparent 
contradiction in the Theory of Curves” and the references there given, which include a reference 
to a paper by Euler of date 1748. For further consideration of curves in space see Appendix I. to 
the present volume. 
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of sufficiently high order, r, there are a certain number, P, which are deter- 
mined by prescribing the others, P being independent of r. 

We take first the case of the curve in three dimensions, defined as the 
complete intersection of two surfaces of orders m and n, say U m = 0, U n — 0. 
The curve is here supposed to be of the most general kind possible, having 
only such singularities as those considered in Salmon, Solid Geometry 
(Dublin, 1882, p. 291). For instance the surfaces U m = 0, U n — 0 are not 
supposed to touch ; for at such a place the curve would have a double point. 
We prove that if r>m+/i-4, all but \mn {m 4- n — 4) -f 1 of the inter- 
sections of the curve U m = 0, U n = 0 with a surface of order r, U r = 0, are 
determined by prescribing the others, whose number is 
rmn — %mn (m + n ~ 4) — 1. 

For when, firstly, r>m + n~ 1, the intersections of U, = 0 with the 
curve are the same as those of a surface 

U r — U m V r_ m — U n V r _ n — U in 17 n V r ~ Jn —n = 0, 

wherein V r _ m , V r _ n , V r ^, n ^ n are general polynomials whose highest aggregate 
order in the coordinates is that given by their suffixes. Hence, in analogy 
with the argument given in § 81, it may at first sight appear that, of the 
(r + 3, 3) coefficients in U ri we can reduce a certain number, K , given by 

K=(r~ 7ii + 3, 3) + (r — n + 3, 3) + (r - m — n 4- 3, 3), 

to zero, by using the arbitrary coefficients in F r _ M , F r _ n , F r _ m _ n . This 
however is not the case. For if W r - m -n, T r -m-n denote general polynomials, 
of the orders of their suffixes, we can write the modified equation of the 
surface of order r in the form 


U r - U m (V r . m - U n W m ) - U n (V r „ n - U m T r „ m _ n ) 

Urn Un ( F r _ m _ ?l IF r—m—n Pr—m—n) ~ 0 . 

Now, whatever be the values assigned to the coefficients in W r _ m „ ny T r _ w _ n , 
the coefficients in F r _, n _ w — TF y _ m _ n — are just as arbitrary as those 

of F r _ ?n _ n . And we may use the coefficients in W r - m -nt T r - m -n to reduce 
(r — m — n + 3, 3) of the coefficients in each of the polynomials 


to zero. 


V —UW V — IT T 

r r—m v n rr r r _ n u , n z r _ 


Hence the K equations by which we should reduce the number of 
effective coefficients in U r to (r -f 3, 3) — K, are really unaltered when 
2(r — m — w + 3, 3) of the disposeable quantities entering therein, are put 
equal to zero. Thus we may conclude, that so far as the intersections of U r 
with the curve are concerned, its coefficients are effectively 

(r + 3, 3) — (r — m + 3, 3) - (r - n 4* 3, 3) + (r - m — n + 3, 3) 
in number. Provided the linear equations reducing the others to zero are 
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independent, what we prove is that the number of effective coefficients 
is certainly not more than this. 

This number can immediately be seen to be equal to 
rmn — \mn (m + n - 4). 

Hence, we cannot arbitrarily prescribe more than rmn — %mn (m + n - 4) — 1 
of the intersections of U r — 0 with the curve. 

This result is obtained on the condition that r>m+n— 1. If r — m + n. — 1 , 
m + n -2 or m + n — 3, the number of effective coefficients in U r cannot 
be more than in the polynomial 

U r -U m V r - m -U n V r _ n) 

namely, than 

(r + 3, 3 )-(r-m + 3, 3)-(r-n+3, 3). 

By the previous result this number is equal to 

rmn — ^ mn (m + n — 4) — (r — m — n+ 3, 3), 
and (r — m — n + 3, 3), — (r — vi — n + 1) (r — m — n + 2) (r — m — n — 3)/3 ! , 
vanishes when r = m + »— 1, + n — 2, or -* 3. Hence the result 

obtained holds provided r > m + n — 4. 

If we denote the number fynn (m + n — 4) + 1 by P, the result is, that 
when v > m + — 4, we cannot prescribe more than mnr — P of the inter- 

sections of the curve U m — 0, U n = 0 with a surface of order r ; the prescription 
of this number of independent points determines the remaining intersections. 

Corollary. Hence it follows, when (r -4-3, 3) — l > rmn— P + 1, that 
a surface of order r described through rmn — P + 1 quite general points 
of the curve, will entirely contain the curve. Hence, in general, the curve 
lies upon (?' + 3, 3) — rmn + P— 1 linearly independent surfaces of order 
r, r being gi’eater than m + n — 4. 

Ex. i. For the curve of intersection of two quadric surfaces, P— 1 ; every surface of 
order r drawn through 4 r quite arbitrary points of the curve entirely contains the curve ; 
the 4r intersections of a surface of order r, which does not contain the curve, are deter- 
mined by 4r—l of them. When r— 2, the number (r-f 3, 3) — rmn + P- 1 is equal to 2. 
This is the number of linearly independent quadric surfaces containing the curve. 

Ex. ii. For the curve of intersection of a quadric surface with a cubic surface, P — 4 ; 
of the 6r intersections of the curve with a surface whoso order r is >1, 6r — 4 determine 
the others. The number (r+3, S)-rmn+P - 1 is equal to 1 when r=2, and equal to 5 
when r=3 ; thus, as previously found, the curve lies on one quadric surface and on five 
linearly independent cubic surfaces ; the number, for any value of r, is in agreement with 
the result of § 111. 

116. In regard to the intersections, with the curve, of a surface of 
order w + w — 4, such a surface has effectively not more coefficients than are 
contained in the polynomial 

U m + n -4 — U m V n - 4 “ Un Vm—4 > 


B. 


11 
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for arbitrary values of the coefficients in F n _* and F m _ 4 . Here we firstly 
suppose m > 3, n > 3. 

Now we can prove, as before, that 
(wi + n-1, 3)-(w - 1, 3)-(m-l, 3) = £ mn (m + n- 4) + 1, = P. 
Hence, also when m > 3 and n — 3, 2 or 1, 

(m 4* n — 1, 3) - (m - 1, 3), = \mn (??i + )?,-4) + l+ (»-l)(n-2)(?i- 3 )/6, 

is equal to P, and the number of effective coefficients in a polynomial 
Um+n- 4 — U n V m ^ wherein the coefficients in F m _ 4 are arbitrary, is as before 
equal to P. Similarly for other cases. 

Hence P is the number of coefficients in a polynomial U, n + n -4, which are 
effective so far as the intersections of the curve with the surface U m+n _ 4 = 0 
are concerned ; in other words, P — 1 of the intersections determine the 
others. The total number of intersections is mn ( m + n — 4), = 2P — 2. 

The analogy of these polynomials of order m +ft-4 with the (^-poly- 
nomials in the case of a plane curve is obvious 


117. If now, the homogeneous coordinates of the points of the curve in 
space being denoted by X x , X. if X 3 , X Ai the symbol [ 1 , j] denote the Jacobian 
d(U m} U n )fd (X ly Xj), and (X x dX x , X 2 + dX 2) X 3 4- dX 3 , X 4 -\-dX 4 ) denote 
a point of the curve consecutive to (A r j, X 2 , X 3} AT 4 ), it follows from the 
equations 


^ Urn jy , ^ U m 7 y ,9 U 1tl , y ,3 U m j y /\ 

dx/X' + W, dx ‘ + dx 3 dX ' + ax, dX ‘ = 0 


y y dU tn y dU m y dU w 

Al dX, A2 dX~ + A3 dX 3 +Ai dX 4 ’ 


and the similar equations holding for U n , that the ratios 


X. 2 dX 3 -X 3 dX 2 : X 3 dX , - X x dX \ : X x dX 2 - X 2 dX x : X x dX 4 

- X 4 dX x : X 2 dX 4 - X 4 dX 2 : X 3 dX 4 -A 4 - dX 3 , 


are the same as the ratios 


[1, 4]: [2, 4]: [3, 4] : [2, 3] : [3, 1] : [1, 2] ; 


each of these rows is in fact constituted by the coordinates of the tangent 
line of the curve. If then u x , u. 2f i u 4 , v Xi v v 3y v 4 denote any quantities 
whatever, and, in each of these rows, we multiply the elements respectively by 


U 2 V 3 —U 3 V 2 , U 3 V l — U{0 8 , u x v 2 — u. 2 v x , u x v 4 — u 4 v x , u 2 v 4 — u 4 v 2 , u s v 4 — u a v 3) 
and add the results, we shall obtain for the first row 

2 (u 2 v 3 — u 3 v 2 ) (X./IX 3 — X 3 dX 2 ) — udv — vdu, 

where 

u - u l X l 4- u 2 X 2 + u 3 X 3 4- u 4 X 4 , du = u x dX x 4- u 2 dX 3 4- u 3 dX 3 4- u 4 dX 4) etc., 
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and, for the second row we shall obtain the determinant 
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Ui , 

u 3 , 

U 3 , 

u 4 

Vi , 

v 2 , 

V, , 

v* 

dU m 

a u m 

su m 

dUm 

dX x • 

dx 2 > 

SX,’ 

dx 4 

du n 

a u n 

dU n 

a u n 

dX x 9 

dx~ ’ 

dX,- 

dX 4 


which we may denote by ( uvU m U n ). 

From the proportionality of the elements of the two rows considered, 
it follows, therefore, that the ratio (udv — vdu)/(uvU m U n ) is independent of 
the values of the quantities u u ..., v 4 . This ratio is of degree 


— (m — 1 -f n — 2 — 2) = — (m + n — 4) 

in the homogeneous coordinates; namely, if X lt X t , X 3 , X 4 be replaced by 
pX ly pX 2 , pX 3 , pX 4 , the ratio will be multiplied by p-w+n-*). Hence, if 
U m+n — 4 be any polynomial of degree m n — 4, the product 

(Udv - vdll)/(uvU m U n ) 


is a functional differential, independent of the arbitrary factor of the homo- 
geneous coordinates. 

The integral, 


U in 


udv — vdu 


, w+ft " 4 (uvU m U n ) ’ 
can only be infinite at the places where the curve is intersected by the 
surface (uvU m U n ) = 0 : if */ = 0, v-0 be regarded as the equations of planes, 
this equation expresses that the straight line u = 0, v — 0, is intersected 
by the tangent line of the curve at the point (X x , X 2 , X 3 , X 4 ). The 
differential 


udv — vdu, — « — u 3 v. 2 ) (X 2 dX 3 — X 3 dX. 3 ), 


is zero, to the second order, when the line u = 0 = v is intersected by the 
tangent line, whose coordinates are X. 3 dX 3 - X 3 dX», etc. Hence the ratio 
(udv — vdu) /(uvU m U n ) is never infinite, and the integral above is finite for all 
points of the curve. 

Hence*, since U m+n „ 4 contains P terms, we can obtain P every where-finite 
algebraical integrals. 

The same result is obtained if v 4 be polynomials in the coordinates, 

w, , . . . , m 4 being of the same degree, and v, , . . . , v 4 of the same degree. 


* As stated, we are considering a curve without singular points. If the curve had a double 
point, the polynomial ( uvU m U n ) would vanish at that point, for all values of .... v 4 . We could 
then prescribe U m+n . 4 = 0 to pass through the double point, thus obtaining a reduction of one in 
the number of finite integrals. Etc. 


11 — 2 
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Ex. i. For a plane curve of order n, without multiple points, prove similarly that we 
can obtain p finite algebraical integrals in the form 

J 4>n - 3 (**dv ~ Vdu)j{uvf) t 

where , .r 3 )=0 is the homogeneous equation of the curve, u = -f u T i \ -f etc., 

and ( uvf ) denotes a determinant of three rows. 

Ex. ii. Shew that a surface of order m + n-4 + n which vanishes in all but two of the 
intersections of the curve in space with a surface of order p, U^= 0, is of the form 

yfr=\ 6 r + (A t Fj + ... +Xp Up) V ]i = 0, 

where A, A u , \ P are arbitrary ; and that an integral of the third kind is of the form 

/ \fr udv- vdu 
U'n (uvE m U n ) * 

118. Retaining still the convention that u — 0, v — 0 are the equations of 
planes, let u = 0, v' — 0 be the equations of other planes whose line of inter- 
section does not coincide with the line u = 0 = v. 

From the equations 

zu — v — 0, su' - v' = 0, U m =0, U n = 0, 

wherein s have any values, we can eliminate the coordinates of the points 
of the curve in space, and obtain a rational equation, (s, z) = 0, with which 
we may associate a Riernann surface*. To any point of the curve corre- 
sponds a single point, z = v/u, s — v'/u, of the Riernann surface ; to any point 
of the Riernann surface will in general correspond conversely only one point 
of the curve in space. Hence the Riernann surface will have run sheets, 
the places, at which z has any value, being those which correspond to the 
places, on the curve in space, at which the plane zu — v — 0 intersects this 
curve. Thus the Riernann surface will have 2mn + — 2 branch places, 

p being the deficiency of the surface. These are the places where dz is zero 
of the second order. Thus they correspond to the places, on the curve in 
space, where udv — vdu is zero to the second order. We have seen that these 
are given as the intersections of this curve with the surface (uvU m U n ) - 0, 
of order m + n — 2; their number is therefore mn (m + n — 2) == 2 run + 2P - 2. 
Hence the number P, obtained for the curve in space, is equal to the 
deficiency p of the Riernann surface with which it is reversibly related. 
The same result can be proved when u f v are polynomials of any, the same, 
order, and u\ v f are polynomials of any, the same, order. 

And from the reversibility of this transformation it follows that the 
everywhere-finite integrals for the Riernann surface are the same as those 
here obtained for the curve in space. 

* We may of coarse interpret the equation as that of a plane curve ; a particular case is that 

in which this curve is a central projection of the space curve. 
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Ex. Prove that if e l ,e 2 ,e 3 be such that e t +e 2 +e 3 =0, 

(6 - c) (c - a) (a-b)={b- c) (< a - d)l(e 2 - e 3 ) =(c-a)(b- d)/(e 3 - e k ) = (a - b) (c - rf)/(«i - e 2 ), 

the points of the curve aX 2 +bY 2 +cZ 2 +dT 2 =0, X 2 + Y 2 +Z 2 +T 2 = 0 can be expressed 
in terms of two quantities, x, y, satisfying the equation y 2 =4(x- e v ) (x - e 2 ) (x - e 3 ), in the 
form T : X : Y : Z 

[(# - «i) 2 - (^1 - c 2 ) (cj - e 3 )] : [(# - e 2 ) 2 - (e 2 - e 3 ) (e 2 - e x )\ 

:\/a-b[(x- e 3 ) 2 - (e 3 - e x ) (e 3 - e 2 )]. 

Find x , y in terms of X, F, Z, T in the form 

[<?j (e 2 -e 3 ) X/\Jb-c + e 2 (e 3 - e { )YJ»Jc- a + e 3 (e l - e 2 ) Zj*J a - b\jx 
= (* 2 - * 3 ) -V7\/ 6 - c + (<? 3 - F/V c-a + (e v - c 2 ) Zj\] a-b= 2 (c 2 - <q) (e 3 - <q) (<q - e 2 ) Tjy. 
See Mathews, London, Math. Soc. t. xix. p. 507. 

119. As already remarked we have considered here only the case of a non-singular 
curve in space which is completely defined as the intersection of two algebraical surfaces. 
For this case the reader may consult Jacobi, Crelle , t. 15 (1836), p. 298 ; Plucker, Crelle. 
t. 16, p. 47 ; Clebsch, Crelle, t. 63, p 229; Clebsch, Crelle, t. 64, p. 43, Salmon, Solid 
Geometry (Dublin, 1882), p. 308 ; White, Math. A nnal. t. 36, p. 597 ; Cayley, Collected 
Works, passim. For the more general case, iti connexion howc\er with an extension of the 
theory of this volume to the case of two independent variables, the following, inter alia, 
may be consulted : Noether, Math A nnal t. 8 (1873), p. 510 ; Clebsch, Comptes Rendu s de 
VAcad. des Sciences , t. 67, July —December, 1868, p. 1238 , Noether, Math. Annul, t. 2, 
p. 293, and t. 29, p. 339 (1887); Valentiner, Acta Math t 11 . p. 136 (1883); Halphen, 
Journal de V Ernie Rofyt t hi (1882), p. 1 ; Noether, Abh. der A/rad. zu. Berlin (1882) ; 
Cayley, Collected Works, Yol. v. p. 613, etc. ; and Picard, Lwuv. Joxvrn. de Math. 
1885, 1886 and 1889. 

Ex. i. Prove that 

(r+£, k)-S (r + k-m t , k) + 2 (r+k - k)- ,.. + (-) k - l ^r+k-?n l - ,..-m k _ l , k") 

1 2 

= rmpriy. ..m k _ 1 —£ % m r . . m* _ x ( m t + m 2 + . . . + »** - 1 - k - 1 ), 

where (r, p) denotes r{r — l),.,(r — p+l)jp wq, ... , 7n km . lt k are any positive integers, r is a 

positive integer greater than w 1 4-»i 2 +...4-»i fc _ 1 — k- 1, 2 denotes a summation extending 

1 

to all the values i= 1, 2, (it - 1), 2 denotes a summation extending to every pair of two 

2 

unequal numbers chosen from the series w 1 , m 2 , ..., m k _ x , and so on. Henco infer that 
of the intersections of a general curve in space of k dimensions, which is determined as the 
complete locus common to X* — 1 algebraic surfaces of orders »q, m 2 , m k ^ x , with a 
surface of order r, all but 

%m l m 2 ,..m k _ 1 (?n 1 -f?n 2 +.,.+?a fc _ 1 -^- l) + l 

are determined by the others. The result is known to hold for k— 2. We have here been 
considering the case k = 3. 

Ex. 11 . With the notation and hypotheses employed in Salmon’s Solid Geometry (1882), 
Chap. XII. (p. 291) (see also a note by Cayley, Quarterly Journal , t. vn., or Collected Works, 
Vol. v. p. 517), where m is the degree of a curve in space, n is its class, namely the number 
of its osculating planes which pass through an arbitrary point, r is its rank, namely the 
number of its tangents which intersect an arbitrary line, a is the number of osculating 
planes containing four consecutive points of the curve, 0 the number of points through 
which four consecutive planes pass, x the number of points of intersections of non-consecu- 
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tive tangents which lie in an arbitrary plane, y the number of pianos containing two non- 
consecutivo tangents which piss through an arbitrary point, h the number of chords of the 
curve which can be drawn through an arbitrary point, g the number of lines of intersection 
of two lion-consecutive osculating pianos which lie in an arbitrary plane, ^ the number of 
tangent lines of the curve which contain three consecutive points, prove, by using Pliicker’s 
equations (Salmon, Uighei' Plane Curves , 1879, p. 65) for the plane curve traced on any 
plane by the intersections, with this plane, of the tangent lines of the curve in space, that 
the equations hold, 

(1) « — r (r - 1) — 2.f— 3/a — 3^r, (3) r=n (»- 1) - 2<jr-3a, 

(2) n -3r(r-2)-&r-8(/n+^), (4) ?a+^ = 3a(a-2)-6^-8«, 

Pi = (r-3)-x-»i-'$=$n{n-3)-y-a (A), 

p t being the deficiency of this plane curve. 

Prove further, by projecting the curve in space from an arbitrary point, and using 
Phicker’s equations for the plane curve in which the cone of projection is cut by an 
arbitrary plane, the equations 

(5) r = m (m - 1 ) - 2/t - 30, (7) m = r [r- l)-2y~3(^ + n), 

(6) ^ + a = 3M(«i-2)-0A-8ft (8) 0=3/* (r-2)-(fy-8 + 

Pi - l = i r(r-3)-g-n-% (B), 

p 2 being the deficiency of this plane curve. 

From the equations (1) and (7) we can infer n — 3m — 2 (.r- y\ and therefore 

y + 7i=x+m. 

Hence Pi=p 2 . 

Ex. ill. For the non-singular curve which is the complete intersection of two algebraic 
surfaces of orders p, v, pro\e (cf. Salmon, Solid Geometry , pp. 308,309) that m the notation 
of Ex. n. here, 

0 = 0, m = pv 1 r—pv (/x-f v — 2), h — J pv (p - 1) (u- 1). 

Hence, by the equations (B) of Ex. ii. prove that, now, 

p l =P2=kpv(p+v-4) + l. 

This is the number we have denoted by l\ 

Ex. iv. Denoting the number Pi=p 2 , in Ex. ii., by prove from equations (5) and (B) 
that 

G(p~ l)=m (w-7)- 2A + 2r=3 (r+0-2m). 

Hence shew that if, through a curve C of order m, lying on a surface S of order p } we 
draw a surface of order v, cutting the surface S again in a curve C' of order m\ and if 
p, p' denote the values of p for these curves (7, C' respectively, then 

m! (p 4- v - 4) - (2p’ - 2 ) = m (p + v - 4) - (2p - 2) 

(see Salmon, pp. 311, 312). Shew that each of these numbers is equal to the number, i, 
of points in which the curves (7, C' intersect, and interpret geometrically the relation 
i -I- r + 3 — m (p + v - 2 ). 

Ex. v. If in Ex. iv. a surface (f> of order p -f v - 4 be drawn through {p + v - 4) wi' —p' + 1, 
or i— 1 +p\ of the points of tho curve C\ prove that, so far as its intersections with the 
curve C are concerned, the surface <f> contains effectively p terms. Prove further that <f> 
contains the curve C' entirely. 



119] EXAMPLES. 167 

Ex. vi. Prove that a surface of order /m-f j> — 4 passing through i— 1 of the intersections 
of the curves C\ C\ in Ex. iv., will pass through the other intersection. 

Ex. vii. An example of the case in Ex. iv. is that in which p=2, v=2, m = 3, m'=l. 
Then C' is a straight lino and p'=0 : henco p is given by -2— 2p-2. Hence, for the 
cubic curve of intersection of two quadrics having a common generator, p= 0. And in fact 
coordinate planes can l>c chosen so that the homogeneous coordinates of the points of the 
cubic can be expressed in the form 

X . Y . Z : T=l : 0 : 0 2 : &*, 

0 being a variable parameter. For instance (using Cartesian coordinates) the polar planes 
of a fixed point (X'Y'Z') in regard to quadrics confocal with X 2 /a+ Y 2 jb + Z 2 /c = 1 are the 
osculating planes of such a cubic curve, the coordinates of whose points are expressible m 
the form 

XX' = {a -f X ) 3 /(a - b) (a - c), YY' — ( b + A) 3 /(6 -c)(b- a\ ZZ' = {c + X)7(c - a) (c - 6), 

X being a variable parameter. 

Ex. viii. For the quintic curve of intersection of a quadric and a cubic surface having 
a common generator we obtain, from Ex. iv., putting m'= 1, p' — 0, m = 5, that p = 2 ; the 
results of Exx. iv., v., vi. can be immediately verified for this curve ; further, if the surfaces 
be taken to be yU — zV— 0, yS-zT— 0, where U, V are of the first degree in .r, y, z and 
S, T of the second degree, and we put y = 2 £, x=zrj, we obtain 

Z {qa x + a 2 ) =X„ Z 2 (ij% + rjp 2 + fi 3 ) + Z {r)y x + y 2 ) + - 0, 

where the Greek letters a v a 2 , .. denote polynomials m £ of the degrees of their sufiBxes. 
Hence, if <r be defined by the equation, 

Xpr = 2rj (Xj 2 ^! -f Xja^ 4- + X^ft + X t (cqy , -f a 2 yj) + 2 , 
we obtain <t 2 — (£, 1) 0 ; £, a are rational functions of .r, y, - and *r, y, z are rational functions 
of £, <r. 


Ex. ix. Prove that if the sextic intersection of a cubic surface and a quadric surface, 
break up into a quartic curve and a curve of the second order, the numbers y, p' for these 
curves are p-l, p'~ 0 or ^=0, p'~ - 1 according as the curve of the second order is a 
plane curvo or is two non-intersecting straight lines. 

Ex. x. In analogy with Ex. iv., shew that the deficiencies of two non-singular plane 
curves of orders m, in' are connected by the equation 

m ( m + m' - 3) - (2 p -2) = mm = in' [m + m! - 3) - (2 p' - 2), 

and further in analogy with Ex. v. that if a plane curve, of order m+m'- 3, be drawn 
through + 3) in' -p'+l independent points of the curve of order m', only p- 1 of its 

intersections with tho curve of order in can be prescribed. 

Further indications of the connexion of tho theory of curves in space with the subject 
of this chapter will be found in Appendix I. 
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CHAPTER VII. 

Coordination of simple elements. Transcendental uniform 
functions. 

120. We have shewn in Chapter II. (§§ 18, 19, 20), that all the funda- 
mental functions are obtainable from the normal elementary integral of the 
third kind. The actual expression of this integral for any given form of 
fundamental equation, is of course impracticable without precise conventions 
as to the form of the period loops, and for numerical results it may be more 
convenient to use an integral which is defined algebraically. Of such 
integrals we have given two forms, one expressed by the fundamental 
integral functions (Chap. IV. §§ 45, 46), the other expressed in the terms of 
the theory of plane curves (Chap. VI. § 92, Ex. ix.). In the present Chapter 
we shew how from the integral Pf*' 1 , obtained in Chap. IV.*, to determine 
algebraically an integral for which the equation Q** = 0^1 has place; 
incidentally the character of P£“, as a function of z, becomes plain; and 
therefore also the character of the integral of the second kind, , which 
was found in Chap. IV. (§§ 45, 47). 

This determination arises in close connexion with the investigation of 
the algebraic expression of the rational function of x which was obtained in 
§ 49 and denoted by y/r(x,a; z,c lt ... c p ). It was there shewn that every 
rational function of x can be expressed in terms of this function. It is shewn 
in this Chapter that any uniform function whatever, which has a finite 
number of distinct infinities, which may be essential singularities, can be 
expressed by such a function. 

Further, it is here shewn how to obtain an uniform function of x having 
only one zero, at which it vanishes to the first order, and one infinity ; and 
that any uniform function can be expressed in factors by means of this 
function. 

* For the integral of the third kind obtained in Chap. VI. the reader may compare Clebsch 
and Gordan, Theorie der Abel. Functionen (Leipzig, 1866), p. 117, and, for other important results, 

Noether, Math. Annul, xxxvn. (1890), pp. 442, 448; also Cayley, Amer. Journal, v. (1882), p. 178. 
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121. Let ...,u p a denote any p linearly independent integrals of 

the first kind, vanishing at the arbitrary place a. Let t denote the infinit- 
esimal at x, and let Du u Du p denote the differential coefficients of the 

integrals in regard to t, all of which are everywhere finite. Let c lf ..., c p 
denote any p fixed places of the Riemann surface, so chosen that no linear 
aggregate of the form 

\Du x 4 * 4 - \pDu p , 

where \ l} A P are constants, vanishes in all the places c,, c p , but such 

that one linear aggregate of this form vanishes in every set of p — 1 of these 
places*; and let cD t (x) denote the linear aggregate, of this form, which 
vanishes in all of c 1} ..., c p except c t *, and is equal to 1 at the place c t . 

Then <t>i(x) is expressible as the quotient of two determinants; the 
denominator has Di£ for its (r, s)th element, the numerator differs from the 
denominator only in the t'-th row, which consists of the quantities 2)w®, ..., 
Da v ; thus a> x (x), ...,(o p (x) are determinable algebraically when u\, ..., \ * p are 
given. Conversely the differential coefficients of the normal integrals of the 
first kind (§§ 18, 23) are clearly expressible by <«,(#), ..., to p (x), in the form 

Hi (®) = ©i (^) flj (Cj) 4* 4~ o) p (&*) Of (Cp). 

We have already used v\' a as a notation for the normal integral 
1 ra . r n f x 

27tiJ ^is chapter we shall use the notation Vp n = J a >, {x)dt x . 

If the period of the integral n*' a at the y-th period loop of the first kindf 
be denoted by C tJ) we can express v\' a as the quotient of two determinants, 
the denominator having G h% for its (i, y)th element, and the numerator being 
different from the denominator only in the ith row which consists of the 
elements u*' a , u p a . 

122. Consider now the function of x expressed { by 


z being any place whatever. The function is clearly infinite to the first 
order at the place z, like - t~ l , t z being the infinitesimal at z\ it is also 
infinite at each of the places c lt c p> and, at c», like a> t (z)t~ l , t Ci being the 
infinitesimal at c,*. The function has no periods at the period loops of the 


* Thus there exists no rational function infinite only to the first order at each of c lt ..., c p . 
Cf. §§ 23, 26. 

+ C it , is the quantity by which the value of u*’* on the left side of this period loop exceeds 
the value on the right side. See the figure, § 18, Chap. II. 

X Klein, Math. Annul, xxxvi. p. 9 (1890), Neumann, loc. cit. p. 14, p. 259. 
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first kind. At the zth period loop of the second kind the function has the 
period 

fli ( z ) — So > r ( z ) Of (c r ), 

r= 1 

which, as remarked (§ 121), is also zero. Hence the function vs a rational 
function of x. It vanishes at the place a. We shall denote the function by 
^(x, a; z, c u ..., c p ). It is easy to see that it entirely agrees, in character, 
with the function given in § 49. 

For the places c x , ..., c p have been chosen so that no aggregate of the 
form 

XA (x) 4- + XpO p (x) 

vanishes in all of them. Hence (Chap. III. § 37) the general rational function 
having poles of the first order at the places z y c lt ... , c p is of the form Ag + B, 
where g is such a function, and A, B are constants. These constants can be 
uniquely determined so that the residue at the pole, z, is — 1, and so that 
the function vanishes at the place a. 


Ex. For the case jo = l, if we use Weierstrass’s elliptic functions, the places .r, a, z y c, 
being represented by the arguments v , a, v , yi , and put x=ffht, y = £>'(?/,) etc., we may 
take, supposing v not to be a half period, 


r r= - ( « - o)- c ^ (»- <•)] - -I (--)= ^ ’ 

r *' ( “ _ a) ] ’ 

and obtain 

yj,(x, a ; z, Cl ) = --^{£(a- o) - ( (u - y A ) - ( (a - y) + £ (« - yi )}, 


or 


* (*, « ; 2 > h)= 


2fi>) 


y/u-^+p’ju-y,) r(.-t>)+r(a- y,n. 

.P(u-v)-if(u- yi ) p(a — v) — (p (u -y,) J ’ 


and any doubly peri<xlic function can be expressed linearly by functions of this form, 
in which the same value occurs for y x and different values for v. (Cf. § 49, Chap. IV.) 


123. Since (z), = V z,c , is a linear function of £l x (z), ..., it 

follows that (o t (z)j^ is a rational function of z\ and I^ ,fl , - n*‘®, 

= is such that* F*’ a is a rational function of z ; hence 

\dz ** c ) dt z * I dt 


* Throughout this chapter such an expression as /(*) ^ is used to denote the limit, when a 


variable place £ approaches the place *, of the expression /(£) 


d£ 
dt * 


t being the infinitesimal for 
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yjr(x, a ; z, c x , ..., c p)j ^ is a rational function of z. It is easy also to see, 

dc{ . 

from the determinant expression of © t - (z), that coi (z) ~~ is a rational function 
of C x , . . . , Cp. 


I 

Hence (x, a ; z, c lt ..., c p )j is a rational function of the variables of 


all the places x, a, z, c u ... , c p . 

Further, as depending upon z, y/r(x, a; z, c l} ..., c p ) is infinite only when 

T* a is infinite ; and r*’ a , = i H *’ a , is infinite only when z is at x or at a. 
* * * ’ dt z *•* J 


At the place x , r^’ tf is infinite like 
iufinitesimal at the place x. 


77 log t x , namely like the inverse of the 

(ttx 


Hence ^(x, a ; z, c u ..., c p ), regarded as depending upon z, is infinite only 
when z is in the neighbourhood of the place x, or in the neighbourhood of the 
place a. At the place x } yjr(x, a; z, c x , ..., c p ) is infinite like the positive 
inverse of the infinitesimal , at the place a it is infinite like the negative inverse 
of the infinitesimal. The rational function of z denoted by 


■fix, a; z.c, c,)/^ 


will therefore be infinite at the place x like 


1_ 

W\ +- 1 z - 


; and at the place a 


like — - - , where w, + \, w» + 1 denote the number of sheets that 

w 2 + 1 z - a 

wind at the places x, a respectively; and will be infinite at every branch 
A 

place, like + being fc he infinitesimal at the place, w 4- 1 the number 

of sheets that wind there, and A the value of \jr(x, a; z, c l} ..., c p ) when z is 
at the branch place. 


The actual expression of the function yfr(x, a; z, c 1} c p ) is given below 

(S 130). 

124. From the function ^(x, a; z, c x , ..., c p ) we obtain a function, 


r. , . /><*• “ * 2 K c n“ 

h [x, z) — e , = e *— » , 

wherein c is an arbitrary place, which has the following properties, as a 
function of x. 


the neighbourhood of the plaoe z. When z is not a branch place ^~ = 1 ; when + 1 sheets wind 
at z, ^ = (10 + 1)1* (cf. §§ 2, 3; Chap. I.)* Ample practice in the notation is furnished by the 
examples of this chapter. 



172 


UNIFORM FUNCTION WITH ONE ZERO. 


[124 


(i) It is an uniform function of x. For the exponent has no periods at 
the period loops of the first kind, and at the ith period loop of the second 
kind it has the period 

2inv*‘ * — I v , ‘; c n i (c r ) 

r= 1 

which, as follows from the equation 

fl t (z) = ah (z) (l { (cj) + + op (z) ( c p ), 

is equal to zero. Further the integral multiples of 2iri, which may accrue 
to 11*’ * when x describes a contour enclosing one of the places z t c, do not 
alter the value of the function. 

(ii) The function vanishes only at the place z, and to the first order. 

(iii) The function has a pole of the first order at the place c. 

(iv) The function is infinite at the place c,, like e v '* t Ci being the 
infinitesimal at the place. We may therefore speak of c u . .., c p as essential 
singularities of the function. 


125. In order to call attention to the importance of such a function 
as this, we give an application. Let R (x) denote a rational function, having 
simple poles at a lf a m> and simple zeros at (3 lt ..., ff m . We suppose these 
places different from the fixed places c, a, c,, ..., c p . Then the product 


F{x) = R (x) 


E ( x , a x ) 
E(x,JS 


E (ti’, d m ) 

E (x, 0 m ) ’ 


is an uniform function of x , which becomes infinite only at the places c,, ... c p ; 
at d it is infinite like a constant multiple of 


_ « y<ir, Pr yX, a 

e r ~. I 1 c * 


Now, in fact, lo gF(x) is also an uniform function of x: for it is only 

( m ar a\ z a 

2 v r ) r * . 

Hence the integral jd log F(x), = J ^ x > taken round any closed area 

on the Riemann surface which does not enclose any of the places c u ..., c p , is 

certainly zero, and taken round the place d is equal to — 2 V. r ’ r I , taken 

^ Ci 

round d, and is, therefore, also zero. 

But an uniform function of x which is infinite only to the first order at 
each of c u ..., c p does not exist. For the places c„ ...» c v were chosen 
so that the conditions that the periods of a function, of the form 
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wherein \ lt ..., Xp are constants, should be zero, namely the conditions 

(ci) 4- + (c P ) = 0, r = 1,2, p, 

are impossible unless each of \ lt ... , Xp be zero. 

m 

Hence we can infer that 2 V*” Pr = 0, for i = 1, 2, . . . , p } and that F (x) is 

r=l 1 

a constant ; this constant is clearly equal to F (a), for E (a, z) = 1 for all 
values of z . 


Hence, any rational function can be expressed as a product of uniform 
functions of x, in the form 

R{x) = R (a) , 

*>,«.) *(»,«.) 

where a,, ..., a m are the poles and ..., /9 W the zeros of the function. We 
have given the proof in the case in which the poles and zeros are of the first 
order. But this is clearly not important. 

Further, the zeros and poles of a rational function are such that 


m 

2 

r~\ 



r= 1 


K' 


i-l, 2, ...,/>, 


c being an arbitrary place. This is a case of Abel’s Theorem, which is to be considered in 
the next Chapter. Wo remark that in the definition of the function E (.r, z) by means of 
Riemann integrals, the ordinary conventions as to the paths joining the lower and upper 
limits of the integrals are to lie regarded ; those paths must not intersect the period loops. 


Ex. l. 


F or the case p = 0, n*’ * = log 





and E (.r, z) - 


( x-z ) ( a- c ) 
(x - c ) (a - z) ' 


Ex. u. For the case p = l, supposing the place c represented by the argument y, we 
have 

* (•*>“;*, », ..... Cp) = - {f (*-»)- f (« - yi) - C («-»)+ C (<* — Vi)} 


log A'(r, 2) = J‘ f(.r, a; c„ ... , <•„)* = - j” dv {£ (w-y,)-{ (a-v)+( (a-y,)} 

and therefore 

T r. v <r (m - y) v(a— y) Jt>-v)g(w-v,)-C(«-vi)] 

Ex. iii. Prove, if a/, d denote any places whatever, that 


E( x, z) E(a\ d) 
1 e (x, c ) E (a\ z) 


- z V? c ' 

1 



Ex. iv. The rational function of x f yjr(x } z, c lf c p ), will, beside £, have p zeros, 
say y n ... , y p , such that the set £, y 1 , ... , y p is equivalent with or coresidual with the set 
z, Cj, ... , c p (§§ 94, 96, Chap. VI.). Hence, in the product 

2 > c t. «p) i (*> * ; C > yi y.)> 
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the zeros of either factor are the poles of the other, and the product is therefore a constant. 
To find the value of this constant, let x approach to the place z. Then the product 
becomes equal to 

- 1 * • t x [/>,+ (x, z ; (, y ly ... , yp)]*-, . 

It is clear from the expression of ^(x f a; z, c lt ... , c p ) which has been given, that 
D x yfr (x, a; z } c u ..., Cp) does not depend upon the place a. Thus, by the symmetry, we 
have the result 

y^(x,C; z, ..., c p ) + (x, z; f, y u ...» y p ) =* - D t yjr (z, a ; f, y,, ..., y p ) 

= c lt ..., c p \ 

where a is a perfectly arbitrary place, and the sets z, c in (, y 1? ..., y p are subject to 

the condition of being eoresidual. 

Hence also if W(x ; z y c lf .. , c p ) denote the expression 

^* [+(•*»«*; «i» •••» 

we have 

1 ^ { z * Cf yi> •••> yp)~ ; z y Cj, ..., Cp), 
provided only the set 2 , c x , ..., c’ p be eoresidual with the set £, y,, ..., y p . 

JEt. v. Prove, with the notation of Ex. iv., that 
yfs(x,a; 2 , c lf ..., c p ) + & a ; (, 7l , y P ) = V'(^ f i *» «i, «i.) + (•*»« J 6 Vi> •••fVp)- 


126. These investigations can be usefully modified*; we can obtain 
a rational function a\ z, c), having the same general diameter as 

y/r(x, a; z, c lt ..., c p ) but simpler in that its poles occur only at two distinct 
places z , c, of the Riemann surfiice, and we can obtain an uniform function 
E(x f z) having only one zero, of the first order, at the place z , which is 
infinite at only one place, c, of the surface. 

The limit, when the place x approaches the place c, of the 7*th differential 
coefficient of H t (x) in regard to the infinitesimal at the place c, will be 
denoted by fl[ r) (c), or simply by We have shewn (Chap. Ill, § 28) 

that there are certain numbers k it ..., k pt such that no rational function 
exists, infinite only at the place c, to the orders k x , ..., k p . The periods of a 
function of the form 


£*■* r* “ - x,z>*' - 1 rr “ - - x„ d *'’ -1 r* ", 

e c 1 r V e c ' 


wherein X,, ...,\ p are constants, and D k c ~ l Y x c ' a denotes! the limit, when z 
approaches c, of the &th differential coefficient of the function Tl x ’ “ in regard 
to the infinitesimal at c, /i being an arbitrary place, are all of the form 

n ( *“ 1) -x 1 nf , " 1) - -x„n^ _1) , (t«i, 2, ...,p). 

These periods cannot all vanish when k is any one of the numbers 
k lt ... , k p ; thus the determinant formed with the p 2 quantities does 


* Gunther, Crelle, cix. p. 199 (1892). 

t For purposes of calculation, when c is a branch place, it is necessary to have care as to the 
definition. 
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not vanish; but \ lt \p can be chosen to make all these periods vanish 
when k is not one of the numbers ki, ..., kp. 

127. Consider now the function 


yjr (a?, a ; z, c) = 

■pa;, a 

A * » 

O.W , 

, n p (z) 

H- 


n (*i D 
’ lL P 


jr\kr-l p£, a 
c 1 e ’ 

■ 

q(Av-1) 

■ > Up 

, 


, at*-” 


wherein r = 1, 2, ..., p. 


Since the period of T*' a , at the t'th period loop of the second kind, is 
fl t ( 2 ), the periods of the elements of the first column of the first deter- 
minant are the elements of the various other columns of that determinant. 
Thus the function is a rational function of x. 

We shall denote the minors of the elements of the first column of the 
first determinant, divided by the second determinant, by 1, — eoj (z ), . . . , — &> p (. z ), 
although that notation has alieady (§ 121) been used in a different sense. 
Before, (z) was such that o> t ( c r ) = 0 unless r — i in which case o> t (c,) = 1 ; 
now, as is easy to see, \_D k J ~ 1 (o l (s)]*» c is 0 or 1 according as r is not equal or 

is equal to i. The integrals J co t (z)dt z are linearly independent integrals of 
the first kind (cf. Chap. III. § 36). 

Then the function can be written 




the function is infinite at z like - t g \ t z being the infinitesimal at the 
place z , and is infinite at c like* 

l*i - 1 (z) t; k ' + + \k p - 1 . a, y {z) r**, 


t c being the infinitesimal at the place c. It is not elsewhere infinite. The 
function vanishes when x approaches the place a. As before (§ 123) 

\/r(x, a; z, c) — is a rational function of all the quantities involved; and 


a; z , c), as depending upon 2 , is infinite only at the places x, < 1 , in each 
case to the first order. 


* This is clear when c is not a branch place, since then, when x is near to c, r*‘* is infinite 
like - ~~ c ; and the (k - l)th differential coefficient of this in regard to c is - |k - 1 (x - c)~*. 

When c is a branch place, exactly similar reasoning applies if we first make a conformal repre- 
sentation of the neighbourhood of the plaoe, as explained iu Chap. II. §§ 16, 19. 
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128. If now R(x) be a rational function with poles of the first order at 
the places z lt ..., z m , it is possible to choose the constants Xj, ..., \ p so that 
the difference 

E ( x ) — \,>/r (x, a ; z 1} c) — X a \/r (®, a ; z 2 , c)— — X^-ifr (#, a ; c) 

is not infinite at any of the places z l9 ..., z m \ this difference is therefore 
infinite only at the place c, and is infinite at c like 

- (A, | fr-i <;*• + + a p i y-i 

where 

A, = X,<U; (*,) + + X m (O l (z m ), (t = 1, 2, . . . , p). 

But, a rational function whose only infinity is that given by this ex- 
pression, can be taken to have a form 

A + ax*- 1 r e - • + + A,#;- 1 1? a , 

wherein A is a constant; and we have already remarked (§ 126) that the 
periods of this function cannot all be zero unless each of A lt . A p be zero. 
Hence this is the case, and we have the equation 

E (x) = A + X,\/r {x, « ; z u c) + + Kir (x, a ; z mt c), 

whereby any rational function with poles of the first order is expressed by 
means of the function yjr(x, a; z, c). It is immediately seen that the 
equations A x = 0—... — A p enable us to reduce the constants X,, ...,X 7H to 
the number given by the Riemann-Roch Theotem (Chap. III. § 37). 

When some of the poles of the function R (x) are multiple, the necessary 
modification consists in the introduction of the functions 

D t yfr (x, a ; z, c), (x, a ; z, c), 

Ex. If ^(x), ..., w p (x) denote what are called <u l (x), ..., w v (x) in § 121, and the 
notation of § 127 be preserved, prove that 

p k i ~ 1 _ 

« r (s)= 2 a> r {c ), 

*=i 

and that 

V 1 

+ (x,a; z,c)=ylr(x,a; z, c v ..., c p )- 2a t {z) D e ^(x t n; c, c lt .. , c v ) 

>lr(x,a; z, c u ..., c p )=+ (x f a ; 2 , c) - (z) + (x, a ; c u c). 

129. From the function yfr (x, a ; z, c) we derive a function of x } given by 

f 'Hx,a,x,c)dU n x, °- 2 V ,,e D kr ~ X T x,a 

E(x,z) = e ic , / Z* r 

where, in the notation of § 127, V* r =• f co r (z) dt Zi which has the following 

J e 

properties : 

(i) It is an uniform function of x ; there exists in fact an equation 

c = I 

r=1 
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(ii) The function vanishes to the first order when the place x approaches 
the place z ; and is equal to unity at the place a. 

(iii) The function is infinite only at the place c, and there like 

-l 2 r*°jfe r -i t;*- 

t c e r ~' 


As before we can shew that any rational function R (.r), with poles at a„ and 

zeros at /3 1} ..., /3 WU can be written in the form 


R(a) 


E( x, ft) ... Efa gm) 

A^(^, a 4 ) ... o^)’ 


this being still true when some of the places a lf ..., a mi or some of the places ft, 
are coincident. 


130. We pass now to the algebraical expression of the functions which 
have been described here*. We have already (Chap. IV. § 49) given the 
expression of the function yfr (x, a; z, c lf ..., c p ) in the case when all the 
places a , z , c x , ..., c p are ordinary finite places. In what follows we shall 
still suppose these places to be finite places; the necessary modifications 
when this is not so can be immediately obtained by a transformation of 
the form x = (f — k)~\ or by the use of homogeneous variables (cf. § 46, 
Chap. IV., § 85, Chap. VI.). 

If, s being the value of y when x — z, we denote the expression 

n- 1 

<k(s,2)+ 2 <f> r (s, z) g r (y, x) 

(z-x)f{s) * 

byf ( z , x), and use the integrands <ai(i x ), ..., a» p (x) defined in § 121, the 
rational expression of y/r(x, a; z, c u ..., c p ), which was given in § 49, can be 
put into the form 

v 

yfr(x,a; z y c u ..., c p ) = (z, x) - (z, a)- X eo r (z) [(c { , x) - (c<, a)]. 

r=l 

In case z be a branch place, the expression ( z , x) is identically infinite in 
virtue of the factor/' (s) in the denominator, and this expression can no 
longer be valid. But, then, the limit, as f approaches z , of the expression 

* It ia known (Klein, Math. Annal. xxxvi. p. 9 (1890); Gunther, Crelle, cix. p. 199 (1892)) that 
the actual expressions of functions having the character of the functions ^(x, a; c lt ..., c p ), 
K ( x , z), Q x '“, have been given by Weierstrass, in lectures. Unfortunately these expressions have 
not yet (August, 1895) been published, so far as the writer is aware. Indications of some value 
are given by Hettner, Obtting. Nachr. 1880, p. 386; Bolza, Gotting. Nachr. 1894, p. 268; 
Weierstrass, Gesamm. Werke , Bd. ii. p. 235 (1895), and in the Jahresbericht der Dents. Math.- 
Vereinigung , Bd. iii. (Nov. 1894), pp. 403 — 436. But it does not appear how far the last of these 
is to be regarded as authoritative ; and it has not been used here. The reader is recommended 
to consult the later volumes of Weierstrass’s works. 

t This notation has already been used (§ 45). It will be adhered to. 


B. 


12 
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(f, a?) “ , wherein t is the infinitesimal at the place z, is finite* ; if we denote 
dt 

dz 

this limit by (z, x) , and introduce a similar notation for the places 
Cj, c P y we obtain the expression 


. dz 


dc x 

dt' 


f(x,a; z, c„ .... c P ) = [(z, x) - (z, a)] <o f (z ) . [(c<, x) - (c„ a)] 

which, as in § 49, has the necessary behaviour, for all finite positions of 

Z, (l, Ci, • . . , Cp. 

From this expression we immediately obtain (§ 45) 

— c I. ,cp)dt t p*’ c v v x c Uc t flU—' 

E(x,z), = e h *• r l/ r [{c " x) {c " a)] dt. 


131. In a precisely similar way it can be seen (see § 127) that 
■f (*. « ; *> c) = [(z, x) - (z, a)] d ~ - js co r (z) D k f x |[(c, x) - (c, a)] , 

wherein iff 1 |[(c, x) - (c, a)] ~ j = limits [(J-J {[(?> x) - (£ a)] ; 

for this expression can be written as the quotient of two determinants, in 
the manner of § 49, and the integrands H, (z), ..., Q p (z) are linear functions 
of the p integrands 

<j>i (z) dz Z(f>i (z) dz z T ~ l fa (z) dz </> 2 (z) dz 
f'l/) dt * TJT) dt*“" f'(s) dt 9 fjs) dt' ; 

these latter quantities can therefore be introduced in the determinants in 
place of (z), ..., n p (z), the same change being made, at the same time, 
for the quantities H^c), ..., n p (c), throughout. Then it can be shewn 
precisely as in § 49 that the expression is not infinite when x is at infinity. 
In regard to finite places, it is clear that the expression 

Iff 1 \[(c,x)-(c,a)]^, = D k ;F e Xt l 

regarded as a function of x, has the same character, when x is near to c, as 
the function if' 1 

0 C 


Hence, also, it follows that E(x, z) has the form 


E{x, z) = e P *'“ 


-lv\ 

r«=l 


nr)i 


’[(<?, .t) - (c, a)] 


». 


* f (v), when rj is very nearly *, vanishes to order i+w, and dfldt to order w (see Chap. VI. 
§ 87). Or the result may be seen from the formula 

(Cliap. IV. § 4/1). 
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132. Ex. i. For the case (p — 1) where the surface is associated with the equation 

f = 1 ) 4 , 

if the values of the variables x, y at the place a be respectively a, 6, and the valuas at the 
place c x be c u d x respectively, then 

(a) when (c ti d x ) is not a branch place a ( 2 i> 

and 

4<v a ■ z Cl-f »+6 -\dz djdzr <*, +y rf,+t ~1 

’ ’ 5 l ' \j2s(z— x) 2s(z — a)j[dt 8 dt [_2d x (c x - v) 2d l (c l ~ «)J 

= J. dzVs+y _ *+6 _ d x + y c^-f b ~\ # 

2$ dt [_z - x z- a Cj - x * r c 4 - « J ' 


(/3) when (c n d t ) is a branch place, in the neighbourhood of which 


x = c x + t 2 , y = At + ..., 

(Ci ’- r) ^ =limit of 

At±y y 

2 At ( c x -x)’ Afa-x)' 

and 



*(■ ■*,«; c i) = 

T s+y s+b ~\dz A dz j 

\ y b ) 

”|_2s(z-.r) 2s~(z-a)J dt 2s dt ( 

1 

1 

l 


1 dz fs+y _ s + b _ _y_ 

2 sdt\z-x z-a c x -x^ c x — a) 


If ( s , z) be not a branch place, ^ ^ ^ ; if (s, z) be a branch place, in the neighbour- 

hood of which x=z + t 2 , y = Bt + ..., ^ ^ , = limit of 2*, = 


Ex. ii. For the case (p= 2) where the surface is associated with the equation y 2 =f(x), 
whero f(x) is an integral function of x of the sixth order, we shall form the function 
\jr (x, a; z, c lf c 2 ) for the case where c lf c 2 are branch places, so that /(c 1 )=/(c 2 )=0, and 
shall form the function i{/ (x, a; z, c) for the case when c is a branch place, so that /(c) =0. 

When c lf c 2 are branch places, in the neighbourhood of which, respectively, x—c x +t x 2 f 
y — A x t x + ..., and x=c 2 +t 2 2 f y — A 2 t 2 +... 1 so that A^—f (c x ), A 2 2 —/'(c 2 ) f we have 


/ \ Z — Co ^1 ^ 

"i ( z ) ~~ c x — c 2 2s dt * 

/ . 2 — Cj Ao dz 

2 Ydt' 

[(«.. 

x)-{c. 

and 




yls(x,a; z, c lt c 2 ) = 

r s+y s+b 

] dz 

1 dz 

[_2s (c - x) 2s{z-a)_ 

| dt~ 

2 8 dt 



When c is a branch place, in the neighbourhood of which x=c+ t 2 , y —At + Bfi + . . . , 
so that A 2 —f (c), the numbers k lt k 2 are 1, 3 respectively (Chap. V. § 68, Ex. ii.). In the 
definition of the forms o» 1 (s), co 2 { z ) (§ 127) we may, by linear transformation of the 2nd, 
3rd, ..., (p + l)th columns of the numerator determinant, and the same linear transforma- 


tion of the columns of the denominator determinant, replace Q x (z), . . . , Q p (z) by the 
differential coefficients of any linearly independent integrals of the first kind. In the case 
now under consideration we may replace them by the differentia] coefficients of the 


integrals / ^ , jf*. 


Hence the denominator determinant becomes 


12 — 2 
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1 dx 

x dx 

=* limit* 

2 y dt 

2 y dt 


( 1 c£r\ 

( x dx\ 


- W dt) 

' (ty dt) 



2t_ 

2Ai 


c+t* 

2At 


2 t 


(*\*( * \ 

\dtj \At+Bfi+.J* \dt) \Ai+Bt>+...) 


1 

A 


A 


At+BP+ 
, = 2/41 


2 

Hence a>j (z) -p = limit* 


2 B 2 ( cB\ 

A a ' 4 V Aj 

1 dz z dz 

2s dt *2 sdt j 

*\2ycU)' *\2ydt)' 


(2 B , 2 /, c£\l 1 dz 


A /) 2a dt 


and 




1 dz z dz 
2s dt' 2 sdt 

1 dx x dx 
2 y dt ' 2 y dt 


1 dzc — z 

2 8 dt A 


Hence 


« lW =[X+5(z- C )]l* 


<*>(*)=! -A(*-e) ^ j t - 


but 


Further [(c, x) - (c, “j\j t =\ (~i - . as in Example i., 


J>] {[<«, *)-(<>, “)] | } = -o [Q’{ [2'(7l4 a?(« + - r 


+0 


At+BP+b 


2 (At + BP) (c- 


W-}>- 


A^x-cy 


[A-B(x-e)]+ 


2b 


A*(a-c ) ! 


[A-B{a-c)\. 


Hence the function ^ (x, a ; z , c) is given by the expression 


r «+y 

s+6 

dz 

A+B(z- 

c) 1 dz f y b \ 


2s (z- a)_ 

dt 

A 

2s dt \c - x c-a) 


t z-c 1 cfz (A-B(x-c) 
+ T 2s dt V l^cF 


A - J? (a - e) . \ 

»- (.-V *)• 


Ex. iii. Apart from the algebraical determination of the function if? (x, a; z, c lf ..., c p ) 
which is here explained, it will in many cases be very easy* to determine the function by 
the methods of Chapter YI. It is therefore of interest to remark that, when the function 
yjr(x, a; z, c t , ... , c p ) is once obtained the forms of independent integrals of the first and 
second kinds can be immediately obtained as the coefficients in the first few terms of the 
expansion of the function in the neighbourhood of its poles, in terms of the infinitesimals 
at these poles. 


* An adjoint polynomial * of grade (n-l)<r+n-2 which vanishes in the p + 1 places 
z,e lt ... t c p will vanish in n+p -3 other places. The general adjoint polynomial of grade 
(n-1) <r+n-2 which vanishes in these n+p- 8 places will be of the form X*+/a 0, where X and 
/a are constants. The function ^(x,a; z t c lf ... ,e p ) iB obtained from by determining 

X and ii properly. Cf. Noether (loc. cit .) Math. Annal. xxxvii, 
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In fact, if 4 be the infinitesimal in the neighbourhood of the place c t) and M ri t denote 

A, [(<V, Ci) ~ r J, M ifi denoting x) ^ + ^ , 

the expansion of ifr(x, a; z, c lf c p ), as a function of #, in the neighbourhood of the 
place c„ has, as the coefficient of 4 -1 , the expression (z), which is one of a set of linearly 
independent integrands of the first kind, while the coefficient of 4 is 


Now the elementary integral of the second kind obtained in Chap. IV. (§§ 45 , 47) 
with its polo at a place c, when z is the current place, is E*' “= J dz D e (2, c), whether c be 
a branch place or not, and when z is near a branch place this must be taken in the form 

Hence the coefficient of 4 in the expansion of yfr(x, a; z f c lt ..., c p ), when x is near to c„ 
is equal to 

D,El' a - I 0 

1 r = 1 

This is the differential coefficient of an integral of the second kind, with its pole at c„ 
the current place being z. We shall see that the integral of the second kind with its pole 
at any place z can be expressed by means of the functions , ..., E Cp (§ 135, Equation x.). 


Ex. iv. Similar results hold for the expansion of the function yjr(x f a; z , c), as a func- 
tion of x, when x is in the neighbourhood of the place c. If 4 be the infinitesimal at this 
place, tho terms involving negative powers are 


i*.-i 


®i (*)+••• 





of which the coefficients of the various powers of 4 are differential coefficients of linearly 
independent integrals of the first kind ; the terms involving positive powers are 




where P iifc is the limit, when the place x approaches the place c of the expression 




M). 


Among the coefficients of these positive powers of 4 , only those are important for 
which k is one of the numbers k l9 ... , k p . This follows from the fact that D e k ~ l rj* a , when 
k is not one of the numbers k lt ..., k pt is expressible by those of 



of which the indices k t - 1 , k t - 1 , ..., are less than k- 1 , together with a rational function 
of x (Chap. III. § 28). 
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Ex. v. In the expansion of the function \J/ (x, a; z, c) whose expression is given in 
Example ii., the terms involving negative powers are 

A + 2?(g— c) dz 1 x-e .dz 2 
2 8 dt ' tf 2 s dt ' tf * 


and tho terms involving positive powers are 

2 dz 
25 dt 


■ t \jz c +B+c ( z - c )] + ^ % l \z--cy + h % <, [f«)* + J-c + c ' +jD( *" <!) ] 




1 dz . 


A * + ,^S+ — +/>+A’(2- 

-c ) 3 (z-cf Z-C v 


*> 


where the quantities A, B , ..., E are those occurring in the expansion of y in tho neigh- 
bourhood of the place c ; this expansion is of the form y=At + Bt 3 + Ct h + Dt 1 -f Efl +. . . . 


Ex. vi. If in Ex. v. the integrals of the coefficients of t, t 3 and t 5 be denoted by 
F 3 *t F£ t find the equation of the form 

F s ‘ =\/\*+ ftF 3 *+ integrals of tho first kind + rational function of ( 5 , z ) 

which is known to exist (Chap. III. §§ 28, 26 ; Chap. V. § 57, Ex. ii.), X and p, being 
constants. 


Prove, in fact, if the surface bo associated with the equation 


that 


f = (* ~ cf +p x (x - of +Pt (x- cf +p s ( v - of +pi (x - of +p s (x - c) 
f S " C)+ -^ s + 2 f> 2 +ft^-«)] = - ( J c)1 +<»nstai 1 t. 


133. We pass now to a comparison of the two forms wc have obtained 
for each of the rational functions yjr (x, a\ z } c 1} ..., c p ), sfr (x, a; z, c), one 
of which was expressed by the Riemann integrals, the other in explicit 
algebraical form. 

The cases of the two functions are so far similar that it will be sufficient 
to give the work only for one case yjr(x,a ; z t c Xi ...» c p ) t and the results for 
the other case. 


From the two equations (§§ 122, 130) 

+(*«; *,* <*) = !?“- I M*)C. 


fj n p fj n 

y}r(x,a; z t c u ..., c p ) = [(z, x) - (z t a)] ^ - S a>i (z) [(c t , x) - (c t , a)] ^ , 
we infer, denoting the function 

by H x '\ that 


I ?•-[(*, •)-(*, a)] 3= 


HT= 2 


(i) 

(ii) . 
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The function H % * a is not infinite at the place z y but is algebraically 
infinite at infinity; it has the same periods as T *’ a . The equation (ii) shews 

/ dz 

^ is a rational function of z, while the equation 

r*' • = [(*, •) - (M, a)] 2 + .1 (z) H* e ; a (iii) 

gives the form of r * a as a rational function of z. 


Integrating the equation (iii) in regard to z , we obtain 




(iv), 


where c is an arbitrary place, and PJ * is the integral of the third kind, as a 
function of z, which was determined in Chap. IV. (§§ 45, 46). 


Since the integral of the second kind £^‘ a , obtained in Chap. IV. 
(§§ 45, 46), is equal to D z l^ a c , wc deduce from the last equation, inter- 
changing x and z , and also a and c, and then differentiating in regard to £, 


E x ; a + § vf a D z Hl’ 0 = d, n*’ *, = d z n*' “ = r*' c 

t=l ‘ 

and thence, using equation (iii) to express r *' a , 


E ? ‘ = [(*> •) - (*, «)] § + _S [o>, (z) II *[ ° ~ V ‘‘ ‘ D >K r ] 

which* gives the form of E x ,' a I ~ as a rational function of z. 

I at 


(v) , 

(vi) , 


The difference of two elementary integrals of the second kind must needs be a function 
which is everywhere finite, and therefore an aggregate of integrals of the first kind. The 
equation (v) expresses the difference of E*' a and rf' rt in this way. But it should be 
noticed that the coefficients of the integrals of the first kind in this equation, which 
depend upon z , become infinite for infinite values of They arc the quantities 


D H z ' c . 

- c i 


From the equation (iv) wo havo 


n r : a - 2 r r,rt /r* c 

Z, C Sf, C , 1 Cj 


wherein the coefficients of l r l *‘ rt on the right may bo characterised as integrals of the 
second kind. From this equation also, if the periods of V* ,a at theyth period loops of the 


* An equation of this form is given by Clebsch and Gordan, Abel. Functnen. (Leipzig, 1866), 

p. 120. 
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first and second kind be denoted by C itJ and C' il} respectively, wo obtain, as the corre- 
sponding periods of 1*^ * 

from these equations the periods of E x ' ° are immediately obtainable. These equations 
may be used to express the integrals //*’ c in terms of the periods of 1*^ " at the period 
loops of the first kind. 

134. But all these equations are in the nature of transition equations ; 
they connect functions which are algebraically derivable with functions whose 
definition depends upon the form of the period loops. We proceed further 
to eliminate these latter functions as far as is possible, replacing them by 
certain constants, which, in the nature of the case, are not determinable 
algebraically. 

The function of x expressed by H*' a is not infinite at the place z. 
Hence we may define p 2 finite constants A h r by the equation 

where c is an arbitrary place. And if, as in § 132, Ex. iii., we use the 
algebraically determinable quantities given by 


we have 


Mi -r ~ Dcr [ (C> ’ Cr) d/]> M '- i ~ \ Dx [ (C( - *) Si + <T ] 
M t , r + Ai, r = D Cr r'; ,c mD H M r , i+A r , i, 


Then, from equation (v), putting therein c r for z , 

HT=l t; a -[(c^)-(c n a)]§=< 0 -[(c^)-(c r ,o)]^+ I Ai, r V*' * (vii) 

and thence, since E x c ’ r a = f dx D Cr (x } c r ) 

J a 

= D" [(«, c r )J] - D x [(*, x) J] + »,<*)• 

If in this equation we replace x by z and i by r and then substitute 
in equation (v), we obtain 

rt =A; + ( S Vi' |a, [fa Ci) J - D z (c,, z) J’j + ^2 A r ,id> r (z)j ; 



135] OF ARGUMENT AND PARAMETER. 185 

and thus, if we define an, algebraically determinable, integral by the equation 

cr-xr+i cia, -d, [<«.•>£] 


we have 


- i i ( Mr , i- Mir) (Or (s)l (viii), 

r~ 1 ) 

if* =<£“+£ I Mr., + P fr.i - iM„r) »r (*), 


i-=l r-1 


It" * = (fz ‘ + i i V? ' I ( 4 ,.< + A,, r ) a >r (Z). (Viii)', 

t=l r=l 

from which, by integration in regard to z , we obtain an equation 

<£c° = f of a dt z = It;: - i r sY (A r , t + A i>r ) v? “ Y; c (ix), 

cither of these expressions being, by equation (viii), also equal to 
If: + i Y: • [(c„ z)-(c„ c)] 

+ i ! ! ( Y a vY- v T ; a vY) (M,- r - M r ,,) (ix)'. 


The equation (ix) shews that the integral Qj** is such that 

O x ’ a = 0 z ’ c 

'*'2, c V *'x, a 

while every term of (ix)' is capable of algebraic determination. 


135. From the equation (ix), when none of the places x, z t c lt ..., c p are 
branch places, we obtain 

a . , £ . , r a , \ 3 / ,1 

a®a* - s z) + “i ■** { ) [dc, (z ’ Cl) ~ dz (c ” 

+ ^ S - [a); (x) (O r (z) (O r (#) ( 0 , (^)] \,M,, r i] (x), 

i=l r=l 

0 3 * a 0 2 c 

and hence, from the characteristic property Q*’ t Qx, a» w e infer 


0 

0* 


(z,x ^ + ^ [ac, (z ' c,) ~ dz (e< ’ a) ] [ac, ^ ,Ci) ~ aL (c ‘"^] } 

+ i i £ [&); («) <»r («) - tOr («) CO, ( 2 )] [Mi,r - = 0 (xi), 

<=1 r=l 


wherein every quantity which occurs is defined algebraically. The form 
when some of the places are branch places is obtainable by slight modi- 
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fications. This is then the general algebraic relation underlying the funda- 
mental property of the interchange of argument and parameter , which was 
originally denoted, in this volume , by the equation II* * = 11*’ c a . 

The relation is of course independent of the places c l} ..., c p . For an expression in 
which these places do not enter, see § 138, Equation 17. 

The equation (xi) can be obtained in an algebraic manner (§ 137, Ex. vi.). The method 
followed here gives tho relations connecting the Riemann normal integrals and the particular 
integrals obtained in Chap. IV., with the canonical integrals (f' a t Q*' 

It should be noticed, in equation (xi), that in the last summation each term occurs 
twice. By a slight change of notation the factor \ can be omitted. 

The interchange of argument and parameter was considered by Abel ; some of his 
formulae, with references, are given in the examples in § 147. 


136. From the equation (viiiy we have 


r *’ a =G x ’ a + i t {Ai'i + Ai,,) V*’ 

c » c > t-i 


From this equation, and the equation (viii)', we infer that 




- I «,(*)<£• = !?•-$«*(«) rr 

8—1 9 2 8=1 * 


= + («. a ; c u ..., c p ) 


(xii), 


which result may be regarded as giving an expression of the function 
yfr (x, a ; z, c u ... , c p ) in terms of the integrals G ; but, written in the form 


g: 


■-f. 

8=1 


.wrr 


■ + [(,, x) - (z, a)] J - jU, (z) [(c,, •)-(*, a)] J , 


the equation (xii) has another importance; if we call an elementary 

canonical integral of the third kind, and (?*’ a , = T>(f an elementary 
canonical integral of the second kind, we may express the result in words 
thus — The elementary canonical integral of the second kind with its pole at 
any place z is expressible in the form 

2 oo 8 (z) G*’ a + (rational function of x } z, c l} , c v ) /— , 

8=i e » j dt 

wherein the elementary canonical integrals occurring , have their poles at p 
arbitrary independent places c u ..., c p . 

Further, by equation (xii) the function E (x, z), of § 124, can be written 
in the form 

rw , <£'■- i vro:;“ 

E (x, z) = e (xm). 
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If we put 

K a = or -[(*■*) -(*■«)]% 

(xiv), 

tho equation following equation (xii) gives 


and therefore, also 

K x - a = iu,(z)K x ' a 

* t = l C l 

(xv), 

and 

G r -‘ , = P I '“+i V x ' a K‘’ c 

z,c z,c i=1 t e t 

(xvi)> 


Dx ((z, m) ~ D z ((*, z) = I Oi (a>) D Z K^ °- m, (z) D x K*’“ ] (xvii) 


which is another form of equation (xi). 
It is easy to see that 


O * * = E**-\Z (M it . - M., t) V*- ° . 

' c » t=l 


137. Ex. i. Prove that the most general elementary integral of the third kind, with 
its infinitias at the places 2 and c, and vanishing at the place a, which is unaltered when 
x, z are interchanged and also a and c, is of the form 


n r, a H „ T. x, cl Tr r, 

4, c “ . 2 , a "r T t V r 


wherein n t , P are constants satisfying the equations a lf r =a r , t - 


Ex. li. If the integral of Ex. i. be denoted by and D, (£' ® be denoted by G x ' a } 
prove that 

*(*,«; z,c„ ...,<*)=(/?“- f •,(;)§?*. 

S= 1 


Ex. 11 i. If, in particular, (f['“ be given by 


prove that 


2 2 r ) V’’ “ 17' , 

i=lr=l 


c r^ a =E- a - *M rtl V~' a . 


This is the integral, in regard to 2 , of tho coefficient of t t in the expansion of 
\fr (x, a; z, c it ..., e p ), as a function of x , in the neighbourhood of tho place c t (§ 132, 
Ex, iii.). 

The integral is algebraically simpler than tho integral of this example, in 
that its calculation does not require the determination of the limits denoted by 


Ex. iv. For the case p— 1, when tho fundamental equation is of the form 

y*=(x, 1) 4 , 
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if the variables at the place c l be denoted by x—c X) y—d u the place not being a branch 
place, prove that 

S to *> “ ® to [/" n) (*) •(*-*)+ i/" ?) W • (* - ^ 

and calculate from the equation xi, in the form 

/)»• « /■" r <! y«+/(^ *) dx dz_ . [ x dx [ a dz 

^ Z ' e J a J c 2{x-z) 2 y 8 24 ' { l) Ja y Jc's ’ 

where, if y 2 =f(x)—a 0 x*+4a l x 3 + 6a. 2 x 2 +4a 3 x+a 4 , the symbol f(x t z) denotes the sym- 
metrical expression 

x 2 (a^z 2 + 2a x z 4- a 2 ) + 2x (a x z 2 + 2 a 2 z+ a 3 ) + (a 2 z 2 + 2 a s z+ a 4 ). 

Prove also that in this case Jf u x = -f (Ci)/4/(cj). 

Calculate the integral when the place is a branch place, and prove that in that 
case M ltU =limit t « 0 Q ^ ^ + wherein #=Cj+* 8 , y=ilf+2fe 3 -f vanishes. 

Ex. v. For the case (p=2) in which the fundamental equation is 

y 2 =/(*). 

where /(.r) is a sextic polynomial, taking c v c 2 to be the branch places (c l , 0), (r 2 , 0), m 
the neighbourhood of which, respectively, x=c 1 + t l \ y = A l t l + B 1 t l 2 +... , and x=c. z +t 2 \ 
y=A i t i +B 2 t 2 3 + prove that • 

„z,c f z dz At A z-c« 1 dz . , dc { Is.. A 2 

c i ~~ J e 28 z-c t * ‘cj— c 2 2« dt 9 ^ A x Cj-a ’ 1,2 ~ 

and infer that 

Supposing x and z have general positions, deduce from equation (ix) that 
iy» (x-zf Ji|-2y*= +i / 'to ) ^to ) (x-zf+f (z) (*-*)+ 8/(») 

ft/' fa ) +/(*)] (a -e,)-2/(g) g-Cj _ I/fa) +/ WH* - c J~ 2 /( 2 ) *-«il 

+ to M (z-Ctf— c,-c 8 (*-«*)* W’ 

where Jj 2 , j 4 2 2 have been replaced by /' (c L ), / (c 2 ) respectively. 

Prove that this form leads to 

where, if f(x) be a 0 x 4i +6a l xfi+15a 2 x i +20a 3 x 3 +15a 4 x 2 +6a b x+a (it f(x,z) denotes the 
expression 

x? (uqZ 2 +Za l z l +Za 2 z+ a 3 ) -f Sx 2 (a x z 3 + 3 a 2 z 2 4- 3a 3 2 + a 4 ) 

+ 3x (OgS 3 -f 3a 3 « 2 +3 a 4 z+a 6 )+ ( a ^ + 3a 4 s 2 + 3 a b z + a fl ), 
and Z, if, N are certain constants depending upon c x and c v 

Ex, vi. Let R (x) be any rational function. By expressing the fact that the value of 
the integral jR(x)dv taken round the complete boundary of the Riemann surface, is equal 
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to the sum of its value taken round all the places of the surface at which the integral is 
infinite, we shall (cf. also p. 232) obtain the theorem 

dx * 

where the summation extends to all places at which the expansion of R (x) ^ , in terms of 

the infinitesimal, contains negative powers of t , and £/£(#) means the coefficient of 

t~ l in the expansion. If all the poles of R (x) occur for finite values of x, this summation 

d%xf 

will contain terms arising from the fact that contains negative powers of t when x is 
infinite, as well as terms arising at the finite poles of R (x). If however R (x) be of the 
form U (x) V (x), wherein U(x) y V (x) are rational functions of x , whose poles are at 

finite places of the surface, there will be no terms arising from the infinite places of the 
surface. 


Now let £ denote the current variable, and x, z denote fixed finite places : prove, by 
applying the theorem to the case* when 

*(*) = +•({. ®5 2 . C 1 *. C 1 «!>)> 

that 

Ac + (x, *) - A * (2, *)= 2 {», (x) O (x, z)t - (z) [f (z, x)i }, 

<-l l e i \ 

where \Jr (x, z) is written for shortness for \fr(x, a; z, c lt ..., c p ), and (x, z)f denotes the 

\ 

coefficient of t C{ in the expansion of \fr (x, z) f regarded as a function of .r, in the neighbour- 
hood of the place c t . 

Shew, when all the involved places are ordinary places, that this equation is the same 
as equation (xii) obtained in the text. 

Prove also that 


0,D.<l' a -h 2 2 a ,(x) ar (z)(M r „+Jf„ r ) = D. + (z,z r)+ S »,(*)[+ (*, z)t . 
’ t=l r=l <=1 v 


Hence, as the forms on (x) are also obtainable by expansion of the function yjr(z, x), every 
term, on the right hand u immediately ccdciddble when the form of the function yfs (x, z) 
is known ; then by integrating the right hand in regard to x and z we obtain an integral 
of the third kind for which the pro}>erty of the interchange of argument and parameter 
holds. (Cf. Ex. iii. p. 180.) 


Ex. vii. By comparison of the two forms given for the function yfr (.r, a ; z, c) (§§ 126, 
131), we can obtain results analogous to those obtained in §§ 133 — 136 for the function 
\l,(x,a; z , c l9 ..., c p ). 

x dz 

Putting, as before, //* a ■= r*’ a - [(z, x) - (z, a)] ^ , and, when z is a branch place, under- 
standing by D k ~ l H*' a the expression D* /*£*), and, further, putting 


*. r V«. *i. r=[/>‘ r D\ " '(<«, 2 ) | + c , 


* GUnther, Crelle , eix. p. 206. 
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wherein m is an arbitrary place and t c the infinitesimal at the place c, so that 
K„ r =N„ r -N r „=B r , B„ r = \pY l D *'- 1 [/). ((*, z) g- -D x ((*, *) 


prove, in order, the following equations, which are numbered as the corresponding equa- 
tions in §§ 133 — 136 ; 

p . . ~*.-l a 

(ii), 




K'Xl- s v"‘ “ D k '~ x a*' m 

z, in z, in . _ i c < 


(iv), 


K °=fe *)-(*. “)] t + t * [“. (*) K rl C * - V^ a D.D^-' lf; m ] (yi), 
i)* 1 " l ^ 0 = J D‘ r “{<' 0 -[(y > *)-(c, «)]g + t * J?„ r Ff* (vii), 

wherein, when c is a branch place, the first term of the right hand is to be interpreted as 

D* r (F t,a - P c ' m ) ; 

C 'C, 771 X, a* * 

also the equations 

D.D]'- 1 H* m =D*'- 1 [/)« ((*, <0 - Z>, ((c, z) §)] + B r „ ar (z), 

*■-*■+*, 


+ 2 I ,i r , ( rr“« r ( 2 ), 

* = 1 r=l 


and thence, that the algebraically determinable integral 

or^r+.f, *r (m|)] 




is equal to 


rr“-|2 2 

t=l r=l 


(viii) ; 


and, finally, that the integral 


c;=n:;:-j2 2 vr vr (.B„,+B ltr ) 


(ix). 


which, clearly, is such that * , can bo algebraically defined by the equation 

C=C + j, V^dY 1 {<•“-[(«, z)-(c, »)]g 

-J 2 2 ( F* “ F* w - F * 0 V* ’") ff rii (ix)'. 

t r 

Further shew that the function ^(z, a; z, c) can bo written in the form 

f (•«•, « ; c )~(^l' a ~ ( z ) I)k ' X 6 C’ * (xii). 
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The algebraical formula expressing the property of interchange of argument and parameter 
is to be obtained from the equation 

a a (<*, *> S) + j“i w {a (<* <o a) - a (<* *> a)} 

+ i 22 [a) t (#) o) r (0) — co r (#) co t (0)] -Kii r (x). 

Lastly, if L k {z ) denote the coefficient of t k j\k {k positive) in the expansion of the function 
\j, (x, a ; 0, c) as a function of x in the neighbourhood of the place c, so that (Ex. iv. § 132) 

L k {z)=D* ^(0, c) A* it 

where />„ * denotes a certain constant such that P tikr is N x>r% prove, by equating to zero 
the sum of the coefficients of the first negative powers of the infinitesimals in the expan- 
sions of the function of £, yff(£,a; 0, c) yfr($ } a; x, c), at all places where negative 
powers occur, that 

p 

D x \fs (x y a ; 0, c) - D, yf, (0, a ; x } c) = 2 [a> t (x) L k{ (0) - o> t (0) L kl (#)] (A), 


wherein, on the right, only functions L k (z) occur for which k is one of the p numbers 
k lt k, 2 y ..., k p , and that 

AtAfia.'m*" i 2 2 oi l (x)oj r (z)(N r ,^^JV i , r )—D t \lr(Zy a; x t c)+ 2 o>i (x) L k{ (z) (B) ; 

*=1 r=l t=l 


thus an elementary integral of the third kind, permitting interchange of argument and 
parameter, is obtained immediately from the function yfr (x, a ; 0, c) by integrating the 
right hand of equation (B) in regard to x and 0. 

Provo also, that if 

*)-(*«)]§, 

we have the formulae 

K x * 0 = 2 (0) if 1 1 K x ' a (xv) 

1=1 c 

<£] I = Kn + . J [ c ‘ ■ D T " ' J? “ (wi) 

A(h a((* 2 )§) = JjKW *?*-•.« />, A’*“] (xvii). 


Ex. viii. To calculate the integral Q*'" n for the case (p— 2 ) where the fundamental 
equation is 

wherein /(r) is a sextic polynomial divisible by x-c, which is expansible in the form 
f(v) = A 2 (x-c) + Q (x - c) 2 +R{x-cy + ... , 
wo may uso the equation (xi) of Ex. vii. When .r, z arc near the place c, putting 

a-=c+V. =-«+«,*, s=^< a + 2 ^< s 3 +..., 

prove that 

D, ^(.r, z) - D z ^(0, x) ^ (*, 2 - */)+ cubes and higher lowers of and t 2 , 
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and thence (see Ex. ii. § 132) that 

A' ia K (40 «,(*)-», (4) », (*)] = f j . 

Also, when z is not a branch place, if Cj be a place near to c, and the expansion of the 
function jj^- (z, c i)“ ( c i> S )J ^ hi powers of the infinitesimal at c, contain the terms 
Af+ . + Nt *+ ... , so that 

Hs •>-£<* 2 >] 5 ’ {R h < c - ’>] S • 

prove that 

M lA*+f(z)][z-c]-2f(z) 

2As(z-c)* 

>y 3 A* (£ - c) [A 2 + H (x ■ - c)] ±T (z).(z-c)[A*-tQ(z- c) j - 2/(z) [2 A*-jQ(s- c)] , 
2V ~“ 2Ah(z-cy ’ 


substituting these results in the formula (xi) of Ex. vii., prove that 

- 230 fr*- c) ( s - c )p+ 6 ^+ 2 - 2c )£ + ,2 S}/» 

where f(x, z) has the same signification as in Example v. The jwirt within the brackets 
{ } is of the form ya22a,, r a>, (x)<a r (z\ where a tir =a rJt . 

Obtain the same result by the formula (B) of Ex. vii., using the form of yjr (x, a ; z } c ) 
found in Ex. ii. § 132. 


138. The formulae in §§ 133 — 136 enable us to express the form of a 
canonical integral of the third kind, in the most general case ; and to 
calculate the integral for any fundamental algebraic equation, when the 
integral functions are known. But they have the disadvantage of presenting 
the result in a form in which there enter p arbitrary places c„ ... ,c p . We 
proceed now to shew how to formulate the theory in a more general way ; 
though the results obtained are not so explicit as those previously given, 
they are in some cases more suitable for purposes of calculation. 

Let u*' a , ... , Up a denote any p linearly independent integrals of the first 
kind; denote D x u x t ' a by /*, (&•). Let the matrix whose (»,y)th element is 
fiy ( C { ) be denoted by /*, c,, ..., c p being the places used (§ 121) to define 
the quantities ©j (x), ... t Q> p (x), Let v t j denote the minor of the (i,j)th 
element in the determinant of the matrix /*, divided by the determinant 
of/*; so that the matrix inverse * to /* is that whose (i,j) th element is v hi . 
Then we clearly have 

<Oi (x) = v it i /*! (x) + + Vi, pf* p (x) (i = 1,2,..., p). 

* Since m*'\ .. , «*’* are linearly independent, and the places c lt ...,c p are independent 
(see §§ 28, 121), the matrix n’ 1 can always be formed. 
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Let a denote any symmetrical matrix of p 3 quantities, a it j , in which 
a i, j = a J, »’• Then we define p quantities by the p equations 


L*- a - « iC • + * * ■ “ + • ■ • + *. <K a - 2 (a*. .<” + ••• + “). 


and call them fundamental integrals of the second kind associated with the 
integrals u x ’ ", ... , a . For instance when pi (x) = <*>,• (x), v ttJ = 0 unless 
i=j, in which case ,■ = 1. Thus by taking a lt) — \ (Ai tJ -\- Aj t% \ the 
integrals K*’ a , ... , K x,a (p. 187. xiv.) are a fundamental system associated 

with the set V x ’ a , ... , V x,a . 

i * * p 


It will be convenient in what follows to employ the notation of matrices 
to express the determinant relations of which we avail ourselves * We shall 
therefore write the definition given above in the form 

a = vH x ' a — 2au Xi * 

wherein L x,a stands for the row of p quantities L*’ ", ...,L x ' a , H r,a stands 
for the row of p quantities //*'“, ... , //*’ a , and v denotes the matrix obtained 
by changing the rows of v into its columns, and is in fact equal to the 
matrix denoted by p~\ so that we may also write 

L x a = p~'H x> a - 2 au*> • = pr'K x ' a - 2 a'u *> « 

where (§ 137) 

H ,a =K *a +h l {Ar >+A . r)V X ;\ 

r = l 

Explicit forms of the integrals K* ,a have been given (§§ 134, 136). 


Then, from the equations defining the integrals L x,a , we have 

i p x (z)L*; a = lH x e [ a i v Jt iPi(z) — 2 i l a,, t u*; a p 8 {z\ 


i=i 

p 


= 2 <o } (z)H’ -2 S 2 a r ^u r ' p,{z\ 

j = l J r=*l j»=1 

= H? a - 2$, I a T> , ii*' “ fi , (*) ; 


and this is an important result. For, putting for z in turn any p independent 
places, the p functions arc determined by this equation. Thus the 
functions L x ' a , ... , L^ a do not depend upon the places c,, c 2 , ... , c p . 


* See for instance Cayley, Collected Work*, vol. ii. p. 475, and the Appendix II. to the present 
volume, where other references are given. 


B. 


13 
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Also, from this equation we infer 


D* 





= i \jH (*') DX' e - Pi (*) D,L? “] 

1-1 


an 


c being any arbitrary place. Now it is immediately seen that if (x ), ... , 
R p (x) be any rational functions of x such that 

I i [tM(x)R>(z)- n(z)Ri(x)\ 

<=i <= l 

then R{ (#) can only be a form of D X L*’ a , obtained from D X R? “ by altering 
the values of the constant elements of the symmetrical matrix a. Hence 

the equation (17) furnishes a method of calculating the integrals when- 
ever it is possible to put the left-hand side into the form of the right-hand 
side. 


The equation (17) shews that the expression 

£>z ((*, z) + I fli (x) D,Lf ' , 


is unaltered by the interchange of x and z . This expression is also 
equal to 

£.((*, z)^+D,Hl ' e - f a,, .*(•)*(*) 

and, therefore, to 

DiT % 2 2 f a rtt fi r (x)fi 8 (z). 

r - 1 


Hence, the formula (§ 134, ix.) 


Ti X > a _ D*. « 

11 z, ct — r t t C 


, v’ * 

+ ^ U x 
1=1 


“xr=n:,;-2 i 


x, a z,c 
U r U. 


= Qi: + i i i (Ar, , + A ,, r) Vr f fa,, .«? %:■ * 

r=l #=1 r-1 1=1 

gives us a form of canonical integral of the third kind not depending upon 

the places c 1} ... , c p , and immediately calculable when the forms of the 

functions L*' a are found. 


The formula 

I ?•-[(#,«)-(*,«)];£+ i m (#)!?• + 2 i f a,,.i£V.(*) 

ai M »1 r=*l «=1 

serves to express any integral of the second kind in terms of the integrals 

A L v 



139] 


EXAMPLE OF HYPERELLIPTIC CASE. 


195 


Ex. i. For the surface y 2 =/(#), where f{x) is a rational polynomial of order 2 jd + 2, 
the function 

»,« 2 ±( ■> \ _ 1 f /'«) \ 

wherein **■■/(*), >7 2 =/(£), is a rational function of £ (without 7). Provo by applying the 
theorem, 2 £«({) =0, (Ex. vi, § 137) that 


')■•{£(*•*) *4?^ *)**+»' + «(sj y 2l 2y2»)’ 


vhere /■' represent in turn every pair of unequal numbers from 0, 1, 2, 2 p, whose 

mm is not greater than 2p, being greater than k, and the coefficients A are given by the 
act that 

y 2 */(#) *= A 4- A r r 4- A^r 2 + . . . + A 2P + x + 1 4- A 2P + 2 .^ + 2 . 

[fence, a set of integrals of the second kind associated with the integrals of the first kind 


s given by 


f x dx f x xdx f x x v ~ 1 dx 

Ja ~y’ Ja~y~’ Ja y * 

+ (i=l, 2,..., 

J a*y k = i 


ind a canonical integral of the third kind is given by 
( x [*dz dx [2 ys+2f(z)+f (z) (x-z) P . 
Ja)c2s2yl (. v-zf 

This is equal to 


p 2p+l-i *1 

+ 2 .**-* 2 + . 
<=1 * = 1 J 


& 2y«+ (>+«)] 

Ja)c28~2y {x-z) 2 ’ 

fhich is clearly symmetric in x and z. 

The value of ~ (z, x) - £ (x, z) used in this example is given by Abel, CEuvres Completes 
Christiania, 1881), Vol. i. p. 49. 

/ OC 

~y *** 

u h' v + dx ; and express these in the notation of Weierstrass’s elliptic functions 

« 4 y 

rhen the fundamental equation is y i =^x 3 —ff^'~g 3 . 

139. Suppose now that the integrals u\' Up a are connected with 
he normal integrals v\' a t ... , Vp' a by means of the equations 

7 rip r (x) — \ r> ! ft, (x) -I- + Ar, p fl p (&), 

rhich, since 11, (a?) = 27 liDv*' a , are equivalent to 

it> r 3 2 (Ar ( i Vj 4* 4~ p Vp ). 

Then the periods of the integral ?/*’ °, at the first p period loops, form the 
th row of a matrix, 2\, and the periods of the integral u r ' a at the second 

13—2 
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p period loops form the rth row of a matrix 2 \t ; we shall write o> = \ an 
w — At, so that o) t j= \ij. The two suffixes of the quantities G> 1t j wi 
prevent confusion between them and the differential coefficients a), (x). 

Let the periods of X *‘ a at the jth period loops of the first and second kin 
be denoted by — 2 rj lt j and — 2 rj\ tJ respectively. The matrix whose ith to' 
consists of the quantities ... , r) iiP will be denoted by rj\ similarly tb 
matrix of the quantities will be denoted by tj. The matrix of th 
periods of the integrals H*[ a , ... , H* a at the first period loops is zero; th 
(t, y)th element of the matrix at the second period loops is the j th period t 
H* namely (c t ). We shall denote this matrix by A. 

By the definitions of the integrals X *’ a we therefore have 

%Vi,j — 4. ( a i, i©i,j + ••• + a it p(0 Pt j), (t\j = 1,2, ...,p) 

2^ i t j = 4 (a,, i , j 4- • • • 4- cti, p p } j) — (vi t i O.J (Cj) + . . . 4* Vp t i Clj (c p )), 

and all these equations are contained in the equations 
r) — 2aa>, 

7) = 2 at*)' — ^vA = 2 aco' — ^/jr 1 A. 

Now from the equations connecting p r (x) and Q, (x), we obtain 
mpr (tJj) = A^ j flj (ci) 4" 4“ X r> p Xlp (c t ), 

wherein fi r (d) is the (j, ?*)th element of the matrix and the right hand 
the (i, r)th element of the matrix AX ; hence we may put 

7 rip — AX. 

If then we denote the matrix A by h , we have 
2 AX A ssa 27 Tlfxk = 7TlA — A7 T%, 

and infer that 2\A=7n, and thence that 2 h\ — iri. Thus 2ha>—7ri, 2Aa>'=7ri' 

Also the integrals . . . , u p a , . , . , v{ a , . . . , v p a are connected by th 
equation hu x ' a = 2h\v x > a = iriv*' a . 


140. The four equations 

2A<w — 7 ri, 2 ha> = 7 rir, rj — 2 aco, t{ = 2 aco' — h (A) 

will prove to be of fundamental importance in the theory of the thet 
functions. They express the periods 77 , r{ independently of the plact 
Ci 9 ••• , c p , used in defining Xf‘ a . 

If beside the symmetrical matrix r, and the arbitrary symmetrical matri 
a , we suppose the matrix //, which is in general unsym metrical, to h 
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arbitrarily given, the integrals u%' a , ... , Up a being then determined by the 
equation hu *■ * = n rvi Xt a , the first equation, 2 h<o = n ri, gives rise to p* equations 
whereby the p 2 quantities co itJ are to be found, and similarly the other 
equations give rise each to p 2 equations determining respectively the quantities 
co\ t j, v\,j- But, thereby, the 4 p* quantities thus involved are deter- 
mined in terms of less than 4 p 2 given quantities. For the symmetrical 
matrices a , r involve each only ip(p + l) quantities, and the number of 
given quantities is thus only p (p + 1) +jp 2 . There are therefore, presumably, 

4>p*-[p*+p(p + 1)], =2 p*-p, 

relations connecting the 4/? 2 quantities r} hJ , we can in fact 

express these relations in various forms. 

One of these forms is 

wrj — rjco, wrj , = rj'co ) rjco’ — tor) — \rri = tor) — rj'co, (B) 

of which, for instance, the first equation is equivalent to the ^p(p-l) 
equations 

i i<O r>J ) = 0 y 

r= 1 

in which i = 1, 2, ... , p, j — 1, 2, ... , p, and i is not equal to j. The second 
equation is similarly equivalent to %p{p — 1) equations, and the third to p 1 
equations. The total number of relations thus obtained is therefore the 
right number p 2 +p (p — 1), In this form the equations are known as 
Weierstrass’s equations. 

Another form in which the 2 p* - p relations can be expressed is 

cow — coo), 7777 ' = 7 ]' 7 ], cor\ — corj' = $7ri — rjw — rj'w (C) 

These equations are distinguished from the equations (A) as Riemanns 
equations. 

111. The equations (B) and (0) arc entirely equivalent; either set can be deduced 
from the equations (A) or from the other set. A natural way of obtaining the set (B) is 
to use the equation (17). A natural way of obtaining the set (C) is to make use of the 
Riemann method of contour integration. 

The equations (A) give, recalling that a— a, &>'=»r, f =r, 

Hr) = 2&>ao> ,=/3, say, a symmetrical matrix, 

<5if = 2c Saw' — <ah — 2 «5ao»r - Aa» = /3r — 

Hence rja =rjar—ftr— (Hr, 

and because « =t®, 

6 > V = = t($t — 4 frtV , 
and thus, as rPr=r#r, we have 

5i; = 7«, WT) f = f) f G>', rju ■— wr)' ~^ni=wT] — r^w, 
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which are the equations (B). And it should be noticed that these results are all derived 
from the three «'s=®r, «»; =/3, <3?/ — ^ 7 Tt, assuming only that ft and r are symmetrical. 

From the equations (B), putting air; —ft, so that fi and y are symmetrical 

matrices, we obtain* 

,;=(«)- 10, ^=sy(<w') _1 > and thence « («) _1 /3-y(5 / )“ 1<a::a i ,r ** 

Hence, if so that «5' = *c«5, 5'(5) -1 — «, and K _1 = (a>')“' 1 co, we have 

*£-y or KfiK — y—\iriK } 

and therefore, as the matrices k(3k and y are symmetrical, so also is the matrix k ; and thus 
oi -W =«(«►) ” 1 , and therefore a>a>'=6> o>, 
which is one of the equations (C). 

Further 

o>rj' = tfa ~^rri = rjoJK — £ iri =*£ie — $ rr* , 

aud therefore >?'*> ~ - £ ni = k$ - 

leading to - £ wift 

and the right hand is a symmetrical matrix, and therefore equal to «v rjt» ) thus also 

which is the second of the equations (C). 

Finally (w'ij — <orj’)w—<a ya — - hni) - umrj — aK3'i;+iwi® = (® <3 — tom )»; + £«■*<» 

= ^TtUO, 

and thus 

w'tj - wtj' — ^rriy = , therefore, ija' - if 9, 
which is the third of equations (C). 

We have deduced both the equations (B) and (C) from the equations (A). A similar 
method can be used to deduce the equations (B) from the equations (C). 

Other methods of obtaining the equations (B) and (C) are explained in the Examples 
which follow (§ 142, Exx. ii — v). 

142. Ex. i. Shew that the p integrals given by the equation 

.*, « . ri*. « , i* 

A, — H »***<■, + ••• + tpj i U( P i 

where t %tJ is the minor of 0, (t\) in the detenninant of the matrix A (§ 139), divided by the 
determinant of A, namely by the equation 

a*.«=a -'H*’*, 

are a set of fiuidamental integrals of the second kind associated with the set of integrals 
of the first kind 2 mv*' a , ... , 2 mv*; **, and are such that 

= ^ («, w a », « a a’; “) = J i («. w i>. X,;' - ®, w a x;; ") 

-* t (aw A*r-a« "*<■")-,!, (« wfttf '-*<•> • 

* The determinant of the matrix w, =X, cannot vanish, because a'’ - , u’* are lineavly 

independent. The determinant of the matrix r does not vanish, since otherwise we oould deter- 
mine an integral of the first kind with no periods at the period loops of the second kind 
(cf. Forsyth, Theory of Function*, § 231, p. 440). 
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Prove that the function A*’ ° has only one period, namely at the ith period loop of the 
second kind, and that this period is equal to 1. For the sets 

n . as, a n . x, a .x, a . x, a 

2^ , ..., 2mv p ' , A, , A^ , 

we have in fact w = 7 rV, <&' = nir, rj— 0, ~ 

Shew that these values satisfy the equations (B) and (C). 


Ex. ii. From Ex. i. we deduce 


a 2, c i, a. & . x, a T z, c e,e r x,a K 

2m 2 (v { A t -v { A t )= 2 ( u , L t - u { L t ). 

i=l t=l 


Hence, supposing x and z separately to pass, on the dissected Riemann surface, respec- 
tively from one side to the other* of the rth period loop of the first kind, and from one 
side to the other of the *th period loop of the first kind, we obtain, for the increment of 
the right-hand side 

p 

— 42 
1 = 1 

which is the (r, s)th element of the matrix -4 (Stj-tju). For the functions on the left- 
hand side the matrix arj-rja) vanishes (Ex. i.). Hence the same is true for those on the 
right hand. 


Supposing x to pass from one side to the other of the rth period loops of the first kind, 
and 2 from one side to the other of the *th period loop of the second kind, we similarly 
prove that mrj' — ijw has the same value for the functions on the two sides of the equation, 
and therefore, as we see by considering the functions on the left hand, has the value — bri. 

While, if both x and z pass from one side to the other of period loops of the second kind 
we are able to infer 5'i/ =i)V. 


We thus obtain Woierstrass’s equations (B). 


Ex. iii. If U* a , ... , n be any integrals, the periods of U*' a at the ,/th period loops 
of the first and second kind be respectively (\ yj , and the matrices of these elements 
be respectively denoted by (, £ ; and W *' a , ... , be other integrals for which the 

corresponding matrices are £ and g, prove that the integral j Up a d Wp a , taken positively 
round all the period-loop-pairs has the value 

^ (Cn r g„r-Ci, r6ir)i 
r-1 

which is the (i’,^)th element of the matrix ££'-£'£. 

Ex. iv. If (x) denote the rational function of x given by 
£.(*)- 2 

r=l <u 

the function is infinite only at c lt ... , c Pi and has the same periods 

L*' ° , Denote this function by Yp a . 

* To that side for which the periods oount positively (see the diagram, § 18). 
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Prove that if the expansion of the integral Y *' a in the neighbourhood of the place c, 
be written m the form 

then 

ih,»— Mi, #+ ... +v p , i 

where A ltt) JI tt9 are as defined m § 134, and are such that A it9 +M lt9 ^A 9tl +M 9tl . 

Hence shew that the sum of the values of the integral jv*’* dVp a taken round all 
the places c l , ... , c p is zero. 

Ex. v. Infer from Exs. m. and iv., by taking 

(a) WJ'\ that cSW*, 

w ^t *.,*.*„, 

( y ) t?*' a = Y *' n = IP* a that w’ • 

These are Riemann’s equations. 

Ex. vi. If instead of the places Cj, ..., c p and the matrix /i, we use a matrix deluding 
only on one place <•, the <th row being formed with the elements Eh~ x p t \c ) , ... , 
we can similarly obtain a set L [' a , ... , Z£ rt associated with the set m*’ ", ... , w ^ n . 

Shew that the periods of L *’ ", ... , /£* n thus determined are independent of the posi- 
tion of the place c. 

Ex. vii. If the differential coefficients Mi (x), ... , p p {x\ be those derived from a set of 
p independent places b l9 b 2f ... , b pt just as (.c), ... , <o p (x) are derived from <?j, ... , c pi so 
that /a 1 (A»)=1> Mt(&r) = 0} prove that v , , , = <u r (&,) and that 

K' a== K ; tt - 2 <«»<’■+ ••• 

143. We conclude this chapter with some applications * of the functions 
a; 2, c), E(x , 2 ) to the expression of functions which are single-valued 
on the (undissected) Riemann surface. Such functions include', but are 
more general than, rational functions, in that they may possess essential 
singularities. 

Consider first a single-valued function which is infinite only at one place; 
denote the place by m, and the function by F (sc). 

dz 

Since yfr {x, a ; z, c) ^ ^ is a rational function of z, the integral 

j F(z) jV (a, a ; z, c) dz, or j F (z) ^ (x, a ; z, c) dt„ 

taken round the edges of the period-pair-loops, has zero for its value. But 
this integral is also equal to the sum of its values taken round the place m t 


Appell, Acta Math. i. pp. 109, 132 (1882), Gunther, Crelle oix. p. 199 ( 1892). 
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where F(z) is infinite, and the places x and a at which ^r(a?, a; z f c ) is 
infinite. 

dz 

Now, when z is in the neighbourhood of the place m, since y/r (x, a ; z, c) j jg 
is a rational function of z , we can put 

ao jV 

2 , c) = 1 * D r m yjr (x, a ; m, c), 

r-0 .r 


where t m is the infinitesimal at the place m. 


Thus the integral J F (z) yfr (x, a ; z, c)dt z , taken round the place m, gives 


* A r 

2iri £ 7~ D r m yfr (a?, a ; m, c), 

r=0 II 


where A r is the value of the integral ~^t r m F(z)dt z taken round the 
place m. 

When z is in the neighbourhood of the place x, yjr (x, a; z , c) is infinite 
like /J 1 . t x being the infinitesimal at the place x, and therefore, taken round 
the place x, the integral 

I F(x) y/r (x, a ; z, c) dt z 

gives 

2tTI F(x). 

Similarly round the place a, the integral gives — 2inF{a). 


Hence the function F(x) can be expressed in the form 
F(x) = F (a) - S / IF yjr { x , a ; m, c), 

r-0 LL m 

the places a and c being arbitrary (but not in the neighbourhood of the 
place m). 


For example, when p— 0, yfr ( r t a ; c, c)— - > a “d 

F(x)-F(o)= ^,[ ( — 

wherein 

J r — (v — m) r F{z) (h, the integral being taken round the place m. 

A HHiiilar result can be obtained for the case of a .single valued function with only a 
finite number of essential singularities. When oue of these singularities is only a pole, 

say of order /n, the integral j t’ m F(s) dL", taken round this pole, will vanish when r>p, and 
the corresponding scries of functions If ^ (.r, a ; m y r) will terminate. 
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144. We can also obtain a generalization of Mittag Leffler’s Theorem. 
If c u ... be a series of distinct places, of infinite number, which converge* 
to one place c, and f x (jo), / a (x ), ... be a corresponding series of rational 
functions, of which f x (x) is infinite only at the place c t -, then we can find a 
single valued function F (x), with one essential singularity (at the place c), 
which is otherwise infinite only at the places c,, c a , ..., and in such a way 
that the difference F(x) — f % (x) is finite in the neighbourhood of the place c<. 
Since /,(#) is a rational function, infinite only at the place c<, and 
(x, a ; z, c) does not become infinite when z comes to c, we can put 

A <•) =/.• ( a ) - 2 ^ D r + (x, a; c it c), (A) 

wherein a is an arbitrary place not in the neighbourhood of any of the 
places Cj, c a , ..., c, and X t is a finite positive integer, and A r a constant. 

Also, when z is sufficiently near to c, and x is not near to c, we can put 



wherein t c is the infinitesimal at the place c. Thus also, when z is near to c, 

D r z a; z, c) = t k c R k (x), (B), 

wherein R k (x) is a rational function, which is only infinite at the place c. 
There are p values of k which do not enter on the right hand ; for it can 
easily be seen that if k\, ...» k p denote the orders of non-existent rational 
functions infinite only at the place c, each of the functions 

f (*> a ; c)] 2 _c , [-Dj" -1 ■f (x, a ; z, c] 2 _ c 

vanishes identically. Let the neighbourhood of the place c, within which z 
must lie in order that the expansions ( B ) may be valid, be denoted by M. 

Of the places c u c 3 , ..., an infinite number will be within the region i/; 
let these be the places c g+1 , c s +», ...; then s will be finite and, when i>s, 
wc have 

D' f (a, a ; c„ c) = 2 R,, k (x), 

/ t =»0 

wherein t, is the value of t c , in the equation (B), when z is at c t . Hence also, 
from the equation (A), wherein there are only a finite number of terms on 
the right hand, we can put 

fi (&) ~~f% (&) =* k ( x )y (C), 

wherein S hk is a rational function, i > s , and x is not near to the place c. 

* so that c is what we may call the focus of the series c lf c„, ... (Haufungsstelle). 
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It is the equation (C) which is the purpose of the utilisation of the 
function yfr(x, a; z, c) in the investigation. The functions $,*(#) will be 
infinite only at the place c. The series (C) are valid so long as a; is outside 
a certain neighbourhood of c. We may call this the region M'. 

Let now e #+1 , e #+2 , ... be any infinite series of real positive quantities, such 
that the series 

c «+l + €,+3 + €*+3 + ••• 

is convergent ; let m be the smallest positive integer such that, for i > s, the 
terms 

i tiSiA*), 

taken from the end of the convergent series (C), are, in modulus, less than 
for all the positions of x outside M' ; then, defining a function g t (x\ when 
i > s t by the equation 

fft (*)=/» (*)-/.(»)- 2 

we have, for i > s, 

i i < *»• 

Thus the series 

i[M*)-Ma)]+ 5 g>(x) 

»=1 t=«+l 

is absolutely and uniformly convergent for all positions of x not in the 
neighbourhood of the places c, c lt c. it ..., and represents a continuous single 
valued function of x. When x is near to c M the function represented by the 
series is infinite like /,• ( x ). 

The function is not unique; if y{r(x) denote any single- valued function 
which is infinite only at the place e, the addition of \fr (x) to the function 
obtained will result in a function also having the general character required 
in the enunciation of the theorem. As here determined the function 
vanishes at the arbitrary place a ; but that is an immaterial condition. 


For instance when and the place m is at infinity, the places m lt wi 2 , »i 3 , ..., 

being 0, 1, o>, l+«, ... , ... , wherein to is a complex quantity and p t q are any 

rational integers, lot the functions f x (,r), / 2 ... be (a- I) -1 , (.r-») _1 , ... , 
(x-p-qoi)' 1 , .... 


Hero + (.*, a-, i,c )=- = 
when z is great enough and | o;| < | z | , | a | < | z j. 



Also 


1 1 

— m % a - 7^ 


- \js (.r, a ; /«„ c) 


1 /.v~ a .v 2 - a 1 

a-m % \ 



when 7H t is great enough, and | x \ < | j , j a | < | w, | . 
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Now the series 


1 


*22 




< 


is convergent. Hence when j? And a are not too great 

I >y2 ~ a2 . ~ aZ , 

I W t 3 ttt , 4 

where c t is a term of a convergent series of positive quantities. This equation holds for 
all values of i except i‘=l, in which case m t = 0. 


Hence we may write 


and obtain the function 

L-I+ 1 

X CL 21= - c 


/ \ 1 1 . x— a 

+ — j 

x—m x a-m x wij 


r 1 1 j? ~ ct "I 

jjjr-p-jw a-p-qa> + 


which has the property required. This function is in fact equal, m the uotation of 
Weierstrass’s elliptic functions, to ((x\ 1, «)-f(a| 1, «). 


145. We can always specify a rational function of x which, beside being 
infinite at the place c, is infinite at a place c, like an expression of the form 


— -4-^4- 
± o “T ■ 


a h 

c i 


namely, such a function is 


A ' A r 


S a, c), 

■=o r c . 


and this may be used in the investigation instead of the function f x (x) — (a). 


Hence, in the enunciation of the theorem of § 144, it is not necessary 
that the expressions of the rational functions f x (x) be known, or even that 
there should exist rational functions infinite only at the places c in the 
assigned way. All that is necessary is that the character of the infinity 
of the function F, at the pole c t , should be assigned. 


Conversely, any single-valued function F whose singularities consist of 
one essential singularity and an infinite number of distinct poles which 
converge to the place of the essential singularity, can be represented by 
a series of rational functions of x y which beside the essential singularity have 
each only one pole. 


146. Let the place.s c lt c a , ...» c be as in § 144. We can construct a 
single- valued function, having the places c u c a , ..., as zeros, of assigned 
positive integral orders \ u A*, ..., which is infinite only at the place c, where 
it has an essential singularity. 
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For the function E ( x , z) = el ****’ B ’ *’ e)dt * 

is zero at the place z and infinite only at the place c. When z is near to c 
we can put 

D t log E (x, z)= 2% [D[ y/r (x, a ; s, c)]^ c , 
r =0 I r 

and therefore, when c t is near to e, and x is not near to the place c, we 
can put 

log E (< x , d) = £ t k . R t) it ( x), 

k = 0 

wherein Ri t t(x) is a rational function of x which is infinite only at the 
place c, and t{ has the same significance as in § 144. 

Let the least value of i for which this equation is valid be denoted by 
1, and, taking e„ +1 , e m , ... any positive quantities such that the series 

e*+i 4- 6 1+2 4- . . . , 

is convergent, let fi t be the least number such that, for i > s, 


Then the series 


X U R it * (x) 


< 




X \{ log E (x, c,) 4- X ( \ t log E (x, mi) — X i?»- f t 

i = l »=*+! \ *=0 


(«)) 


consists of single-valued finite functions provided x is not near to any of 
Ci, c.i, ..., c, and, by the condition as to the numbers /n, is absolutely and 
uniformly convergent. 

Hence the product 

A [E (x, c,)]* 1 fl | [E (x, c,)] Ai e ~ Kt H 

<*1 i=ft+l l ) 

represents a single-valued function, which is infinite only at c where it has 
an essential singularity, which is moreover zero only at the places c lt c a , ... 
respectively to the orders X,, X,, 

With the results obtained in §§ 144 — 146, the reader will compare the 
well-known results for single-valued functions of one variable (Weierstrass, 
Abhandlungen am der Functionenlehre, Berlin, 1886, pp. 1 — 66, or Mathem. 
Werke , Bd. ii. pp. 77, 189). 


147. The following 1*6311118 possess the interest that they are given by Abel ; they 
are related to the problems of this chapter. (Abel, CEuvres Completes, Christiania, 1881, 
vol. i. p. 48 and vol. ii. p, 46.) 
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Ex. i. If 
and 
then 


(f>(x) be a rational polynomial in x, =n (x+a k fk, 

/ (x) be a rational function of .r, = X-y*#* + 2 — — — , 

(**+** A 




i J(*+«k)<PW x+a k kk- ./( 


e-mdi 




The theorem can be obtained most directly by noticing that if (f> (.r, z) 


i)J (x+.kY 


then 


em-m + jp ) 
<f>(z) (x-zj 




s * u, .'S eM-m 4, (*) <' V) + 0 (X) . 

A) ~ 0(r) l(T-.r) ( l X l -2) + ( 

oting it by A (AT) and a] 


I 


is a rational function of X Denoting it by R ( X ) and applying the theorem 


we obtain Abel’s result. 


Ex. ii. With the same notation, but supposing f(x) to be an integral polynomial, 
prove that 

f* (x, z) <lx + <t> (x, z) dz = S 2A t , v f « /M <f> (*)«**•. 

wherein A ktki is a certain constant, and yfr (x) is the product of all the simple factors of 

4>(x). 

This result may be obtained from the rational function 

X(X)=y$<HX,z)^<t,( X ,X) 

as in the last example. 

Ex. iii. Obtain the theorem of Ex. ii. when f(x)=Q } and 0 (#)*[+ (.'’)]*". In the 
result put m=-\, and obtain the result of the example in § 138. 


These results are extended by Abel to the case of linear differential equa- 
tions. Further development is given by Jacobi, CreUe xxxii. p. 194, and by 
Fuchs, Crelle lxxvi. p. 177. 
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Abel’s Theorem; Abel’s differential equations. 


148. The present chapter is mainly concerned with that theorem with 
which the subject of the present volume may be said to have begun. It will 
be seen that with the ideas which have been analysed in the earlier part of 
the book, the statement and proof of that theorem is a matter of great 
simplicity. 

The problem of the integration of a rational algebraical function (of a 
single variable) leads to the introduction of a transcendental function, the 
logarithm ; and the integral of any such rational function can be expressed 
as a sum of rational functions and logarithms of rational functions. More 
generally, an integral of the form 

jdxR(x, y, y, y k ), 


wherein x, y, y Xt y 2 , ... are capable of rational expression in terms of a single 
parameter, and R denotes any rational algebraic function, can be expressed 
as a sum of rational functions of this parameter, and logarithms of rational 
functions of the same. This includes the case of an integral of the form 


JdxR(x, 'Jax? + bx -f c). 


But an integral of the form 


jdx R (x, s/ax' + bx? + ca? + dx + e) 


cannot, in general, be expressed by means of rational or logarithmic functions ; 
such integrals lead in fact to the introduction of other transcendental func- 
tions than the logarithm, namely to elliptic functions ; and it appears that 
the nearest approach to the simplicity of the case, in which the subject 
of integration is a rational function, is to be sought in the relations which 
exist for the sums of like elliptic integrals. For instance, we have the 
equation 

f* 1 dx f x ' dx f x * _ dx _ n 

Jo V(T-asj~(l - + Jo ~ ’ 
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provided 

■#3 (1 - k‘%%*) = V(1 - X<?) (1 - k*X»*) 4 Xt V(1 - £V). 

On further consideration, however, it is clear that this is not a complete 
statement ; and it is proper, beside the quantity x , to introduce a quantity y, 
such that 

t/ 2 — (1 — a?) (1 — fast?) = 0, 

and to regard y, for any value of x, as equally capable either of the positive 
or negative sign ; in fact by varying x continuously from any value, through 

one of the values #=4 1, and back to its original value, we can 

suppose that y varies continuously from one sign to the other. Then the 
theorem in question can be written thus ; 

p’ *>> r<*» dx 2 *> dxs__ 0 

J( o,i) yx J{ o,d y% J{ o.i) ya 

where the limits specify the value of y as well as the value of x. The 
theorem holds when, in the first two integrals the variables ( x, y) are taken 
through any continuous succession of simultaneous values, from the lower to 
the upper limits, the variables in the last integral being, at every stage of 
the integration, defined by the equations 

- x t (1 - l&xfxf) = x$ 2 4 ## 1 , 

y s (1 - tacfxfY = (1 + fcxxW) ~ (1 - kWtf) (1 - if). 

The quantity y is called an algebraical function of x\ and the notion thus 
introduced is a fundamental one in the theorems to be considered ; its 
complete establishment has been associated, in this volume, with a Riemann 
surface. 


In the case where y i — (I - x*) ( 1 - AW) we have the general theorem 
that, if R(x, y) be any rational function of x, y, the sum of any number, 
of similar integrals 

V.) Vn) 

I R(x, y)dx+ + 1 R (x, y) dx 

can be expressed by rational functions of (x lt y x ), ..., (x m , y m ), and logarithms 
of such rational functions, with the addition of an integral 



Herein the lower limits (a,, h), ..., (a m , b m ) represent arbitrary pairs of 
corresponding values of x and y, and the succession of values for the pairs 
(*i, Vi)> “•> ym) is quite arbitrary; but in the last integral x m+l , y m+l are 
each rational functions of (x u y,), , ( x m , y m ), which must be properly deter- 
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mined, and it is understood that the relations are preserved at all stages of 
the integration, so that for example a m+1 , b rn+1 are respectively taken to be 
the same rational functions of ( a a , &,), ...» (a w > b m ). The question of what 
alteration is necessary in the enunciation when this convention is not 
observed, is the question of the change in the value of an integral 

r (X m+V 

I R (x, y ) dx 

J b m+l ) 

when the path of integration is altered. This question is fully treated in the 
consideration of the Riemann surface, with the help of what have been called 
period loops. 

149. Abels theorem may be regarded as a generalization of the theorem 
just stated, and may be enunciated as follows: Let y be the algebraical 
function of x defined by an equation of the form 

f(y, x) = y n + Aj ?/ 1-1 + + A n = o, 

wherein A x , ..., A n are rational polynomials in .r, and the left-hand side of 
the equation is supposed incapable of resolution into the product of factors of 
the same rational form ; let li (.<■, y) be any rational function of x and y ; 
then the sum of any number, m, of similar integrals 

r(x u y x ) f(x„, y m ) 

I R(x,y)dx+ + | R (x, y) dx, 

with arbitrary lower limits, is expressible by rational functions of (x lf y x ), ..., 
{x m , y m ), and logarithms of such rational functions, with the addition of the 
sum of a certain number, k, of integrals, 

nz u «,» f <* t , 

- I R (x, y) dx — - J R ( x , y) dx, 

wherein g lt ...,2k are values of x, determinable from .r,, x m , y m as the 

roots of an algebraical equation whose coefficients are rational functions of 
x lt y u ..., x m , y m , and 6*!, 8 k are the corresponding values of y, of which 
any one, say Si, is determinable as a rational function of zt, and #i, y x , ..., 
x m , y m . The relations thus determining (z u s x \ ..., (^fc, s k ) from (x ly y x ) } ..., 
(#m, ym) may be supposed to hold at all stages of the integration; in 
particular they determine the lower limits of the last k integrals from the 
arbitrary lower limits of the first m integrals. The number k does not 
depend upon m, nor upon the form of the rational function R ( x , y ) ; and in 
general it does not depend upon the values of (x x , ?/,), (•*»,, y m \ but only 

upon the fundamental equation which determines y in terms of ,r. 

150. In this enunciation there is no indication of the way in which the 

equations determining ...» z kt s k from x l} y u ... f x mt y m are to be found. 

Let 6 ( y , x) be an integral polynomial in x and y , wherein some or all of the 
coefficients are regarded as variable. By continuous variation of these 
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coefficients the set of corresponding values of x and y which satisfy both 
the equations / (y, x) = 0, 6 (y, x) = 0, will also vary continuously. Then, if 
m be the number of variable coefficients of 6 (y, x), and m + k the total 
number of variable pairs (x, y) which satisfy both the equations /(y, x) = 0, 
6 (y, x) = 0, the necessary relations between (a\, y x ), (x m , y w ), (z u s x ), ...» 
(z k> s k ) are expressed by the fact that these pairs are the common solutions of 
the equations f (y, x) = 0, 6 (y , x) — 0. The polynomial 0 (y, x) may have any 
form in which there enter m variable coefficients ; by substitution, in 6 (y, x) t 
of the m pairs of values (x lt y x ), ..., (x m , Vm), we can determine these variable 
coefficients as rational functions of x u y,, y TO ; by elimination of y 

between the equations 6 (y, #) = 0, /(y, #) = 0, we obtain an algebraic equa- 
tion for x , breaking into two factors, P 0 (a?) P (x) = 0, one factor, P 0 (a?), not 
depending on x u y u ..., x m , y m , and vanishing for the values of a? at the 
fixed solutions of /(y, x) = 0, 0(y, <z) = 0, which do not depend on «,,?/!, 
a? Trt , y w , the other factor, P(#), having the fonn 

(a? — a?j) ... (a? — &’ m ) (a?* + Pj#* 1 + • • • + Pfc)» 

where R u P* are rational functions of y x , ..., a? in , y, n . Finally, from 
the equations /(«*, .27) = 0, 0(.9 t , 27) = 0 we can determine Si rationally in 
terms of z { , a?,, y lf ..., a? w , y w . As a matter of fact the rational functions of 
a?i, yi, ..., a? OT , y m , which appear on the right-hand side of the equation which 
expresses Abel’s theorem, are rational functions of the variable coefficients in 
6(y,x). 

151. When 0(y, x) is quite general save for the condition of having 
certain fixed zeros satisfying f(y, x) = 0, the forms of (z lt s x ), (z kt s k ) as 
functions of (x l , y x ), . . . , ( x m , y m ) are independent of the form of 6 (y, x). This 
appears from the following enunciation of the theorem, which introduces 
ideas that have been elaborated since Abel’s time, and which we regard as the 
final form — Let (a u bj, ..., (a Q , by) be any places of the Riemann surface 
whatever, such that sets coresidual therewith have a multiplicity q, and a 
sequence Q — q=p — t — 1, where t -f 1 is the number of ^ polynomials 
vanishing in the places (a l} 6j), ..., (a Q , b Q )\ let (x u y,), ..., (x q , y q ) be q 
arbitrary places determining a set coresidual with (a lt 6 X ), ..., (a Q , 5 V ), and 
(z Jt sj, (Zp- T -u 5p- r -i) be the sequent places of this set*; then, ll{x t y) 
being any rational function of (x f y), the sum 

I R(x,y)dx+ + I R(x t y)dx 

J «*„ 6,> J (a,, b,) 

is expressible by rational functions of (x lt y x ), ...,(x q , y q ), and logarithms of 
such rational functions, with the addition of a sum 

C (*\t *\) fVT.„Vr.i) 

— I R(x, y)dx~ — I R(x, y)dx 

• <«*+»» Vfi> J <a B , b Q ) 

* See Chap. VI. § 95. 



152] 


REDUCTION TO TWO SIMPLE CASES. 


211 


herein it is understood that the paths of integration are such that at every 
stage the variables form a set coresidual with (a x , 6 5 ), (a Qi b Q ). 

The places (a lt b x ), b Q ) may therefore be regarded as the poles, and 

(x lf ^i). ...» y q ), (Zu '9j), , (Zp-r-i, 8p— r —i) as the zeros, of the same rational 
function Z (x ) ; if 0 X ( y , x) denote the fonn of the polynomial 6 ( y , x) when it 
vanishes in (oj, b x ), ..., (a Qi b Q ), and 0 2 (y, x) denote its form when its zeros 
are fa, y x )> ..., (z lt Sj), ...» the function Z{x) may be expressed in the form 
0*{y, x)j6 l {y,x). If the polynomials 0 x {y,x) t 0 2 (y, x) are not adjoint, the 
function will be of the kind, hitherto regarded as special, which takes the 
same value at all the places of the Riemann surface which correspond to a 
multiple point of the plane curve represented by the equation f(y,x)= 0; 
this fact does not affect the application of Abel’s theorem to the case. 

152. To prove the theorem thus enunciated, with the greatest possible 
definiteness, we shew first that it may be reduced to two simple cases. 

In the neighbourhood of any place of the Riemann surface, at which t is 

the infinitesimal, we can express R {x } 3/) ™ in a series of positive and 

negative powers of t, in which the number of negative powers is finite. Let 
the expression at some place, f, where negative powers actually enter, be 
denoted by 

+t + t - + ; 


then, if P ° denote any elementary integral of the third kind, with infinities 
at f , 7, and E e denote the differential coefficient of P*' r in regard to the 
infinitesimal at f, the places 7, c being arbitrary, the difference 

[ ,X ' " R (x, y) dx - A^’l - AX .' ' - A 3 D ( E*' c - -A n D^E x - r , 


wherein denotes differentiation in regard to the infinitesimal at f, is finite 
at the place f. The number of places, f, at which negative powers of t enter 

in the expansion of R{x, y )~ , is finite ; dealing with each in turn we obtain 

an expression of the form 


R (*. y) dx - 1 [A,P* ( : c y + AX t ' c + A,D t ti*i ° + + A J ) T^U 


wherein 7, c are taken the same for every place f ; this is finite at all places 
of the Riemann surface, except possibly the place 7. If ty be the infinitesi- 
mal at this place the function is there infinite like (£Aj)logt r But in fact 
SAj is zero (Chap. II. § 17, Ex. (8): Chap. VII. § 137, Ex vi.). Hence the 

14 — 2 
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function under consideration is nowhere infinite, and is therefore necessarily* 
a linear aggregate of integrals of the first kind, plus a constant. Hence 
if it*' a , . . . , u *’ a be a set of linearly independent integrals of the first kind, a 
denoting the place (a, b) t and C u .... C p be proper constants, we have 

f X R(x,y)dx=2(A 1 + A t B i + + A m D^)F^ a y + C lU *' a + + Ctf ° . 

• « f 

The consideration of the sum 

f x u 

| R (os, y) dx -f + 1 R (sc, y) dx, 

J a x J a u 

wherein c^, ..., a Q denote the places («!, 6j), ..., (a^, b Q ), and x u ..., Xq denote 
the places (a? a , y x \ ..., ( x q , y q ), (z u sj, ..., T - u is thus reduced to 

the consideration of the two sums 

«r , * , + +U?'* 0 , (i=l,2,...,p.) 

i^:; o, + +/*;••. 

Ex. i. By the proposition here repeated from § 20, Chap. II., it follows that any 
rational function can be written in the form 

$)+...+ r, f)} 

+[(*, i) T, '" 1 * l (*,y)+... +(•>•, i) rVl - 1 <*,y)]//<y) 

where (cf. § 45, Chap. IV.) 

(•«•. I) = W>o fo y) + s <t>r <•»•, y) sv (f , i)]/ (* - 1)/ (y), 
r) being the value of ;y at the place £. 

jKr. ii. Prove also that any rational function with simple poles at ... can lie 

written in the form 

*i [(ft . *) - (ft » «)1 + h [(ft. *) - (ft, «)]+... , 

X l7 X 2 ,... being constants, and a denoting an arbitrary place (cf. § 130, Chap. VII.). 

153. We shall prove, now, in regard to these two sums, under the 
conventions that the upper limits are coresidual with the lower limits, and 
that the Q paths of integration are such that at every stage the variables are 
at places also coresidual with the lower limits, a convention under which the 
paths of integration may quite well cross the period loops on the Riemann 
surface, that the first sum is zero for all values of i, and the second equal to 
log JS' (f)/^ (»y), Z(w) being thef rational function which has a*, ..., a Q as 
poles and as zeros. The sense in which the logarithm is to be 

understood will appear from the proof of the theorem. If we suppose the 
lower limits arbitrarily assigned, the general function Z(x), of which these 
* Forsyth, Theory ot Function *, § 234. 

t If two rational functions have the same poles and the same zeros their ratio is necessarily 
p constant, 
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places a u a Q are the poles, will contain g -f 1 arbitrary linear coefficients, 
entering homogeneously, and the assignation of q of the zeros, say x x , ..., x qt 
will determine the others, as explained. — The equations giving the determi- 
nation will be such functions of a,, ..., a Q as are identically satisfied by these 
places, a Q . Hence the general form of Abel’s theorem is 


Z [ R(x, y)dx = 2 A x log 

i»l J a t L 


, z'(t) 




'^2 rr /u\ T 


2(0 T ] 

= 2[^lo g Z(^ + A^. 


where Z' (f) = I)^Z (^) ; the term 2 A x log Z ( 7 ) = log Z ( 7 ) XA x can be omitted 

because (Chap. II. p. 20(5)). Herein Z (f) is a rational function of 

a lf ..., ay and x u ..., x r 


154. In carrying out the proof we make at first a simplification — Let 
Z(x), or Z, be the rational function having a X} .... a Q as simple poles and 
x x , ..., j' Q as simple zeros, these places being supposed to be all different; 
trace on the Rieuiann surface an arbitrary path joining ct x to x x , chosen so as 
to avoid all places where dZ is zero to higher than the first order, and let fi 
be the value of Z at any place of this path ; then there will be Q — 1 other 
places at which Z has the same value p ; the paths traced by these Q — 1 
places as //, varies from x to 0 arc the paths we assign for the Q— 1 integrals 
following the first. The simultaneous positions thus defined for the variables 
in the Q integrals are, for q > 1 , not so general* as those allowed by the con- 
vention that the simultaneous positions are coresidual with ..., a Q \ but it 
will be seen that the more general case is immediately deducible from the 
particular one. 


Consider now, for any value of /a, the rational function 

1 dl 
Z — (jl dx y 

L = | R(x, y)dx, being any Abelian integral whatever. In accordance with 


a theorem previously used (Chap. II. p. 20 (5) ; Chap. VII. § 137, Ex. vi.) the 
sum of the coefficients of t~ l in the expansions of ( Z - y^dl/dt, in terms of 
the infinitesimal t, at all places where negative powers of t occur, is equal to 
zero. Of such places there are first the Q places where Z is equal to /*. We 
shall suppose that dljdt is finite at all these places; then the sum of the 
coefficients of t~ l at these places is 



* Sets coresidual with two given coresidual sets have a multiplicity q \ but sets equivalent 
with two given coresidual sets have a variability expressible by one parameter only (cf. Chap. VI. 
§§ 04 — 96). 
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provided Z — p be not zero to the second order at any of the places, that is, 
provided dZ be not zero to higher than the first order. In accordance with 
the convention made as to the paths of the variables in the integrals, we 
suppose this condition to be satisfied. 


Hence this sum is equal to the sum of the coefficients of tr l in the 
expansions of the function -(Z- fx)~ l dl/dt at all places, only, where dl/dt is 
infinite; this result we may write in the form 



+ 


'dl\ __ (dl 1 \ 

,djM/Q \dt Z — fiJf-i* 


we may regard this equation as a convenient way of stating Abel’s theorem 
for many purposes ; and may suppose the case, in which an infinity of dl/dt 
coincides with a place at which Z = fi, to be included in this equation, the 
left hand being restricted to all places at which Z = /x, and dl/dt is not 
infinite. 


In this equation, in case I , = u *’ a , be any integral of the first kind, the 
right hand vanishes; then, integrating in regard to fi from oo to 0, we 
obtain 

f +u*«* a « = 0. (A) 

In case I be an integral of the third kind, = say, and Z be not equal to 
H either at f or y, the right hand is equal to 


1 1 

Z(Z)-i. + Z(y)-^ 

hence, integrating, 

P *-V' ,+ +p f"v n< '’ m J. dM (-*(tj^ + jri 7>-J’ =[og zfyy (B) 

while, if the places at which the rational function Z (x) has the values p, v be 
respectively denoted by 

X \ > X Qi 

and 

> & q 

we have 

i ^ < " + + 1JZ ^“ * ' ~L d>l ( “ 2(f)-/* + * 

S lZ(t)-vlZ( 7)-*J 

For any Abelian integral we similarly have 

i x, ' ,a ' + +/*»■*» = rf,o g *M- '‘i , 

L dt & Z(x) — v]f~i 

which is a complete statement of Abel’s theorem. 
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155. In the equation (B), and in the equation which follows it, the 
significance of the logarithm is determined by the path of /a in the integral 
expression which defines the logarithm ; we may also define the logarithm by 
considering the two sides of the equation as functions of f. 

There is no need to extend the equation (B) to the case where one of the 
paths of integration on the left passes through either f or 7, since in that 
case a corresponding infinite term enters on both sides of the equation. 

But it is clear that the condition that no two of the upper limits x u ,.. y x Q 
should be coincident is immaterial, and may be removed. And if two (or 
more) of the places at which Z takes any value, fi t should coincide, the 
equations (A) and (B) can be formed each as the sum of two equations in 
which the course of integration is respectively from Z — 00 to Z = ft and from 
Z = to Z — 0, and the final outcome can only be that the order in which the 
upper limits x u ..., x Q are associated with the lower limits a jj, ...,a Q may 
undergo a change. But in the general case we may equally put, for example, 
in equations (A), (B), 



J a, J j .* 2 J x, J flj 



dl, 


with proper conventions as to the paths ; hence the condition that dZ shall 
not be zero to higher than the first order at any stage of the integration may 
be discarded also, with a certain loss of definiteness. The most general form 
of equation (A), when each of the Q paths of integration are arbitrary, is of 
course 


u* l,a> + + it* 0 ’ + MptOi' p + co\ tl + + Mp p , (C) 

where o> t>1 , ..., p are the periods of 11 *' a and M u ..., M p ' are rational 
integers, independent of i. We shall subsequently see that this equation is 
sufficient to prove that the places x lt ..., x Q are coresidual with the set 

Of, 


If, in equation (B), we substitute for Z (x) any one of its rational 
expressions, say* 6 2 (x) / (x), we shall obtain 


Jjr 1 ’ i» . 




= log 


*t(f) /$( 7) 

ft (O' ft Gr 


where, now, $,(x), 6i(iv) are any two polynomials, integral in ai and y, of 
which, beside common zeros, 6,(x) has .r, , Xq for zeros, and 6i(x) has 
a,, ..., a„ for zeros. If in this equation we suppose any of the coefficients in 
0 t (x) to vary infinitesimally in any way, such that the common zeros of ft(x) 


$ (x) is, for shortness, put for what would more properly be denoted by 6 (y, x). 
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[165 


and ft (x) remain fixed, ft (a?) changing thereby into ft (a?) + 6ft (#), the places 
a?!, ..., x Q changing thereby to x 1 + dx ± , x q + dx Q) we shall obtain 


dP]"' ^ 

— f’~ y - dx\ + 
dos | 


+ -—'^—docq = 6 log 

QiXq 


».(0 

0 ,( 7 )' 


which is slightly more general than any equation before given, in that the 
places x x + dx u ..., a?g-frfa g , though coresidual with a?*, x Qi are not 
necessarily such that the function ft(a?)/ft(a‘) has the same value at all of 
them. This general equation is obtained by Abel in the course of his proof 
of his theorem. 


For any Abelian integral we have, similarly, the equation 

+ + i;^ = [§ 81 °s* (a;) 

which, also, may be regarded as a complete statement of Abel’s theorem. 

156. In equation (B) the logarithm of the right hand will disappear if 
Z{g) — Z (7), namely if the infinities of the integral be places at which the 
function Z (x) has the same value. 

One case of this may be noticed ; if t/r (y, x) be an integral polynomial of 
grade {n — l)<r + n — 3 (of Chap. VI. §§ 86, 91), which is adjoint at all places 
except those two, say A, A\ which correspond to an ordinary double point of 
the curve represented by the equation /(y, x) = 0, the integral 

v x ’ a , = dx, 

J a f (y) 

will be an integral of the third kind having A, A' as its infinities. Hence, it 
in forming the function Z(x), = ft (#)/ ft (a;), the* places A, A' have been 
disregarded, so that the polynomials ft (x), ft (a) do not vanish in these 
places, the function Z (x) will take the same value at A as at A', and 
we shall obtain 

y x " a ' + + y x v a Q — q 

Hence we obtain the result : if, in the formation of the integrals of the 
first kind for a given fundamental curve, we overlook the existence of a 
certain number, say 6, of double points, we shall obtain p-f 6 integrals, where 
P is the true deficiency of the curve : and these integrals will be linear 
aggregates of the actual integrals of the first kiud and of 6 integrals of the 
third kind. If in the formation of the rational functions also we overlook 
the existence of these double points, Abels theorem will have the same form 
of equation for the p -f 6 integrals as if they were integrals of the first kind 
( c ^ §§ 90, and Abel, (Enures Comp., Christiania, 1881, Vol. I. p. 167). 

For example, let a u ..., a q be arbitrary places in which r + 1 ^-poly- 
nomials vanish (Chap. VI. §§ 101, 93). Take q(~Q ~p + t+ 1) arbitrary 
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places Ci, ...» c q , and so determine the set c u coresidual with a i, a w . 

A rational function, f(a?), which has the places a lt ..., a Q for poles and the 
places Ci, ..., c Q for zeros is quite determinate save for a constant multiplier. 
Let jc it ...,x Q bc any set of places at which ? (x) has the same value, A say, 
so that a?,, ... , x Q are the zeros of £(x) — A ; then, as a u ... , a Q are the poles 
of f (x) — A . we have 


T>»1. <*t 

r ei, 


+ 


■ a 'J 

"T X <?„ Cj 


= log 




and as f (c t ) = f(c a ) = 0, the right hand is zero. 


Hence, calling the places where a definite rational function has the same 
value a set of level points for the function, we can make the statement — the 
level points of a definite function satisfy the equations 


dx, + - 


dl‘ x 'i 


— dx Q = 0, 


dx v 

c u Cj being any two of the zeros of the function. 


In particular, when 7 = 1, the sets of level points are the most general 
sets eoresidual with the poles or zeros of the function. Hence, if x lt ...» % p +i 
be any set of places eoresidual with a fixed set c,, c, } ..., c p+1 , in which no 
^-polynomials vanish, we have the equations 


// P*’ d P 2 ** 1 

rt V Jj Cj ^ + 0. 


dxi 


dx. 


'P+i 


157. Ex. i. Wc give an example of the application of Abel’s theorem. 


For the surface associated with the equation 


the integral 


y 2 = + 1 -7i^ p " 1 - - ftp 


/= 




is of the second kind, becoming infinite only at the (single) place x=ao. 
rational function 


« U + ~ 1 4- . . . + A"r + L 

if + -do*!’ p + B v v* ~ 1 + . . . + ~KqV + L 0 ’ 


Consider the 


which, for general values of d,..,, A 0 , is of the (2/> + l)th order, its zeros, for instance, 
lining given by 

4.v 2 * )+ i-i7 I .^-i-...~7 a p-(A.^+...+A) 5 ‘=0. 


To evaluate the expression 



the place .v ~ x lining the only one to be considered, we put x—t ~ 2 and obtain 
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1 

Z^ 


l +$At + 

l+iV+ 

J _i ^ ~^o 
1-P *(W) 2 


t+ 


dl 

dr 


±+.\ 


T. (1 . 

****■► i' 1 




-2 
f 3 1 


= “"^( 1+ ?i <S, + c * **+•••) <4 + —)» 

= 

and therefor© 

<ff 1 1 1 . J-d 0 l c, 

dt~Z-ix~ \-nr* l-vi 

wherein the coefficient of < _1 is i (d-d 0 ) (l-/z)~ 2 . 

Hence, if .r lt ..., a’ 2 „ +1 be the zeros, and <q, ..., ti^*! be the poles of Z t we have 

/*,. l + .. t+ y^VH - -i (J - JJ (1 4^= -*(J - 4„). 

Now the zeros of 2T are zeros of the polynomial 

+ C ( r) =3/ + Axp + Bxp ' 1 + + Kx+ Z=0 ; 

denoting the values of y by ... , y.ju + n and using /'’(j;) for (.c-.r t ) 1 ), 

where (a*,, y x ),..., (jc p + lt y p+l ) are any ju + 1 of the places (jr lt y ^ ..., (.i 2p+1 , .'/ 2 j, + I ), we 
have, from the jo+1 equations 


y.+il.r.P+Ar.P-^ + Aa.*, + A = 0, (i = l, 2, (/> + 1)), 


P * *_ 

,* *>•> 


1 =_Pi l 


.e^cxjL i = r/wi _ 

(.r-x.) /*>,)_]*=• L ^(^)Jr=«> 




and hence, if b u b i} ... be the values of y when .rs=«i, Oj, ..., and A 0 (.f) = (a* — a v ) . . . 
(.r-« ; , + 1 ), we have 

p+i y< i bi 

7 ,,a,+ +/Vh ’ °^‘ =4 P W -4 WfcY 

If in the integral I the term be absent, the value obtained for the sum 
l x i' n \ + +I*W t, i f n i 

will Ihj zero. 

The reader will notice that for />=1, we obtain an equation from which the equation 

can be deduced, u x , n^, u z being arguments whose sum is zero; and that the algebraic 
equation whose roots are .Cj, ..., * 2 p+i fiP ves 

-< 2 =1 ( P V 

which for p=\ becomes 
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Ex. ii. If Y y Z be any two rational functions, and u any integral of the first kind, 
prove by the theorem 


( 1 du dx\ 
(Y-b){Z-c) dx ~dt)t- 


that the sum of the values of (F— b)~ l dujdZ \ at all places where added to the sum 
of the values of (Z—c)~ l dufdY at all places where Y—b, is zero. 

It is assumed that all the zeros of the functions Y-b, Z~c are of the first order. 


Hence prove the equation 


2 

r= 1 


m ' du 
a r X-b 


2 

i = l 



Z(*)— A' 


where cq, ..., a Q are the places at which Z (x) = v, x lt ..., x Q the places at which Z (x) = p, 
and the suffix on the right hand indicates that the values of the expression in the brackets 
are to be taken for the n places of the surface at which x = b. 


It is assumed that there are no branch places for x—b. 


Ex. iii. If 0 (x) be any integral polynomial in .r, y 2 — (.r, l) 2p + 2 , -fix) say, and M (.r), 
N (x) be any two integral i>olynomials in x of which some coefficients are variable, and 


fix) . M 2 (x) - .V* (x) — K (x—Xi) (x-x e ), 

where K is a constant or an integral polynomial whose coefficients do not depend upon 
the \ ariable coefficients in M (x), iV (x), and y, , . . . , y u be determined by the equations 
y 4 M (a\) + JY (x t )=0, then, on the hypothesis that z is not one of the quantities x u ..., x Qi 
and is not a root of fix) — 0, prove that 


x i 0 (.r) dx 
(x-z)y + 


0 {x) dx 0 (z) 


log 


jrW-MWJf® 


-R+c, 


where C is a constant, and It is the coefficient of i in the development of the function 

»(») lnr N(*)+ M(x)Jm 
J/(x) g A 7 (.r 

in descending powers of .r ; herein the signs of V/(. r), are arbitrary, but must lie 

used consistently. 


Shew that the statement remains valid when /(. r) is of order 2/>+l (in which case the 
development from which r is chosen is to be regarded as a development in powers of Jx ) ; 
prove that r is zero when 0 (#) is of order p, or of less order. Obtain the corresponding 
theorem when z is a root of / (.r) — 0. 


Ex. iv. The result of Ex. iii. is given by Abel (( Euvres Comply Vol. i. p. 446), with a 
direct proof. Wc explain now the nature of this proof, in the general case. Let/ (y, .r)=0 
l>e the fundamental equation, and let 6 (y, x) be a polynomial of which some of the 
coefficients are variable ; if y u ... , y H bo the n conjugate roots of / (y, .r)=0 corresponding 
to any general value of r, the equation 

r (x) = 6 (y u x) 6 (y a , .r) 6 (.'/*, .r)*0, 

gives the values of x at the finite zeros of the polynomial 6 (y, x). Suppose that the 
left-hand side breaks into two factors F 0 (x) and F (.r), of which the former does not 
contain any of the variable coefficients of $ (y, .r). Let £ be a root of F (x) = 0, and 
>7i, •••> 7n be the corres[>onding values of y ; then one or more of the places (£, 7^, 
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(£, 7») are zeros of 8 (y, x) ; fix attention upon one of these, and denote it by (£, ij). Then 
if, by a slight change in the variable coefficients of 6 (y, .r), whereby it becomes changed 
into 8 (y, a 1 ) + 80 (y, x\ F(x) become F {.r) + bF (.*•), the symbol 8 referring only to the 
coefficients of 8 (y, a-), and £ become £+<f£, we have the equations 

(*)d*= 0 , 

n (fl «)- * * (*i, I) * (*-i. I) * Oh + i> I) *»••• * <7n> I) W (*, |), 

i=l 

where F' (£)=<f/’(£)/tf£. Denote now by C (x) the rational function of .r, given by 

M 

l r (x)= 2 8(j/ lt x) + 8{y ni x) 88 (y„a); 

»=i 

then if /£ (.r, y) l>c any rational function of .«• and y, we have 


/*(£, 7 ) 

where, on account of 8 ( 17 , £)=0 we can write 


/; (o ^ «)’ 




F (£, ^ t^£) = 2 lx (I, i|,) d (*|, > £; d (7»-n £)0 (7.fi> £) £-) M (7»> £) 

I •*! 

=<t> (0, ^ 

<f> (£) being a rational function of £ only. Taking the Mini of the equations of this form, 
for all the zeros of 8 (y, .»*), we havo 


2 /f(£, 7) ^£--2 


jNft . 


herein the summation on the right hand can l>e carried out, and the result written as the 
perfect differential of a function of the variable coefficients of 8 (y, ,r), in fact in the form 

( x ’ Iog 6 - » ’ 

as we have shewn. 

For example, when 

/ (y* < r ) =y 3 + -F- 3ay.r - l, 8 (y, .r) ~y - wwr - «, we have / T 0 (a-) - 1 , 

F (a) = .r* 4- ( mx 4-w) 3 - 3 ax ( m.r 4 71) — 1 , 


£ 7 d£ _ 

3f>a^’<f) 3^/* (, )(£»,«+ in) ; 

*-1 

1 

JW 

1 

fwF’tir r ( 1 ) F<o ~ 


yfr (j:) Zmfon ;t 

Now 

F(x)~ ~ fT^ 3 + (x- 

and hence 

v £7^£ [*♦(*> . 


7 a “ a l L^toi 1 4-m 3 Jxss! 




as is easily seen. From this we infer 

I f*‘ 4 ^ = - 3 “+3 , = (j - 1 + . s +x s ) '* - *. 

talJoy ~<M l+» t 3 \l+m 3 Vx-yt 
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In this example it is easily seen that the integral is only infinite when x is 

infinite; putting x^t~ i i the equation f (y, #)»0 gives y— aw* +At+ Bt 2 + , 

where « = 1, or ( - 1 ± V “ 3)/2 ; then log B ( y, x) d]jdt y «log ( i y-mx - n ) [xy/(y 2 - ax)] 
dxjdt , has (a« 2 +n) a?/(w+m) for coefficient of t~\ and we easily find 

a+n aaP+n „ a<a+n 3 (a-mn) 

— - 4- orH r u = — • 

m + 1 771 + CO 7?l+G> 2 »n 3 -fl 

Ex. v. If Y } Z denote any two rational functions (in x and y\ such that there is no 
finite value of x for which both have infinities, and 2 ( YZ) denote the sum of the n 
conjugate values of YZ for any value of x, and [2 (YZ)]^ x _ a y l denote the sum of the 
coefficients of (x -a) -1 in the expansions of the rational function of x, 2 ( YZ), for all finite 
values of x for which Y is infinite, and [2 ( YZ)] X , X denote the coefficient of .r -1 in the 
expansion of 2 ( YZ) in descending powers of .r, it is easy (cf. § 162 below) to prove that 

( r SC. = [S(r ^*-- C2(7 ^-a)-.- 

wherein, on the left hand, the dash indicates that the sum is to be taken only for the 
finite places at which Z is infinite. Hence if / be any Abelian integral, =j R(x,y) dv, 
we have 

(f » i,,g 9 • r) ) < - = [ 2 (£• log e (y > (£* ' 108 * <*, *>)] (I . a)V 

Hence, if we assume that B (//, x) 1ms no variable zeros at infinity, we can obtain 
Abel's theorem in the form 

-[* (£ a iog 9 • r) )] I -. + [ 2 (£ a iog 9 

wherein the summation on the left refers to all the zeros of B ( # y, .<’). 

This is the form in which the result is given by Abel ( (Evvres Comply Christiania, 1881, 
Vol. i. p. 159, and notes, Vol. ii. p. 296). the right hand being obtained by actual 
evaluation of the summation which we have written, in the last example, in the form 

K (()**(()' 

The reader is recommended to study Abel’s paper* which, beside the theorem above, 
contains two important enquiries ; first, as to the form necessary for the rational function 
dl;di-y in order that the right-hand side of the equation of Abel’s theorem may reduce to a 
constant, next, as to the least number of the integrals in the equation of Abel’s theorem, 
of which the upper limits may not be taken arbitrarily but must be taken as functions 
of the other upper limits. Though the results have been incorporated in the theory here 
given (§§ 156, 151, 95), Abel’s investigation must over have the deepest interest. 

Ex. vi. Obtain the result of Kx. i. (§ 157) by the method explained in Ex. iv. 

* Which was presented to the Academy of Sciences of Paris in Oct. 1826, and published by 
* the Academy in 1841 (Mf moire* par divers savants , t. vii.). During this period many papers were 
published in Crellc's Journal on Abel s theorem, by Abel, Minding, Jurgensen, Broch, Richelot, 
Jacobi and Rosenhain (See Crelle, i— xxx. I have not examined all these papers with care, 
JUrgensen uses a method of fractional differentiation.) 
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Ex. vii. Prove that the sum of the values of the expression 

U. v 
J > 

wherein v is any linear expression in the homogeneous coordinates x, y, z, V is any 
integral polynomial of degree m 4- a - 3, J is the Jacobian of any two curves f— 0, 0=0, 
of degrees n and m, and the line i?»0, and the sum extends to all the common points 
of ss o and 0=0, vanishes, multiple points of /* 0, 0*0 being disregarded. 

Hence deduce Abel’s theorem for integrals of the first kind. 

(See Harnack, Alg. Diff. Math. Annal. t. ix. ; Cayley, Ainer. Joum. V«»l. v. p. 158; 
Jacobi, theoremata nova algebraica, Crelle, t. xiv. The theorem is due to Jacobi ; for 
geometrical applications, see also Humbert, Lion villas Journal (1885) Ser. iv. t. i. p. 347)*. 

Ex. viii. For the surface 

yW (*) + M. =/(*), 

wherein <f> (x) t ^ (,r) are cubic polynomials in x, prove the equation 

^; r %^; w, +4'y +2 log Mfw+Q+'fflriTm Wwh 

wherein .r n .r 2 , £ and wq, m, 2 , y are coresidual with the roots of 0 (#)=0, and J, y are the 
places conjugate to £ and y ; conjugate places being those for which the values of x are 
the same. 

158. When the places x x ,...,xq are determined as coresidual with 
the fixed places a lt ... , aq, p — r — 1 of the places x lt ...,xq are fixed by 
the assignation of the others. Hence the p + l relations, which are given by 
Abel’s theorem, 

u?" a ' + +***••« 0, 

+/^;»=iog[^(^( 7 )], 

cannot be independent. We prove now first of all that the hist inay 
be regarded as a consequence of the other p equations. In fact, if x ,, ... , xq 
and aj, ... , c/q be any two sets of places, such that, for any paths of integration, 

u ," “ + + uf * = , + 4 - M p <o itP + + + M' P <o\.r> 

(i = 1, 2, ...,/>), wherein ii\ °, . . . , ° are any set of linearly independent 

integrals of the first kind, m, (1 , ... , <d itP are the periods of the integral ?/*’ a , and 
M x , ..., M' p are rational integer's independent of i, then there exists a rational 
function having the places , .... a q for poles and the places a t , ..., xq fin' 
zeros. 


For if v{ a , 


have equations of the form, 


be the normal integrals of the first kind, so that we 


'=c itl £ a + + c\ p u* p 


* Further algebraical consideration of Abel's theorem may be found in Clebsob-Lindemann - 
BenoiBt, Lemons tur la Gfomftne (Paris 1883) Vol. iii. Geometrical applications are given by 
Humbert, Liouville’s Journal , 1887, 1880, 1890 (Ser. iv. t. iii. v. vi.). 
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wherein C i>u . .., Ci tP are constants, and therefore, also, 

C it , w lf j + + 0{ t p o> p> j = 0 or 1, according as t =f -j t or i =*j, 

and 


, j+ + Gi, p to'p, ) = T i. j> 

we can deduce 

vT a, + + + 

Consider now the function 


-f M' p T i t p . 


Z(x) = e 
c being an arbitrary place. 


if ’ c + + n *’ e -2ri(M'v x ’ e + ... -f J/' v x ' r ) 

j. Xi. a, Zq , dy 11 p p • 


Herein an integral, IlJ* a( , suffers an increment 2 wi when x makes a 
circuit about the place x x ; but this does not alter the value of Z(x). And 
in fact Z(x ) is a single-valued function of x\ for the functions U^ ,a a have 
no periods at the first p period loops, while, if x describe a circuit equivalent 
to crossing the t*-th period loop of the second kind, the function Z(x) is only 
multiplied by the factor 

2wi[v*'’ a ' + ... .+v*«' < V2ir <(*>,.,+. ..+M' P T itP ) 

6 , 

or e^^iy whose value is unity. 


Further the function Z(x) has no essential singularities; for it has poles 
at the places a lt ... , and is elsewhere finite. 


Since the function has zeros at x Xf Xq and not elsewhere, the state- 
ment made above is justified. 


Ex. i. It is impossible to find two places y, £, such that each of the p integrals u\' y is 
zero. For then there would exist a rational function, given by 

H*’ a 
e u t, r , 

having only one pole, at the place y. (Cf. § 6, Chap. I.) It is also impossible that the 
equations 

v*' y saM l +M\ Ti t j + +M 1 pr,, pt 

wherein Jt l% ...» M p> M \, ...» M ’ p are rational integers independent of », should be 
simultaneously true. 


Ex. ii. If p equations, of the form 

• T ' y '=M i+ M\ r„ , + + „ 

exist, yj and y* are the poles of a rational function of the second order, and the surface is 
hyperelliptic. (Chap. V. § 62.) 
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159. In regard now to the equations 


<” ai + + <«’“« = 0 , 

which express that the places x ly ... y xq are coresidual with the places 
a lf if r + 1 be the number of (^-polynomials which vanish in the places 

a,, (Chap. VI. § 93), or (Chap. III. §§ 27, 37) the number of linearly 

independent linear aggregates of the form 

C x £lx (x) + 4* G p [l p (x), 

wherein C lt .„ 9 C p are constants, which vanish in these places, then, 
Q — p + t + 1 of the places x lt ...,XQ can be assumed arbitrarily, and the 
equations are therefore equivalent to only p — r — 1 equations, determining 
the other places of x lt ..., Xq in terms of those assumed. This can be stated 
also in another way : the p differential equations 


d £^ + + £^=°- •••'?>' 

express that the places x lt . . . , x Q are coresidual with the places x x + dx x , . . . , 
x^ + dx Q ; if the places x Xy ,.. y x^ have quite general positions these equations 
are independent ; if however t+1 linearly independent linear aggregates, of 
the form. 


fi , 

1 dx + 




wherein C lt ...,C P are constants, vanish in the places x it ...,a? v , then the /> 
differential equations are linearly determinable from p - t - 1 of them. 


blr. i. A rational function having j\, ..., .v u jus piles of the first order, and sucli that 
X,, are the coefficients of the inverses of the infinitesimals in the expansion of 
the function in the neighbourhood of these places, can be written in the form 



the conditions that the periods be zero are then the p equations 
M» C*i) + +X fi Q l (^)*0, (i=l, 2, 

But, if we take consecutive places coresidual with and t tJ be the 

corresponding values of the infinitesimals at .q, a\ Jy we also have 

°* (**i) h + +Q, (x Q ) t v =0 ; 

thus, if the first q ( = ^-/<+r+l) of £,, ..., t v be taken propirtional to X,, ..., X t , we shall 
have the equations 

^l/^l = 

Ex. \\. When the set x u ...,x g9 beside being coresidual with a lt has other 
specialities of position, Abel’s theorem may be incompetent to express them. For instance, 
in the case of a Riemann surface whose equation represents a plane quartic curve with 
two double points, there is one finite integral ; if a lf ...,a 4 represent any 4 collinear points, 
and x u represent any other 4 collinear points, the equation of Abel’s theorem is 

«* l,a, + ...+»«* l ' fl4 - 0; 
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but this equation does not express the two relations which are necessary to ensure that 
x ly ..., x 4 are collinear ; it expresses only that x ly x 2i x 3 , x 4 are on a conic, S, passing 
through the double points, or that x ly ,r 2 , x 3y x 4 are the zeros, and a lf ... f a 4 are the poles 
of the rational function SfLL oy where L= 0 is the line containing a ly . . . , a 4 and L Q —0 is 
the line joining the double points. 

ICO. From these results there follows the interesting conclusion that 
the p simultaneous differential equations 

+ dx Q dX(t = 0, (i=i,2, 

have algebraical integrals, Q being >p y o,vA u p being a set of p linearly 

independent integrals of the first kind. The problem of determining these 
integrals consists only in the expression of the fact that x u ..., x Q con- 
stitute a set belonging to a lot of coresidual sets of places. 

The most general lot will consist of the sets corcsidual with Q arbitrary 
fixed places a,, in which no (^-polynomials vanish. But the lot does 

not therefore depend on Q arbitrary constants; for in place of the set 
a,, .... <iy we can equally well use a set A ly ..., A Qy whereof q , = Q — p, places 
have positions arbitrarily assigned beforehand ; in other words, all possible 
lots of sets of Q places with multiplicity q can be regarded as derived from 
fundamental sets of Q places in which q places are the same for all. A lot 
depends therefore on Q — q,=p, arbitrary constants, and this number of 
arbitrary constants should appear in the integrals of the equations (Chap. VI. 
§ 96 ). 

We may denote the Q arbitrary places, with which x Xy ... y x Q are coresidual, 
by A ly ...,A qt d lf ... ,a p , so that A ,,..., A q are arbitrarily assigned before- 
hand, in any way that is convenient, and the positions of a x , . . . , a p are the 
arbitrary constants of the integration. 

Then one way in which we can express the integrals of the equations is 
as follows: form the rational function with poles, of the first order, in the 
places x Xy ..., a \> , and determine the ratios of the q -b 1 homogeneous arbitrary 
coefficients entering therein, so that the function vanishes in A Xy ...,A, r 
Then the function is determined save for an arbitrary multiplier, and 
must vanish also in a x , The expression of the fact that it does so 

gives p equations, each containing one of a ly ..., a p as an arbitrary constant. 

From these p equations we may suppose p of the places x Xy . . . , , say 
x Xy ..., x py to be expressed in terms of a x , a p and x p+ly ... , x (i (and 
A ly ..., il 9 ). The resulting equations may be derived also by forming the 
general rational function with its poles in a,, ...» a py A ly ..., A q and eliminating 
the arbitrary constants by the condition that this function vanishes in 
#j>+h#j>+ 9 > •••jXq, i being in turn taken equal to 1, 2, p. 

B. 


15 
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For example, for Q=p + 1, if (x, a; z,q x ,..., c p ) denote the definite 
rational function which has poles of the first order in the places z, c x> c pt 
the coefficient of the inverse of the infinitesimal at the place z being 
taken = — 1, which function also vanishes at the place a (Chap. VII. § 122), 
then a complete set of integrals is given by 

yfr (i a u A ; Xp+ U x Xi ... , x p ) = 0 = = ^ (a p> A \ x p+Xi x u ... , x p \ 

and a complete set is also given by 

^ ( x u Vp+i ; A > » <h) = 0 = = ^ ( x p> x p+ i ; A, a,, ... , a p ). 

The first of these integrals is in fact the equation 

du x du x 
dx j dx>i 

dup dup 
dx 1 * dx a ’ 

dP dP 
dx x 9 dx 2 * 

wherein P — P^^A' an( ^ ma y re g ar ^ e( ^ as derived by elimination of 
dx Xi ... t dx p+1 from the p given differential equations and the differential of 
the equation (§ 156) 

K:°a+ +r^r~'=°. 

which holds when (x Xt ..., x p + x ), (c l? ..., c p+x ), and (A, a Xi ..., a p ) are coresidual 
sets. 


duj 

dx p + 1 

du p 
dx p+ 1 
dP 

dx p+x 


= 0, 


Ex. i. For p— 1, the fundamental equation being # 2 =(.r, l) 4 =X 2 .r 4 + ..., shew that the 
differential equation 

^ + ^ 2=0 
Vi 2/2 

has the integral 

h± b + 

x x -a 1 x t -a 11 

where IP= (a, 1) 4 . (Here the place A has been taken at infinity.) 

Shew also that this integral expresses that the places (x lt y x ), (x 2 , 2/ 2 )* («> — &)> are the 
variable zeros of the polynomial -y+p+qx-\x 2 i when p and q are varied. 


Ex. ii. For y>=2, the fundamental equation being y 2 ={x, using the 

form of the function yjr (x t a; z, c lf ..., c p ) given in Ex. ii. § 132, Chap. VII., and putting 
the place A at infinity, obtain, for the differential equations 


the integral 


dx 1 dx 2 . dx 3 _q x x dx \ x<$Lx 2 . %i(dx 

2/1 y~2 y*~ ’ y\ y% y* 

y\ . 1 y» ■ b __ x 

(*. -«) f" (*,) + (*-*) F'(x 2 ) + (x„ -a) F' (x 3 ) + F(a)~ A ’ 


wherein F (.r) = (.7; - .r,) (.r - .r^) (.r - .r 8 ), b 2 =(a f 1) 0 , and the position of the place («, b ) is 
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the arbitrary constant of integration. By taking three positions of (a, b) we obtain a 
system of complete integrals. 

Shew that this integral is obtained by eliminating p, q % r from the equations which 
express that the places {x x ,3^), (# 2 , y 2 ), (# 3 , y 3 ), (a, 6) are zeros of the polynomial 
— y - A a? +pa? + qx + r. 


Ex. iii. For the caso (p=3) in which the fundamental equation is of the form 

f(y>x)= to y)* + to y)s + to y)*+ to y\ = o, 

(.*, y) 4 being a homogeneous polynomial of the fourth degree with general coefficients, etc., 
prove that an integral of tho equations 

dr, dx, dx, S dr, o +e tc -0 

/WYWVW Vw ’ /(y.) + ’ /(>/,) ’ 

is given by 

(2, 3, 4) ^ + (3, 1, 4) U 2 +{ 1, 2, 4) 2, 3) tf 4 =0, 


where 


(2, 3, 4) = 


*3 *4 


etc., 


y* y 3 y\ 

i i i 


and 



j {by a) being =0, and the position of (a } b ) being the arbitrary constant of integration. 
A complete system of integrals is obtained by giving (a, b) any three arbitrary positions. 
To obtain these equations the place A has been put at x=0 f y—0. 


Ex. iv. When the fundamental equation is ^' 4 +y 4 = 1, shew, putting the place A at 
r=l, y= 0, that, as in Ex. iii., we have integrals of the form 


(2, 3, 4) U x +{ 3, 1, 4) U 2 +{ 1, 2, 4) £7,-(l # 2, 3) U A = 0, 

wherein 

P _ x\ 2 (2 « 2 - a + 1 ) -x x (a + 1 ) 2 -f a 2 - a+ 2 

and + 1. 


161. The method of forming the integrals of the differential equations 
which is explained in the last article may also be stated thus: take any 
adjoint polynomial ^ which vanishes in the Q places A lt ..., A q , a,, ..., a p \ 
let C u ..., C n be the other zeros* of yfr ; let the general adjoint polynomial 
of the same grade as which vanishes in C u C n> be denoted by 

\yfr + + + X^-^, 

X, Xj, being arbitrary constants. By expressing that the places 

x it tCp+i, ..., x Q are zeros of this polynomial we obtain a relation 

whereby Xi is determined from x p+lt ..., x Q in terms of the arbitrary positions 

* Beside those where f { y ) or F ' [n) vanishes (of. Chap. VI. § 86). 

15 — 2 
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Oi , ...» ctp (and A lt A q ). By taking i = 1, 2 , p we obtain a complete 
system* of integrals. 

Now instead of regarding the set A x , ..., A qi a u ..., a p as the arbitrary 
quantities of the integration, we may regard the set C X ,...,C R as the 
arbitrary quantities, or, more accurately, we may regard the p quantities 
upon which the lot of sets coresidual with C x , . . . , C R depends, as the 
arbitrary quantities. To this end, and under the hypothesis that no 
^-polynomials vanish in the places C lt . . . , C B , imagine a set of places 
B x , ..., Bjt-y, b x ,...,b p determined coresidual with C l , C H , in which 
B x ,... t Bjt-p have any convenient positions assigned beforehand, so that the 
lot of sets coresidual with C x , ..., G lt depends upon the positions of b u ... t b p . 
Let a general adjoint polynomial Avith Q 4- R variable zeros be of the form 

0 = 4- p x % 4- 4- t, 

wherein /a, . . . , /i* are arbitrary constants, and k is for shortness written for 
Q + R—p. Then an integral of the differential equations under con- 
sideration is obtained by expressing that the places 

B\f», B lt - P , b x , ...» b p , Xi , x p + j, #p+ 2 > Xq 

are zeros of the polynomial 0; and a complete system of integrals is 
obtained by putting i in turn equal to 1, 2, ..., p. 

Similarly a complete set of integrals is obtained by expressing that 
the places 

x x , ..., x p , x p+x , ..., Xq, bi, B lf ..., B Jt - p 
are zeros of the polynomial 0, i being taken in turn equal to 1 , 2, ... , p. 

In this enunciation there is no restriction as to the value of R, save that 
it must not be less than p. 


Ex. i. For the general surface of the form 


/(?/, **)*(*» y) 4 4*(.r, y) 3 4(.r, #)., + (.'*» ?t\+ constant =0, 
a set of integrals of the equations 


is given by 


-0, 

i xjix % 

iJ'Cti 

o, 

A 

2 

i.) 

f'M ’ 

x \ 


?h l 

• r t 

V\ 

1 

=0, 


X 2?h 

?h 2 


?h 

1 



V 3 

Vi 

• r 3 

y-i 

1 



X \V\ 

Va 

*4 

Va 

1 


a, 2 


V 

a t 

K 

1 


A 2 

AB 


A 

B 

l 





And we can of course obtain quite similarly a set of y integrals, each connecting 
, Xff, A,, . , A,, , and one of the arbitrary positions a, , . . , 
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where f(b tf a t )~Q t f (B, d)=0, i— 1, 2, 3, and the place (J, B) may be taken at any 
convenient position. 

Ex. ii. Taking as before Q —p + 1 , and considering the hypcrelliptic ease, the funda- 
mental equation being 

/Ma', l) a/ , + a =A + ' + 

we require a i»olynomial having lt+p + 1 variable zeros: such an one is 

0 =• - y + \x» + 1 4- /V* + Vx» ~ » + +7/, 

7i! being equal to />, and wc have 

(A 2 a- 2 " + *+#«! a#, + I + ...) - 0U ,# ' + 1 4- Fx *- 4 . . . + LL Y = (fi - 2A /^) E (x) 0 (a-), 
where F(x) = (x-x t ) (a*-.r r>+1 ), 0 (x) = (x-h 1 ) (x-h p ). 

An integral of the differential equations may l>e obtained by eliminating F, O t ..., H 
from the equations expressing that the places 

b ]n X t y X p + J 

are zeros of the {tolynomial 0, or from tho equations expressing that 

a*j, , x PJ x p + j , b t 

arc zeros of this polynomial, and a complete system of integi*als, in either case, by taking 
i in turn equal to 1, 2, ..., />. 

Or a complete system of p integrals may tie obtained by eliminating F } 6’, ..., H from 
tho 2/i + 1 equations obtained by equating the coefficients of tho same powers of x on tho 
two sides of the equation. 

Wc may of course also take 0 in the form 

- y 4- Ex>‘ * 1 +Fv»‘ 4- 4-77; 

then ll—p+ 1, and the places 7?, , . . . , B H _ }) are not evanescent; putting the place li l at 
infinity we obtain as above. 

Ex. iii. Tho integration in the previous example may be carried out in various ways. 
Uy introducing again a set of fixed places a lt ...» a pi A, coresidual with x u ..., x Pi x p+l , 
we can draw a particular inference as to the forms of the coefficients F, (r, ..., II. For if 
(J (.r) denote A.rP +1 + jFfc p 4-... 4-6’, and U {) (x) denote what V (x) becomes when x lt ...,^ p+1 
tako the positions <q, ..., a pt A, the coefficients F, U, ... , II being then *1, a v .... h„ 

and also 7 T 0 (x)~(x-a 1 ) (x-a }} ) (x- A), then, because each of tho polynomials 

- y + U (.?), —y+V p {x) vanishes m the places b lt ..., b Pi the polynomial U (a-) - L\ (x) 
must divide by 0 (x\ namely U (x) = U 0 (x) + 1 0 (a*), where t is a variable parameter ; 

or, if we write 0 (x) = x v -f t x x v ~ 1 4- + t p > t lt ..., t p being then regarded, instead of 

b u ..., b Pi as tho arbitrary constants of the integration, wo have 

7 , =/' 0 4-<, = 7T= Ilft’b tt pi 

and tho quantities G-t l F , ..., JI-t t> F are constants in the integration, being unaltered 
when the places x x , ..., .r,, +1 come to a lt ..., a p , A. Henco wo can formulate the following 
result: let the />4-l quantities F 0 , G Qi ..., // 0 be determined so that the polynomial 
—y+U 0 (x) vanishes in the fixed places a x , ..., a pi A. Then denoting (x-a l ),..(x-a p ) 
(x— A) by F q (x), the fraction 

W-WiW 

is an integral polynomial; denoto it by (/x-27’ 0 A) (xv+tx a? 1 *” 1 -* 4-6,), so that 
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<£o, < 1 , ...» t v are uniquely determined in terms of the places oq, a p , A, and put 
F (x) for x p + t Y x p " 1 + +t p . Then x u ..., x p + 1 are the roots of the equation 

and the set x lf ..., x p+1 varies with the value of t, which is the only variable quantity 
in this equation. By equating the coefficients of the various powers of x in the 
polynomial on the left-hand side of this equation to the coefficients in the polynomial 
(p - 2/^ X) F(x), we can express each of the symmetric functions 

+a- |J+ 1 

+ "f Xp Xp + j 


as rational quadratic functions of a variable parameter t, containing definite rational 
functions of the variables at the places a lt ..., a pf A ; the place A may be given any 
fixed position that is convenient ; the positions of the places cq, a p are the arbitrary 
constants of the integration. 


Ex. iv. By eliminating t between the equations obtained at the end of Ex. lii. 
we obtain the complete system of p integrals. In particular any two of the quantities 
h i, Ajj, ... are connected by a quadratic relation, and any three of thorn are connected by 
a linear relation (Jacobi, Crelle , t. 32, p. 220). 

Ex. v. From the equation 

v_ (f)_. .1 + 1 y r 

we infer 

where h l =x l 4- ... +x p+l ; henco if a be the value of x at a branch place of the surface, 
we have from Ex. ii. 




and if, herein, a be put in turn at any p of the branch places of tho surface, the resulting 
values of <f> (a) may be regarded as the arbitrary constants of the integration, and the 
resulting equations as a complete set of integrals ; and if X=0, as we may always suppose 
without loss of generality (Chap. V.), we thus obtain the p integrals 

(a, .(a. - + 1) [jE ^ Ci ’ (t=1 ’ 2 ’ /J) 


c v ..., C p being tho constants of integration (Richelot, Crelle, xxiii. (1842), p. 369. In this 
paper is also shewn how to obtain integrals by extension of Lagrange’s method for tho 
case p= 1. See Lagrango, Theory of Functions , Chap. II., and Cayley, Elliptic Functions , 
1876, p. 337). 


Ex. vi. By comparing coefficients of x* p in the equation of Ex. ii., we obtain 
v - (2\0 + F 2 ) = (/* - 2\F) - A,), 

where h l —x l +... +x JI+l ; hence prove that 

(P+\ V . 1 a 
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by Ex. ii. the right-hand side is a constant in the integration ; hence this equation is an 
integral of the differential equations ; in particular if A=0, p=4, which is not a loss of 
generality, we have the integral 


where C is a constant ; this is a generalization of the equation, for p=l, 
Pu + K>v+p(u+v)=i (gpgY 

(cf. Ex. i. § 187). 


Ex. vii. Shew that if the fundamental equation be 

y 2 —(x t l) 2 * + 2 — A 2 x ip + 2 + nx' ip + 1 + ......+ Lx+ M, 

then another integral is 

U-l*r ^( x r)J Vi -Cp+l / \*i x P*lJ 

(Richelot, loc. tit.) 


Ex. viii. 
equations 


If a 0 , a, be the values of x at two branch places of the surface, obtain the 


(q t — u 7 | )...»..(q t — X p + j ) 
(«<“«!>) 


/ 


(q 0 —3? 1 )......(q < )-~ a? p+ i) 

(a 0 - A) {ay-dp) 


=(i +m)\ 


wherein the quantities A , ..., a p arc the values of x at fixed places coresidual with 
a’i,..., # p + i, p t is an absolute constant, and p is a parameter varying with the places 
x u ...,x p+v Take i in turn equal to 1, 2, ..., (p+1), and, eliminating p, we obtain a 
complete set of integrals. In particular if the left-hand side of this equation be denoted 
by (r, wo have such equations as 


{G t - l)p_, pjfc(pj-pjfc) + (^- 1) Pit Pi (p* -/>») + (£*- l)pipj(pi-pj)=0- 


(Weierstrass, Collected Worki^ Vol. I. p. 267.) 


162. The proof of Abels theorem which has been given in this chapter 
can be extended to the case of an algebraical curve in space. Taking the 
case of three dimensions, and denoting the coordinates by x, y, z , we shall 
assume that for any finite value of x, say x — a, the curve is completely given 
by a series of equations of the form 

x = a + £i w » +1 , x = a + £ 3 W »' 1 ' 1 , x — a + h w * +1 , 

y = 1\ (ti) , y = P 3 (0 , ,y = Pk(tk) , (D) 

*= Qi (ti) > Z = Qa ft) , , z * Qk ( tk ) , 

wherein Wj + 1, ...,«/* + 1 are positive integers, t u . . . , tk are infinitesimals, 
and Pi, Qu ...» P k > Qk> denote power series of integral powers of the variable, 
with only a finite number of negative powers, which have a finite radius 
of convergence. The values represented by any of these k columns, for all 
values of the infinitesimal within the radius of convergence involved, are the 
coordinates of all points of the curve which lie within the neighbourhood 
of a single place (cf. § 3, Chap. I.) ; the sum 

(w x + 1) + (w, + 1) + + (w k + 1) 
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is the same for all values of x, and equal to n , the order of the curve. A 
similar result holds for infinite values of x ; we have only to write - for x — a. 


We assume further that any rational symmetric function of the n sets 
of values for the pair (y, z\ which are represented by the equations (D), is a 
rational function of x. 

Then we can prove that if R ( x , y> z) be any rational function of x, y, z , 
the sum of the coefficients of t~ x in the expression R (x, y , z) ^ , at all the 
h places of the curve represented by the equations (D), is equal to the 
coefficient of in the rational function of x, 


U (x) = R (x, y„ z x ) -f R (a;, * a ) -f + R (x, y n , z»). 

dx 

And further that the sum of the coefficients of t~ x in R (x, y } z) at all 

the places arising for x = oc is equal to the coefficient of — * in the expansion 
of the same rational function of x } namely, equal to the coefficient of t~ l in 
U(x)~,vhcnx = ]. 

Hence, the theorem 

>*>£]«--* 

which holds for any rational function, U ( x ), of a single variable (as may be 
immediately proved by expressing the function in partial fractions in the 
ordinary way), enables us to infer, in the case of the curve considered, that 
also 

R (W)§] rl =°- 

By this theorem, applied to the case 

[iT(57]TJj dx R {x ‘ y ' z) dt\t = °’ 

we can prove that the number of poles of R ( x , y, z) is equal to the number 
of its zeros, and therefore also equal to the number of places where R (x, y, z) 
has any assigned value fi, a place being counted as r coincident zeros when 
the expression, in R (x, y, z), of the appropriate values for x, y, z, in terms 
of the infinitesimal, leads to a series in which the lowest power of t is t r ; 
similarly for the poles. 
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Hence, if / be any integral of the form / It (x, y, z) da we can apply 
this theorem in the form 


dl 1 
~dt Z- 



= 0 , 


Z being any rational function of x , y , z , and so obtain, as before (§§ 154, 155), 
the theorem 


r- 


and if £ is of the form 0 2 («, y> z )!@\ ( x > !J> z )> where 0 2f 6 X are integral poly- 
nomials, we can put the right-hand side 


dl i 02 ( x , y> z )~\ 
dt ° 6 X (x, y, z)\t~ l ’ 


wherein are the places at which Z= 0, or 0 2 (x y y,z)~ 0, and 

a* are the places where Z=oc or 6 X (x, y, z) — 0, and the places 
to be considered on the right hand are the infinities of dl/dt. 


The reader may also consult the investigation given by Forsyth, Hid. Trans., 1883, 
Part i. p. 337. 

Take for example the curve winch is the complete intersection of the cylinders 

y 2 =.r (1 -x) 

Z“ = X. 

For any limte value of .r, except .c=0 or .c— 1, we have 4 places given by 

y— ±*Jx (1— «»■)» z=±*Ja- 

For inlinite values of .«•, putting a — we have two places given by 

— i ._i 

t * ~~ t 

For .v=l, putting ,v~ 1 +<*, wo have two places given by 

y=i< + ... , y = * + ... , 

+(1+4*2+...), 2=-(l+4**+...) • 

For .r-0, putting x — wo have two places given by 

y=t (1 - ...) , y= -/(l -J«*- ...), 

4 z= t , Z — t , 


and, at x— 0, y=0, 2 = 0 , dx : dy : dz~'2t : 1 : 1 or = 2 1 : — 1:1 =0 : 1 : 1 or =0 : - 1 : l 
so that thore is a double point with .r=0, y=±z for tangents. 


Consider now 2 


, fdx 

Jyz 


, from the intersections of z + cur + by *= 0 to those of z+a'x+b f y-Q. 
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Put /= ; then ~ -g , when x is near to 0, has, for one value, 

a! 

,_*+<*?+&> , i+ 6 ' 1 + r+F^ + - 

wh,le log i+=+* =log W+*(i-fr..) log T+iTTST— 

1+ 1+S ,+ - 

1+* . / fl \ . 

g l+5 + (l+&'“l+& > T + * 

and the contribution to the sum log ^ r , is 2 log ^ . 

If we take the other place at a; =0 wo shall get, as the contribution to 


( d l w z +- a '* +b ’y\ 

6 z+ax+by) t’ 1 * 


the quantity -2 log 


Thus, on the whole we get, at #=0, 


/ $)■ 

It is similarly seen that no contribution arises at the places x- 1, x - ® . 
Thus on the whole 

lifesU-fcr* <$/!$• 

Now from the equations £ 1 +a# ] +6y 1 = 0, 2 2 +<u* 2 +fty 2 - 0, we find 


and thus 


x ith~ x iVi 


jx, dx + fx, dx A (1 -■>.;) -y/x 

J x hj\ -x J x \J l-x (l -x t )-\/x t 

which is a result that can be directly verified. 


V*1 Q-^) ~ V3 ( i_^ftH V^2 ~ Vj ’i 

a/j?| (1 - ^ jj ) -Vj; 2 (1 - -V# 2 + V^i 


+ constant 
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CHAPTER IX. 

Jacobi’s inversion problem. 

163. It is known what advance was made in the theory of elliptic 
functions by the adoption of the idea, of Abel and Jacobi, that the value 
of the integral of the first kind should be taken as independent variable, the 
variables, x and y, belonging to the upper limit of this integral being regarded 
as dependent. The question naturally arises whether it may not be equally 
advantageous, if possible, to introduce a similar change of independent 
variable in the higher cases. We have seen in the previous chapter that, if 
u* 1 a , . . . , w p a be any p linearly independent integrals of the first kind, the 
p equations 

u *' 1 + +1^=- u*-*' a *' - fl ‘, (i = 1, 2, . . . , p\ 

justify us in regarding the places a?,, ..., x v as rationally determinable from 
the arbitrary places a u ..., a Q , x p+1 , ...,x Q ; hence is suggested the problem, 
known as Jacobi’s inversion problem*, which may be stated thus: if 
U lf ..., U p be arbitrary quantities , regarded as variable, and a lt ..., a p be 
arbitrary fixed places , required to determine the nature and the expression of 
the dependence of the places x lf ..., x p> which satisfy the p equations 

»?■* + +u?’ ap =Ui, (t = l,2, 

upon the quantities U u ..., U p . It is understood that the path of integration 
from a r to x r is to be taken the same in each of the p equations, and is not 
restricted from crossing the period loops. 

164. It is obvious first of all that if for any set of values U u ..., U p 
there be one set of corresponding places x u ..., x p of such general positions 
that no ^-polynomial (§ 101) vanishes in them, there cannot be another set 
of places, a?/, ... , x p \ belonging to the same values of U u ... , U p . For then 
we should have 

«?'• *' + + Xp = 0, (i - 1, 2, . . . , p), 


Jacobi, Crelle xm. (1835), p. 55. 
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and therefore (§ 158, Chap. VIII.) there would exist a rational function 
having x lt .... x p as poles and #/, x p as zeros, which is contrary (§ 37, 
Chap. III.) to the hypothesis that no ^-polynomial vanishes in x u ..., x p . 


But a further result follows from the § referred to (§ 158, Chap. VIII.). 
Let 2ft),-, , , ..., 2a> hP , 2g )*',,, ..., 2ft)/, p denote the periods of u* ,a t and 
w n , ..., m py nil, ..., nip' denote any rational integers which are the same for 
all values of i. On the hypothesis that the inversion problem is capable of 
solution for all values of the quantities U u U py suppose these quantities 
to vary continuously from the values U ly ..., U p to the values V u ...» V pt 
where 

V t = U t -f 2m 1 a> 1t t 4- + 2 m p (o t> p + 2w/ft)/, i + + 2 m p 'a>i\ p , 


= Ui -f 2 £l lf say, 


(i-1, 2 p). 


and let z u ..., z p be the places such that 


+ = V t ; 

then it follows from § 158, that the places z lt ..., z p are, in some order, the 
same as the places w lt ... ,x p . For this reason it is proper to write the 
equations of the inversion problem in the form 


u*” a, + + 2^’*”= U u 

where the sign = indicates that the two sides of the congruence differ by a 
quantity of the form 2 fi t *. And further, if the set x u bo uniquely 

determined by the values U lt ..., U py any symmetrical function of the values 
of x, y at the places of this set, must be a single- valued function of 
U it ..., U p . Denoting such a function by <t>(U ly ..., U p ), we have, therefore, 

4>{U x + 2n ly U, + 2D 2 , ..., U p + 2Cl p ) = <l>(U ly ..., U p ). 

The functions that arise are therefore such as are unaltered when the 
p variables U l} ..., U p are simultaneously increased by the same integral 
multiples of any one of the 2 p sets of quantities denoted by 


2a>i, rt 2g) 2 , r , ...,2 (0 P) r 

2®i f r> 2ft> 2 , r , . • . ) 2 (o p , r . (v =s 1, 2, ... , p). 


165. The sign == will often be employed in what follows, in the sense 
explained above. There is one case in which it is absolutely necessary. 
In what has preceded the paths of integration have not been restricted from 
crossing the period loops. But it is often convenient, for the sake of 
definiteness, to use only integrals for which this restriction is enforced. In 
such case the problem expressed by the equations 


w* l ’ ai + + Ui 
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may be incapable of solution for some values of U u ...» U p . This can be 
seen as follows : if both the sets of equations 

+ + 

< 

u?' a ‘ + + Ui+ 2fl t , 

were capable of solution, it would follow, by § 158, that the set z u ..., z v is 
the same as the set x u ... , x p . And thence, as the paths are restricted not 
to cross the period loops, we should have 

u*" a ' + + u* Pi ap = u z t l> a ‘ + -f u* p ' ap , 

and thence 

2H, = 2m l a>i t , + + 2m p co it p + 2m, / cu/ i , + + p = 0 ; 

but these equations are reducible to 

mi + nil r h i + 4- m p Ti t p = 0, 

and, therefore, there would exist a function, expressed by 

2 vi (m/tf ° + + ttip'vi a ) 

e > 

(where v x,a , . . . , v *’ a are Riemann’a elementary integrals of the first kind), 
everywhere finite and without periods. Such a function must be a constant ; 
thus the conclusion would involve that v*' a , are not linearly inde- 

pendent, which is untrue. 

Hence when the paths of integration are restricted not to cross the period 
loops, the equations of the inversion problem must be written 

4 1 ^'^= U { ; 

in this case the integral sum on the left-hand side is not capable of assuming 
all values; and the particular period which must be added to the right-hand 
side to make the two sides of the congruence equal is determined by the 
solution of the problem. 

166. Before passing to the proof that Jacobi’s inversion problem does 
admit of solution, another point should be referred to. It is not at first 
sight apparent why it is necessary to take p arguments, U x , ..., U p , and 
p dependent places x lt It may be thought, perhaps, that a single 

equation 

u x > a = U, 

wherein u x > a is any definite integral of the first kind, suffices to determine the 
place a? as a function of the argument U. We defer to a subsequent place 
the enquiry whether this is true when the path of integration on the left 
hand is not allowed to cross the period loops of the Riemann surface ; it is 
obvious enough that in such a case all conceivable values of U would not arise, 
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for instance U = oo would not arise, and the function of U obtained would 
only be defined for restricted values of the argument. But it is possible 
to see that when the path of integration is uot limited, tho place x cannot be 
definitely determinate from U. For, then, putting x =/( U), we must have 
/( U + 2X1) = /( U), wherein 

XI = 7Yli(Oi + + WlptOp + +......+ Wljf(Op , 

m u being arbitrary rational integers, and 2a> x , ..., 2 a> p ' being the 

periods of u x ' a ; and it can be shewn, when p > 1, that in general it is 
possible to choose the integers m lf ..., m p ' so that XI shall be within assigned 
nearness of any prescribed arbitrary value whatever. Thus not only would 
the function f(U) have infinitesimal periods, but any assigned value of this 
function would arise for values of the argument lying within assigned near- 
ness of any value whatever. We shall deal later with the possibility of the 
existence of infinitesimal periods; for the present such functions are excluded 
from consideration. 

The arithmetical theorem referred to* may be described thus; if a,, a* 
be any real quantities, the values assumed by the expression N x a x + N 2 a 2y 
when take all possible rational integer values independently of one 

another, are in general infinite in number ; exception arises only in the case 
when the ratio (hja , 2 is rational ; and it is in general possible to find rational 
integer values of and N 2 to make -f N 2 (u approach within assigned 
nearness of any prescribed real quantity. Similarly if a lt a ^ a 3 , b u b 2 , b s be 
real quantities, of the expressions N^ + N.^ + N t b x + N 2 b 2 + N.jb 3 , 
where N u N 2 , N 3 take all possible rational integer values independently 
of one another, there are, in general, values which lie within assigned 
nearness respectively to two arbitrarily assigned real quantities a, b. More 

generally, if Oj, ..., a k , b u ..., b k , , c lt ..., c* be any (&-1) sets each of 

k real quantities, and a, b, . . . , c be (k - 1) arbitrary real quantities, it is 
in general possible to find rational integers N u ..., N k such that the (& — 1) 
quantities 

Niai + + N k a k -a, #,&, + + N k b k -b , ..., #, 0 , + + N k c k -c, 

are ail within assigned nearness of zero. 

Hence it follows, taking k = 2 p, that we can choose values of the integers 
m lf ..., nip', to make — 1 of the quantities 

X2 r = m l (o rt j + + m p <Or f p + m/ov', x + 4- mJ<o r \ p , 

say Xl lf ..., Xlp_!, approach within assigned nearness of any (p— 1) prescribed 
values, and at the same time to make the real part of the remaining quantity 
Xl p approach within assigned nearness of any prescribed value; but the 
imaginary part of Xl p will thereby be determined. We cannot therefore 


Jacobi, loc. cit.; Hermitc, Crelle, l xxxvixi. p. 10. 
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expect to obtain an intelligible inversion by taking less than p new variables 
U ly U 2 , ...;and it is manifest that we ought to use the same number of 

dependent places x 1} x 2 , On the other hand, the proof which has been 

given that there can in general only be one set of places x u ... } x p corre- 
sponding to given values of U lf ..., U v would not remain valid in case the 
left-hand sides of the equations of the problem of inversion consisted of a 
sum of more than p integrals ; for it is generally possible to construct a 
rational function with p + 1 assigned poles. 

167. It follows from the argument here that when p > 1 an integral of the first kind, 
u x < a , is capable, for given positions of the extreme limits, #, a, of the integration, of 
assuming values within assigned nearness of any prescribed value whatever. Though not 
directly connected with the subject here dealt with it is worth remark that it does not 
thenco follow that the integral is capable of assuming all possible values. For the values 
represented by an expression of the form 

wq wj + + m p w p + + + wtp'wp', 

for all values of the integers m lt ..., m v , mf, ..., m v ', form an enumerable aggregate— 
that is, they can be arranged in order and numbered - oo , ... , - 3, - 2, — 1, 0, 1, 2, 3, ... , oo . 
To prove this we may begin by proving that all values of the form form 

an enumerable aggregate ; the proof is identical with the proof that all rational fractions 
form an enumerable aggregate ; and may then proceed to shew that all values of the form 
m l (a l ^-m 2 (o 2 -[-m s (o 3 form an enumerable aggregate, and so on, step by step. Since then the 
aggregate of all conceivable complex values is not an enumerable aggregate, the statement 
made is justified. 

The reader may consult Harkness and Morley, Theory of Functions , p. 280, Dini, 
The.orie der Functionen einer reellen Orosse (German edition by Luroth and Schepp), 
pp. 27, 191, Cantor, Acta Math. ii. pp. 363—371, Cantor, Crelle, lxxvii. p. 258, Rendiconti 
del Circolo Mat. di Palermo , 1888, pp. 197, 135, 150, where also will be found a theorem 
of Poincares to the effect that no multiform analytical function exists whose values are not 
enumerable. 

168. Consider now* the equations 

(A) <•’“•+ +u?' a >=U i , (i= 1, 2, p) 

wherein, denoting the differential coefficient of w *’ a in regard to the infini- 
tesimal at x by fii (x), the fixed places c^, ..., dp are supposed to be such that 
the determinant of p rows and columns whose (i, j )th element is fij (a*) does 
not vanish ; wherein also the p paths of integration a^to x ly ..., a p to x p , are 
to be the same in all the p equations, and are not restricted from crossing the 
period loops. 

When x lf ..., x p are respectively in the neighbourhoods of a, , ..., a p and 
U u ..., U p are small, these equations can be written 

|\/*« (<h) + jjj Pi ((h) + J + + \t p m (a p ) + Pi (dp) + J = Ui, 

* The argument of this section is derived from Weierstrass; see the references given in 
eonneetion with § 170. 
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wherein t r is the infinitesimal in the neighbourhood of the place a r> and /*/(#) 
is derived from fir (x) by differentiation. From these equations we obtain 

tr=»r, l U l + + Vr , p U p +U^ t + U?'+ (r = 1, 2, 

where, if A denote the determinant whose (i, j ) th element is pj (a»-), Vij 
denotes the minor of this element divided by A, and denotes a homo- 
geneous integral polynomial in U u ..., U p of the &th degree. These series 

will converge provided Z7,, , U p be of sufficient, not unlimited, smallness. 

Hence also, so long as the place x r lies within a certain finite neighbourhood 
of the place c Tt the values of the variables x r , y r associated with this place, 
which are expressible by convergent series of integral powers of t r , are 
expressible by series of integral powers of U u ..., U p which are convergent 
for sufficiently small values of U u ..., Up. 

Suppose that the values of U lt ..., U p are such that the places x 1} . . . , x p 
thus obtained are not such that the determinant whose (*, j ) th element is 
p? (xi) is zero ; then if U x , . . . , U p be small quantities, it is similarly possible 
to obtain p places . . . , x p , lying respectively in the neighbourhoods of 

x u x p , such that 

■ r, + + = U/, (i = 1, 2, . . . , p ) ; 

by adding these equations to the former we therefore obtain 

“' + + <"'• ap =Ui+ U-, (i = 1, 2, , p). 

Since all the series used have a finite range of convergence, we are thus 
able, step by step, to obtain places x Xi ..., x p to satisfy the p equations 

<• ’ + + it* ** = U u (t » 1,2,..., p), 

for any finite values of the quantities U x , . . . , U p which can be reached from 
the values 0, 0, ..., 0 without passing through any set of values for which 
the corresponding positions of x x , . . . , x v render a certain determinant zero. 

169. The method of continuation thus sketched has a certain interest; 
but we can arrive at the required conclusion in a different way. Let 
U u ..., U p be any finite quantities ; and let m be a positive integer. When 
m is large enough, the quantities UJm, ..., Up/m are, in absolute value, as 
small as we please. Hence there exist places z x , ..., z p , lying respectively in 
the neighbourhoods of the places a x , ..., a p , such that 

+ + it*' ap = - U l /m (i=l,2,..., p). 

In order then to obtain places a?,, ..., x p , to satisfy the e(j nations 

+ u?’ ap =U l , (i = l,2,...,p). 
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it is only necessary to obtain places x lt ..., x py such that 

w*” a, + + + + mv%” ap = 0 , (i = l,2, ...,p); 

and it has been shewn (Chap. VIII. § 158), that these equations express only 
that the set of mp + p places formed of ^r 1# ..., z pt each m times repeated and 
the places x Xi ..., x p , are coresidual with the set of (m+ l)/> places formed of 
a u ..., a p each (m-j- 1) times repeated. 

Now, when (m + l)p places are not zeros of a ^-polynomial, we may 
(Chap. VI.) arbitrarily assign all but p of the places of a set of (ra+ l)p 
places which are corcsidual with them ; and the other p places will be 
algebraically and rationally determinable from the mp assigned places. 

Hence with the general positions assigned to the places a lf a p , it 
follows, if Z denote any rational function, that the values of Z at the places 
x lt ..., x p are the roots of an algebraical equation, 

Zp + Zp-'R^ + R P = 0 , 

whose coefficients R lt ..., R p are rationally determinable from the places 
z u z p , and are therefore, by what has been shewn, expressible by series 
of integral powers of UJm, ..., U p jm, which converge for sufficiently large 
values of m. Thus the problem expressed by the equations 

<"“ + + <►’*- 0i, (i=l, 2, ...,*>), 

is always capable of solution, for any finite values of U u ..., U p . 

It has already been shewn (§ 164), that for general values of U lf ..., U p 
the set x u ...,x p obtained is necessarily unique; the same result follows 
from the method of the present article. It is clear in § 164, in what way 
exception can arise; to see how a corresponding peculiarity may present 
itself in the present article the reader may refer to the concluding result 
of § 99 (Chap. VI.). (See also Chap. III. § 37, Ex. ii.) 

In case the places a Xi ..., a p in the equations (A) be such that the deter- 
minant denoted by A vanishes, we may take places b lf for which 

the corresponding determinant is not zero, and follow the argument of the 
text for the equations 

<"*'+ +u?- b '=V it 

in which Vi — Ui + it"" b ' + + u“”’ bp . 

We do not enter into the difficulty arising as to the solution of the in- 
version problem expressed by the equations (A) in the case where U p 

have such values that x u . . . , x p are zeros of a ^-polynomial. This point 
is best cleared up by actual examination of the functions which are to 
be obtained to express the solution of the problem (cf.* § 171, and 

* See also Clebsoh and Gordan, Abel. Functnen ., pp. 184, 186. 

B. 


16 
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Props, xiii. and xv., Cor. iii., of Chap. X.). But it should be noticed that 
the method of § 168 shews that a solution exists in all cases in which the 
fixed places a *, ..., a p do not make the determinant A vanish ; the peculiarity 
in the special case is that instead of an unique solution x lt ..., Xp, all the 
x T+l sets coresidual with x Xi ..., x p are equally solutions, r +1 being the 
number of linearly independent ^-polynomials which vanish in x Xi x p . 
This follows from §§ 154, 158. 

170. We consider now how to form functions with which to express the 
solution of the inversion problem. 

Let P^’ * denote any elementary integral of the third kind, with infinities 
at the arbitrary fixed places f, 7 . Then if a x , ..., dp, x Xt ..., x p denote the 
places occurring on the left hand in equation (A), it can be shewn that the 
function 

T= !*"*'+ + P£;* 

is the logarithm of a single valued function of TJ X) ..., U p , and that the 
solution of the inversion problem can be expressed by this function ; and 
further that, if /•» a denote any Abelian integral, the sum 

can also* be expressed by the function T. 

It is clear that in this statement it is immaterial what integral of the 
third kind is adopted. For the difference between two elementary integrals 
of the third kind with infinities at f, 7 is of the form 

vr+ + Vp“ + x - 

where X„ ..., \p, X may depend on f, 7 but are independent of x\ hence 
the difference between the two corresponding values of T is of the form 

XjJTi-H +Xp£7p + X; 

and this is a single- valued function of U x , ..., U p . 

For definiteness we may therefore suppose that denotes the integral 
of the third kind obtained in Chap. IV. (§ 45. Also Chap. VII. § 134). 

Then, firstly, when x lt ..., x p are very near to Oj, ...» a p , and U u ..., U p 
are small, T is given by 

i {<i [(«*. 0 - (<*<, 7)] § + 1 Dl, P?X + } , 

* The introduction of the function T is, I believe, due to Weieretrass. See Crelle , ux. 
p. 285 (1856) and Mathem. Werke (Berlin, 1894), x. p. 802. The other functions there used are 
considered below in Ohaps. XI., XIII. 
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where U denotes the infinitesimal in the neighbourhood of the place a it c 
is an arbitrary place, and the notation is as in § 130, Chap. VII. It is 
intended of course that neither of the places f or 7 is in the neighbourhood 
of any of the places a u ..., a p . Now we have shewn that the infinitesimals 
t \ , ..., t p are expressible as convergent series in U u ..., U p . Thus T is also 
expressible as a convergent series in U x , ..., U p when U u ..., U p are 
sufficiently small. 

Nextly, suppose the places x l9 ..., x p are not near to the places Oj, ... , a v ; 
determine, as in § 168, places to satisfy the equations 


w‘ ,,a, + +u e i p ’ ap = -U i lm > 

+ u* v ' ap = U ti 


m being a large positive integer ; then we shall also have (§ 158, Chap. VIII.) 


p*.’ , 

y + • 


+ pXp^ a P + m 4 . 


+^:; OB )=iog 


*(f) 

Z(yY 


where Z (x) denotes the rational function which has a pole of the (m + l)th 
order at each of the places a 1} ..., a p , and has a zero of the mth order at each 
of the places z l9 ..., z p . The function Z (pc) has also a simple zero at each 
of the places x lt ... t x p , but this fact is not part of the definition of the 
function. 


This equation can be written in the form 


wherein T 0 denotes the sum 


e T — e~ lnT <> 


Z(r V 


_j_ plpt dp 

It follows by the proof just given that T 0 is expressible as a series of 
integral powers of the variables Uyjm, ..., U p /m, which converges for 
sufficiently great values of m; and it is easy to see that the expression 
Z(^)/Z( 7 ) is also expressible by series of integral powers of Uy/m, ..., Up/m. 
For let the most general rational function having a pole of the (m + l)th 
order in each of a u ... , a p be of the form 


Z (a?) = XiZ x (x) + + \m P Z mp (x) + 


wherein Zy (x), ..., Z mp (x) are definite functions, and X, \ u ..., \n P are 
arbitrary constants. Then the expression of the fact that this function 
vanishes to the mth order at each of the places z ly z p will consist of 
mp equations determining \y, ..., Xm P rationally and symmetrically in terms 
of the places z lt ..., z p . Hence (by § 168) \ lf ..., \mp are expressible as series 
of integral powers of ^/m, ..., U p /m, Hence Z (^)/Z ( 7 ) is expressible 
by series of integral powers of Uy/m, ...» U p /m. 


16—2 
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Hence, for any finite values of U u U p the function e T is expressible 
by series of integral powers of U l9 ...» U p . It is also obvious, from the 
method of proof adopted, that the series obtained for any set of values of 
U ly ..., Up are independent of the range of values for U u ..., U p by which 
the final values are reached from the initial set 0, 0, so that the 

function e T is a single valued function of U ly ...» U p . The function e T 
reduces to unity for the initial set 0, 0, . . . , 0. 

171. An actual expression of the function e T , in terms of U lf ..., U pi 
will be obtained in the next chapter (§ 187, Prop. xiii.). We shew here that 
if that expression be known, the solution of the inversion problem can 
also be given in explicit terms. Let n** denote the normal elementary 
integral of the third kind (Chap. II., § 14). Then if K denote the sum 


K= n*” a> - 


. + n;^, 


it follows, as here, that eP is a single valued function of U l} ..., U p , whose 
expression is known when that of e T is known, and conversely. Denote eP by 
V (JJ U ..., U p ; f , 7). Let Z(x ) denote any rational function whatever, its 
poles being the places 7,, ...,7*; and let the places at which Z(x) takes 
an arbitrary value X be denoted by £, ..., £*. Then, from the equation 
(Chap. VIII., § 154), 


n *"r+- 

x O a l 


+ n f ‘ ,y *-loe z(Xi >—K 

+ ll z„a,- l0 B Z{Oi)-X’ 


(i = l, 2 


we obtain * 


V( - u ' Up ’ V{ - u " •••’ Uf ' - [x _ [z -z\£)} ’ 


the left-hand side of this equation has, we have said, a well ascertained 
expression, when the values of U u ..., U p . the function Z(x\ and the value 
X , are all given; hence, substituting for X in turn any p independent 
values, we can calculate the expression of any symmetrical function of the 
quantities 

Z{x p ), 


and this will constitute the complete solution of the inversion problem. 


It has been shewn in § 152, Chap. VIII. that any Abelian integral /*»• 
can be written as a sum of elementary integrals of the third kind and of 
differential coefficients of such integrals, together with integrals of the first 
kind. Hence, when the expression of V (U l9 ..., U p \ f, 7) is obtained, that 
of the sum 

4. +7^’^ 

can also be obtained. 


ClebBch u. Gordan, Abels. Functionen , (1866), p. 176. 
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n 


*,,a, 

f,y 


+ 


i r\ x p t <h 
+ 9 


which is contained in this chapter is to be regarded as of a preliminary 
character. It will appear in the next chapter that it is convenient to 
consider this function as expressed in terms of another function, the theta 
function. It is possible to build up the theta function in an A priori 
manner, which is a generalization of that, depending on the equation 


fpu = 


A 2 

du* 


log* fa), 


whereby, in the elliptic case, the <r-function may be supposed derived from 
the function p (u). But this process is laborious, and furnishes only results 
which are more easily evident A posteriori. For this reason we proceed now 
immediately to the theta functions; formulae connecting these functions 
with the algebraical integrals so far considered are given in chapters X. XI. 
and XIV. 
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CHAPTER X. 


Riemann’s theta functions. General theory. 

173. The theta functions, which are, certainly, the most important 
elements of the theory of this volume, were first introduced by Jacobi in 
the case of elliptic functions.* They enabled him to express his functions 
sn u, cn u, dn u, in the form of fractions having the same denominator, the zeros 
of this denominator being the common poles of the functions sn u, cn u, dn u. 
The ratios of the theta functions, expressed as infinite products, were also 
used by Abel f. For the case p = 2, similar functions were found by GopelJ, 
who was led to his series by generalizing the form in which Hermite had 
written the general exponent of Jacobi’s series, and by Rosenhain §, who 
first forms degenerate theta functions of two variables by multiplying to- 
gether two theta functions of one variable, led thereto by the remark that 
two integrals of the first kind which exist for p — 2, become elliptic integrals 
respectively of the first and third kind, when two branch places of the surface 
for p = 2, coincide. Both Gopel and Rosenhain have in view the inversion 
problem enunciated by Jacobi; their memoirs contain a large number of 
the ideas that have since been applied to more general cases. In the form 
in which the theta functions are considered in this chapter they were first 
given, for any value of p, by Riemann||. Functions which are quotients 
of theta functions had been previously considered by Weiers trass, without 
any mention of the theta series, for any hyperelliptic case IF. These functions 
occur in the memoir of Rosenhain, for the case p = 2. It will be seen that 

* Fundamenta Nova (1829) ; Gee. Werke (Berlin, 1881), Bd. i. See in particular, Diriclilet, 
Gedachtnissrede auf Jacobi, loc. cit. Bd. i., p. 14, and Zur Geschiohte der Abelsohen Trans- 
cendenten, loc. cit., Bd. u., p. 516. 

t (Euvres (Christiania, 1881), t. i. p. 843 (1827). See also Eisenstein, Crelle, xxxv. (1847), 
p. 153, etc. The equation ( b ) p. 225, of Eisenstein ’s memoir, is effectively the equation 

p(u)=4jp»(tt)-p,jf>(u)-p,. 

X Crelle , xxxv. (1847), p. 277. 

§ MSm. sav. itrang. xi. (1851), p. 361. The paper is dated 1846. 

11 CreUe, liv. (1857) ; Qee. Werke , p. 81. 

f CreUe , xlvii. (1854); Crelle, in. (1856); Gee. Werke, pp. 138, 297. 
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the Riemann theta functions are not the most general form possible. The 
subsequent development of the general theory is due largely to Weierstrass. 

174. In the case p = 1, the convergence of the series obtained by Jacobi 
depends upon the use of two periods 2co, 2o/, for the integral of the first 
kind, such that the ratio ®'/® has its imaginary part positive. Then the 

quantity q = e * w is, in absolute value, less than unity. 

Now it is proved by Riemann that if we choose normal integrals of the 
first kind a , . . . , a , so that v *’ ® has the periods 0 ... 0, 1, 0, ... , T r , u ... , r rtP , 
the imaginary part of the quadratic form 

<£ = T n n? + + Tr t r n* + + 2T lt a + + 2T Tt9 n r n g + 

is positive* for all real values of the p variables n lt ...,Wp. Hence for all 
rational integer values of n u . . . , n p , positive or negative, the quantity e iw * 
has its modulus less than unity. Thus, if we write r r> , = p Tt s + i/c r , *, p r , « 
and K rtS being real, and a,, + ..., Op, =b p + ic p , be any p constant 

quantities, the modulus of the general term of the p-fold series 


» 1 = 00 n, = 00 »p=cd 

X X 2 e* in,+ 

*,=*-«> n,= - 00 np = -oo 

wherein each of the indices ?^, ..., rip takes every real integer value 
independently of the other indices, is e~ L , where 

L = — (b^ + + b p n p ) + 7 r (*„ + + 2* lf2 + ), 

= - (Mi + + M*) + >fr, say, 


where ^ is a real quadratic form in n u ..., n p> which is essentially positive 

for all the values of , n-j, considered. When one (or more) of n,, ..., rip 

is large, L will have the same sign as y/r, and will be positive ; and if p be any 


positive integer e L,(l is greater than 1 4* Ljp, and therefore e~ L < 



now the series whose general term is ^1 + — j will be convergent or not 

according as the series whose general term is is convergent or not, for 

the ratio 1 + -: yfr has the finite limit ljp for large values of ...,Wp; 
A* 

and the series whose general tenn is yfr~^ is convergent provided p be taken 


* The proof is given in Forsyth, Theory of Functions , § 285. If u>® *, ... , u >*’ a denote a set of 
integrals of the first kind such that a has no periods at the b period loops except at b rt and 
has there the period 1, and <r r ,i, ...» <r r ,p be the periods of a at the a period loops, the quadratic 
function 

<r u V+ +2<r la n 1 7* a + 


has its imaginary part negative. 
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>%P' (Jordan, Gours d* Analyse, Paris, 1893, vol. I., § 318.) Hence the 
series whose general term is 

0d l n l + +ap#p+ttr^ 

is absolutely convergent. 

In what follows we shall write 2iriu r in place of a r and speak of u p 

as the arguments ; we shall denote by un the quantity + u p n pt 

and by m 2 the quadratic Tn^ 2 + + 2 t 12 w 1 w 2 + Then the Riemann 

theta function is defined by the equation 

0 (u) = 

where the sign of summation indicates that each of the indices 7 ^, ...,w p 
is to take all positive and negative integral values (including zero), 
independently of the others. By what has been proved it follows that 0 ( u ) 
is a single-valued, integral, analytical function of the arguments 2 ^, ..., u p . 

The notation is borrowed from the theory of matrices (cf. Appendix ii.) ; t is regarded 
as representing the symmetrical matrix whose (r, s)th element is r r> „ n as representing 
a row, or column, letter, whose elements are n x , ..., n p , and «, similarly, as representing 
such a letter with iq, ..., u p as its elements. 

It is convenient, with 0 (a), to consider a slightly generalized function, 
given by 

0 (u ; q, q') y or © (a, q) = Se*™ w+qv+miq (n+g'j . 

herein q denotes the set of p quantities q gt ..., q p , and q denotes the set 
of p quantities q g , ..., q py and, for instance, u(n + q) denotes the quantity 
un + uq\ namely 

Wh + + u P n p + ihqi + + u p q pt 

and r (n + q) 2 denotes rn 2 -f 2 vnq -f- r^ 3 , namely 

(thWi 2 4- ... + 2t 1(2 w 1 w 2 +...)+ 2 £ 2 r ri9 n r q 8 -I- (t u ^j 2 + ... + 2t 1j2 q x q 2 + ...). 

#=1 r-1 

The quantities q lt ..., q p , q Xt ..., q p constitute, in their aggregate, the 
characteristic of the function 0 (u ; q ) ; they may have any constant values 
whatever; in the most common case they are each either 0 or J. 

The quantities r<,y are the periods of the Riemann normal integrals of the first kind at 
the second set of period loops. It is clear however that any symmetrical matrix, <r, which 
is such that for real values of .... K the quadratic form <rk 2 has its imaginary part 
positive, may be equally used instead of r, to form a convergent series of the same form as 
the 0 series. And it is worth while to make this remark in order to point out that the 
Riemann theta functions are not of as general a character as possible. For such a 
symmetrical matrix <r contains ip(p+l) different quantities, while the periods r r , f are 
(Chap. I., § 7), functions of only 3p-3 independent quantities. The difference ip(p+l) 
-(3p-3)s*J(p-2)(p-3), vanishes for orp—3; for p«4 it is equal to 1, and for 
greater values of p is still greater. We shall afterwards be concerned with the more 
general theta-function here suggested. 
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The function Q(u) is obviously a generalization of the theta functions used in the 
theory of elliptic functions. One of these, for instance, is given by 

&i(«! 4. i) 2, "“' <r (2»u) = - 20 *"'“ (»+i)+^(»+i)*+«<»+l). 
and the four elliptic theta functions are in fact obtained by putting respectively q, ^—0,^ ; 

=ii; =i0; =0,0. 

175. There are some general properties of the theta functions, imme- 
diately deducible from the definition given above, which it is desirable to 
put down at once for purposes of reference. Unless the contrary is stated it 
is always assumed in this chapter that the characteristic consists of half 
integers; we may denote it by ..., \fi P , J«j, £ap, or shortly, by 

iA where f} u ..., fi p , a u Op are integers, in the most common case 
either 0 or 1. Further we use the abbreviation or sometimes only £l mi 

to denote the set of p quantities 

m t + T itX m l '+ + t i>p m p \ (i = 1, 2, 

wherein mj, ...» trip, m/, ...» are 2 p constants. When these constants 
are integers, the p quantities denoted by f 1 m are the periods of the p Riemann 
normal integrals of the first kind when the upper limit of the integrals is taken 
round a closed curve which is reducible to mi circuits of the period loop 6* 
(or mi crossings of the period loop a { ) and to m{ circuits of the period 
loop Ot, i being equal to 1, 2, ...,p. (Cf. the diagram Chap. II. p. 21.) 
The general element of the set of p quantities denoted by fl TO , will also 
sometimes be denoted by mi + t* m t< denoting the row of quantities formed 
by the ith row of the matrix t. When m u . . . , m p are integers, the quantity 
Mi + Tim is the period to be associated with the argument w*. 

Then we have the following formulae, (A), (B), (C), (D), (E) : 

® (- u ; i A ha) = r* 0 (u ; *0, i«), (A). 

Thus 0(a ; £a) is an odd or even function of the variables ..., u p 

according as fia, =fta 1 4- +ftpa p , is an odd or even integer; in the 

former case we say that the characteristic £/3, £a is ail odd characteristic, in 
the latter case that it is an even characteristic. 

The behaviour of the function 0 (u) when proper simultaneous periods 
are added to the arguments, is given by the formulae immediately following, 
wherein r is any one of the numbers 1, 2, ..., p, 

€>(u„ .... «, + 1 u p ; £/9, Jo) = e w< *- @(u; i/3, £«), 

@(“i + Ti,r, «a+T,, r> My + Tp, r ; i/3, ia) = e- wi i ,, r+Kri-T«,0( lt ; 

Both these are included in the equation 

0 (« + n m ; i/3, ia) = + ’ ri < w — ’ "•'« 0 (« ; 4/9, 4 a), (B) ; 
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herein the quantities m pi m/, m p r are integers, u + fl m stands for 

the p quantities such as u r + m r + miT r ,i + 4- nip'Tr,p, and the notation 

in the exponent on the right hand is that of the theory of matrices ; thus 
for instance wW denotes the expression 

% rtlr' (Tr t I ml + 4 Tr,p Kip’), 

r- 1 

and is the same as the expression denoted by rm\ 

Equation (B) shews that the partial differential coefficients, of the second 
order, of the logarithm of @(w ; £a), in regard to u lt Up t are functions 

of tij, Up, with 2p sets of simultaneous periods. 

Equation (B) is included in another equation ; if each of /9', a' denotes a 
row of p integers, we have 

+ £/3, A a) = 0 (* ; itf + i/^ia + i*'), (C); 

to obtain equation (B) we have only to put /9 r ' = 2 m r , a/ = 2m/ in equation 
(C). If, in the same equation, we put /S' = — /9, a' = - a, we obtain 

© (m - i « ; i/S, i a) = e™ ® (w ; 0, 0) = e" ia 0 (w) ; 

from this we infer 

0 (« ; i/3, i«) = e™ e (JI + i^ B ), (D) ; 

this is an important equation because it reduces a theta function with any 
half-integer characteristic to the theta function of zero characteristic. 

Finally, when each of m, w! denotes a set of p integers, we have the 
equation 

® (u ; i# + m, ia + m!) = e ,n ' m « 0 (u ; £/9, ia), (E) ; 

thus the addition of integers to the quantities £a does not alter the theta 
function 0 (u ; i/9, ia), and the addition of integers to the quantities i/9 
can at most change the sign of the function. Hence all the theta functions 
with half-integer characteristics are reducible to the 2^ theta functions which 
arise when every element of the characteristic is either 0 or i. 

170. We shall verify these equations in order in the most direct way. The method 
consists in transforming the exponent of the general term of the series, and arranging the 
terms in a new order. This process is legitimate, because, as we have proved, the series is 
absolutely convergent. 

(A) If in the general term 

itt (»+l*)+torr(»+Ja)» +*# (n+}<0 

we change the signs of u lt u Pi the exponent becomes 

2iriM ( - n - a + 4 a) 4- tnr ( - - a + ^ a) + rri/3 ( - n — a + ^a) + 2Tri/9n + n^Sa. 
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Since a consists of integers we may write m for -n-a, that is m r = -(n r +a r ), for 
r=l, 2, jo ; then, since 0 consists of integers, and therefore e 2wi ^ n =l, the general term 
becomes 

girijSa >0 2irii*(«f+J«)+tirT(m+i«)+irt^(w+ia). 

save for the factor this is of the same form as the general term in the original series, 
the summation integers m lt ..., nip replacing n lt ..., ft p . Thus the result is obvious. 

(B) The exponent 

fyri(u+m+Tm') ( 71 +^ 0 )+ wtt (n+$a) 2 +rrip (n+£«), 
wherein m+rm! stands for a row, or column, of p quantities of which the general one is 

m r +T rtl m l '+ +r r , p m p \ 

is equal to 

2iriu (n 4- £a ) + iirr (n -f £ a) 2 + irifi (n + J a) -f Virimn + irima -f 2 t xvrm'n + nirmfa 
— 2niu (n +m! +\a) +irrc(n + m! + £a) 2 +7rt£ (n +m’ + £a) - 2rrim! (u + £ rm!) 

+ni (ma - m'ft) + 2nimn. 

Replacing e 2irimn by 1 and writing n for n+m\ the equation (B) is obtained. 

(C) By the work in (B), replacing m, m! by \ft, \d respectively, we obtain 
2 iri (u+$ft 4-£ra) (n+^a)+irrT (» + £a) 2 +»ri)3 (n + £a) 

= 2rriu (w + £ a' + £ a) + iV r (n -f £ a' *f £ a) + ?r i/3 (n 4* £ a' + £ a) -- iria (u -f £ ra ) 

+£rri (ft a. — aft) +niftn, 

and this is immediately seen to be the same as 
2jrttt(7l + ia' + Ja) + t7TT (tt-f £a +£a) +ni(ft + ft) (n+£a + £a) — tria (tt+£/3+£0'+£ra' ). 
This proves the formula (C). 

It is obvious that equations (D) are only particular cases of equation (C), and the 
equation (E) is immediately obvious. 

It follows from the oquation (A) that the number of odd theta functions contained in 
the formula 9 (u; £/3, £a) is 2 1)-1 (2 p - 1), and therefore that the number of even functions 
is 2 2 *-2 p- 1 (2p- 1), or 2 p‘ 1 (2p+1). 

For the number of odd functions is the same as the number of sets of integers, 
j? n y x , ..., x p , i/p, each either 0 or 1, for which 

x x y x + + x p y p — an odd integer. 

These sets consist, (i), of the solutions of the equation 

# 1^1 + + # P -iy P -i=an odd integer, 

in number, say, f(p - 1), each combined with each of the three sets 
Gwp)=(0, 1), (1, 0), (0, 0 \ 
together with, (ii), the solutions of the equation 

#!#!+ +*£p-iy p -i = an even integer, 

in number 2’^ -2 -/(/>- 1), each combined with the set 

(*p.y P )=(i. i)- 

Thus 

^)«3/(p-l)+2^~ 2 -/(p-l)=2^“*+2/( i 7-l) 

=^-*+2 {2*P- 4 +2/(/>-2)}=etc. 

» 2 a P - a + 2 * , - 3 + 2*>- 4 + + 2 p + 2 p * 1 /( 1 ) 

«2p“1(2p-1). 

Ilenco the numbor of even half periods is 2** -1 (2 p + 1). 
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177. Suppose now that e u ..., e p are definite constants, that m denotes a 
fixed place of the Riemann surface, and x denotes a variable place of the surface. 
We consider p arguments given by u r — v*' m + e r , where v*’ m , . . . , v p m are 
the Riemann normal integrals of the first kind. Then the function © (it) is 
a function of x . By equation (B) it satisfies the conditions 

© (u + k) = © ( u ), © (u r + r r kt) = e~* rikf (tt+ * T *' ) © (w), 

wherein k denotes a row, or column, of integers k 1} ..., k p and k' denotes 
a row or column * of integers k Xj ..., kp. As a function of x t the function 
© (if‘ m + e) cannot, clearly, become infinite, for the arguments v*’ m + e r are 
always finite ; but the function does vanish ; we proceed in fact to prove the 
fundamental theorem — the function © (v x > m + e) has always p zeros of the 
first order or zeros whose aggregate multiplicity is p. 

For brevity we denote vl’ m + e r by u r . When the arguments u lf ..., u p 
are nearly equal to any finite values U lf ..., U p , the function © (u) can 
be represented by a series of positive integral powers of the differences 
Ui—U lt u p — U p . Hence the zeros of the function ©(w), = © (t^« m + e), 
are all of positive integral order. The sum of these orders of zero is there- 
fore equal to the value of the integral 


2 ^. jd log © («) = ±.jidu&; («)/© (u) = 2 IJ dwi(du,/d x) (®;(«)/0(«)), 

wherein the dash denotes a partial differentiation in regard to the argument 
u t , and the integral is to be taken round the complete boundary of the j3-ply 
connected surface on which the function is single- valued, namely round the p 
closed curves formed by the sides of the period-pair-loops. (Cf. the diagram, 
p. 21.) 

Now the values of ^ at two points which are opposite points on 

a period-loop a r are equal, and in the contour integration the corresponding 
values of dx are equal and opposite. Hence the portions of the integral 
arising from the two sides of a period-loop a r destroy one another. The 

values of at two points which are opposite points on a period-loop b r 

differ by — 27ri, or 0, according as s = r or not. 


Hence the part of the integral which arises from the period-loop-pair 
(a r , b r ) is equal to — J du r , taken once positively round the left-hand side of 
the loop 6 r , namely equal to — (— 1) = 1. 

The whole value of the integral is, therefore, p ; this is then the sum 
of the orders of zero of the function © (^> m + e). 


The notation Ur + r r k ' denotes the p arguments u 1 + r l k\ ... , Up+r p k\ 
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178. In regard to the position of the zeros of this function we are able 
to make some statement. We consider first the case when there are p dis- 
tinct zeros, each of the first order. It is convenient to dissect the Riemann 
surface in such a way that the function log 0 (zf » w + e) may be regarded as 
single- valued on the dissected surface. Denoting the p zeros of 0 (v ** m + e) 
by z u ..., z p , we may suppose the dissection made by p closed curves such as 
the one represented in Figure [2], so that a zero of 0 (z ^* m + e) is associated 
with every one of the period- loop-pairs. Then the surface is still j?-ply 
connected, and log0(w) is single-valued on the surface bounded by the 


Fig. 2. 



p closed curves such as the one in the figure. For we proved that a com- 
plete circuit of the closed curve formed by the sides of the (a r , b r ) period- 
loop-pair, gives an increment of 27 ti for the function log 0 ( u ) ; when the 
surface is dissected as in the figure this increment of 2iri is again destroyed 
in the circuit of the loop which encloses the point z r . Any closed circuit 
on the surface as now dissected is equivalent to an aggregate of repetitions of 
such circuits as that in the figure ; thus if x be taken round any closed 
circuit the value of log0(?j) at the conclusion of that circuit will be the 
same as at the beginning. From the formulae 

0(uj, ..., w r + l, ..., u p ) = ®(u), 

®(Wl+T r>1 , ..., W r +T r , r , ...,^+T r> p) = e- a,r<,M r + K.r) 0 (w), 

which we express by the statement that 0 (u) has the factors unity and 
g-airt(M r +ir r r ) f or the period loops a r and b r respectively, it follows that log0(w) 
can, at most, have, for opposite points of a ry b r , respectively, differences of 
the form 2irig ry — 2iri (u r -f £r ri r ) — 2irih ry wherein g r and h r are integers. 
The sides of the loops for which these increments occur are marked in the 
figure, Ur denoting the value of v*’ m + e r at the side opposite to that where 
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the increment is marked ; thus w r 4- \r r , r is the mean of the values, u r and 
u r 4- r r>r , which the integral u r takes at the two sides of the loop 6 r . 

Since log 0 (u) is now single- valued, the integral log ® (u) • du 8 , 

taken round all the p closed curves constituting the boundary of the surface, 
will have the value zero. Consider the value of this integral taken round the 
single boundary in the figure. Let A r denote the point where the loops 
a r , b r , and that round z r , meet together. The contribution to the integral 

arising from the two sides of a r will be J g r dvf w , this integral being taken 
once positively round the left side of a r , from A r back to A r . This contri- 
bution is equal to g r T r , ,. The contribution to the integral ^ log 0 (n) du 8 
which arises from the two sides of the loop b r is equal to 

— J \yr + e r 4- iT r> r + h r ] dv s ’ , 

taken once positively round the left side of the curve b r , from A r back to A r ; 
this is equal to 

- J Or * + r ) dv,' ” + Or + K)fr, 

where / r> * is equal to 1 when r = s, and is otherwise zero. Finally the part 
of the integral — ^ J log &(u)du 8 , which arises by the circuit of the loop 
enclosing the point z r , from A r back to A r , in the direction indicated by the 

fZr x m 

arrow head in the figure, is I dv 8 where A r denotes now a definite point on 

J Ar 

the boundary of the loop b r . If we are careful to retain this signification we 
may denote this integral by v 8 ' Ar . When we add the results thus obtained, 
for the p boundary curves, taking r in turn equal to 1, 2, ..., p, we obtain 

4- giT h 8 4* 4- g P T P) 8 4- ei= jt^—v7 9Jr + 4*i T r,r)d^' w J , 

wherein, on the right hand, the b r attached to the integral sign indicates 
a circuit once positively round the left side of b r from A r back to A r ; and if 
k 8 denote the quantity defined by the equation 


k 8 = i f ( V* r ' m +\T rtr )dv X 8 ' m , 

r=l J br 


which, beside the constants of the surface, depends only on the place m, 
we have the result 

A. + 9iTi , , + ...+ ffpT,, , + V? Ap + k, (*= 1, 2 p). 
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179. Suppose now that places m u ...,m p are chosen to satisfy the 
congruences 

O ' A ' + + C’ A, = h-, (s = 1, 2 

this is always possible (Chap. IX. §§ 168, 169) ; it is not necessary for our 
purpose, to prove that only one set* of places m^, ...,Wp, satisfies the con- 
ditions ; these places, beside the fixed constants of the surface, depend only 
on the place m. Then, by the equations just obtained, we have 

e s = -(v," m ‘ + +v‘ r,mp )- t (s = 1, 2, . . p). 

Thus if we express the zero in the function 0 (#*• m + e), it takes the form 


x,m z 1 ,m l Zp, nip , , , . 

(». -V, - -h.'-T.g’), 

where g Xi ..., g p \h[, ..., h p are certain integers, and this, by the fundamental 
equation (B), § 175, is equal to 

-vT mp )> 

save for the factor e ~ 2irl9 ' ^ m - vZu ”* 1 - -**»*»»- Jrpq f actor ^ oeg no t 

vanish or become infinite. Hence we have the result : It is possible , corre- 
sponding to any place m, to choose p places, ra^ ... , m p , whose position depends 
only on the position of m, such that the zeros of the function , 

@ m — d z \ i m i — — m P^ i 


regarded as a function of x } are the places z u ..., z p . This is a very funda- 
mental result j\ 

It is to be noticed that the arguments expressed by v* « m -v Zl > m *— ... — v Zp * **» 
do not in fact depend on the place m. For the equations for m lf ..., m p , 
corresponding to any arbitrary position of m, were 

V?' A '+ +V? P ' A ' = k g , -l [ « im +Kr)^“ 

r=lJ br 

a being an arbitrary place. If, instead of m, we take another place p, we 
shall, similarly, be required to determine places px, ..., p p by the equations 


+ = = i [ tf' + Kr)4 M , (s=l, 2, 

r-lJ br 


* If two sets satisfy the conditions, these sets will be ooresidnal (Chap. VIII., § 158). 

t Cf. Riemann, Oes. Werke (1876), p. 125, (§ 22). The places , ..., m p are used by Clebsoh 
u. Gordan (Abel. FuncHonen , 1866), p. 195. In Riemann’s arrangement the existence of the 
solution of the inversion problem is not proved before the theta functions are introduced. 
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thus 


vt" m, + i f - s /*,«?•. <*-i. 2 p), 

r-lJ br r=l 

wherein / Sj r == 1 when r = $, and is otherwise zero, as we see by recalling 
the significance of the b r attached to the integral sign. Thus (Chap. VIII., 
§ 158), the places fa, ..., p pf m are coresidual with the places m lt ..., m p , p, 
and the arguments 


x,m z, , m, 

v* -v s 


z P , m p 

-v 8 , 


are congruent to arguments of the form 


vr-vi" 1 "-. 


-vT» p . 


The fact that the places fa, fa,, m are coresidual with the places 
m u ..., mp, p, which is expressed by the equations 


<'■"“ + +C*’ + »r'sO, (s = 1, 2, . . . , p), 

will also, in future, be often represented in the form 

(/*!, ...,fa>, m) = (Wj, . .., Ttlpy fl). 

If the places m x , ..., m p are not zeros of a ^-polynomial, this relation 
determines fa, ..., p p uniquely from the place fa 

Ex. In case p— 1, prove that the relation determining m lf ... , m p leads to 

A^Kl+r). 

Hence the function 0 (v** *+£+£t) vanishes for x—z, as is otherwise obvious. 


180. The deductions so far made, on the supposition that the p zeros of 
the function 0 (&• m -f e) are distinct, are not essentially modified when this 
is not so. Suppose the zeros to consist of a jOj-tuple zero at z lt a p 2 -tuple zero 

at z it ..., and a p*-tuple zero at z k , so that p x + +p k =P- The surface 

may be dissected into a simply connected surface as in Figure 3. The 
function log 0 ( v x > m 4- e) becomes a single-valued function of x on the 
dissected surface ; and its differences, for the two sides of the various cuts, 
are those given in the figure. To obtain these differences we remember 
that log 0 (tfi m + e) increases by 27 ri when x is taken completely round 
the four sides of a pair of loops (a r , b r ). The mode of dissection of Fig. 3, 
may of course also be used in the previous case when the zeros of &(v x > m + e) 
are all of the first order. 

The integral — ^ J log 0 (v*' m + e) dv *' m , taken along the single closed 
boundary constituted by the sides of all the cuts, has the value zero. Its 
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value is, however, in the case of Figure 3, 

P\V»' 1 + + PkVg Al 


+01 J 

f dv*’ m -Ih 

a, j 


(vi m + e x + Jr,,,) dv f m -(p- 1) vf 9 ' A ' 
b t 

H-Jfcj 
+ ... 

r *?•-*, i 

a, J 

Ur-) 

(v*‘ m + e, + kr % „) dv*’ m - (p - 2) vf* A ‘ 

bt 

+&J 

f j 

(..-■'-J 

' (£“ + * + *r M ,)dv? m , 

bp 


wherein the first row is that obtained by the sides of the cuts, from A lt 
excluding the zeros ..., z k , and the second row is that obtained from 
the cuts a u b u c lf and so on. The suffix oh to the first integral sign in 



the second row indicates that the integral is to be taken once positively round 
the left side* of the cut a lt the suffix b x indicates a similar path for the 
cut 6,, and so on. If, as before, we put k g for the sum 

*., = £ f (*-+k,)*:- 

r= 1 j br 

we obtain, therefore, as the result of the integration, that the quantity 
K + 0i t,, i + + g p r $t p + e 8 

* By the left side of a cut n x , or b lt is meant the side upon which the increments of log 0 (u) 
are marked in the figure. The general question of the effect of variation in the period cuts is 
most conveniently postponed until the transformation of the theta functions has been considered. 

B. 17 
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is equal to 

k.- Pl vl" A ‘- - * + (j> - 1) A ' + (p- 2) v A r A ' + 

and this is immediately seen to be the same as 

k 9 — V Z J' Ax — — » A Pi — v z *' 4»»+i — — # 


• fp* ^p-» 
"T V* 


».**» A P 


We thus obtain, of course, the same equations as before (§ 179), save that 
z 1 is here repeated p 1 times, ...» and zt is repeated pk times. And 
we can draw the inference that 0(v*» w + e) can be written in the form 

0 (t£* m — i^ 1 ’ 7n ' — — v* Pt mp — h a — T 8 g), which, save for a finite non-vanish- 

ing factor, is the same as © (v*’ w — a* 1 * Wl — — if * irlp ) ; the argument 

v *‘ M ~ v l" “ V * P ’ does not depend on the place m. 


181. From the results of §§ 179, 180, we can draw an inference which 
leads to most important developments in the theory of the theta functions. 

For, from what is there obtained it follows that if z u ..., z p be any places 

whatever, the function © (v 9> m — v 9l,m ' — — v Zp ' Wp ) has z u . . . , z p for 

zeros. Hence, putting z p for x we infer that the function 

0 ( v mp> _ tfr-U 

vanishes identically for all positions of z u ..., z p ^. Putting 


• * 

s=V 8 


+ V? 


nip , m 

Vs , 


for s = 1, 2, p, this is the same as the statement that the function 
© (v x ' w '" 1 4- f) vanishes identically for all positions of x and for all values 
of/, ••• ,/p which can be expressed in the form arising here. When/, ...,/, 
are arbitrary quantities it is not in general possible to determine places 
z lt . . . , £p_ a to express/, in the form in question. Nevertheless the 

case which presents itself reminds us that in the investigation of the zeros 
of © (tf®* m + e) we have assumed that the function does not vanish identically, 
and it is essential to observe that this is so for general values of e 1} ..., e p . 
If, for a given position of x, the function © (if. m + e) vanished identically for 
all values of e lf ..., e p> the function ©(^) would vanish for all values of the 
arguments r u ..., r p . We assume * from the original definition of the theta 
function, by means of a series, that this is not the case. 

Further the function © (v** m + e) is by definition an analytical function of 
each of the quantities e% 9 ..., e p \ and if an analytical function do not vanish 


The series is a series of integral powers of the quantities p 2 ’ rM \ , <? irirp . 
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for all values of its argument, there must exist a continuum of values of 
the argument, of finite extent in two dimensions, within which the function 
does not vanish*. Hence, for each of the quantities e u . . . , e p there is a 
continuum of values of two dimensions, within which the function ® m + e ) 
does not vanish identically. And, by equation (B), § 175, this statement 
remains true when the quantities e u ... t e p are increased by any simultaneous 
periods. Restricting ourselves then, first of all, to values of e lt ...,e p lying 
within these regions, there exist (Chap. IX. § 168) positions of z ly ..., z p to 
satisfy the congruences 

e, = v z 9 " m ' + + <*’"*, (s= 1,2, ...,p); 

and, since to each set of positions of ..., z p , there corresponds only one set 
of values for e 1} ..., e Pt the places z lf ..., z p are also, each of them, variable 
within a certain two-dimensionality. Hence, within certain two-dimensional 
limits, there certainly exist arbitrary values of z y , ...,z p such that the function 

—v Zx,mx — — V * v ' mp ) does not vanish identically. For such 

values, and the corresponding values of e u ..., e p> the investigation so 
far given holds good. And therefore, for such values, the function 

0 m _ v z '> w « — — Wp_x ) vanishes identically. Since this function 

is an analytical function of the places + z lt ..., Zp~ u and vanishes identically 
for all positions of each of these places within a certain continuum of two 
dimensions, it must vanish identically for all positions of these places. 

Hence the theorem (F) holds without limitation, notwithstanding the 
fact that for certain special forms of the quantities e u ...,e pt the function 
0 (yz, m + vanishes identically. The important part played by the theorem 
(F) will be seen to justify this enquiry. 

182. It is convenient now to deduce in order a series of propositions in 
regard to the theta functions (§§ 182 — 188); and for purposes of reference 
it is desirable to number them. 

(I.) If Ji, be p places which are zeros of one or more linearly 

independent ^-polynomials, that is, of linearly independent linear aggregates 

of the form -f XpH^#) (Chap. II. § 18, Chap. VI. § 101 ), then 

the function 

-/”•**) 

vanishes identically for all positions of x. 

For then, if t + 1 be the number of linearly independent ^-polynomials 
which vanish in the places f,, ..., we can, taking t + 1 arbitrary places 

* E.g. a single-valued analytical function of an argument z, —x + iy, cannot vanish for all 
rational values of x and y without vanishing identically. 

t By an analytical function of a place z on a Riemann surface, is meant a function whose 
values can be expressed by series of integral powers of the infinitesimal at the place. 
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z u ..., z T + lt determine p— r— 1 places z r+2 , ..., z pi such that (z lf ..., z p ) 
= (£,..., ?p) ( see Chap. VI. § 93, etc., and for the notation, § 179). Then the 
argument 

(8 = 1, 2,. ...p), 

can be put in the form 

v x > m _ v *i > m ' _ v *p> 

save for integral multiples of the periods ; thus (§§ 179, 180) the theta 
function vanishes when x is at any one of the perfectly arbitrary places 
z u ..., z T+1 . Thus, since by hypothesis r + 1 is at least equal to 1, the theta 
function vanishes identically. 

It follows from this proposition that if z/, . . . , z p be the remaining zeros 
of a ^-polynomial determined to vanish in each of z tt ...,z p , and neither 
x nor z x be among z 2i . . . , z p , then the zeros of the function 

@ ( V X ’ m _ _ - V Z *» 

regarded as a function of z u are the places x , z 2 , ..., z p . 

From this Proposition and the results previously obtained, we can infer 

that the function 0 (v X} m — v z " 1,h — — if 1 " mp ) vanishes only (i) when x 

coincides with one of the places z u z p , or (ii) when z u ..., z p are zeros of 
a polynomial . 

(II.) Suppose a rational function exists, of order, Q, not greater than p, 
and let t -f 1 be the number of ^-polynomials vanishing in the poles of this 
function. Take r + 1 arbitrary places 

(fl » •••> %q> •••» 9 1 

wherein q—Q—p+r+ 1, and suppose z u ..., z q to be a set of places core- 
sidual with the poles of the rational function, of which, therefore, q are 
arbitrary. Then the function 

e + + _ 

_ v *T+i-flr, ni r+i-q ___ fq+U m r+‘i-q __ __ v ^qt l n v-q^ 

vanishes identically. 

For if we choose ..., such that (?„ ..., f Q ) == (z u ... , Zq), the 

general argument of the theta function under consideration is congruent 
to the argument 

^Wlp, m __ y x \^ __ _ _ fq+ 1, __ __ fq, mp-q 

This value of the argument is a particular case of that occurring in 
(F), § 181, the last q~l of the upper limits in (F) being put equal to the 
lower limits. Hence the proposition follows from (F). 
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(III.) If r denote such a set of arguments r„ ..., r p that 0 (r) = 0, and, 
for the positions of z under consideration, the function 0 * 4- r) does not 

vanish for all positions of x, then there are unique places z lt ..., Zp_ u 
such that 

r = v m P' m — v z " m > _ — v z »- u m *-\ 

In this statement of the proposition a further abbreviation is introduced 
which will be constantly employed. The suffix indicating that the equation 
stands as the representative of p equations is omitted. 

Before proceeding to the proof it may be remarked that if m\ ra/, . . . , m p 
be places such that (cf. § 179) 

(m'» m u . . . , m p ) = (w, w/, . . . , m p ') 

and therefore, also, 

v m > m _ v in '’ _ _ v m P' m » = o, 

then the equation 

r = v mp ‘ m — v z " m ' — — v zp u mpl 

is the same as the equation 

r = v mp,m ' - v z " w/ - - v Zp ~ u m ' p ~\ 

This proposition (III.) is in the nature of a converse to equation (F). 
Since the function 0 (i?> z -f r) does not vanish identically, its zeros, z lf ..., z p , 
are such that 

v Xt z + r= v x ’ m - v Zt ’ - -if***; 

now we have 

y*\> 7n l _|_ y Z P> 7n P = y Z P> m l y Z \> 

so that the zeros z lt ..., z p may be taken in any order ; since 0 (r) vanishes, 
z is one of the zeros of 0 {if' z 4- r) ; hence, we may put z p = z, and obtain 

r = v x ' m - v z " _ _ tfp* «p _ v *> 

- V m P> m y Z l » m » __ _ v *p-u 

which is the form in question. 

If the places z u . . . , z p ~ x in this equation are not unique, but, on the 
contrary, there exists also an equation of the form 

r = V ™P ' m - v ,*»'• w » __ - 

then, from the resulting equation 


tf ,# ' 4- 
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we can (Chap. VIII. § 158) infer that there is an infinite number of sets of 
places Zi, ..., z'p-u all coresidual with the set z u ..., z ^ x ; hence we can put 

8 + r = v x - m - v* 1 '' m] - - v *'”- 1 ' Wp ‘ 1 - v ' mp , 

wherein at least one of the places z X} ..., z f p ~ l is entirely arbitrary. Then the 
function © (if* 2 + r) vanishes for an arbitrary position of x , that is, it 
vanishes identically ; this is contrary to the hypothesis made. 

It follows also that whenever it is possible to find places z u ..., z^ x to 
satisfy the inversion problem expressed by the p equations 

v" m ' 4- + ^- 1 ’ w '- 1 = u > 

the function © ( v mp ’ m — u) vanishes ; conversely, when u is such that this 
function vanishes we can solve the inversion problem referred to. 

(IV.) When r is such that © (r) vanishes, and © (if* 2 + r) does not, 
for the values of z considered, vanish identically for all positions of x, the 
zeros of © (if* z + r), other than z , are independent of z and depend only on 
the argument r. 

This is an immediate corollary from Proposition (III.); but it is of 
sufficient importance to be stated separately. 

(V.) If ©(r) = 0, and © (v x> z + ?*) vanish identically for all positions 
of x and z, but © (if* 2 + if* * + r) do not vanish identically, in regard to x, 
for the positions of z, f, f considered, then it is possible to find places 
z I , . . . , ^p _2 such that 

r = V ntp> m — if 1 * Wl ‘ — — i) Zp% ' mp_a — v*' m v~ l 

and these places z Xi ..., z ^ are definite. 

Under the hypotheses made, we can put 

v z ' 2 + v *> t + r =. v x > m _ v z " _ _ v *p> % 

wherein z Xy . . . , z p are the zeros of © (if* 2 + if* t + r) ; now z is clearly a zero ; 
for the function © (if* £+r) is of the same form as © (if> 2 + r), and vanishes 
identically; and f is also a zero; for, putting J for %, the function ®(if> z +vt' r) 
becomes © (if* 2 + r), which also vanishes identically. Putting, therefore, f, z 
for z p - x and z p respectively, the result enunciated is obtained, the uniqueness 
of the places z lf ..., Zp^ being inferred as in Proposition (III.). 

We may state the theorem differently thus: If % (if* 2 + r) vanish for 
all positions of x and z t and © (if> 2 + if ' $ + r) do not in general vanish 
identically, the equations 

T = V m,fi >n — if 1 * m 1 — — y Zp ~ i> wp " 3 m P~ l 
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can be solved, and in the solution one of z u ..., may be taken arbitrarily, 
and the others are thereby determined. Hence also we can find places 
z(y z'p-i, other than z lt ..., z^ u such that 

«*'’*' + '’■‘ = 0, 

one of the places z x \ ..., z ^ being arbitrary. Hence by the formula 
Q - q=p — r — 1, putting Q —p — 1, q = 1, we infer t + 1 = 2 , so that a 
^-polynomial vanishing in z lt ..., z v _ x can be made to vanish in the further 
arbitrary place z . Thus, when © (i^> * + r) vanishes identically, we can write 

v x ' z + r = v x>m -v Zl,m '- - v Zp - lf mp - 1 - v *‘ mp , 

wherein the places z l9 ... , z p_ lf z are zeros of a ^-polynomial (cf. Prop. I.). 

(VI.) The propositions (III.) and (V.) can be generalized thus : If 

© ( v x ' ,z ' + 4. v **' *» 4 r ) be identically zero for all positions of the places 

x Xl z u ..., x qi z qy and the function © (v*’ z + v Xl,z ' -}- +v Zv,Zq + r) do not 

vanish identically in regard to x, then places £i> •••> 1 can be found to 

satisfy the equations 

r = v mp ’ m — v*' ’ W| — * — v^ p ~ 1 ’ mp_1 } 

and, of these places, q are arbitrary, the others being thereby determined. 

These arbitrary places, ..., ? 7 , say, must be such that the function 
©(/’*+ Zl + + ti^** + r) docs not vanish identically. 

For as before we can put 

v *' 2 + v x " g ' + + tf 1 ' * + r s v*’ m - M '- - v <p ' mp , 

wherein {i , . . . , fp are the zeros of the function © (v x> z + / 1,2l +...+ v* 9 ’ * 9 + r). 
It is clear that z is one zero of this function ; also putting z x for x the function 

becomes © (v x " 2 + v**’ 2 * + + v Xq ' 29 + ?’), which vanishes, by the hypothesis. 

Thus the places z, z lf ..., z q are all zeros of the function 

© (/’ 2 + v *" 2 ‘ + + v* q ' * + r). 

Putting then z u ..., z q , z respectively for ..., f 7 , in the congruence 
just written, it becomes 

if' 2 4 v x " *> 4. 4 4 w *'» ,n > 4 4 v *t> m* 4 "N+i 4 

+ 1) U%-i 4 ^% 4 rHl| * lW) 

and this is the same as 

r = ti m *’ m — v* 1 ’ w ' — — i;* 9 * "•« — v & +1 * w «+ l _ _ . 

replacing ..., by fj, ..., we have the result stated. 
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Hence also, we can find places £'p-i, other than such 

that 

+ + * p ~ l = 0 , 

q of the places being arbitrary. Therefore a ^-polynomial can 

be chosen to vanish in f, , . . . , fp-j and in q (=p — 1 - (Q — q), when Q = p — 1) 
other arbitrary places. Thus the argument 

v z '* + v x “ Zl + + v * B “ 1 ’ ^■ 1 + r, 

for which the theta function vanishes identically, can be written in the form 

v x > m _ v z " m « _ _ mg- 1 _ mg _ __ w &-i, m P -i _ ^ m P , 

wherein^, ..., z q _ u £ q , ..., £ P -u z are zeros of g+1 linearly independent 
^-polynomials. 

(VII.) If the function 0 (v x "*' 4- + v® 9 ’ ** 4- r) bo identically zero for 

all positions of the places x lt z l} x i} z 2i ... , x q , z gt and, for general positions of 

x u z lt ..., x q> z qj the function © (v ** z + v x " z ' + +v Xq,Zg +r) be not 

identically zero, as a function of x, for proper positions of z y and be not 
identically zero, as a function of z y for proper positions of x, then we can find 
places fu ..., fp_ 1} of which q places are arbitrary, such that 
r = v m p > m _ V S" m * _ — -yfr- 1 * mp -\ 

and can also find places fp_,, of which q places are arbitrary, such 

that 

— r* = v™ 9 ' m — v* 1 ’ m ' — ...... — tA* 1 ’ w,p_1 . 

This is obvious from the last proposition, if we notice that 

0 (/’ * + v z " x ‘ + + ** - r ) = © (/• 2 + v* 1 * *» + + * + r ). 

We can hence infer that 

w _j_ v m xt fi ^ v m p-i> &-i _j_ v m P - 1, fp-i _ q 

and this is the same (Chap. VIII. § 158) as the statement that the set of 
2 p places constituted by f l9 ..., f 1} ..., fp_j and the place m, repeated, is 

coresiduai with the set of 2^ places constituted by the places m,, ..., mp, each 
repeated. This result we write (cf. § 179) in the form 

(m*, f„ ... , f^,) = (mj 8 , m, 2 , ..., rap 2 ). 

(VIII.) We can now prove that if f a , ..., fp_, be arbitrary places, places 
fit •••> fp - 1 can be found such that 

(W a , ..., (*p— i, (Ji, $p-i) = (pii) Wy*, •••> rap 2 ). 

Let r denote the set of p arguments given by 

r = - v* v ~ u w *‘ l , 



?i> •••> £p-i being quite arbitrary. Then, by theorem (F), (§ 181), the function 
0 (r) certainly vanishes. It may happen that also the function 0 (V ®’ 2 + r) 
vanishes identically for all positions of x and z . It may further happen that 
also the function 0 (0*’* + if" z ' + r) vanishes identically for all positions of 
x, z, x lt z x . We assume* however that there is a finite value of q such that 

the function 0 (v x,z 4- v x " *' 4- + v**' 29 4- r) does not vanish identically for 

all positions of x> z, x lf z u ..., x g) z q . Then by Proposition VII. it follows 
that we can find places &, % p - u such that 

— r = v mp ’ m — v* 1 ’ w ' — — v* p ~'’ wtp ~ 1 ; 

comparing this with the equations defining the argument r, we can, as 
in Proposition (VII.) infer that the congruence stated at the beginning of 
this Proposition also holds. 

(IX.) Hence follows a very important corollary. Taking any other 
arbitrary places {/, % p - u we can find places ..., %'p-i such that 

(m 2 , £ p-i, p_ i) = (mi 2 , m£, • ••> mp 2 ) \ 

therefore the set & * •••» £p— 1« Si > • • • > Kp~ i is coresidual with the set f/, . . . , f' p _ 1 f 
?/, ..., f'p,!. Now, of a set of 2p — 2 places coresidual with a given set 
we can in general take only p — 2 arbitrarily ; when, as here, we can take 
p — 1 arbitrarily, each of the sets must be the zeros of a ^-polynomial 
(Chap. VI. § 93). Thus the places ..., £i, ..., fp-i are zeros of a 

^-polynomial. 

Therefore, if a,, ..., a^. 2 be the zeros of any ^-polynomial whatever, 
that is, the zeros of the differential of any integral of the first kind, the 
places m,, . . . , m p are so derived from the place m that we have 

(m a , a l , ..., a^) = (m^, m 2 a , mf), (Q); 

in other words, if c u . . . , c p denote any independent places, the places m„ . . . , m p 
satisfy the equations 

2 [i£ W|,Cl + + v?’ Cp ] = 2v*’ Cp + v°" Cl + <“ Cl + + v?*- 9 ' Cp + Cp , 

for s = 1, 2, . . . , p. Denoting the right hand, whose value is perfectly definite, 
by A s , and supposing g u ..., g pt h lt ..., hp to denote proper integers, these 
equations are the same as 

’ 01 + + C’°'=^. + i(ft. + «7.T.., + +g P r. lP ), (O'), 

where 1, 2, 

* It will be seen in Proposition XIV. that if 0 {vP* *+?*“*» + +v* ,> *®+r) vanishes 

identically, then all the partial differential coefficients of 0 («), in regard to Uj, up to and 

including those of the (q + l)th order, also vanish for u=r. 
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There are however 2^ sets of places nix, . .., nip, corresponding to any 
position of the place ra, which satisfy the equation* (G). For in equations 
(O') there are 2^ values possible for the right-hand side in which each 
of <7i, • • * j g p , hu ..., h p is either 0 or 1, and any two sets of values g lt ...» g p , 
hx, ... t h p and g Y \ ..., g p , hx, ..., hf, such that g it gj differ by an even integer, 
and hi , differ by an even integer, for i = 1, 2, ...,p, lead to the same 
positions for the places m lt ... , nip . (Chap. VIII. § 158.) 

We have seen (§ 179) that the places m u rrtp depend only on the place 
m and on the mode of dissection of the Riemann surface. We are to see, 
in what follows, that the 2 2p solutions of the equation (G) are to be associated, 
in an unique way, each with one of the 2^ essentially distinct theta functions 
with half integer characteristics. 

183. The equation (G) can be interpreted geometrically. Take a non- 
adjoint polynomial, A, of any grade fi, which has a zero of the second order 
at the place m ; it will have np — 2 other zeros. Take an adjoint polynomial 
\/r, of grade (n — 1) a + n — 3 + p, which vanishes in these other np — 2 zeros 
of A. Then (Chap. VI. § 92, Ex. ix.) t/t will be of the form \^r 0 + A<£, 
where ^fr 0 is a special form of yfr, X is an arbitrary constant, and <j> is a 
general ^-polynomial. The polynomial yfr will have 2 p zeros other than 
those prescribed ; denote them by A?, , . .. , k^. If </>' be any ^-polynomial, with 
Oj , ..., Ojp-a as zeros, we can form a rational function, given by (AT/r 0 +A<£)/A£', 
whose poles are the places a x , ..., Oj^, together with the place m repeated, 
its zeros being the places k lf ..., k y,. Hence (Chap. VI. § 96) we have 

(ni~, a x , . . . , dtp— a) = (k \ , k 2 , . . . , k^p—x , k^p), 

and therefore, by equation (G), 

(m 3 , ... , Wp 2 ) = ( kx , k if ... , k%p_x t k^p) (G ) j 

hence (Chap. VI. § 90) it is possible to take the polynomial yfr so that 
its zeros k lt ...» k^p consist of p zeros each of the second order, and the 
places m Jf ... t nt p are one of the sets of p places thus obtained. 

There are 2^ possible polynomials yjr which have the necessary character, 
as we have already seen by considering the equation (G'); but, in fact, 
a certain number of these are composite polynomials formed by the product 
of the polynomial A and a ^-polynomial of which the 2p — 2 zeros consist of 
p — 1 zeros each repeated. To prove this it is sufficient to prove that there 
exist such ^-polynomials having only p - 1 zeros, each of the second order ; 
for it is clear that if <P denote such a polynomial, the product Ad> is of grade 

* If for any set of values for g l% ..., g p , ..., hp the equations (G') are capable of an infinity 
of (coresidual) sets of solutions, the oorreot statement will be that there are 2& lots of ooresidual 
sets, belonging to the place m, which satisfy the equation (G). The corresponding modification 
may be made in what follows. 
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(w — l)a + w — 3 + M and satisfies the conditions imposed on the polynomial ^r. 
That there are such ^-polynomials $ is immediately obvious algebraically. 
If we form the equation giving the values of x at the zeros of the general 
^-polynomial, 

\<t>i + + )*p<l>pi 

the p — 1 conditions that the left-hand side should be a perfect square, will 
determine the necessary ratios : X a : ... :Xp, and, in general, in only a 
finite number of ways. (Cf. also Prop. XI. below.) 

It is immediately seen, from equation (G"), that if m lf m p be the 
double zeros of one such polynomial as described, and ?/*,', ..., of 
another, both sets being derived from the same place m, then 

v m/ ’ Wi + + (H) 

where a stands for p quantities such as 

A + «iT s ,i + +a p r 8tP , 

•••, «p, ft, ..., ft, being integers. 

We may give an example of the geometrical relation thus introduced, which is of great 
importance. It will be sufficient to use only the usual geometrical phraseology. 

Suppose the fundamental equation is of the form 

£+to ;/) i + to y \ + to yh + to y \ = °» 

representing a plane quartic curve (p — 3). Then if a straight line be drawn touching the 
curve at a point m> it will intersect it again in 2 points A, B. Through these 2 points 
A, oo 3 conics can be drawn ; of these conics there are a certain number which touch 
the fundamental quartic in three points P, Q, R other than A and B. There are 2 2 *=64 
sots of three such points P, Q, R ; but of these some consist of the two points of contact 
of double tangents of the quartic taken with the point m itself. 

In fact there are (Salmon, Higher Plane Curves , Dublin, 1879, p. 213) 28, =2* , ~ 1 (2* , -1), 
double tangents ; these do not depend at all on the point m ; there are therefore 
36, =2 p_1 (2^+1), proper sets of threo points P, Q, R in which conics passing through 
A and B touch the curve. One of these sets of three points is formed by the points 
m x , m. j , m 3 . It has been proved that the numbers 2* " 1 (2* - 1 ), 2* ~ 1 (2* + 1 ) are respectively 
the numbers of odd and even theta functions of half integer characteristics (§ 176). 

184. (X.) We have seen in Proposition (VIII.) (§ 182) that the places 
m 1} vi p are one set from 2-^ sets of p places all satisfying the same 
equivalence (G). We are now to see the interpretation of the other 2^—1 
solutions of this equation. 

Let rrii, ..., be any set, other than m lt which satisfies the 

congruence (G). Then, by equations (G'), we have 

2 (v™ 1 ’ m ' + + Mp ) = 0, (s = 1,2,..., p ), 
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and therefore, if ft*,* denote the set of jt> quantities of which a general one is 
given by 

& + + +*pT, tP , (s = 1, 2, ...,jp), 

where a u ...» a p% 0 lt ..., 0 P are certain integers, we have 

», + +», = i*V.; 

hence the function 



= 

= e**‘0(w-4fV.; i/9, 4*), 

where 

Z\ f , Zpt tftp W 

u s = v s 4- 4- v/ — v , 

the function is therefore equal to 

by equation (C), §175; thus the function 0(?/’ m —v" m '— - v" ’ M,,/ , ^0, Ja) 

vanishes when x is at either of the places z u ..., z p . 

We can similarly prove that 

0 ( v *> * _ < - - v **» m >) = e -^«(«+W+Jr.) e(-u . ^ 

It has been remarked (§ 175) that there are effectively 2* theta functions, 
corresponding to the 2* set's of values of the integers a, 0 in which each 
is either 0 or 1. The present proposition enables us to associate each of 
the functions with one of the solutions of the equivalence (G). When the 
function 0 (v ** m ; \0, \a) does not vanish identically in respect to x, its 
zeros are the places ra/, rn p \ Therefore, instead of the function 0 (m), 
we may regard the function 0 (u ; $0, %a) as fundamental, and shall only be 
led to the places ra/, ..., ra/, instead of m x , • •• f m p . 

(XI.) The sets of places ra/, . . . , ra/ which are connected with the places 
rat, ..., nip by means of the equations 

C’ w, + +v™ p, ' mt> =in fiiai (H), 

wherein a x , ..., a p , 0 lt ..., 0 P denote in turn all the 2^ sets of values in which 
each element is either 0 or 1, may be divided into two categories, according 

as the integer 0a, = 0 x a x + -f 0 p Op, is even or odd. We have remarked, 

in Proposition (IX.), that they may be divided into two categories according 
as they are the zeros, of the second order, of a proper polynomial \yfr 0 4* A</>, 
or consist of the p - 1 zeros, each of the second order, of a ^-polynomial 
together with the place ra. When the fundamental Riermnn surface is 
perfectly general these two methods of division of the 2® sets entirely agree. 
When 0a is odd , ra/, ra/ consist of the place ra and the p - 1 zeros , 
each of the second order, of a <f>- polynomial . When 0a is even, ra/, . . . , m p 


(«* 1> 2, ...,p); 
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consist of the zeros , each of the second order , of a proper polynomial yfr. In 
the latter case we may speak of the places m ,', mf as a set of tangential 
derivatives of the place m. 

For by the equations (D), (A), (§ 176), we have 

e niaU 0 tytop a + w)/e _ir< * tt 0 (£ 12 ^ a - u) = er ™#* ; 

hence, when / 8 a is odd, e niaU 0 (£ 12 ^ a + u) is an odd function of u , and 
must vanish when u is zero; since then 0 (£f 20 jO ) vanishes, there exist, by 
Proposition (VII.), places n lt ..., n p ^ u such that 

- £12*, = v 1 "*' m - v n " - - v np - 1 ' mp ~ 1 , (K), 

or 

2 (v n " m ' + + v np ~ u mp ~ l + v m ’ m % = n Pt a, = 0 . 

Hence (Chap. VIII. § 158) we have 

(m a , n x \ . . . , »V*) = (mi a , . . . , w p J ), 

so that, by equation (G), the places w, , . . . , n p _ x are the zeros of a ^-polynomial, 
each being of the second order. 

When /Sa is even, the function e’ naM 0 (£I2p, a + u) is an even function, and 
it is to be expected that it will not vanish for u = 0 . This is generally the 
case, but exception may arise when the fundamental Riemann surface is of 
special character. We are thus led to make a distinction between the general 
case, which, noticing that 0 (£ 12 ^ 4 - u) is equal to ; £/ 8 , £a), 

may be described as that in which no even theta function vanishes for zero 
values of the argument, and special cases in which one or more even theta 
functions do vanish for zero values of the argument. 

Suppose then, firstly, that no even theta function vanishes for zero values 
of the argument. Then if w/, ..., 11 ^ be places which, repeated, are the 
zeros of a ^-polynomial, we have 

(m 2 , n x \ . . . , ?i V ,) = (™i 2 , »*A • • • , V) ; 
hence the argument 

yin p , m __ 0*/, Hi, _ y np ~ 1 ’ 1Hp ~ l 

is a half-period, = — £12^, say. Thus, by the result (F), 0 (£12^*') is zero ; 
therefore, by the hypothesis / 8 V is an odd integer. So that, in this case, 
every odd half-period corresponds to a ^-polynomial of which all the zeros 
are of the second order, and conversely. 

Further, in this case it is immediately obvious that the places m u ...,m p 
do not consist of the place m and the zeros of a ^-polynomial whose zeros are 
of the second order ; for if m lt ..., nip were the places n,, ..., m, then, by 

the result (F), the function 0(/ ,,w ‘ + + v Zp ' u Hp_1 ) would vanish for all 

positions of z u ... , z p _ x , and therefore 0 ( 0 ) would vanish. 
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185. If, however, nextly, there be even theta functions which vanish 
for zero values of the argument, it does not follow as above that every 
^-polynomial with double zeros corresponds to an odd half-period ; there 
will still be such ^-polynomials corresponding to the 2* > ~ 1 (2* — 1) odd half- 
periods, but there will also be such ^-polynomials corresponding to even 
half-periods. 

For if «,, ..., Op , ft, ..., ft be integers such that fia is even, and 
0 (w + Jfl*.) vanishes for u — 0, the first differential coefficients, in regard 
to u x , ... t u p , of the even function e 1limU 0(w + «), being odd functions, 

will vanish for u = 0. By an argument which, for convenience, is postponed 
to Prop. XIV., it follows that then the function 0 (v*> * + JH/*,*) vanishes 
identically for all positions of x and z. Therefore, by Prop. V., there is at 
least a single infinity of places z Xi ..., z p ~ x satisfying the equations 

- B = v mpt m - v*' ' m ' - - if *- 1 ’ mp - 1 ; 

these equations are equivalent to 

(m a , z x \ . . . , z*p-i) = (nh 9 > . . . , m p 2 ) ; 

hence there is a single infinity of ^-polynomials with double zeros corre- 
sponding to the even half-period a , and their p — l zeros form coresidual 
sets with multiplicity at least equal to 1. 

By similar reasoning we can prove another result*; the argument is 
repeated in the example which follows; if for any set of values of the 
integers ft, ..., ft, a lt ..., ctp, it is possible to obtain more than one set of 
places n Xi ..., n p - x to satisfy the equations 

- v np ' u mp -\ 

then it is, of course , possible to obtain an infinite number of such sets. Let 
oo 9 be the number of sets obtainable. Then ftr = q + 1 (mod. 2). And this 
may be understood to include the general cases when (i) for an even value 
of fia, wo solution of the congruence is possible (q = - 1), (ii), far an odd value 
of pa, only a single solution is possible (q — 0). 

As an example of the exceptional case hero referred to, consider the hyperelliptic 
surface ; and first suppose p— 3, the equation associated with the surface being 

y 2 =(x-a l ) (v-a 8 ); 

then we clearly have « 28 = 2 p ~ 1 (2»> - 1 ) (^-polynomials, each of the form (x - a ,) (x - a } ), 

of which the zeros are both of the second order. We have, however, also, a (^-polynomial, 
of the form (x - c) 2 , in which c is arbitrary, of which the zeros are both of the second 
order ; denote these zeros by c and c ; then if o be a proper half-period 

-£0^ = v m » m -v°> m '-v c ' m '; 

* Weber, Math. Ann. xm. p. 42. 
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but, since, if e be any other place, the function (x~c)f(x—e) is a rational function, it 
follows that (c, c) = (e, e), and therefore that in the value just written for a , c may 
be replaced by e, and therefore, regarded as quite arbitrary. By the result (F), the 
function 0 (u) vanishes when u is replaced by a , and therefore 0 tt ), which 

is equal to 0 (v * 1 m - v 0 ' mi — v c ' ”**— *”*), vanishes when x is at c; since c is arbitrary the 
function 0 (v** • - a ) vanishes identically in regard to x y for all positions of z. If the 

function Q(v x,z +v* l,Zl J vanished identically, it would, by Prop. VI., be possible, 
in the equation 

-in,.. =»">• 

to choose both z l and arbitrarily. As this is not the case, it follows, by Prop. XIV. 
below, that the function 8 (u+fap J, and its first, but not its second differential 
coefficients, vanish for u— 0. Hence tt is an even half-period. (See the tables for 

the hyperelliptic case, given in the next chapter, §§ 204, 205.) 

There is therefore, in the hyperelliptic case in which /?— 3, one even theta function 
which vanishes for zero values of the argument. 

In any hyperelliptic case in which p is odd, the equation associated with the surface 
being 

y^ix-aj Or-02P+2> 

(^-polynomials with double zeros are given by 


(i) the ^ polynomials such as (x -a x ) (.r- As there is no arbitrary 

place involved, the q of the theorem enunciated (§ 185) is zero, and the half-period given by 
the equation 

— a = V Wp ’ m — V 11 " m ‘ — 


where «j s , ...» n 2 p - l are the zeros of the (^-polynomial under consideration, is consequently 
odd. 

(ii) the polynomials such as (x—Uj) (#-a p _ 3 )(#-c) 2 , wherein c is 

arbitrary. Here </— 1 and £as 0 (mod. 2). 

(lii) the polynomials such as (x-aj. . . . (x - a p _ & ) (x - c)' 2 (x - e)*, for which 

q — 2, /9a==l (mod. 2) ; and so on. And, finally, 

the single polynomial of the form (x - c,) 2 (.r-c p _,) 2 , in which all of <*,, ..., Cp_i 

2" 2 

are arbitrary ; in this ease (mod. 2). 


On the whole there arise 




0-polynomials corresponding to did half-periods, according as p?= 1 or 3 (mod. 4). 
Now in fact, when p= 1 (mod. 4) 

, + C P 4 2 ) + + C£-l)’ 
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is equal to 

j ^2^ +8 +2 p+a cos~~ or 2 2 p- 1 -2*“ 1 or 2*-* 1 (2*>- 1), 
while, when jp=3 (mod. 4) 

= ^[(l+^ + H(l-^ + 2 -(l+^ + a --(l-M?)^ + 2 ]*-i, 
is equal to } ^2 ap+a ~ 2 P+2 cos , and therefore, also to 2* ,_ 1 (2J® - 1), 

Thus all the odd half-periods are accounted for. And there are 



even half-periods which reduce the theta function to zero. This number is equal to 

-i ( 2 p+i) +!28p " 2P " 1(2, ’“ 1)} ’ 

namely to 2 p “ , (2 p + 1)— (^p • This is the number of even theta functions which 

vanish for zero values of the argument It is easy to see that the same number is 
obtained when p is even. For instance when p— 4, there are 10 even theta functions 
which vanish for zero values of the argument. They correspond to the 10 ^-polynomials 
of the form (oc-cf (x-a^), wherein c is arbitrary, and a x is one of the 10 branch places. 

There are therefore + even theta functions which do not vanish for zero values of 

\ P ) 

the argument. 

In regard to the places m lt ..., m p in the hyperelliptic case the following remark may 
conveniently be made here. Suppose the place m taken at the branch place a 2p + 2 ; using 
the geometrical rule given in § 183, we may take for the polynomial A, of grade n, the 
polynomial x-a w+2i of grade 1; its remaining n\L - 2, =0, zeros, give no conditions for 
the polynomial 0 of grade (n - l) <r + »i - 3 + /i, =(2- 1) p + 2-3+1, =p. Since cr + 1, the 
dimension of y, is jo-fl, the only possible form for 0 is that of an integral polynomial 
in x of order p. This is to be chosen so that its 2 p zeros consist of p repeated zeros. 
When p—3, for example, it must, therefore, be of one of the forms (x - a x ) {x-a } ){x— a t ), 
{x-a t ) (x-c) 2 , where c is arbitrary. It will be seen in the next chapter that the former 
is the proper form. 

186. Another matter* which connects the present theory with a subject afterwards 
(Chap. XIII.) dealt with may be referred to here. Let be a half-period such that 
the congruence 

io = y 1n v i m __ _ mp-i 

can be satisfied by oo * coresidual sets of places z u z p _ x (as in Proposition VI.). Then 
we have 

(m 2 , *! 2 , ...» 2 2 p - 1 )=(w 1 2 , ..., V)» 

so that (Prop. IX.) each repeated, are the zeros of a ^-polynomial ; denote 

this polynomial by 0. If be another set, which, repeated, are the zeros of a 

0-polynomial 0', and are such that 

*0 s V m v> m _ yZi, m, __ — v z,p “ 1, 

* Cf. Weber, Math. Annal. xiii. p. 35 ; Noether, Math, Annal. xvii. 263. 
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then we have 

0= 2-y 7/1,3 ’ m - t m i — ...... _ w*?- 1 _ y*p-i» 

so that «j, z p _ lt z {, ..., g'p.j are the zeros of a ^-polynomial ; denote this polynomial 
by ^ 

The rational functions ^/0> fil'l' have the same poles, the places z 1} ..., z p _ 1 , and 
the same zeros, the places z x \ ... f z' p _ 1 . Therefore, absorbing a constant multiplier in 
we have 

and *7*==(*W, 

and thus the function V</>7$ may he regarded as a rational function if a proper sign 
be always attached. The function has z lt ..., z p _ l for poles and z t \ z! v _ x for zeros. 
Conversely any rational function having z lf ..., z p - l for poles can be written in this form. 
For if zf'y ...» z" P -i be the zeros of such a function, we have 

+ +ifp-hzp‘i s z 0t 

and therefore, by the first equation of this §, also 

Jo = v tnp ’ m - v* 1 ”’ w » - rf’p-u ™P- 1 . 

thus q of the zeros can be taken arbitrarily ; and if $ be any ^-polynomial whose zeros 
Ci i ••• > Cp-i are all the second order, and such that 

J O = v mp> w — v ^ x * ,rt| — — 7n P-i f 

we can put 



where <f> lt ..., <f> q are particular polynomials such as <j> or 4>, andX, X„ ..., X g are constants. 
In other words, corresponding to the oo « sets of solutions of the original equation of this 
§, we have an equation of the form 

= X \f(f ) + Xj -1- 4- X 9 > 

wherein proper signs are to be attached to the ratios of any two of the square roots, and 
any two of the </ + 1 polynomials $, <f) l , ..., are such that their product is the square of 
a ^-polynomial. There are therefore \q (y-f-l) linearly independent quadratic relations 
connecting the ^-polynomials. (Cf. Chap. VI. §§ 110 — 112.) 

For oxample in the hyperelliptic case in which p=3, the vanishing of an even theta 
function corresponds to the existence of a (^-polynomial <& = (x- c) 2 , such that 

V*= i+V# 3 > 

where ^^3, = (*) 2 i =<£ a 2 . 

Ex. i. Prove, for jd= 3, that if an even theta function vanishes for zero values of the 
arguments the surface is necessarily hyperelliptic. 

Ex. ii. Prove, for p = 4, that if two even theta functions vanish for zero values of the 
arguments the surface is necessarily hyperelliptic j so that, then, eight other even theta 
functions also vanish for zero values of the arguments. The number, 2, of conditions thus 
necessary for the fundamental constants of the surface, in order that it be hyperelliptic, is 
the same as the difference, 9-7, between the number, Zp -3, of constants in the general 
surface of deficiency 4, and the number, 2p - 1, of constants in the general hyperelliptic 
surface of deficiency 4. 

B, 


18 
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187. (XII.) If r denote any arguments such that 0 (r) = 0, and such 
that ©(tf^ + r) does not vanish identically for all positions of x and z, 
the Riemann normal integral of the third kind can be expressed in the form 


n :;-**[! 


0 (r*> « + r) 
0<W + r) 


0 ( «*’ » + r)~ 

0 («*• ^ + r)_ 


For consider the function of x given by 


-nf'f @ (»*> • + r) @ (t>*' ^ + r) 

6 0 («*•»• + ?•) 0 (y< *+ r) ’ 

(a) it is single-valued on the Riemann surface dissected by the a and b 
period loops ; 

(0) it does not vanish or become infinite, for the zeros of 0 z + ?•), 
other than z , do not depend upon z (by Proposition IV.); 

( 7 ) it is unaffected by a circuit of any one of the period loops. At 
a loop a ; it has clearly (Equation B, § 175) the factor unity ; at a loop 
bi it has the factor 

e -2iri r* >P e - 2ir* (i>*‘ " + r, -f £r lt ,) 2r\ (t >*■ * + r t + Jr,, ,) 

which is also unity. Thus the function is single-valued on the undissected 
surface ; 

(8) thus the function is independent of x ; and hence equal to the value 
it has when the place x is at z, namely 1 . 

A particular case is obtained by taking 

r — yWP* m _ V Z i > ™1 __ __ tfp- Wp-1 

where z X} ..., z p ~ x are any places such that ®(^ z + r) does not vanish 
identically. Then by the result (F) the function 0 ( r ) vanishes. 

Hence we have 

* , r® - v*- 1 ' - v a ‘ m>> ) 

[0 (/* w - * mi — - tf v ~ u mp ~ x — V 3, ir,p ) 

I 0 (/' n - - - v Zp - 1 ’ mp ~' - v a • 

I ® (v Z> m - V*" ** - - V Zv U mpl - V*' TO ")J ’ 


Another particular case, of great importance, is obtained by taking 
r = k , k f denoting respectively p integers k x , ..., k pt k x \ ..., k py such 

that kk' is odd, the assumption being made that the equations 

jn*, t s v m ’" M - v c " m ' - - v^" 1 * 
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are not satisfied by more than one set of places (cf. Props. III., V.). 

Then the function © (i?> z + \ fl kt #) does not vanish identically, and we have 

Yi x z — i no . ® a + h jj*, v) © (tft * -f y ) 

~ g e * + ' in *, *o ©(»*• + in *, *) * 

(XIII.) Suppose k equal to or less than p ; consider the function given 
by the product of 

TT*t 3 _ TT*» Z _ _ TT*» 2 

e 1I * I , Pi 


© m — v a ' * w > — — w t + f) I © (t^i ,n — > m > — — t/**» w * -f- r) 

0(^7^:^^, - . . .. ; . — + ?■) _^7,«»7ir “. . — + r) ’ 

wherein r denotes arguments given by 

r—— ( v n+l ’ ” ,i+1 4* 4- » Tp ’ ™ p ), 

and each of the sets a u ..., a ki y k+l , ..., y p , /3 lt ..., £*, 7* +1 , ..., y p is such 
that the functions involved do not vanish identically in regard to x. 

This function is single-valued on the dissected Riemann surface, does not 
become infinite or zero, and, for example, at the period loop b t it has the factor 
e L , where 


2iri ( v a ■ > 4- 4- v*l * **) — 27rt ( v r * 


, — v*t* TO t) 


+ 2 iri (»•• -vPf '»*), 

is zero. Thus the function has the constant value, unity, which it has when 
x is at z. Therefore 


n J . V +- + ni . , fc - iog [! 


0 (yZi »» __ !>«! . w»i — # , . _ ™ k — t;Yfc+i> tn *+l — . . . ~vVp> ,n |i) 


/ © (fl*» m — m i — — in k — ,Wfc+l — — 7n i , ) - | 

/ © (v*i -T^*. »« t — jjmi. »•*+! — — m p)J * 

the places 7*+,, ...,y p being arbitrarily chosen so that a,, ...,a*, 7**1, ...,7 P 
are not zeros of a ^-polynomial, and ft, ..., ft, 7*+,, ..., 7 P are not zeros of a 
^-polynomial. 

Thus, when k = p, we have the expression of the function considered in 
§171, Chap. IX. in terms of theta functions. For the case where a,, ...» a* 
are the zeros of a ^-polynomial, cf. Prop. XV. Cor. iii. 


188. (XIV.) We return now to the consideration of the identical vanishing 

of the © function. We have proved (Prop. VII.), that if ©(t/*»* Zi 4- 

4. ^,*7 4 . r ) be identically zero for all positions of x u ,.. y x q ,z u ...,z qy but 

© (?#> z 4- v*' • *' 4- 4- r^’ ** 4- r) be not identically zero for all positions of 

18 — 2 
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x and z, then there exist oo q sets of places Ji, ... , £p_i, and oo * sets of places 
fi, ...» fp-j, such that 

7* = |) W P> m — i ™i — — yGp-h 

and 

?- = w* yfi, tn, — — 

Now, if in the equation 0 (v*> - *» 4- + #*«.*« + r) = 0, we make a? 9 

approach to and coincide with we obtain 


I 0/ (*» *■ + + v*"- 1 ’ + r) n< (*o) = 0, 

i=i 


0 * a 

wherein 0/(it) is put for 0 (w), Hi (a?) for 27^*2)^’ , a being arbitrary; 

and this equation holds for all positions of x u z u x q _ ly Since, how- 

ever, the quantities fij (s 9 ), . . . , f 1 q (z q ) cannot be connected by any linear 


equation whose coefficients are independent of z qt we can thence infer that 
the first differential coefficients of 0 (u) vanish identically when u is of the 


form xP" z ' + + v *»* l » Zq ~ l + r. It follows then in the same way that the 


second differential coefficients of 0 (w) vanish identically when u has the 


form ‘if" 2 >-f + *»-* + r ; in particular all the first and second differ- 


ential coefficients vanish when u = r. Proceeding thus we finally infer that 
0 ( u ) and all its differential coefficients up to and including those of the qth 
order vanish when u = r. 


We proceed now to shew conversely that when 0 ( u ) and all its differential 
coefficients up to and including those of the ^th order, vanish for u—r t 

then 0 (i^i>*i+ 4 vanishes identically for all positions of 

x z u x 2t ,z 2 , x qy z q . By what has just been shewn 0(z^> z + v* »•*> + 

+ y*,, ^ + r ) w ill not vanish identically unless the differential coefficients of 
the ( q 4 - l)th order also vanish. 

We begin with the case q = 1 . Suppose that 0 ( u ), 0 / (w), . . . , 0 p ' ( u ), all 
vanish for u = r ; we are to prove that 0 (x?' z + r) vanishes identically for all 
positions of x and z. 

Let e,f be such arguments that 0(e) = O, 0(/)=O, but such that 
%{(e) are not all zero and 0 /(/) are not all zero, and therefore 0 (v*>* + e), 
0 (v*» z +/) do not vanish identically; consider the function 

0(e +if : ’ z )®(e -tf> z ) 

0(/4 v*> *) 0 (/-v*,*) ; 

firstly, it is rational in x and z ; for, considered as a function of x, it has, 
at the period loop b r , (Equation B, § 175) the factor 


e ~ M <»? ' ’+ ' + V T «) - *Tr.r f e ~ 2 « (»* '+/+<■ * -/) - Tir r , r 
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whose value is unity ; and a similar statement holds when the expression is 
considered as a function of z, for the expression is immediately seen to be 
symmetrical in x and z ; secondly, regarded as a function of a?, the expression 
has 2 (p — 1) zeros, and the same number of poles, and these (Prop. IV.) 
are independent of z. Similarly as a function of z it has 2 (p — 1) zeros and 
poles, independent of x ; therefore the expression can be written in the form 
F(x)F(z)y where F(x) denotes the definite rational function having the 
proper zeros and poles, multiplied by a suitable constant factor, and F(z) is 
the same rational function of z. 

Putting, then, x to coincide with z , and extracting a square root, we infer 

n { (x) 

F(*)=±'§ . 

t®Xf) Ik(m) 

t=i 

where fl t - (x) = 2iriD x vl' a , for a arbitrary, is the differential coefficient of an 
integral of the first kind ; thence we have 

0 («* * + « ) 0 * - e ) _ [20/ (e ) f2, (x)] [20/ (e ) fl< (z)] 

0 (* * +/)*(*■* -/) [20/ (/ ) n* (x)] [20/ (/) nl W] • 

In this equation suppose that e approaches indefinitely near to r, for which 
0 (r) = 0, 0/ (r) = 0. Then the right hand becomes infinitesimal, inde- 
pendently of x and z. Therefore also the left hand becomes infinitesimal 
independently of x and z ; and hence 0 (v** z -f r) vanishes identically, for 
all positions of x and z. 

We have thus proved the case of our general theorem in which q — 1. 
The theorem is to be inferred for higher values of q by proving that if the 

function 0(y**’ r ' + +V**"- 1 * + r) vanish identically for all positions of 

x u z u ... , a? m _j, z in - 1 , and also the differential coefficients of 0 (m), of order 

m, vanish for a ~ r, then the function + + if m > Zm -f r) vanishes 

identically. For instance if this were proved, it would follow, putting m = 2, 
from what we have just proved, that also 0(t^>* *» + v**’ 2 * + r) vanished 
identically, and so on. 

As before let /be such that 0 (/) = 0, but all of 0/(/) arc not zero ; so 
that 0 z +/) does not vanish identically in regard to x and z. Let 

e be such that 0(v*»»*« + q- v Xm - lt Zm - X + e) vanishes identically for all 

positions of x u z lt ..., x m _ x , z m _ x , but such that the differential coefficients of 
0(%) of the first order do not vanish identically for u = if 1 ’ z ' 4* . . . + v e,n - ltZm - 1 + e\ 

so that the function 0 (v Xu Zl -f q- v Xni > Zm 4- e) does not vanish identically. 

Consider the product of the expressions 

0 (v*» * *« -f q- *«* q- e) 0 («** » *• + + v Xm * Zm — e) 

irejf» * +/) © (v*» - / ) it© <»«»» ** + /> 0 - /> 

TUI© (W> z n +/) 0 V — /) 
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wherein h, k in the numerator denote in turn every pair of the numbers 
1, 2, , . . , m f so that the numerator contains 4 . (m — 1) + 2 = 2 (m 2 — m + 1) 
theta functions, and X, fi in the denominator are each to take all the values 
1, 2, ..., m, so that there are 2m 2 theta functions in the denominator. 

Firstly, this product is a rational function of each of the 2 m places 
x u z lt ..., x m , z m . Consider for instance x x \ it is clear that if the product 

be rational in x u it will be entirely rational. As a function of x u the 

product has at the period loop b r a factor e~'* KiK where 

K = 2 (»?' “ + +vT ‘ + K, r ) + 22 {%." Vir,, r )-2S («:" 5(4 + ir,,,), 

k—2 M— 1 

and this expression is identically zero. 

Secondly, considering the product as a rational function of x u the 
denominator is zero to the second order when x x coincides with any one of 
the m places z lf ..., z m , and is otherwise zero at 2 m (jp — 1) places depending 
on /only; of these latter places 2(m — l)(p— 1) are also zeros of the 
factors IT'® (ifn •**+/) © (v**»**— /); there are then 2(p-l) poles of the 
function which depend on / only. The factors n'0 («>**» **+/) /) 

have also the zeros x 2 , ..., x m , each of the second order. The factors 

0 -f e ) © (if 1 > z '+ ... + v Xm > Zm — e ) have, by the hypothesis 

as to e , the zeros z x , z 2 , ..., z m , each of the second order, as well as 2 (p — m) 
other zeros depending on e only. On the whole then, regarded as a function 
of x lt the product has 

for. zeros, 2 (p — m) zeros depending on e, as well as the zeros x 2} ..., x, n) 
each of the second order, 

for poles, 2 (p — 1) poles depending on /; 
the function is thus of order 2(p — 1); and it is determined, save for a 
factor independent of x u by the assignation of its zeros and poles. It is 
to be noticed that these do not depend on z u z 2i ..., z m . 

It is easy now to see that the product, regarded as a function of z u 
depends on z 2) ..., z m , e,f in just the same way as, regarded as a function 
of x u it depends on # 2 , ..., x m , e,f 

The expression is therefore of the form F(x u x 2) ..., x m )F(z u z i , ..., z m ), 
wherein F denotes a rational function of all the variables involved. 

The form of F can be determined by supposing x u x m to approach 
indefinitely near to z u ..., z m respectively ; then we obtain 

0 *1 -f . . . + Zm e ) — L. t m % ©/ (if * * * + . . . + if m ~ u Zm ~ l + e) Hi ( z m ), 

where t m is the infinitesimal for the neighbourhood of the place z m , 

©/(t^n -f. tfCm-l, Zm- 1 _|_ 


+ v*"’ 1 ' * w ‘- 1 + e) Hj O m _0, 
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where t m . is the infinitesimal for the neighbourhood of the place and 
so on, and eventually, 

© + + x? m ' Zm + e) 

I* 7 ™) i»i— 1 U=1 

Similarly 

nn®(/*' *>+/) = rr® (/“ ’*+/) ® (/*■ -/) £»; </)n,(v>] , 

where h, h refers to all pairs of different numbers from among 1, 2, no. 
Therefore, dividing by a factor 

(-)“ n'® 3 (*. * +/) ® 3 (* ■ -/) p ( 1 2 ^]’ J , 

which is common to numerator and denominator, and taking the square root, 
we have 

© ij, », , . , i m (e) n x (^j) fl 2 (z 2 ) . • • (z ln ) 

*<* ^) = < “ =1J,=1 — * v -| -• 

n t ®,'(/)aw 

Li-1 J 

On the whole therefore we have the equation 

© . Zi q. -f D Xtn > z,n -f e) ® ( V Xl * *» 4* + V*‘ n ' 2,11 — e ) 

II'© (v t h> x i +/) ® (v x *’ —f) II 7 © ( v +/) © {v Zh > — / ) 

Iin© (/*’ +/) © (v 3 *’ * -/) 

^ (tf’i > • • • , x m , g) M* 1 (#i , . . . , z m , e) 

ifa (*„./) ft® (*„,/) 


^ (*./)= 2 e/(/)n«(*). 

1=1 

^ O^l y • • • y y &) ~ ^ ^ ® t*i , i t , , in i 00 ^ti 0*'i) » • • ^i» 

im = l ti = l 


Suppose now that ei is made to approach to i \ ; then the conditions we 
have imposed for e are satisfied, and there is added the further condition 

that the differential coefficients of order m, ©' ?1 , ,- m , also vanish. Hence 

it follows that © (v Xi > z * 4- 4- v* m ’ Zm 4- r) vanishes identically. 

The whole theorem enunciated is thus demonstrated. 
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(XV.) The remarkable investigation of Prop. XIY. is due to Eiemann ; 
it is worth while to give a separate statement of one of the results obtained. 
Using q instead of m — 1, we have proved that if the equations 

g == »» _ flfi » — — yGp-i, mp—i 

are satisfied by oc * sets of places £i, {^_ lf so that also the equations 

— g = j; ,w p» ** — 0$i i — — 0fp-ii w*p~i 

are satisfied by oo^ sets of places £, ..., then their exists a rational 
function, which has (i) for pofes, the 2(p — 1) places tu 2 p _i, z p - u 


which satisfy the equations 

f = y m Pi wt — m, — — 0 *p-i> 

— y= WI _ ^ lf m, _ —tfp-i, 


/ being supposed such that these equations have one and only one set of 
solutions, and has (ii) for zeros, the arbitrary places x u each of the 

second order, together with 2 (p- 1 — q) places f 9+1 , ..., ?p-i> f 9+1 , 
satisfying the equations 

g == V mp ’ m — 0*1 » m l — 0*9 i ’**9 — 0?9+l» W9+1 — 0&-** W P-1 } 

— g == 0 Wl *> W* — 0*1 > W 1 — — 0*9 1 »»*9 — 0^9+1. ^9+1 — 0^P-I> W P - 1 ? 

and the function can be given in the form 

the notation being that employed at the conclusion of Proposition (XIV.). 
The expressions <b occurring here have the zeros of certain (^-polynomials, 
to which they are proportional. 

Corollary i. If we take p — 1 places fi, ..., £p_ 1} so situated that only 
one ^-polynomial vanishes in all of them, and define e by the equations 

0 == 0 M *Pi W* — 0^i I — ...... — 0&-l» 

there will be no other set {i, ..., fp_j, satisfying these equations, or q = 0. 
If fi> • •• > fp-i be the remaining zeros of the (^-polynomial which vanishes in 
Si, ••• 1 ip- 1 , we have (Prop. IX.) 

ii f ..., ip— i f £1, ..., ip—i) = (w*i 2 > • ••> Wp 8 )» 

and therefore 

— 0 == 0 Mi P> ?rt — 0fi» w-, yip-i 1 mp-i' 

Similarly if t u ..., tp- x be arbitrary places which are the zeros of only one 


^-polynomial, we can put 

v mp, m _ 0t, , w, _ _ 0<p- 1 , W/,-1 

— f~ V m »' m — 0 ? i • *1 — — Wp-i. 
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Then the rational function having t 1} ..., t p - u z lt ..., Zp- X for poles, and 

ii £p-i, fi, Ijp-i for zeros is given by <£(#, e) 4- <£ (#, /). Thus the 

0-polynomial which vanishes in {i, fp_i, fi, fp_i is given by 

2i 0/ (v Wp » — — V&- 1 * w *- 1 ) fc (x)> 

<= i 

where <j> p (a) are the ^-polynomials occurring in the differential 

coefficients of Riemann’s normal integrals of the first kind. 

Hence if n ll ..., n ^ be places which, repeated, are all the zeros of a 
^-polynomial, the form of this polynomial is known. Since, then, we have 
(Prop. XI. p. 269) 

2= V inp> m — V 1 * 1 ' m ‘ — ...... — > y n P- 1 * m P~ 1 ) 

we can write this polynomial 

i = 1 

ill being an odd half-period. 

If another 0-polynomial than this one vanished in n 1} n p - u there 
would be other places n/, ..., n , p ^ lf such that 

= V mv ' m — V n '»'• — — v np-i, mp-1 j 

and therefore (Prop. VI.) the function 0 (v x > z + £ fl) would vanish identi- 
cally; in that case (Prop. XIV. p. 276) the coefficients 0/ (Jfl) would vanish. 

We can express the 0-polynomial in terms of any integrals of the 
first kind; if V?**, ...» V p m be any linearly independent integrals of 
the first kind, expressible in terms of the Riemann normal integrals 
V\ m , . . . , v p m by linear equations of the form 

vT m = \ > K m + + Xi, P v x p (i = 1,2,..., p), 

and the function © (u) be regarded as a function of U l} ..., U p given by 

Ui = \i t i U\ H- + \j f p U p , (i = 1 , 2, . . . , j p), 

and, so regarded, be written ^ ( U), the 0-polynomial which has zeros of the 
second order at n u ..., np_ 2 can be written 

SVftfl)W4 

i=l 

where fa (x), fa (x) are the 0-polynomials corresponding to V\ m , . . . , 
V p "\ and Jft denotes a set of simultaneous half-periods of the integrals 
Vx m , ..., V p ' m . If stand for p quantities of which a general one is 

£ (k + 1 + + V T »\ p)> (i = 1, 2, ..., p ), 
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and G) r> 8i (o' r , g be 2 p 2 quantities given by 

q j = 2\$ t !<»,,« + 2\i t 3 o> 3| g 4- 4- 2\pG> Pt 8, (*, *— 1, 2, ...,p), 

T;, » = 2 \ , cb'i, # 4- 2\ a a>' 2i * 4- 4- 2\ fj p a>' Pt g> 

where, in the first equation, we are to take 1 or 0 according as i — s or i 4= s, 
then Jft will stand for p quantities of which one is 

k x 6>t, j 4- 4- k p <» ti p 4- k\to i% 1 4* 4- k p <o ,* f p , (t = 1, 2, . . . , jp). 

For example when the fundamental Riemann surface is that whose 
equation may be interpreted as the equation of a plane quartic curve, every 
double tangent is associated with an odd half-period and its equation may 
be put into the form 

«&»' (i n) + 0*; (ffl) + V (W = 0. 

Corollary ii. If the equations 

0 =E Wl — i — — |;fp— i» i 

can be satisfied with an arbitrary position of x x and suitable positions of 
f 2 , ..., fj,-!, and therefore, also, the equations 

0 == ,n — V X " m i — — y£p - li l 

can be satisfied, then a (^-polynomial vanishing at x x to the second order, and 
otherwise vanishing in ? 2 , •••, Kv- i> &» •••> Zp-i> « given by 

£ (x) X 0'v , , ( e ) flj (x x ) = 0. 

t=i i 

Ex. In the case of a plane quintic curve having two double points, this gives us the 
equation of the straight lines joining these double points to an arbitrary point a’,, of the 
curve. 

Corollary iii. We have seen (Chap. VI. § 98) that any rational function 
of which the multiplicity (q) is greater than the excess of the order of the 
function over the deficiency of the surface, say, q = Q—p 4-r4-l, can be 
expressed as the quotient of two ^-polynomials. If the function have 
£n ...» for zeros, and f,, for poles, and the common zeros of the 

^-polynomials expressing the function be z X) ..., z Ri where R=2p — 2 — Q, 
the function is in fact expressed by 

f «,'(•) Oi(*)+f «,'</) a (*), 


l—\ 1 “ 1 

where (cf. § 93, Chap. VI.) 

e = v mpi m - v 1 ' mi - - v 2R ~ rt mR ~ r - Z 1 ’ OT/l - T+1 _ _ w p-i f 

/= m - Z 1 ’ wl » - ~ v iR -* 9 niR ~ r - v* 1 ’ mR ~ r + l _ 
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189. Before concluding this chapter it is convenient to introduce a 
slightly more general function * than that so far considered ; we denote by 
& (u ; q, q'), or by & (u, q\ the function 

^ (u ; q } (f) = JfanMku (n+ 9 ') +b (n-t-gV+2iV?(n+g ') , 

wherein the summation extends to all positive and negative integer values of 
the/) integers n lt ..., n p , a is any symmetrical matrix whatever oip rows and 
columns, h is any matrix whatever of p rows and columns, in general not 
symmetrical, b is any symmetrical matrix whatever of p rows and columns, 
such that the real part of the quadratic form bin* is necessarily negative 
for all real values of the quantities m ly ..., m p> other than zero, and q, q' 
denote two sets, each of p constant quantities, which constitute the character- 
istic of the function. In the most general case the matrix b depends on 
hp(P+ 1) independent constants ; if however we put iirr for b, r being the 
symmetrical matrix hitherto used, depending only on 3/3 — 3 constants, and 
denote the p quantities hu by U, we shall obtain 

?. q') = e“ v '®(U ; q, r/). 

We make consistent use of the notation of matrices (see Appendix ii.). 
If u denote a row (or column) letter of p elements, and h denote any matrix 
of p rows and columns, then hu is a row letter ; we shall generally write 
huv for hu . v ; and we have huv = hvu, where h is the matrix obtained from 
h by transposition of rows and columns. Further if k be any matrix of p rows 
and columns, hu.kv = hkvu = khuv. For the present every matrix denoted by 
a single letter is a square matrix of p rows and columns. 

Now let co, to', t), 7) be any such matrices, and P, P' be row letters of 
elements P u ..., P p , P/, ..., P p . Then, by the sum of the two row letters 
coP 4- co'P' we denote a row letter consisting of p elements, each being the 
sum of an element of coP with the corresponding element of co'P'. This 
row letter, with every element multiplied by 2, will be denoted by £l Pt 
so that 

Up = 2coP + 2co'P ' ; 

in a similar way we define a row letter of p elements by the equation 

H p = 2 v P + 27)'P'; 

then u + £l P will denote a row letter of p elements, like u . 

The equation we desire to prove, subject to proper relations connecting 
co, co , 7j, rf , is the following, 

*( tt + n P) q) = e Hp ^ ori-iPP'+te. e-W^M.P + 5), (L), 

which is a generalization of some of the fundamental equations given for 

0 (w). 

* Sohottky, Abnss enter Theorie tier Abehchen Functional von drei Variabeln, Leipzig, 1880. 
The introduction of the matrix notation is suggested by Cayley, Math. Annul, (xvn.), p. 115. 
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In order that this equation may hold it is sufficient that the terms on the 
two sides of the equation, which contain the same values of the summation 
letters w„ h*,, should be equal ; this will be so if 

a (u 4* f l P y + 2h(u + n P ) ( n + q') + b(n + q’f 4* 2 iriq (n 4- q') 

= H P (u 4- £n P ) — 7 riPF — 2TtiFq + au* -f 2/m (n 4- q' 4- F) + b (n + q' 4- P) a 

+ 27 ri ( P + q)(n + q' + F); 

picking out in this conditional equation respectively the terms involving 
squares, first powers, and zero powers of n u ..., n p , we require 

6 = 6 , 

h ( u + fl P ) 4- bq 4- 7 riq = hu 4- 5 (q‘ + F) 4- fri (P 4- g), 

and 

a (w 4- n p ) 3 4* 2 h (u 4- H P ) q 4- bq* + 2iriqq = H P (u 4- 4^p) — 7 riPP' - 27 riP'q 
4- au 3 4- 26w (/ 4- P') 4- 6 (<7' 4 P') a + 2 tt» (P 4- (#' 4- P'). 

190. In working out these conditions it will be convenient at first to 
neglect the fact that a and 6 are symmetrical matrices, in order to see how 
far it is necessary. 

The second of these conditions gives 

h£l P = iriP 4- 6P', 

and therefore gives the two conditions hw = ^ir i, hw — ^5, whereby ©, &>' 
are determined in terms of the matrices //, 6. In particular when h — iri 
and b — i7TT f as in the case of the function S(u), we have 2© = 1, 2©' = t, 
namely 2©, 2©' are the matrices of the periods of the Riemann normal 
integrals of the first kind, respectively at the first kind, and at the second 
kind of period loops. 

The third condition gives 

2 auflp 4- a£l* P 4- 2hfl P q =H P (u + 4^/') 

- iriPF - 2t riFq 4- 2 huP' 4- 6 (2qF 4* P*) 4- 2t ri (qP’ 4- Pq 4* PP) 9 

that is 

(2all P - H P - 2 hF) u 4- (aH P - \ H P ) fl P - iriPF - 6P' 3 

4- 2 (h£l P — 7riP — 6P') g' = 0 ; 

in order that this may be satisfied for all values of u lt ..., u P) we must have, 
referring to the equation already obtained from the second condition, 

Hp= 2 an,p- 2 hP, 

and 

(aH P - 4 Hp) n p = (rriP 4- bP) F ; 
from the first of these, by the equation already obtained, we have 
(m P - 4 Hp) n P = hFtlp = hflpF = (7 HP 4* 6P') P ; 
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subtracting this from the second equation, there results 

(a- a) fi 9 P =(5-6)F a , 


and in order that this may hold independently of the values assigned to 
P, P ' it is necessary that a — a, b = b; when this is so, these two equations 
give, in addition to the one already obtained, only the equation 


leading to 


H P =2aCl P -2hF, 
rj = 2 ato, rj = 2 ato' — 2 h, 


which express the matrices rj and rj in terms of the matrices a and h. 
equations, with 

hClp = iriP + bP\ 


or 


hto = \iri i huf = kb, 


These 


are all the conditions necessary, and they are clearly sufficient. When they 
are satisfied we have 


where 


Ex. 


+ fl P , <7) = e Mtt) ~ 27rLP ' 9 M M i <7 + P)> 


\p (u) = Hp (u + ^fl P ) — rriPP. 

Weierstrass’s function au is given by 

A Je ^u ! + 2 ^“(n+j)+i^(n+i)’+»«n+j) 


(L), 


where A is a certain constant. 


The equations obtained express the 4p 2 elements of the matrices o>, a>\ rj, rj 
in terms of the p+p(p + 1) quantities occurring in the matrices a,h,b; 
there must therefore be 2 p 1 — p relations connecting the quantities in to, to', 
rj, rj. The equations are in fact of precisely the same form as those already 
obtained in § 140, Chap. VII., equation (A), and precisely as in § 141 it 
follows that the necessary relations connecting to, to, rj, rj may be expressed 
by either of the equations (B), (C) of § 140. Using the notation of matrices 
in greater detail we may express these relations in a still further way. 

For 

i (H P % - Hqflp) = (atop - hF) n Q - (af2y - hP') fl P 
= — HP fly + AQ'fl p 
= hClp.Q-hn Q .F 
- ( 7 riP + bF)QT- ( 7 HQ + bQ') P, 

so that 

H P Cl Q - H q fl P = 2rri (PQ? - PQ ) ; 

this relation includes all the 2p*—p necessary relations; for it gives 
( V P + rjP) (toQ + to f Q?) - ( V Q + 1 jQ?) (toP + to'P) = iwi (PQ? - PQ), 
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or (using the matrix relation already quoted in the form hu.kv == hkvu — khuv) 
(toy — fjeo) PQ 4- (aw/ — yvf) P*Q + (co'y — fj’<o) PQ' + (a>V — y'<o') P'Q' 

-i*i(p<r-p'Q), 

and expressing that this equation holds for all values of P, Q, F, Q', we 
obtain the Weierstrassian equations ((B) § 140). 

Similarly the Riemann equations ((C) § 140) are all expressed by 

(2 a’P 4- 2 rj'Q) (2 g>P' + 2 yQ) - (2*P + 2 yQ) (2 ®'P' + 2 2t ri (. PQ ' - FQ). 

Ex. i. If we substitute for the variables u in the ^ function linear functions of anyp 
new variables v, with non-vanishing determinant of transformation, and L P be formed from 
the new form of the ^ function, regarded as a function of v, just as H P was formed from 
the original function, prove that L P v=II P u, and that \ P (w) remains unaltered. 

Ex. ii. Prove that 

A/* (w (w) 2 jtiV , jP = \q (m 4" Q,v) 4* X v (tt) — 2 tt liVQ, 

provided 

M+T=N+Q. 

The equation (L) is simplified when P, F both consist of integers. For 
if if, M' be rows of integers, it is easy (putting a new summation letter, 
m, for n 4- M, in the exponent of the general term of ^ (u ; q+ M,q' 4- M'\) 
to verify that 

^ (n ; q 4- if, q' 4- if') = e 2irlM<l> ^ (m ; q , q'). 

Therefore, if m, m! consist of integers, we find 

^ (M 4- ft™, q) = +2ir* (mg’ — iriq) % ^ 

and in particular 

S (u 4- ft w ) = iu) ^ (w), 

where ^ (u) is written for ^ (w ; 0, 0); The reader will compare the equations 
obtained at the beginning of this chapter, where a = 0, y = 0, 7/ = — 2vi, 
(0 = ^,cq' =^t, ftp = P 4- tF, Hj>= — 27 nF, \ P ( u ) = — 2 iriP' (u 4- |P 4- i'rP') 
- iriPF. 

One equation, just used, deserves a separate statement ; we have 
^ (u ; q 4- M) = ^ (w ; g), 

where M stands for a row of integers M u ..., M p , if/, M p \ 

191. Finally, to conclude these general explanations as to the function 
^ ( u ), we may enquire in what cases ^ ( u ) can be an odd or even function. 

When m, mf are rows of integers the general formula gives 

£ (- u 4 - £l m ,q) = e Am (_w) +iH W ^ (- u , q ) ; 
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hence when (u, q ) is odd, or is even, since X,„ (- u) - \- m (it), we have 
& (it - n m , q) = e A -» ft (u, q) ; 

therefore, by equation (L), 

^(u + n m , q), = ft(tt- fl M , q) . 

— ^ ( U) qj gA-m(«H-A2i»(U-jn m ) + 8irt(WQ'-w'9)^ 

while also, by the same equation, 

Sr (u + H jn , 2) = (w, 9) e*™ 

Thus the expression 

Xm (w - %n m ) + X_ wl (li) - \ m (u) + 47 ri ( mq ' ~ m'q) 

must be an integral multiple of 2i ri. This is immediately seen to require 
only that 2 (mq' — m'q — mrri) be integral for all integral values of m, rri. 
Hence the necessary and sufficient condition is that q and q ' consist of half- 
integers. In that case we prove as before that *b(u, q) is odd or even 
according as 4 qq' is an odd or even integer. 

192. In what follows in the present chapter we consider only the case in 
which b — iirr, t being the matrix of the periods of Riemann’s normal 
integrals at the second kind of period loops. And if it*’ *,.••> u p a denote 
any p linearly independent integrals of the first kind, such as used in §§ 138, 
139, Chap. VII., the matrix h is here taken to be such that 

2t riv*’ ° = h it j Ui a + + h {) p Up fl , (i = 1,2,..., p) y 

so that h is as in § 139, and 

*(i i x > a , q) = e au2 ®(v x > a ■ q\ 

where u = u x > a . 

From the formula 

^ (u + fl m ) = eH m (u+W m )—Kimvn! ^ ^ 

wherein m, m denote rows of integers, we infer, using the abbreviation 

k(«)=g“ lo gM«). 

that 

f < (w + n w )-f t (w) = 2(i/i >l wj+ + 1 W+ + v'i, P n i p ) ; 

particular cases of this formula are 

ft (u x + 2o) 1( r , . . . , Wj, + 2© Pi r ) = ft ( u ) + 2l7i, y , 
ft (Wi + 2©' lf r , . . . , u p + 2©'^ r ) = ft (u) + 2^'i, r . 
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Thus if u 8 be the argument 

- u * p ’ 7np f 

where ...,Wp a are any p linearly independent integrals of the first 
kind, and the matrix a here used in the definition of ^ (u) be the same as 
that previously used (Chap. VII. § 138) in the definition of the integral 

L? a t so that the matrices % will be the same in both cases, then it 
follows that the periods of the expression 

&w+4* a , 

regarded as a function of x, are zero. 

193. And in fact, when the matrix a is thus chosen, there exists the 
equation 

- (u x > m -u x ‘ - - ™p) + & ( U a > w — tl*'> w > - - U*r>* Wp) 

= L x - 0 + £ u r , < l(x r , x) - (x r , a)] , 

wherein v r> < denotes the minor of the element m (x r ) in the determinant 
whose (r, t)th element is fii(x r ), divided by this determinant itself; thus 
v r%i depends on the places cc u ..., x p exactly as the quantity v r , » (Chap. VII. 
§ 138) depends on the places ..., c p . 

For we have just remarked that the two sides of this equation regarded as 
functions of x have the same periods; the left-hand side is only infinite 
at the places x lf x p \ if in Z*' a , which does not depend on the places 
Ci, ..., c p used in forming it (Chap. VII. § 138), we replace c lt ..., c P by 
x u it takes the form 

- r 1 . « . , t,*. « n / *. a , , « , a. 

Vj .fT*! + + v P , i T Xp — 2 \ai t i u x + + «», p u p ), 


and becomes infinite only at the places x u x p . Hence the difference 
of the two sides of the equation is a rational function with only p poles, 
x l> x p , having arbitrary positions. Such a function is a constant (Chap. 
III. § 37, and Chap. VI.) ; and by putting x = a, we see that this constant is 
zero. 


194. It will be seen in the next chapter that in the hyperelliptic 
case the equation of § 193 enables us to obtain a simple expression for 

Xi (u x> m —u x " m > — — u x * , ’ tn r) in terms of algebraical integrals and rational 

functions only. In the general case we can also obtain such an expression* ; 

* See Clebsch and Gord&n, Abels. Functnen. p. 171, Thomae, Crelle, lxxi. (1870), p. 214, 
rhomae, Crelle, ci. (1887), p. 326, Stahl, Crelle , cxx. (1893), p. 98, and, for a solution on different 
lines, see the latter part of chapter XIV. of the present volume. 
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though not of very simple character (§ 196). In the course of deriving that 
expression we give another proof of the equation of § 193. 

The function of x given by ^ (u x > m ; J ft, £a) will have p zeros, unless 
$ (u x > m + «) vanish identically (§§179, 180) ; we suppose this is not the 

case. Denote these zeros by ..., m p . Then (Prop. X. § 184) the function 

^ (u*, ™ »*,' — — u x p> m p ; £a) will vanish when x coincides with 

x lt x. 2> ... , or Xp. Detennining m lt . . . , m p so that 

u mu Wl ' -f + U' n P> m P = a, 

and supposing the exact value of the left-hand side to be J a 4- Q kt ht 
where k> li are integral, this function is equal to 

* (w*> w - u x » *» - - u*i » «p — ^ dp, a — Q k ' k ; %/3. Ja), 

and this, by equation (L) is equal to 

e -W Pt a >+WJ« ^ 


where u — u x > m — u Xi > m ‘ — — u x p> in p — n* f 

Therefore (§ 190) the expression 

, ^ (u x > m — » u Xx , — -u x p> m p; iff, j a) 

* ~~ Sr (w^» m — %*»» m i' — — m x p> *V; £a) 

I m - ^ 1 ’ w/ - 

I ^ ™ — yfi , m/ _ — u^P’ 1 "*'; \a) * 

is equal to 

^ »» _ u x t , 1», _ _ U X P , m v } j ^ - »*p) 

^ _ _ u x p , m p ) j ^ m - i^x7nhL ...... — M Mp, ™/>) ’ 

we may write this in the form 

*(F-r)/ *(F-s)’ 

the expression is therefore equal to 

7 H (|^» *» - »». — — ^.^)) j 0 ( V z, <yMl > >», _ — V Pp> wip) 

e H (?;**• w - V*1» W 1 — — lfp> m v) I (?) (^M, «» _ <yM.» ^ — —vPp. ™ji) * 

where 

Z, = a (U— r) 2 - a ( F — r) 2 — a((7 — s) 3 + a(F — $) 2 , 


is equal to 
or 

that is 
B. 


— 2a£7 (r — s) + 2a F (r — s), 

— 2a ( U — F) (r — $), 

— 2aa x « * (a*> • * + + **»), 

19 



DEDUCTION OF A FORMULA 


which denotes 


-2(222 aiju^ur ). 

r=l i,j 


Hence, by Prop. XIII. § 187, supposing that the matrix a, here used, is the 
same as that used in § 138, Ctiap. VII., and denoting the canonical integral 


TT*» a o £ £ w,a z,c 

14 , 0-2 2 2 a T)t u r u M , 

r=l «=1 


which has already occurred (page 194), by JSj* , we have 

JC.+ +jO***- 

195. From the formula 

| jf" *■ _ u x " ” p ) / ^ ( wm . » - - . . . - u*p> '»») 

rstl *&(u x ’ w — w ‘ — ... — UpP* m p) / & (m m » m — m > — ... — • Kfv > 


we obtain 


7)®r» Mr Tj^r* Mr £» *r* Mr rX, p. 

•tv jg n — l 2 ^ *T* 2 X/j , 

<=1 


,5, ? - + , 


and therefore 


£7 = » w » + q- M** ’ rni> t 

Uo — lO 1 1> w i + + *"i», 

U-U„=l 


Hence, differentiating, 

A 1% [{Xr ' X) - M)] + #'--& («*■ m - 10 + f< - - £0, 


but, from 




dU i = Du*“ m ‘.dx l + + Du *■ "* . 

where da;,, da;, denote the infinitesimals at a;,, x r , we obtain 

0a;,. _ dx r 

BU i ~ r ' i dt ’ 

thus 

10 + ft (*- ' " - U) -1% m + P r , « [(*, , «) - (*. , /a)] ^ , 
which is the equation of § 193. 
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196. From the equation 

+ + = log <l>, 

differentiating in regard to a?, we obtain an equation which we write in 
the form 

I tf (*) [?,(«*- m -U)~ £,(«* - - U.)], 

r=l r=l 

where U =u z " m ' - f + wfp» *%>, j7 0 = w** 1 > 4- + ?^p* »"p. 

Thus, if we take for fi p places determined from a? just as 

are determined from m, so that 

(m, /i 1} jMp) = (x, m lt . . . , flip), 

the arguments u x » m — U 0 will be = 0 ; as the odd function f r (w) vanishes for 
zero values of the argument, we therefore have (§ 192), writing I2/> for the 
exact value of u x > m - U 0 , 

1 ?£"'“+ + = i llr (*) [?, (««• - «*». «l>) - (//p)l 

r-1 

= £ n, (x) J r (a*. - !t z ' - «*,> ■ - ftp) 

r=l 
P 

= — % fl r (x) f r ( U z '> + U z r> Pi>). 

r= 1 

If in this equation we put # at m we derive 

^" m, + + f£ , m ' = - I *.(«) &(«*•- + (M), 

r-1 

where 2 ,, ..., z p are arbitrary. 

If however we put x in turn at p independent places c u ..., c p , and 
denote the places determined from a, as m l} ..., are determined from 
m, by c lt i, ..., c< j(P , so that 

(Ci, f»h, ...,w p ) = (m, c ifl , ...,c l>ly ), 
we obtain /) equations of the form 

q '‘ + + <r e,,,, = -Uw ?r + + u >•'"*). 

Suppose then that a>, x lf are arbitrary independent places; for 

z lt z p put the places a^,, ..., Xi tP determined by the congruence 

(a?, a? <tl , ..., x itP ) = (a, a?„ ...,a?p); 


then, if denote a certain period, — ^ >» **•» — . 
+ i /’ m - u x " ^ — — w,p , and we have 


i» c <. 1 _j_ x t> p» P 

c, C< 


f At ,(c,)r,(n v + '*’ m 


— it*** p* 0| » p is equal to 


tt* 1 ’™ 1 - ... -u Xp ' mp )', 


19—2 
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therefore 


f, (tl Q + u* Wp ) - 2 iv, i [I^ r> 11 1 + • • • + K" v ' Cr ' 

r=l r r 

where p r> < is tlie minor of fn ( c r ) in the determinant whose (r, s)th element is 
fi g (c r ), divided by the determinant itself 

In particular, when the differential coefficients fi x (x) t jjl p (x) are those 
already denoted (§ 121, Chap. VII.) by eo x (a*), . . . , <o p (x) } and Ff' a = j <a x (x)dt Xt 
and the paths of integration are properly taken, we have* 


9V***< V ‘ 


-V 


x x , m x 


y r P* m p\ __ i» c t, i I , fp x t> p» p 

/ ...... 


197. A further result should be given. Let a?, x x , ..., x p be fixed 
places. Take a variable place z , and thereby determine places z u ...,z p , 
functions of z> such that 

(x } z 1} ..., z p ) = (z, x u ...,x p ). 

Then from the formula 


- ( t ( U z > - u z » » in v) + £i(u a ’ m -u z i> - - M *p. «*p) 

[(«,.*) -(*.,«)] d £, 

wherein v St i is formed with z Xi ... , z pt we have, by differentiating in regard 
to ^ and denoting — f t (w) by ^ (w), 


^ [/*j (2) - ft (*■) ^ - - V (* P ) d ^ r z 



dz x 

dz 



= D,L s r+i[(z g> z)-(z„a)] 

8=1 


dz g r d , . 

dt r Zi d~Z dz r {V "’ i} 




where U = u z> 171 — u Zx • Wi — — ufr * m P t If = u a » w — - w* 1 * m > — — Tn p. 

In this equation a is arbitrary. Let it now be put to coincide with z ; 
hence 


2 h ( z ) = D z L' t ,a + 1 v, 

3=1 *=1 



This form is used by Noether, Math. Annul, xxxvii. (1890), p. 488. 
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Therefore 


£ I H x (k) Hj{z)fi' 3 (U) 

.=1 j=i 

= in(k)D,L z r+ § I v,,inAk)D z \{z„ z) dz l 1 

*=i 1=1 »=i L ® C J 

= f * (*) D, °+ U (k) B z [(*„ *) ^ 

= d; | jU (k) v; * + jU ( k ) [(z„ z) - (*, «>] JJ , 


where D/ means a differentiation taking no account of the fact that * lf ..., 2 ^ 
are functions of 

= -Ol {£* (k) £,*’ " - ^ a ; fc, z u ...,z„)+ |j7e, z)-(k, a)^'jj . 

-2* {ai&- +(*,«; 

in which form the expression is algebraically calculable when the integrals 
1^' a are known (Chap. VII. § 138), 

= D; jit :•- + (*, a ; fc, *„ .... j ip )-S22a ri . *(*)«?'} . 

where c is an arbitrary place ; and this (cf. Ex. iv. § 125) 


= - W(z; k, z u .... z p ) - 2 i I a rigf i, ( z)/i r (k ). 


If now 
so that 


(k, z l} . . . , £p) = (z, ki, . . . , ^)j 


U = »» - m, __ _ W X P , r»p = U Z, m _ ^ , in, _ _ yfr , w*p 

== m — -jt*' > — — w*p> 

and 

(a;, z,, z p ) = (z, x lt x p ), 

(•*, * 1 , •••, k p ) = (k, x lt x p ), 

then the formula is 


- 22|><.i(C0 Hj(z)= W(z; k, z lt ...,Zp) + 2 1 2 a rt ,fi r (z) 

t j r=l«~l 

= F(&; .... k,,) + 2 f I a r: ,/x r (z)n,(k), 


by Ex. iv. § 125. 
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By the congruences 

U Zl> *> + + U Z P’ *P = U Z ' X 

the places z ly . . z p are algebraically determinable from the places x,x 1 x p , z, 

and therefore the function W (z ; k, z u ..., z p ) can be expressed by x, x u ... , 
x p ,k,z only. In fact we have 

^r(z ly x; z y x lt ..., x p ) = 0, ylr(z pi x\ z , x u x p ) = 0. 

The interest of the formula lies in the fact that the left-hand side is a 
multiply periodic function of the arguments U u U p . 

A particular way of expressing the right-hand side in terms of x y x ly ..., x py z y k is to 
put down %p{p+ 1) linearly independent particular cases of this equation, in which the 
right-hand side contains only x y x ly ..., x py z, k, and then to solve for the ip(p+ 1) 
quantities Since ^(z, a; k y z iy ..., z p ) vanishes when k—z py we clearly have, as one 
particular case, 

• 22 (f>„, («*■ - «->• ”•-) * (*)*(*„) = 

and therefore 

22 (»*• - - «*'• ”') m* W ft M=i>*d x r*'« c , (N) 

and there are p equations of this form, in which x v ..., x v occur instead of x , . 

If we determine a*/, ..., y |) _ l by the congruences 

M a;, w _ ^ , m, _ _ u x Pt m P _ _ m »«,_ _ ^-1. »«,- 1 _ u *, 

so that a?/, ..., a/ p _i are the other zeros of a (^-polynomial vanishing in x ly ..., x p _ j , 
we can infer — 1 other equations, of the form 

* , («*“-** * w ‘ " "')/*. (*p) h M=Dx P D x ’ r It?.' I , 

where r=l, 2, 1). Here the right-hand side does not depend upon the place x. 

And we can obtain p such sets of equations. 

We have then sufficient * equations. For the hypcrolliptic case the final formula is 
given below (§ 217, Chap. XI.). 

198. Ex. i. Verify the formula (N) for the case p = \. 

Ex. ii. Prove that 

( i (u x ’ m -u x i* 1 ”,- -u Xf ' w >)+L*' a -L*" a - 

is a rational function of x, x ly x p . 

Ex. iii. Prove that if 

(Xf •••» Zp) = (z, x ly ..., x p ) = (a, a lt ..., a p ), 

then 

ylr(x,a; z f x lt ..., x p )=T*' a + r*>’ *■ + 

Deduce the first formula of § 193 from the final formula of § 196. 

* The function p it j (u), here employed, is remarked, for the hyperelliptic case, by Bolza, 
Q'dttinger Nachrichten , 1894, p. 268. 
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Ex. iv. Prove that if 

1 ' A.r x i,p> a P 

™ “ °i y 

where a lt ..., a p are arbitrary places, and 


y _ y x » y x i> ,n i_ _ V Ci ' m — F**’ 1 ’ Wl - - tHp 

r r r r r r r * 

then 


g j / — ^(®i» c n #{, 1) •••» p)> 

where IF denotes the function used in Ex. iv. § 125 ; it follows therefore by that example, 

On on 

that . Hence the function 

Q 1 dV 1 + -f Q v d V p 

is a perfect differential ; it is in fact, by the final equation of § 196, practically equivalent 

to the differential of the function log Q(V x,m - V Zl,rrii - - V Xp ’ Wp ). Thus the theory 

of the Riemann theta functions can be built up from the theory of algebraical integrals. 
Cf. Noether, Math. Annul, xxxvn. For the step to the expression of the function by the 
theta series, see Clebsch and Gordan, Abelsche Fimctionen (Leipzig, 1866), pp. 190 — 195. 

Ex. v. Prove that if 

(m 2 , p> -’ll TO, 2 , .. , TO/) 

then 

gp- l°g e V* 1 ’ - +r£ »’**). 

Ex. vi. Prove that 

-i ii, (*) [f, («*- m - «*>• “») - {, («*-»•_»*>'»" - _ "■»')] 

— f ('*'» O » '^11 •••! ^p)’ 

/ftr. vii. If 

7 (.r, a ; a'j, ..., a; 2 , x p )—F z 

prove that 

log ^ (w x> w - w* 1 ■ Ml - - t4 a?p ’ w,r ) 

=sA+A x u*' “+ +^ p «p’ a +J dx T(x, a ; x Xi ..., x p \ 

where A, A u ..., are independent of x. 

Ex viii. Prove that 

- i Mr <*) ft. -«»>■"')= S Pr.iDtD^l&'c, 

r-1 r=l 

where a, c are arbitrary places and the notation is as in § 193. 
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CHAPTER XI. 

The hyperelliptic case of Riemann’s theta functions. 

199. We have seen (Chap. V.) that the hyperelliptic case* is a special 
one, characterised by the existence of a rational function of the second 
order. In virtue of this circumstance we are able to associate the theory 
with a simple algebraical relation, which we may take to be of the form 

^ 2 = 4 (x-a p ) (x — Cj) ...(x-c p + x ). 

We have seen moreover (Chap. X. § 185) that in the hyperelliptic case, when 
p is greater than 2, there are always even theta functions which vanish 
for zero values of the argument. We may expect, therefore, that the investi- 
gation of the relations connecting the Riemann theta functions with the 
algebraical functions will be comparatively simple, and furnish interesting 
suggestions for the general case. It is also the fact that the grouping of 
the characteristics of the theta functions, upon which much of the ultimate 
theory of these functions depends, has been built up directly from the 
hyperelliptic case. 

It must be understood that the present chapter is mainly intended to 
illustrate the general theory. For fuller information the reader is referred to 
the papers quoted in the chapter, and to the subsequent chapters of the 
present volume. 

* For the subject-matter of this chapter, beside the memoirs of Rosenhain, Gopel, and 
Weierstrass, referred to in § 173, Chap. X., which deal with the hyperelliptic case, and general 
memoirs on the theta functions, the reader may consult, Prym, Zur Theorie der Functionen 
m einer zweibldttrigen Flache (Zurich, 1866) ; Prym, Neue Theorie der ultraellip. Fund . 
(zweite Aus., Berlin, 1885); Schottky, Abriss einer Theorie der Abel. Functionen von drei 
Variabeln (Leipzig, 1880), pp. 147— 162 ; Neumann, Vorles. iiber Riem. Theorie (Leipzig, 1884) ; 
Thomae, Sammlung von Formeln welche bei Amoendung der . . Rosenhain' schen Functionen gebraucht 
werden (Halle, 1876) ; Brioschi, Ann. d. Mat. t. x. (1880), and t. xiv. (1886) ; Thomae, Crelle, lxxi. 
(1870), p. 201 ; Krause, Die Transformation der hyperellip. Fund, erster Ordnung (Leipzig, 1886) ; 
Forsyth, “ Memoir on the theta functions,” Phil. Trans., 1882 ; Forsyth, “ On Abel's theorem,” 
Phil. Tram., 1883; Cayley, “Memoir on the . . theta functions,” Phil. Trans., 1880, and Crelle, 
Bd. 83, 84, 85, 87, 88; Bolza, O'dttinger Nachrichten 1894, p. 268. The addition equation is 
considered in a dissertation by Hancock, Berlin, 1894 (Bernstein). For further references see the 
later chapters of this volume which deal with theta functions. 
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200. Throughout this chapter we suppose the relative positions of the 
branch places and period loops to be as in the annexed figure (4), the branch 
place a being at infinity. 


Fig. 4. 



In the general case, in considering the zeros of the function ^ (u x > m — e), 
we were led to associate with the place m, other p places m u ...» m p , such 
that *b(u x > m ) has m u m p for its zeros (Chap. X. § 179). In this case we 
shall always take m at the branch place a, that is at infinity. It can be 
shewn that if b, b ' denote any two of the branch places, the p integrals 
Ui’ b , . . . , Up b are the p simultaneous constituents of a half-period, so that 

Ur h = W, (Or, 1 + + VlpUr, p + MiW r , i + + mfa'r, p } (f = 1,2,.. ., p\ 

wherein m u ..., m p , m/, ..., m p are integers, independent of r ; this fact we 
shall often denote by putting u b > b ' = ^Hl. It can further be shewn that if, 
b remaining any branch place, b‘ is taken to be each of the other 2p -f 1 branch 
places in turn, the 2p -f 1 half-periods, u b > b \ thus obtained, consist of p odd 
half-periods, and p 4-1 even half-periods. Thus if the branch places, b\ for 
which u b > v is an odd half-period be denoted by b lt ..., b py we have, necessarily, 
^ ( u b > 6 «) = 0, . . . , ^ ( u b > b p) = 0, and we may take, for the places m,m lt . . . , trip, 
the places b, b lt ..., b p . In particular it can be shewn that, when for b the 
branch place a is taken, and the branch places are situated as in the figure 
(4), each of u a> a \ ..., a p is an odd half-period. We have therefore the 
statement, which is here fundamental, the function %(u x > ° — u x > » a * — . . . — M*p' a p) 
has the places ..., x p as its zeros. It is assumed that the function 
^ does not vanish identically. This assumption will be seen to be 

justified. 

For our present purpose it is sufficient to prove (i) that each of the 
integrals u b > b ' is a half-period, (ii) that each of the integrals u a > a \ u a > °p is 
an odd half-period. In regard to (i) the general statement is as follows: Let 
the period loops of the Riemann surface be projected on to the plane upon 
which the Riemann surface is constructed, forming such a network as that 
represented in the figure (4) ; denote the projection of the loop ( a r ) by (A r ), 
and that of ( b r ) by ( B r ), and suppose (d f ), (B r ) affected with arrow heads, as in 
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the figure, whereby to define the left-hand side, and the right-hand side ; 
finally let a continuous curve be drawn on the plane of projection, starting 
from the projection of the branch place b' and ending in the projection of the 
branch place 6 ; then if this curve cross the loop (4 r ) m r times from right to 
left, so that m r is either + 1 or — 1, or 0, and cross the loop (B r ) ra r ' times 
from right to left, we have 

Ur b = m x (o ri j + + rapG> ri p -f wi,V ri x + 4- mpU>\ t p. 

Thus, for instance, in accordance with this statement we should have 

u a J tCl = — u and tty * = ft) r , i — <*>/•, 2 > and it will be sufficient to prove 
the first of these results; the general proof is exactly similar. Now wo can 
pass from c x to a lt on the Riemann surface, by a curve lying in the upper 


Fig. 5. 



sheet which goes first to a point P on the left-hand side of the loop (£,), 
and thence, following a course coinciding roughly with the right-hand side of 
the loop (aO, goes to the point P', opposite to P on the right-hand side of 
(&,), and thence, from P', goes to a,. Thus we have 


’ = llr’ — 2a>' r , 1 + Ur'’ 1 "' 


On the other hand we can pass from c x to a, by a path lying entirely in the 
lower sheet, and consisting of two portions, from c x to P, and from P' to c^, 
lying just below the paths from c x to P and from P' to ctj, which are in 
the upper sheet. Thus we have a result which we may write in the form 

«r =(«r )+« )• 


t(x 1) 

But, in fact, as the integral u*’ a is of the form J --- 1 dx , and y has 
different signs in the two sheets, we have 


/ P> C,\/ P, Ci x / C*i, J*' 

(u r ) — - u r , and ( u r ) = — u r 
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Therefore, by addition of the equations we have 



which proves the statement made. 

In regard now to the proof that u a > *», . . . , u a > are all odd half-periods, we 
clearly have, in accordance with the results just obtained, 

Ur ** = © r , i - (© r , t+i + ©'r, i+i) *“ ~ (©r, p + ©V, p) + (©V, i + + ©'r, p), 

which is equal to 

(©V, l + ©V, 2 + + ©V, i) + (©r, i ~ ©r, i+i ~ “ ©r, p)» 

and if this be written in the form 

wii ©r, 1 + + nipCOf, p + Ml (&'r t 1 + + m'pG) r t p 

we obviously have m,!?*/ -f + mpm p ' = 1. 

Ex. i. We have stated that if b be any branch place there are p other branch places 
6 lf b i% ..., 6„, such that \ b \ ...,u b,b *> are odd half-periods, and that, if b' bo any 
branch place other than b, ..., b vi u b > b ' is an even half- period. Verify this statement in 
case p = 2, by calculating all the fifteen, 6 . 5, integrals of the form u h > h \ and prove that 
when b is in turn taken at a, c, c ly c 2 , a lf a 2 the corresponding pairs b ly b 2 are respectively 

(«i, <z 2 ), (Cj , f' 2 ), (c 2 , c), (Cj, c), (<x 2 , a), (tq, a). 

Prove also that 

u c,a + u e " a ‘-f w* 4 ’ a «=0. 

r r r 

Ex. ii. The reader will find it an advantage at this stage to calculate some of the 
results of the second and fifth columns in the tables given below (§ 204). 


201. Consider now the 2p-fl half-periods u h > a wherein b is any of 
the branch places other than a. From these we can form ^ ^ half- 

periods, of the form u b > a + u b > a , wherein b } b' are any two different branch 
places, other than a f and half-periods of the form u b > a 4- u b ’> a -f u b ”> a , 

where b, b " are any three different branch places other than a, and so 
on, and finally we can form half-periods by adding any p of the 

half-periods u b > a . The number 


(\ +, K p 2 + > +(V) 


is equal to — 1 -f £ [(# + l)^ +1 ]*»o, or to 2^-1, and therefore equal to the 
whole number of existent half-periods of which no two differ by a period, with 
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the exclusion of the identically zero half-period ; we may say that this number 
is equal to the number of incongruent half-periods, omitting the identically 
zero half-period. 

And in fact the 2^ — 1 half-periods thus obtained are themselves incon- 
gruent. For otherwise we should have congruences of the form 

u b " a + u b *> a 4- + u br ' a = u b '> a 4- u b *' a 4 4* u h *' *, 

wherein any integral * that occurs on both sides of the congruence may 
be omitted. Since every one of these integrals is a half-period, and therefore 
u b K , « = _ u b K , a f we ma y p U t this congruence in the form 

+ itS" * = 0 , 

and here, since we are only considering the half-periods formed by sums of 
p, or less, different periods, m cannot be greater than 2 p. Now this con- 
gruence is equivalent with the statement that there exists a rational function 
having a for an m-fold pole and having b ly ..., b m for zeros of the first order 
(Chap. VIII. § 158). Since a is at infinity, such a function can be expressed 
in the form (Chap. V. § 56) 

(x, \) r + y(x, 1)„ 

and the number of its zeros is the greater of the integers 2 r, 2p 4- 1 4- s. Thus 
the function under consideration would necessarily be expressible in the 
form (x, l) r . But such a function, if zero at a branch place, would be 
zero to the second order. Thus no such function exists. 

On the other hand the rational function y is zero to the first order at each 
of the branch places a^, ...» a pi c u ..., c p , c, and is infinite at a to the (2p4- l)th 
order ; hence we have the congruence 

+ 4- u a p> a 4- u c " a 4- + w c ’ a = 0. 

202. With the half-period of which one element is expressed by 

vii 1 4- 4- in p ($> r , P + 2 4- 4- WpV r| p , 

we may associate the symbol 

/&i , k it . . . , k p \ 

, k<i t ..., k p ) 

wherein k g , equal to 0 or 1, is the remainder when m 9 is divided by 2. The 
sum of two or more such symbols is then to be formed by adding the 2 p 
elements separately, and replacing the sum by the remainder on division 
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by 2. 


Thus for instance, when p = 2, we should write 



If we call this symbol the characteristic-symbol, we have therefore proved, 
in the previous article, that each of the 2^ — 1 possible characteristic-symbols 
other than that one which has all its elements zero can be obtained as the sum 
of not more than p chosen from 2p + 1 fundamental characteristic-symbols , 
these 2p + 1 fundamental characteristic-symbols having as their sum the symbol 
of which all the elements are zero. In the method here adopted p of the 
fundamental symbols are associated with odd half-periods (namely those given 
by u a > a > , u a > %»), and the other p+ 1 with even half-periods. It is manifest 
that this theorem for characteristic-symbols, though derived by consideration 
of the hyperelliptic case, is true for all cases*. We may denote the funda- 
mental symbols which correspond to the odd half-periods by the numbers 
1, 3, 5, ..., 2jp — 1, and those which correspond to the even half-periods 
by the numbers 0, 2, 4, 6, ..., 2 p f reserving the number 2p-f 1 to represent 
the symbol of which all the elements are zero. Then a symbol which is 
formed by adding k of the fundamental symbols may be represented by 
placing their representative numbers in sequence. 


Thus for instance, for p — 2, Weierstrass has represented the symbols 

TOO©©© 


respectively by r the numbers 

1 3 0 2 4 5 ; 


and, accordingly, represented the symbol which is equal to , 

by the compound number 02. The = 10 combinations of the symbols 


1, 3, 0, 2, 4 in pairs, represent the 2^ -6 symbols other than those here 
written. Further illustration is afforded by the table below (§ 204). 


In case p = 3, there will be seven fundamental symbols which may be 
represented by the numbers 0, l, 2, 3, 4, 5, 6. All other symbols are 
represented either by a combination of two of these, or by a combination of 
three of them. 


It may be mentioned that the fact that, for/? =3, all the symbols are thus representable 
by seven fundamental symbols is in direct correlation with the fact that a plane quartic 
is determined when seveu proper double tangents are given. 


# The theorem is attributed to Weierstrass (Stahl, Crelle, lxxxviii. pp. 119, 120). A further 
proof, and an extension of the theorem, are Riven in a subsequent ohapter. 
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203. If in the half-period w -, of which an element is given by 

m! ~ i 4* 4" Tllp (0 Vi p + Tfli © i + + 7flp(0 r> p t 

we write ^m g = Mg + ^k S) £ m s ' = M g 4- P*', where M Si M, denote integers, 
and each of k 9i k 9 is either 0 or 1, we have (cf. the formulsB § 190, Chap. X.) 

£(M + £fl OT>W ')==Sr(%; Af + P, Af 4-P')e\ 

where 

\ = [2*7 (if + P) + 2V (if' + P')] [m. + © (M + P) + ©' (if' + p')] 

-7 n(if+P)(if' + £n 

and therefore 

*(*» P, + *fl**)i 

The function represented by either side of this equation will sometimes be 

represented by S (u | £0^ m >) ; or if £ H ?ni ~ u b " a 4- u b *> a + 4- u b » a , the 

function will sometimes be represented by &(w | u b i> a + + w 6 *’ a ), or by 

'Hi&i bt( u )- 

We have proved in the last chapter (§§ 184, 185) that every odd half- 
period can be represented in the form 

JI2 = u m p > m — u n ‘ ’ — — u n p- l> Tn v-^ i 

and, when there are no even theta functions which vanish for zero values of 
the argument, that every even half-period can be represented in the form 

£ft' = M<’ wl > + 

in the hyperelliptic case every odd half-period can be represented in the 
form 

Jfl = W a P» a — U n » a ‘ — — «p-1, 

and every even half-period P 1', for which Sr(£lT) does not vanish, can be 
represented in the form 


£12' = W 6 n <*• 4- 4- u b P> a p , 

and (§ 182, Chap. X.) the zeros of the function Jfl) consist of the 

place z and the places n 1} ..., n p> while the zeros of the function ^ (u x > a | JfV) 
are the places b u ..., b p . In case p = 2 there are no even theta functions 
vanishing for zero values of the argument ; in case p =* 3 there is one such 
function (§ 185, Chap. X.), and the corresponding even half-period is 
such that we can put 


\VL" ~ u* 1 *’ a — u Xi • a « - u x * » % 
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wherein x x is an arbitrary place and x 2 is the place conjugate to sc x . Since 
then a * = — u x " a \ this equation gives 

now, as in § 200, we easily find 

V. r = (ft)?, 3 “1“ ® r, l *1" & r, 2 "h <*> r, 3 ), 1 ® l = ft) r> t — ft) /*, 2 ~ ® r, 2 > 

and therefore 

^ fl' = ft>r, 1 + ft>y, 2 “* a — (ft/ r , j + ft/ r , 3)* 

Thus the even theta function which vanishes for zero values of the 
argument is that associated with the characteristic symbol • 

In the same way for ^ = 4, the 10 even theta functions which vanish for 
zero values of the argument are (§ 185, Chap. X.) associated with even half- 
periods given by 

= u a <> a — u b > a » - u a « • a », 

where b is in turn each of the ten branch places. 

204. The following table gives the results for p = 2. The reader is recommended 
to verify the second and fifth columns. The set of p equations represented by the 

equation (Jfi) r =m 1 « rt 2 +w 1 V r , 1 +?a./ tu r > 2 i s denoted by putting \ 


I. Six odd theta functions in the case p — 2. 


Function 

We have 

Weicratrass’s I 
number asso- ] 
ciated with 
this symbol 


Putting the corresponding half- 
period su** 3 ’ a - « w * ’ 01 , we 
have for n x respectively 

•fym, (n) 

"**“*( lo) 

02 

a) 

0-2 

Vaa* (u) 

*•■-*( 01) 

24 

(3) 

a l 

(«) 

= _ jj) 

04 

(13) 

a 

^c,c a (u) 


1 j 

(24) 

c 

•See, (u) 


13 

(02) 

% 

^oc a ( U ) 

**’• =i (o-l) 

3 

(04) 

<h 
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II. Ten even theta functions in the case p — 2. 


Function 

We have 

Woiorstrass's 
number asso- 
ciated with 
this symbol 


Putting the corresponding half- 
period su 6 !. a i + u b i> a t, we 

have for 6j> h 

S(u) 

*( 

00\ 

00/ 

5 


«n «2 

$ac {u) 

««, e 

u ) 

ooj 

23 

(0) 

c i> c 2 

SaCi (u) 

1 

II 

00\ 

10/ 

12 

(*) 

C, ^2 

3ac. t (u) 

HN 

II 

<? 

i 

10 \ 

Oi) 

2 

(4) 

C , Cj 

Vi («) 

n .«i — i ^ 

3 

01 

(12) 

a 2> r l 

(M) 

u c *< i 

-5 

0 

(14) 

a 2 j 

^(m) 


•K) 

14 

(23) 

«1, <1 

$axA u ) 


on 

00/ 

4 

(34) 

°1> C 2 

$ca 2 (w) 

UC> «i = J ^ 

00\ 

01/ 

34 

(03) 

«n c 

1 

% 

a 

C"o 

-i) 

03 

(01) 

« 2 , C 


The numbers in brackets in the fourth column might be employed instead of the 
Weierstrass numbers ; they are based on the branch places according to the corre- 


1 3 0 2 4 


«i « 2 c c i 

But the Weierstrass notation is now so fully established that it will be employed here 
whenever any such notation is used. 

It should be noticed that the letter notation for an odd function consists always 
of two a’s or two c’s ; the letter notation for an even function contains one a and one c. 

The expression of the half period associated with any function as a sum of not more 
than two of the integrals u h > a , which has been described in § 202, is of course immediately 
indicated by the letter notation employed for the functions. 

Ex. Prove that if a=£ 

u a > a ‘+a=w a ’ «* 

W®* a = W °> 


« <,,c '+as/ ,c u e>e ' +a=u a>c * 

U e ’ e * + a = u a '\ 


These equations effect a correspondence between five of the odd functions and the branch 
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205. Next we give the corresponding results for jd=3. Each half-period can be formed 
as a sum of not more than 3 of the seven integrals u h > ° (§ 202) ; the proper integrals 
are indicated by the suffix letters employed to represent the function. We may also 
associate the branch places with the numbers 0, 1, 2, 3, 4, 5, 6, say, in accordance with the 
scheme 

a l> a 2> ^3* C > C l> c 2> C S 

1, 3, 5, 0, 2, 4, 6; 

then the functions Sy(u), $ & (u) will be odd, and the functions S 0 (w), S 2 (u), S A (u), S Q (u) 
will be oven ; and every function will have a suffix formed of 1 or 2 or 3 of these numbers. 
There is however another way in which the 64 characteristics can bo associated with the 
combinations of seven numbers, and one which has the advantage that all the seven 
numbers and their 21 combinations of two are associated with odd functions, while all 
the even functions except that in which the associated half-period is zero are associated 
with their 35 combinations of three. It will be seen in a later chapter in how many ways 
such a scheme is possible. One way is that in which the numbers 

1, 2, 3, 4, 5, 6, 7 
are associated respectively with the half-periods given by 

U a 1. a, U* a. «, u« », a, 7 i«, a+u<>i, o + n?3, a , « c > a + 3, uc,, a, a + u c u a + u c it a j 

u c i i a -f. wo, , a -j- > a. 

By § 201 the sum of these integrals is == 0. The numbers thus obtained are given in the second 
column. Further every odd half-period can be represented by a sum uo 3 ,a- w», , a,- u n, t o 2j 
and all the even half-periods except one as a sum u&i > + a t -f- . a , ; the positions of 

»j, n 2 or of b l9 6 S , & 3 are given in the fourth column. 


I. 28 odd theta functions for p — 3. 






3«, («J 

' 

1 /100\ 
"•■’“"Kioo) 

"21 «3 

K( u ) 

2 

a 

a 

111 

»»- 

«3» "l 

Sa,(u) 

3 


"l> "2 

Sa,a, ( U ) 

12 


a , rt 3 

S(t,a 3 (w) 

13 

«"'• »+««., a = 4 

a , 

9a,a 3 (m) 

23 

, /001\ 

a , 

Sec, (u) 

74 


r 2> C 3 

Sec, ( u ) 

■ 

76 

"+**■ “ = i (q}o) 

C 3i C 1 


B, 


20 
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Table /. ( continued .) 


Serfs ( w ) 

Serf i ( M ) 

(“) 

76 

66 

64 

45 

. /001\ 

1 /010\ 

1 /110\ 

M c„a + w c 3 ,a=^ ioi J 

i /ioo\ 

+ = 110 J 

*h> ** = 

<?1 , c 2 

c , 

c , c 2 

C t c 3 

5ca,a 4 (M) 

37 

ue, a + u*i , « + a. « = £ Q 

c , a 3 

(w) 

27 

. /100\ 

«C, a + ?(a„fl + ?(fl„« = jf 0 1 

c , a 2 

5ca 4 rt s (w) 

17 

a -f ua lt a + lt a 3 , a = £ ^ 

C , Oj 

5c,0 4 a 3 (w) 

14 

, /001\ 

U e ii + « + W«s. * — 2 ( in ) 

c„ a, 

^C.rtaO, (m) 

24 

ne lt a + w a„ a + w a,, a== £ 

C l> a 2 

5c, a, a, (w) 

34 

, /oio\ 

a> + U*\,* + U*i, a = 2 ( oio ) 

e l> a 3 

Scrflrfs ( u ) 

15 

W c *. a-f #«„. a + ^fl,, a = £ 

c 2 , a, 

Scrfrfit (u) 

25 

ue*, <* + u*ta, « + «ai, * = J (ill) 

c 2 , a 2 

5^,0, (m) 

35 

u ,'s, « + ««,, a + w a 4 , «==£ 

c 2l a 3 

5cj040j (w) 

16 

?«<?*» « + a = i (oio) 

C 3> a l 

5c«aj«i (w) 

26 

w c s ,a + w a Sl a + u«, 1 a==£^^ 

c 3 , a 2 

5c J a l a a (w) 

36 

mc„ a 4.^,, a + tzaj, a = £ 

C 3» a 3 

(«) 

4 

M c i a + ue*, <* + ue s, a 3 £ Qi j) 

a , Cj 

5cc^, (w) 

5 

w c, o-f wcj, a + we,, a == £ f J 

a , c 2 

5cc,c, (w) 

6 

ue, a +«c,, a + w^, <* = J 

a , c s 

5c,c 9 c, (w) 

7 

14®i» a + yfis, a- f-i/c*, as| 

a , c 
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II. 36 even characteristics for p * 3 . 




1 

5! 

h 


*00 




*® 

*1 

a 2 

«3 

$a x <w% ( M ) 

123 

w*,, a + w a 4 

, a + W rti 

-*© 

*a, 

*, 


Be ( U ) 

456 

uc, a 


-*a 


C 2 

C 3 

*M«) 

567 

uc,,a 


•*p 

<; 

C 2 

*3 

■»<!,(«) 

647 

uc»,a 



c 

*3 


**00 

457 

uc>,a 


-»Q 

c 

C 1 

C 2 

■5«*, 00 

237 

u c , • + W«j , i 

® 


c 

a 2 

«3 

( M ) 

317 

uc, a + 

a 

-*P 

c 

a 3 


•9c«, 00 

127 

UC, d + Mflj, 

a 

-*Q 

c 

a i 

«2 

•5c,a, 00 

234 

UCi.a + u" i. 

! 

a 

-*® 

c i 

<*2 

«3 

*c,a 4 00 

314 


a 

-*G» 

c i 

«3 


■5c, a a 00 

124 

“?<Ci. M«S. 

a 

-*Q 

c i 

«l 

a 2 

■5^, 00 

235 

?**. d-fMdi, 

a 


C 2 


«3 

■5c/»j 00 

315 

11*1, «+ 

. « 

-*Q 

C 2 

«3 

a i 

**•>00 

125 

«C 2 , fi + MWj, 

a 

-*Q 

% 

«1 

«2 

•5<V»» (w) 

236 

U e s, a + u& i. 

a 

-*G5) 

C 3 

«2 

«3 

(u) 

316 

?<c,, a + u a i i 

, a 

-*GE) 

C 3 

«3 

a l 

Bcjt,(M) 

126 


a 


C 3 

^1 

a 'i 

*«,** (u) 

156 

U a lt a + u c. lt 


• -*G» 

a x 


C 

Ba t e,a , (*0 

164 

Uth, a + tt«s 

. « + 

-*P 

«i 

c 2 

C 

■^aic^ 00 

145 

tt«i» <*-f «<?», 

a-f^Ca, 

-*© 

a \ 

*3 

0 

■5a,<?c, (w) 

147 

tt«i. «+««* 1 



a \ 

«i 

<3 


20—2 



308 


METHODS OF NOTATION. 


[205 


Table II. (continued). 





6 | b 2 b 3 

-9a,cc 2 («) 

157 

tt«i» * - 1 - a = i ^ j j 

a l C 3 C I 

(m) 

167 

i /ion 

u a lt a+u c » a « s £ ( ^ J 

«! f'i 

( w ) 

256 

i /ioo\ 

?*«*. rt + «<? 2 ,a + w C 3 , a = £ f 1 

a i r i c 

(w) 

264 

i /ooo\ 

a., r 2 r 

(w) 

245 

i /oio\ 

?/a s .a-p tt c,,«-fwc a ,rt = U i \ 

a 2 c 3 c 

^«iCCi ( M ) 

247 

, /ooi\ 

M a 2j a + W c.a + «<>,. i* s | ( J 

My ^2 ^ 3 

(tt) 

257 

i /ion 

ua u , a + u c,a + M c a , a = £ ( 1 

a ‘i c 3 C l 

(u) 

267 

M a 2 ,a-j-«c, a + wc 3 , a = £ 

«2 *2 

Sa&csiu) 

356 

w o 3 , a 4 . 7 /c 2 , a + «c 3 , a = £ 

«3 <•» * 

■SaaCjC, (m) 

364 

, / 001 \ 

«« 3 . « + «e,.« = $ ( ioo ) 

a 3 c t c 

(«) 

345 

, / 011 \ 

w o 3f a + v«i, a^- w c 2 , a = £ ( 1 1 / 

a 3 c . j c 

(m 

347 

, /ooa\ 

u<*3> *+uc> « ■* _wCl ’ a:5 2 ( 101/ 

w 3 c 3 

( M ) 

357 

, /ioo\ 
a + wCa,a = i (qii) 

a 3 C \ C \ 

•3fl 3 cc 3 (“) 

367 

?t« 3 , a + wc, a + «c s , a=£ 

a, c, c 2 


It is to be noticed that every odd theta function is associated with either (i) any 
single one of a n « a , a 3 or (ii) any pair of a x , a 2 , o 3 or any pair of c, c, , c 3 , c 3 , or (iii) a 
triplet consisting of one of c, c lf c 2f c 3 and two of a x , a 2 , a 3 or consisting of three from 
e t c lf c 2 , c 3 . This may be stated by saying that odd suffixes are of one of the forms 
a, a 2 , c\ a 2 c, c 3 . Similarly an even suffix is of one of the forms r, ac, ac 2 , a 3 . 

In the tables just given the fundamental characteristic-symbols, denoted by the num- 
bers 1 , 2, 3, 4, 5, 6, 7, are those associated with sums of integrals which may be denoted by 


a 2J a 3t ^ C 3 C 1 5 
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We can equally well choose seven fundamental odd characteristic-symbols, associated with 
the integrals denoted by any one of the following sets : 


c c x , 

C C 2 , 

c C 3 i 

c <z 2 <Zg, 

C* 3«l, 

C , 


c x o , 

c l c 2l 

C l C 31 

C l a 2 a 3l <W*i, 



C.f , 

c 2 c l 1 c 2 C 3 » 

C 2 a 2 a 3i 

W*l> 

c 2 cf l cf 2> 

CC 3 C 1 

C 3 C , 

c 3 h , 

c 3 C 2 > 

C 3 a 2f l 3t 

c 2<tyl> 

c 3 cq#2* 

c* c x c 2 

a \y 

a x a 2l 

«1«3> 

C l a -/ l 3 , c 2®2®3) 

C 3° ^3, 



a 2 a 2i 

O^i, 

C l a 3 a l> 

Why 

c 3 ( ct 3l a l» 


«3. 

a 3 a l1 

a .\ a 2i 


Why 


COLyd^ 


The general theorem is— -it is possible, corresponding to every even characteristic c, to 
determine, in 8 ways, 7 odd characteristics a, /8, y, *, X, /x, v, such that the combinations 

a, ft y> *> «»ft fa*? 

constitute all the 28 odd characteristics, and the combinations 

«, a£y, a«X, /3y#c 

constitute all the 36 even characteristics. In the cases above f =0. The proof is given in 
a subsequent chapter. 


206. Consider now what are the zeros of the functions 

^ (u), $ (u | u b > » * + + w 6 *» a ), 

where b u ... , 5* denote any k of the branch places other than a(k ^ p ), and u 
is given by 

«, = «?*“' + +u?'° v , (r = l, 2 p), 

the functions being regarded as functions of x x . 

The zeros of ^ (u) are the places z lt ..., z p determined by the congruence 
u Xi i 4. 4. i — u z ' ’ a ' — — u z p> a P t 

or, by* 

U 2 ' . a 4. x, 4. 4. u Zpt Zp = 


Provided the places be not the zeros of a ^-polynomial, that is, 

provided none of the places x %> ...,x p be at a, and there be no coincidence 
expressible in the form «< = «,, the places z x . z 2 , ..., z p cannot be coresiduai 
with any p other places (Chap. VI. § 98, and Chap. III.) and therefore (Chap. 
VIII. § 158) this congruence can only be satisfied when the places z lf ...,z p 
are the places 

a, ac,, as,, 

these are then the zeros of ^ ( u ), regarded as a function of x x . 

* The two places for whioh x has the same value, and y has the same value with opposite 
signs, are frequently denoted by x and x. 
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The zeros of + 4- u bk > a ) are to be determined by the 

congruence 

U x i'«i+ +u x t> >a J> + u b * • 0 4- -f u bk> a s lift* a — u z " ®» — — ft*, 

or, by 

u z " 4* u z *> **4- 4- m*p* x p 4- u bi> a 4- 4- u bk> ® = 0, 

which we may write also 

(*„, z 3l .... z f , a*- 1 ) = (6 1 , .... 6*. 2,, .... 
in particular the zeros of*t(u\u b > a ) are the places b, x^, . . . , x p . 

207. Now, in fact, if the sum of the characteristics q lt ..., q n differs from 
the sum of the characteristics r lt ..., r n by a characteristic consisting wholly 
of integers, n being an integer not less than 2, then the quotient 

f/\ ..* («; q%) ^ ? n ) 

rj S(w; r tt ) 

is a periodic function of it. 

For, by the formula (§ 190, Chap. X.) 

S(M4-fl m ; q) = + 2iri{mq ' ~ m ' q) ^ (a ; q), 

where m denotes a row of integers, we have 

- e 2*i [mM - Itf) - m’ (tq - Jr)] 

/w 

and if — Sr', — 2r, each consist of a row of integers the right-hand 
side is equal to 1. 

Hence, when the arguments, a, are as in § 206, the function f(u) is a 
rational function of the places x lt ... t x p . 

208. It follows therefore that the function 

&(u\u b ’ a ) 

~ ^ a <» 

is a rational function of the places x lt ..., x p . By what has been proved 
in regard to the zeros of the numerator and denominator it has, as a function 
of a?,, the zero b, of the second order, and is infinite at a, that is, at infinity, 
also to the second order. Thus it is equal to M (b - a?,), where M does not 
depend on x v As the function is symmetrical in x u x 2f it must 

therefore be equal to K (6 — x x ) . . . (6 — x p ), where K is an absolute constant. 
Therefore the function 

may be interpreted as a single valued function of the places x u x p> 
on the Riemann surface, dissected by the 2 p period loops. The values of 
the function on the two sides of any period loop have a quotient which is 
constant along that loop, and equal to ± 1. 
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The function has been considered by Rosen hain* Weierstrassf, RiemannJ and 
Brioschi §. We shall denote the quotient 3 (w | u b > a ) / 3 (u) by q h (w). There are 2p + 1 such 
functions, according to the position of b. Of these q a ^ (u), ..., q^ (u) are odd functions, 
and q c (a), y Ci («), q 0p ( u ) are even functions. The functions are clearly generalisations 

of the functions V^=sn -#=cn w, sjl — k l x — dn u, obtained from the consideration 
of the integral 

_ f x dx 

J o y/4x (1 -x) (1 —k % x) ' 

209. Consider next the function 

(u 1 u b ' > * + + u bk > a ) fr*" 1 ( u ) 

\ (u I u b i » a ) ^ (u\ u b *> a ) * 

wherein b lt ..., b k are any k branch places other than a. We consider only 
the cases k<p + 1. By what has been shewn, the function is rational in x lf 

and if z lf ..., z p denote the zeros of + bk > a ) the zeros of the 

numerator, as here written, consist of the places 

h , „*-i 

*i» z P , a , a* , .... x P 

and the zeros of the denominator consist of the places 

Jfc Jc 

bit btt •••tbkt X2t • x p . 

Thus the rational function of x x has for zeros the places z lf ..., z p , a , t ~ 1 , 
and, for poles, the places ..., &*, x 2 , ..., x p . It has already been otherwise 
shewn that these two sets of p + k - 1 places are coresidual. Now any 
rational function, of the place x, which has these poles, can (Chap. VI. § 89) 
be written in the form 

uij + v (x — b x ) . . . (x — b k ) 

(a? -- 6x) (a? — b k ) (x — x 3 ) . . . (x — x p ) * 

wherein u , v are suitable integral polynomials in x, so chosen that the 
numerator vanishes at the places x it ..., x p . The denominator, as here 
written, vanishes to the second order at each of b lf ..., b k , and also vanishes 
at the places x if x p , x p . 

Let p be the highest powers of x respectively in a and v. Then, in 
order that this function may be zero at the place a , that is, at infinity, to the 
order & — 1, it is necessary that the greater of the two numbers 

2\ + 2p + 1 — 2 ( ^ + A? — 1), 2p+2k-2(p+k-l) 

* MSmoires par divers savants, t. xx. (1851), pp. 861 — 468. 

t By Weierstraas the function is multiplied by a certain constant faotor and denoted by al{u). 
t In the general form enunciated, as a quotient of products of theta functions, Werke 
(Leipzig, 1876), p. 184 (§ 27). 

§ Annali di Mat . t. x. (1880), t. xiv. (1886). 
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(wherein 2 ( p 4- k - 1) is the order of infinity, at infinity, of the denominator) 
should be equal to — (& - 1). Since one of these numbers is odd and the 
other even, they cannot be both equal to — (& — 1). Further in order that 
the ratios of the A 4- p 4- 2 coefficients in u, v may be capable of being chosen 
so that the numerator vanishes in the places x 2t x p) it is necessary that 
A 4- /a 4-1 should not be less than p — 1. And, since a rational function 
is entirely determined when its poles and all but p of its zeros are given, 
these conditions should entirely determine the function. 

In fact we easily find from these conditions that the case 2X4- 2p4- 1 > 2 (p 4 -k) 
can only occur when k is even, and then A = £& — 1, p =p — 1 — £&, and 
that the case 2A + 2p 4- 1 < 2p + 2k can only occur when k is odd, and then 
X = £ (k — 3), p =p — £ (k + 1). In both cases A + 4- 2 =p. 

By introducing the condition that the polynomial uy 4- v (x — &,) . . . (x - b k ) 
should vanish in the places x 2f ..., x p we are able, save for a factor not 
depending on x } y, to express this polynomial as the product of (a?— &i)...(a?— h) 
by a determinant of p rows and columns of which, for r > 1, the rth row is 
formed with the elements 

A a — 1 

x rUr x r Vr Vr M M-1 ^ 

Hi,) <#>(*,)' r ‘ r ’ 

wherein (j>(x ) denotes (x- b x ) ... (x — fa), the first row being of the same 
form with the omission of the suffixes. 

Therefore, noticing that F is symmetrical in the places x lf ..., x pi we 
infer, denoting the product of the differences of x u x p by &(x u ..., x p ), 
that 

\x K r y r Jr_ M M-l J 

= <l>(x r )'-’<t>(x r y r> r ’"’ I 

S’ (w| !**•»*) A(«J, ..., Xp) * 

where G is an absolute constant, and the numerator denotes a determinant 
in which the first, second, ... rows contain, respectively, x u x 2> ...; and here 

when k is even, \ p —p — \ — \k 

and when k is odd, X = £(/? — 3), p ==p - \ (k+ 1). 

210. By means of the algebraic expression which we have already 
obtained for the quotients ^ (u\u b > a )/^ (u) y we are now able to deduce an 
algebraic expression for the quotients 

& (u\ u b " a 4- 4- u bk > a )fo ( u ) ; 

since it has already been shewn that by taking k in turn equal to 1, 2, . . . , p t 
and taking all possible sets b lt ...» b k corresponding to any value of k, the 
half-periods represented by u b " a + 4- u bk > a consist of all possible half- 

periods except that one which is identically zero, it follows that, in the 
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hyperelliptic case, if u denote u z " a ' 4- 4- vfr' 0 *, and q denote in turn all 

possible half-integer characteristics except the identically zero characteristic , 
all the 2^ — 1 ratios ^ (u ; q)fo (n) can be expressed algebraically in terms of 
x u ..., x p ,by the formulae which have been given. 

The simplest case is when k = 2 ; then we have X = 0, p = p — 2, and 

^ ( u\ m 6 ' * a + u b *> a ) ^ (u) _ „ & y r 1 

^ (u | u b « » a ) & (t< j u b * * ®) ,.=i (# r — 6^ (a? r — 6 2 ) S' (a?,) ’ 


where R (x) = (x — #,) (x — x 2 ) . . . (x — x p ), and C is an absolute constant. 
Denoting the quotient ^ (u\u bi ’ a + u b " a )fo (u) by q bxt bi , we have 

<1K h = A. (iC /_ _ ft 2 ) ’ 


where ,d 1>2 is an absolute constant; and there are p(2p + l) such 
functions. 


When k = 3, we have X — 0, p=p — 2, and, if </ 6ii 6i> 6a denote the quotient 
^ (u\u b " a 4- a + a )/$- (m), we obtain 


l lK b it b 3 = Bi, 


£ yr 

- {Xr _ bi) (i r -63) 


1 

S' (a?,.)’ 


where 2> 3 is an absolute constant. It is however clear that 


Jb xj b, _ 96, , _& 3 _ /£ _ jv , 6 , 

A lt q bi q b , A»q bl q b , X ' 3j B ixl q b ,q b ,q b , ' 

so that the functions with three suffixes are immediately expressible by those 
with one and those with two suffixes. 


More generally, the 2^-1 quotients ^ ( u ; q)fo (u), depending only on 
the p places x u ...,x p> must be connected by 2 ®p — p — 1 algebraical rela- 
tions; and since (Chap. IX.) any argument can be expressed in the form 

tt*i' a, + 4 it follows that these may be regarded as relations 

connecting Riemann theta functions of arbitrary argument. This statement 
is true whether the surface be hyperelliptic or not. 

Of such relations one simple and obvious one for the hyperelliptic case under con- 
sideration may be mentioned at once. We clearly have 




and therefore 


Sb * b * (*0 ^ (*) + Sb » b ' (*) ^ (“) + ^h 2 ^ 6 > 6 * M Sb * M = °* 

■“23 “31 


It is proved below (§ 213) that : ^ 2 31 : ^ 2 i 2 =(fyj~ 6 3 ) : (b z ~b^) : ( b x ~b 2 ). 

Other relations will be given for the cases p—% p=3. A set of relations connecting 
the < 7*8 of single and double suffixes, for any value of p, is given by Wcierstrass ( Crelle lii. 
Werke 1 . p. 336). 
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211. Ex. i. Prove that the rational function having the places x v ..., x pi a, as poles, 
and the branch place b as one zero, is given by 






1 


~x r -bK{x t y 


where It (£) = (£-#)(£ — x t ) (£-# p ), and, in the summation, x 0i y 0 are to be replaced 

by x, y. 


Prove that if u denote the argument 


u = u x > a -f u Xl • a * + + vf p ' ttp t 

then 

W ( u\u*>-°) _ Zy 

S 2 (w) ^ (b-x)(b-x 1 ) (b-x p y 

where A is an absolute constant. 

Prove for example, in the elliptic case, with Wcierstrass’s notation, that 


<r x (u+v) 
tr (m + 4 




Ex. ii. If Z r denote the function Z when the branch place b r is put in place of 6, and 
It (b r ) denote (b r —x) (b r - x t ) (b r — x p ), and we put 


prove that 

*Z t Zk^BRiJ)^ . 


S(u\u b " a + + 

9(u\u b " a ) ${u\u bk ’ a ) 



X K ~ X 
<t>(x r ) r 


h i_ y 1 r?~ x 1 1 
<*>’*'■* * l \ 


(f>(x x 


- 7 -A(x, x lt ..., x p ), 


where B is an absolute constant, A (a*, x x , ..., x p ) denotes the product of all the differences 

of the (/>+ 1) quantities x, x u ..., x pi <p (x r ) = (x r - b x ) (x r ~ b k ), and the determinant is 

one of^+1 rows and columns in which, in the first row, x Q , y 0 are to be replaced by x y y. 


Prove that, when k is even, A=£(£-2), and, when k is odd, A— \{k- 1), 

P=p-b(k+l). 

«... j. a constant 


Ex. iii. Hence prove that the function 
multiple of 


^ •*<*»> Ufa* -JL Ja : <■ <j 1 1 


This formula is true when k= 1. 


A (x } x lf ..., x p ) 


Ex. iv. A particular case is when k-2. Then the function 5 (u|tt & ‘ 1 a +u b% ’ a )j 3 (u) is 
a constant multiple of 

&-*> (&,-*,) (b t -x v ) g ^ , 

wherein R (£)«({-*’)({-*,) (£-*„). 

Ex. v. Verify that the formula of Ex. iii. includes the formulae of the text (§ 210) ; 
shew that when x is put at infinity the values of A, p in the determinant of § 209 are 
properly obtained. 
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A SUM OF p 4* 1 INTEGRALS. 


Ex. vi. Verify that the expression yfr(x,b; a, x lt ..., x p ) of § 130, Chap. VII., takes 
the form given for the function Z of Ex. i. when a is the place infinity. 

Ex. vii. If f(x) denote the polynomial 

X+X^+X^* •fX ip+2 ^ + », 

prove that any rational integral polynomial, F(x, z), which is symmetric in the two 
variables x , z and of order p -f 1 in each of them, and satisfies the conditions 

F(z, *)=2 !/(*), 

is of the form 

F(z, z)=f(x, z)+(x-zf^(x, z), 
where (cf. p. 195), with X 0 =X, X 2p+3 =0, 

p + 1 

f(x,z)= 2 x i z l {2X 2 i + X 2t + 1 (x+z)}, 
i*0 

and yjr (x, z) is an integral polynomial, symmetric in x t z, of order p- 1 in each*. 

In case p—2, and f(x)=(x-a 1 ) (x— a^(x~c) (x-c t )(x— c 2 ), prove that a form of 
F(x, z) is given by 

F(x, z) = (x- ttj) ( x - a 2 ) (z — c)(z — Cj) (z - c 2 ) + (z - a { ) (z - a 2 ) (x - c) (x - c t ) (.r - c 2 ). 


Ex. viii. If for purposes of operation wo introduce homogeneous variables and write 

/<*)=x*rwrv +x ap+lV r%x a>t! *r i , 

prove that a form of F{x % z) is given by 

z) = jaj+T ( x ‘ S7 t + ** 07 2 ) f 


where, after differentiation, x lt x 2 , z lt z 2 are to be replaced by x, 1, z, 1 respectively. 

This is the same as that which in the ordinary symbolical notation for binary forms is 
denoted b yf(x, z)=2a^ +1 a^\f(x) being af +2 . 


Ex. ix. Using the form of Ex. viii. for F(x, ^), prove that if e u e 2i x, x lt 
be any values of x, we have 


v 

2 

r=0 


fM 

[(r\x r )f 


+ 22 


f{x ri X ,) _ , f( e u e t) 

(}• (x r ) G' (x t ) [G^ejf + [G 1 (ejy + G ' (ej G' (e 2 ) ’ 


x p 


where G (£) — (£ - ej (£- e 2 ) (£ -x) (^-x^ (£- x p ), and the double summation on the 

left refers to every one of the \p (/; + !) pairs of quantities chosen from x, x lt ..., x p . 


Ex. x. Hence it follows +, when y 2 =f(x), y r 2 =f(x r \ etc., and R{£)~{£-x) (£-x\) ... 
that 


^i) «(«*)[: 


P 

S o(v 


.Vr 

' *^r) ( e a ” x r) ( x r). 


T 

V). 


/( e i) ft (e 2 ) 


f(* 2 )^ 1 ) , /(*.*) 
( e l "" e z) i ft ( e z) ( e l ~ e 2) a 


is equal to 


R(e l )R(e 2 )22 


x,) 

~0'(x r ) G'(x,y> 


* It follows that the hyperelliptic canonical integral of the third kind obtained on page 195 
can be changed into the most general canonical integral, * (p. 194), in which the matrix a 
has any value, by taking, instead of/(x, z), a suitable polynomial F(x, z) satisfying the conditions 
of Ex. vii. 

t The result of this Example is given by Bolza, Qdtting. Nachrichten t 1894, p. 268. 
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where the summation refers to every pair from the p+1 quantities ..., x pt and 

J(.r } z) denotes the special value of F (.r, z) obtained in Ex. viii. 


Ex. xi. It follows therefore by Ex. iv. that when b l , b t are any branch places of the 
surface associated with the equation y* -/(#)=(>, there exists an equation of the form 


r P(v^u b “_ a + u b ‘^) 

■ser 


=It(b l )It(b i )S2 


*■) fih.Jh) 
«"(*,) < 7 - (*.) “(V *>*)*’ 


where C is an absolute constant, U (£) — (£ - b{) {£-b 2 )($—a;)(£-x i) - x p ), and 
u = w*' a -f w* 1 * a ‘-f- +«**’ ap . The importance of this result will appear below. 


212. The formulae of §§ 208, 210 furnish a solution of the inversion 
problem expressed by the p equations 

+ + C a ' = te i; (t = 1 , 2, p). 

For instance the solution is given by the 2p + 1 equations 

> = -^ (* — «*) --- (6 -«p); 

from any p of these equations ®j .r p can be expressed as single valued 

functions of the arbitrary arguments u p . 

And it is easy to determine the value of A \ For let b„ .... b p ,b,' b p 

denote the finite branch places other than b. As already remarked (§ 201 ) 
we have 

(c, Ci, , Cp) =s (o, Oj , .... Up) 

and therefore 

(b,b u ...,b p ) = {a,bi, ...,b p ). 


Now we easily find by the formulae of § 190, Chap. X. that iff-* be a set 
of ip integers, 1\, ..., P p , P,', .... P p , 

+jn P , ijip) y _ 

V(u + in P ) »•(«; tP) e 

hence, if «»'<• = ^S1 P , P , and w, = • “ + +ub>« we have, by the formula 

under consideration, writing b u ...,b p in place of ®, sc P , the equation 


*00 " 


= A (b-b,) ...(b-b p ), 


and, writing b,', ..., b p in place of®!, .... x p , we have 


»» (u 4- «) 


= A(b-bi')...(b-b P l ); 


thus, by multiplication 


e -m PP = ^» ( 6_6 i) ...( 6 _ hp) {b _ W) ... (4 _ bp y 



213] 

and hence 


IN THE HYPERELLIPTIC CASE. 


317 


a ) = + (b -x x ) (b — a? 8 ) .. . ( b-x p ) 

&(u) " 'Je* ipp 'f{b) 

where f{x) denotes (x — Oj) . . . (x - a p ) (a? — c) (a? - c x ) . . . (x - c p ), and e viPP> = ± 1 
according as u b > a is an odd or even half-period. 

The reader should deduce this result from the equation (§ 171, Chap. IX.) 

K < (7 ‘ ^ V.) .... v r ; 

by taking Z to be the rational function of the second order, x. 

When u=u* > ' a +v,*" a, + + u Xj>,a P, we deduce (see Ex. i. § 211) 

3*(u\u h - a )_ y { b-x){b-x x ) .(b-x p ) r p y T 1 1* 

^ (u) “ 4V e "< piy f'(b) \jr-Q x T -b R (x r )y 

where R (£) = {£-x)($-x x ) (£ - #p)- 


If in particular we put b in turn at the places a lt ..., a p , write 
P (a?) = (a? - ctj) . . . ( x - a p ) and Q (x) = (x - c) (# — c x ) . . . (a? — c p ), and use the 
equation 

{x — X y ) . . . (x Xp) 1 i ^ (^* *^l) . « . (cij Xp ) 

P(x) 1 (tf - tti) P' (Oi) * 


we can infer that x u ..., x p are the roots of the equation* 



P («t) a t - # 


where e t - is ± 1 and is such that we have 


(u\ u**> a ) __ c (cii - x x ) . . . (di - x p ) 

S - 2 (w) V - F (di) Q {a*) 

Another form of this equation for x u ..., x p is given below (§ 216), where 
the equation determining from Xi is also given. 


213. We can also obtain the constant factor in the algebraic expression of the 
function S («|« 6 " “+M 4 ” *) 3 (u)-i-S (* «*"“) 3 («|«‘*’ “). 

Let b A , b. t denote any branch places, and choose z lf % so that 

u Xl • *» + +w r P’ °p+ u bl > a = u*' » a ‘ + +u z v a P ; 

then 2 P , a are the zeros of a rational function which vanishes in x x > ..., x pi b x . 

Such a function can be expressed in the form 

(x-b x )(x, 1)p- x 




Cf. Weierstrass, Math. Werke (Berlin, 1894), vol. i. p. 328. 



318 


DETERMINATION OF A CONSTANT FACTOR. 


[213 


where (#, l)* -1 is an integral polynomial in x whose coefficients are to be chosen to satisfy 
the p equations 

-yi+te-tytef l) p "‘ 1= 0, (t*l, 2, ...,p) ; 

thus the function is 


jl +u-b 1 1 -Jk- 1 

F(.v) +{ * (*-**)*" (*<)’ 


where F (x)*=(x-.v x ) ... (x-x p ) ; and, if the coefficient of .r^ + 1 in the equation associated 
with the Riemann surface be taken to be 4, we have 

(*- W WP [I 

and therefore, putting b$ for .r, 

( b 2 ~ Z l) ( &2~ 2 p) \ [~1 jg - 1- - T 

(*2 “ *i) ( b 2 - *p) 1 2 L_Vl (*< “ &l) (*») J ‘ 

. Now we have found, denoting u x " a ' + + • a *> by u, and u Zl,eti + + u Zp » ° p by v, 

the results 


3*(«J^ a ) = . (6,-*!) (b t -x v ) (*[«>» a ) 

3‘M - •J.HPF'f'Q j ’ rn(v) - J e «pr f’ (h) > 


3*(u) - V, 

where ?/-’ a =\Q p p ; hence we have 

■9>| ^ a )^(tt ) r P _y, _ 1 7 

(®)3 2 (u| “) 1 2 L 1*1 (*,-A,)(^, - S 2 ) /" (.r,)J ’ 

which, by the formulae of § 190, is the same as 

3 (u I it*' • a +u b ” a )3(u)_ j , — r p 

J(«|« 6 '' a )5(M|» 6 *’*) 1 *-i 2 (*<- 6,)(x,-6j) F'(x\) ’ 

where e is a certain fourth root of unity. 

Thus the method of this § not only reproduces the result of § 210, but determines the 
constant factor. 

Ex. Determine the constant factors in the formulae of §§ 208, 210, 211. 


214. Beside such formulae as those so far developed, which express 
products of theta functions algebraically, there are formulae which express 
differential coefficients of theta functions algebraically; as the second 
differential coefficients of ^ (u) in regard to the arguments u u u p are 
periodic functions of these arguments, this was to be expected. 

We have (§ 193, Chap. X.) obtained* the formula 

— f t * (u* 1 m — U * 1 » m > — — vfr* m p) + fj m — U Xl ’ m > — — **»») 

= £?'* + ! h, i [(«*. x) - («*, ^)] ^ ; 
k-i at 


Ct, also Thomae, Crelle t uu., xciv. 
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we denote by h r the sum of the homogeneous products of x lt ... , x pt r together, 
without repetitions, and use the abbreviation 

Xp-i fa ; , ...,x p ) = x*-* - - + ; 

further, for the p fundamental integrals wf M , ..., u p M , we take the integrals 

f 9 dx t 9 x doc f x x p- 1 dx 

K J'h y~ y '"’L T ’ 

then it is immediately verified that 


Vk 


*i> ... >x p )/dx k 
*~ yk F'(x k ) / dt’ 


where F(x) denotes (x - x x ) ... (x — a^). 

Thus, if fi t v denote the values of x and y at the place /&, we have, writing 
a, a lt ..., a p for m t m lf ..., m p (§ 200), 

- ?< (tt** a - a ‘ - - tt*P« Op) + f. (^, a _ M *,, a, - ^ w *p, Op) 


= LV + i I 

*=1 * ( a 'i) 


y + y* _ y* + VI . 

iCjj "■ X X k p> 


therefore, also, the function 

£,<«*.<•+ + + +z**_ i I*"-' *> 

k=i F (x k ) x-x k 

is equal to 

» + «*■•»' + +M *p. <*) - i i llL^p) 

Jb=l ^ (#*) P> — ®k 

which is independent of the place x. 

Now let R ( t ) denote (t — #) (t — a?,) ... (t—x p ), and use the abbreviation 
given by the equation 

VXp-i ( x > , V\Xp-i^ ' r > x *> •••>«!)) . &>Xp-<(V> a?i, 

~ ~W(xj ~ * R(x x ) 5'(^) 

~fp—i (#> #1 > •*.» #p) j 

then also 

?i» _n" > 5s} _l 
‘ + 


. ypXp-i -liXp] /. / v 

■ + 2r" (afc) • • • » *W- 


Now Xh(*iI a?„ ...» *1.^* •••»**) 

is equal to 

[x [ ”* — a??”'” 1 (a? + A^) + Xi " l “ a (a?^ + A?,) - + (— l^ajA^^J 

- - a?x " l l (a?j + k x ) + a?x"'" 2 (a>j A?j + fa) — + (— 1 )*“*#! A?p_*_J, 
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wherein k r denotes the sum of the homogeneous products of a? 2 , .... x p , 
without repetitions, r together, and is therefore equal to 


or to 
Hence 


<*, - *> [*r'" - »r *"% + + 

— X) (#1 J SCn , . . . , #j>). 


_ Xp-* (® 1 ; fijL Xy- i-1 ( g ! * 

# (a?,) (a*! - x) F' (*,) 

_ _ Xp—* (^1 ’ #g> » »» > #y) 1 | *‘— I (^1 > ••• > ^j>) 

F' (a^) a? — a*, F' (a*,) 


While, also, 


Thus 


Xp-* (# > • » • > #p) _ 4 Xp— » O fo » Xl * •••* x p) 1 

#(*) ” *=i M x—x k ' 


f (xx Xi v y~y* i / . f r «) 


Therefore the expression 

ft (w x ’ a + w*. «p) + Z? M + Z?’ * 4- ... 1- L X r * - i/p_, (*, *„ . . . , 

is equal to 

fj (M*. + w*p* “r.) + L x : ' M + . . . + L?' M - J/^-i (a, *i, .... V 

In this equation the left-hand side is symmetrical in a\x u ..., x p , and the 
right-hand side does not contain x. Hence the left-hand side is a constant 
in regard to x , and, therefore, also in regard to a?,, ..., Xp. That is, the left- 
hand side is an absolute constant, depending on the place /*. Denoting this 
constant by — C we have 

- (i (w*» • + ■ a > 4- + u*p » «i>) = L *' M 4- L X i ’ M + + X ?" * * 


y xv-j ( x > 3 * ,,< > a; p) _ __ ypx p-* ( a 'pi x > x j> •• •* x p -i) . /•» 

212' (i) 2I2'(ar |/ ) ' " h * 


215. From this equation another important result can be deduced, 
is clear that the function 


It 


- & (u*> • + w*. * •« + + U* . «p) - LT ' *' - - Z ? 1 ■* 

does not become infinite when a? approaches the place a, that is, the place 
infinity. If we express the value of this function by the equation just 
obtained, it is immediately seen that the limit of 

- ykXp~i( x k ; Xp) yhXj^-i (x k ; ..., x p ) 

2R'(x k ) 2 :F(a*) 



215] BY ALGEBRAICAL INTEGRALS AND RATIONAL FUNCTIONS. 


321 


and that the expression 

yXp-i(®> x \> •••> flfr) 

2 R' (x) 

1 2 

when expanded in powers of t by the substitutions x — - , y = — ^ (1 + At 2 + ...), 

where A is a certain constant, contains only odd powers of t. Hence the 
limit when t is zero of the terms of the expansion of this expression other 
than those containing negative powers of t, is absolute zero, and therefore, 
does not depend on the places x u ..., x p . The terms of the expansion which 
contain negative powers of t are cancelled by terms arising from the integral 

Since this integral does not contain x lt ..., x p we infer that the 
difference 

j x > j* vxp-i j • • • > x p) 

2 R r (x) 

has a limit independent of#!, ..., x p) and, therefore, that 

*=l \Xk) 

no additive constant being necessary because, as f t - (u) is an odd function, 
both sides of the equation vanish when x lt x p are respectively at the 
places a u ...,a p . As any argument can be written, save for periods, in the 
form ?(*«• *» + ...+ u 9 t» a r, this equation is theoretically sufficient to enable us to 
express (v) for any value of u. 

Ex. l. It can easily be shewn (§ 200) that 

u c,a +u c ' >a ' + + u c i'’ a »= 0. 

Tlius the final formula of § 214 immediately gives 






i j x p’ c p_ 4 c » - y i> Xp) 

+ A nil “2 &-c)F r (x k ) 


Ex. ii. In case p—l we infer from the formula just obtained, and from the final 
formula of § 214, respectively, the results 


">-4" ' - Ci («*■“+!<*" °')=4' 

where D is an absolute constant. Thus 

c, (»*• “+«*•• “‘)=Ct(«’ r ' a ')+Ci(«*" - A 

This is practically equivalent with the well-known formula 


C (*+»)= f («)+ C M + i ^ • 

The identification can be made complete by means of the facts (i) The Weierstrass 
argument u is equal to w w »* in our notation, so that y= - <p' («)» (“) u *' a> =« + «'-«> 80 

that fl, )« & (»+»'-«)= f X , as we easily find when is 

« 21 
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chosen as in § 138, Ex. i., (iii) d{u = , (iv) therefore Ci( w ** a ‘) — ( v ) the branch 

places c lt a lf c are chosen by Weierstrass (in accordance with the formula 0 1 +*a+ c 3 “O) 
so that the limit of jf>w- ~ , when «®0, is 0. The effect of this is that the constant 
D is zero. 

Ex. iii. For p—2 we have 
-&(«*’*+ U x ' • a ‘ + u x * = 

y{x-x x -x 2 ) _ y x _ to(**-*-* i) + C 

2 (x - jcJ (x - x 2 ) 2 — x) (# A — # 2 ) 2 (^ a - a*) (x 2 -.r 1 ) 1 


- Cs («*’ ‘ + 14*“ fl ‘ + u x »> • •») = ZJ* * + Z*“ * + ZJ“ 1 M 


yi 


Vi 


and 


2(x- Xj) (x - x 2 ) 2 (x t - x) (x x - x 2 ) 2 (x 2 - x) {x 2 - xj 


+ C 2 


-C l (u?" a '+U*” “.)=Zf- a '+i?- ‘•■-i 3 ' 1 y \ -f 8 («*•• °‘+k**- “*)=£?■• °'+Z**> «*, 

where with a suitable determination of the matrix a which occurs in the definition of the 
integrals Z*’ H and in the function S (w), we may take (§ 138, Ex. i. Chap. VII.) 

*= /* J- (x^+zx^+ax^), xj. <*= , gx 6 **. 

For any values of p we obtain 

- ( p (»*'• “>+ +«*<■• »p)=z*" + +ZJ>' “p=V + f**—* . 

Ex. iv. We have (§ 210) obtained 2 2 * 1 - 1 formulae of the form 
3(ttlift» g + + u h * ' a ) , 


m 




where Z is an algebraical function, and the arguments m a , u p are given by 
u—u Xu a ' + 4-^’ °p ; 

the integrals being taken as in § 214, these equations lead to 


Hence we have 


^ x r _ _ r dfX r ^ Xv-i\ x r> x li •••> x i) 

duT ni dt ~ Vr F'{x r ) 


&(* i“* ,,0+ * ?) ¥§ r - ■ 

For instance, when £=1, and Z is a constant multiple of *J(b l —x l ) (6,— x p \ we 

obtain 


so that 


t2(u\u b " a \ — t;(u\— X v Xv-i( x r\ x 1 1 x p) 

C<W« ) 27^ X r —bi 


-£<(“!«*• ‘HZ*' “■+ x, *„) 

+ ~X~-b J 

= Z* ,,a ‘+ a. 7/p* a p- | — / r ‘" i- fo ) 

# + < r^SF'^r) ^ 
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By means of the formula 

Ci P') = *7<, i A + +W, p P i P pPp+(i ( u \h Op, p/), 

which is easily obtained from the formulae of § 190, we can infer that the formula just 
obtained is in accordance with the final formula of § 214. 

Ex. v. We have seen (§ 185, Chap. X.)that in the hyperelliptic case there are ^ 

even theta functions which do not vanish ; and the corresponding half-periods are con- 
gruent to expressions of the form 

U X *' a ' + 

It may be shewn in fact that these half-periods are obtained by taking for x lt ..., x p the 
^ 2 p-f-l^ sets of p branch places that can be chosen from a x , ..., a P) c y c ly ..., c p . 

Hence it follows from the formula of the text (p. 321) that if %Qk be any even half-period 
corresponding to a non-vanishing theta function, we have 

c t (tOk)=Qm- 

This formula generalises the well-known elliptic function formula expressed by £< 0 = 17 . 
To explain the notation a particular case may be given ; we have 

6(« i,r. « 2 .r, *n.r) = *.r, or Ci - - L *"' * 

and 

(i (®'l. r, “'2. r) =l\ r, or {, (»'' • *) - 

Thus each of the 2 p 2 quantities 77 ^ r , t)\ r can be expressed as ^-functions of half- 
periods. 

Ex. vi. The formula of the text (p. 321) is equivalent to 
+u x ”' a r)=L f" a ' + 

fc= 1 v u * + 1 

where 

u r =u x " a ' + +u Xp ' * p . 

T r r 

For example when p= 2 

- f, (*)■ + i ^ (*1- + *>)■ = L x ,‘ ' “* 

216. It is easy to prove, as remarked in Ex. iii. § 215, that if 
u = u x * » a » + + u ***» a r, 

and the matrix a (§ 138, Chap. VII.) be determined so that the integrals 
have the value found in § 138, Ex. i., then 

p f x b gjp dx 

= v • 
k-lJ a k y 

o 

Therefore, if — ^ (w) be denoted by <Q r% < (u), we have 
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and thus, as follows from the definition of the arguments u, 

9 | 4%£±( x J. i x ' V 

where F (x) denotes (x — x l )...{x — x p ). 

Whence, if x be any argument whatever, 

p v ^ 1 Xp~ i i x k> Xl} x p) 

2 **-* ft, i (it). = i Vh 2 — L 


[216 


but we have 


Thus 


F' (x k ) 
hti{x-x k )F' (x k y 


>, § ^(*) 

— £A,2p +1 4 


5 tc* -1 ft,, i («) . ! 4"' ft, < (“) 

= £ *“1 

k=i(x-x k ) F'(x k )' 


£, ,-i 


F(x) 


i\m x k = 2 4" ft,, < ('«). 

i -1 

Thus, if we suppose = 4, the values of a?!, ..., x p satisfying the 
inversion problem expressed by the equations 


u = u x " rt > + 4- u x /» 


are the roots of the equation 

F(x) = xP- a?-' fp IK p ( u ) - xP-*p P} p _ x (u) - - f Pll (u) = 0. 

In other words, if the sum of the homogeneous products of r dimensions, 
without repetitions, of the quantities x u ... , x p be denoted by h r , we have 

hr = (-) r ' 1 y p , p - r+ i(ll). 

Further, from the equation 

dx k = yhX p-i( x k \ *i Xp) 

dui F' (x k ) * 

putting p for i, we infer that 

because F (x k ) = 0. Thus, if we use the abbreviation 

dF(x) 

f(x) = - = x f ~' ft, p, p («) + ^ft, p, p_, («) + + ft p, , («) 



we obtain 


(«»). 
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These equations constitute a complete solution of the inversion problem. 
In the ^-functions the matrix a is as in § 138, Ex. i., and the integrals of the 
first kind are as in § 214. 

We have previously (§ 212) shewn that x u .... x p are determinable from 
p such equations as 

(u\u ait a ) _ ^ (dj — #i) . . . (dj • — Xp) _ ((lj ~ Xj) , . . (dj — x p ) ^ 

V^(oi)Q(*) ’ !H 

Thus we have p equations of the form 

Sr 2 (dw a »’ a ) p p - i , x p - 2 . . 7 v 

A 1 * ^.2 ( u y — a i ~~ a i Pp, P ( U ) a i Fp, P - 1 ( W ) ““ Sfo 1 ( W )* 

Ex. i. For = 1 we have 

lh i(«). = ®i+gp lo « 5 (“)- 

This is equivalent to the equation which is commonly written in the form 


n 2 (u s/ex — e^ 


Ex. ii. For p =s 2 we have 


Ml , («) - ft. I («), 

Ma = “a*- «»ft. * («) - ft, , (k). 

We may denote the left-hand sides of these equations respectively by /a^ 2 , /a 2 </ 2 2 . 

Ex. iii. Prove that, with /q y x 2 = a/ 2 - jf> 2 , 2 (w) - g> h 2 (u) f etc., /q - ± \/ (<q), we have 

— P22 ( u ) Pvt ( u ) “ P12 ( w ) P22 ( w 0 + ( rt i + a 2 ) [^12 ( w ) ~ P12 «i « 2 [^22 ( w ) ~ IP22 ( ? 0 ]« 

JEv. iv. Prove that 


, 9a?. , , p-i dx a 

V'-du+^du* +x ‘ 

Ex. v. If, with P {x) to denote (x~a t ) (x - a p \ we put 


_ f*i P(#) + [ Xp — ^ ^ 

r J axX-ar 2 y + + Jo„ A--ct r 2y ’ 


prove that 


9 0 __ 9 

3 f, + + sr ) , _z aM; - 


2ft;. vi. With the same notation, shew that if 


'-/>>!♦ + J><' 

0G»_ (Oi-X ,) (<!<-#,,) 

3rr P(a,) 


then 



326 


EXAMPLES. 


[216 

The arguments Fj, V p are those used by Weierstrass (Math Werke^ Bd, i. Berlin, 
1894, p. 297). The result of Ex. iv. is necessary to compare his results with those here 
obtained. The equation y r ~^(^r) lii given by Weierstrass. The relation of Ex. vi. 
is given by Hancock (Fine Form des A dditionstheorem u. 8. w. £> 188 . Berlin, 1894, 
Bernstein). 

With these arguments we have 

w ~ y^7) =a %-b p '( a i) 0T t & ^ " 1 ^ P ^ 0T t (aTj + + 0F ,) log S ^ 

Ex. vii. Prove from the formula 

- f. (»*■ “+*)+£. (^ “+«)=if M +jU. ( [to, *)- to, m)]^ . 

where 

+ + u * P*«P } 

that the function 

a p» («*• •+•) 2 to .... *„) 

3«. g L e J~ 7^) 

is independent of the place x. Here c is an arbitrary place and F(x) — (x - .t\) (x- x p ). 

Ex. viii. If denote the integral U*’ * - 222a t> ; u 2 ,' c uj' a , obtained in § 138, and 
F^’ a denote prove that in the hyperelliptic case, with the matrix a determined as 

in Ex. i. § 138, when the place a is at infinity, 

F x ' m _ _ ( X 

a 2 y 

Hence, when X !l/)+1 =4, shew that the equation obtained in § 215 (p. 321) is doducible 
from the equation (Chap. X. § 196) 

F£ m ' 4- + F*£ *•*>— - I fir (m) (‘ u z 1 * Wl ' + + u s p * "**). 

Ex. ix. We can also express the function ( p (u+v) - ( v (u) - (v), which is clearly a 

periodic function of the arguments u } v, in an algebraical form, and in a way which 
generalizes the formula of Jacobi’s elliptic functions given by 

Z(u)+Z (v) -Z(u+v)—k 2 sn u sn v sn ( u 4- v). 

For if we take places ,r l# ..., { P9 such tliat 

usu Xl> a, + 4. u Xt> * a * 

v=zu* i* a ‘ + 4-w* p ’ 

- U -1)214^’ ai 4- 4. vfv' a V t 

ihese 3jo places will be the zeros of a rational function which has a if ..., a p as poles, each 
;o the third order. This function is expressible in the form (My 4- NP)jl n , where P 

lenotes (x - a^) (x - a v \ M is an integral polynomial in x of order p- 1, and N is an 

ntegral polynomial in x of order p. Denoting this function by Z, we have 

ip M + (p W - Cp (» ■ + v)t = L %v * a ' ‘ 4- . . . 4 - Ify • a » 4- L* x ' *» 4- . . . 4- L zp ’ ** 4- L ( " ’ ® l 4- . . . 4- l£v \ 

p * v p p P 

rdj 1 
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by § 154, Chap. VIII., where I—L*’ ' A = s iX 2p+1 f . Writing Z in the form 

J m V 

+ )y + {aP+ )P 

jn » 

and taking X 2p+ i— 4, we find the value of the integral K to be -2 A. 

But from the equation 

N*P - 4 JPQ=(x - x x ) {x-x p ){x-z x ) ip-z p ){x -( ,) {x - Q, 

where Q=(x-c)(x-c l ) (x- c p ), we have, putting a t for x, 


p&m t =2 V - Q K) (Aa p ~ l + ...), (* = 1, 2, ...,jd), 

where p i =V(a t -x 1 ) («»-*„), w i =V'(a < -^ 1 ) («» - C P ) ; 

solving these equations for J we eventually have* 

c»(*)+c»(»)-e,(«+»)“5 —2^ 


V-§(a,)' 

x. Obtain, for jo=2, the corresponding expression for ^ (w) -f £, (v) - Ci ( tt + v )‘ 


Ex. xi. Denoting 


PW\/-«W 


- by (7 t , the equation 


gives 


(*) + fp W - («+ ®) = 

-fPr, r (u) + Pp, r (v)= 2 CT *> ( r=1 > 2 > •••» P)» 


where p? denotes ( a x ~ x p)< 


It has been shewn that p t is a single valued 
and it may be denoted by p x (u). Similarly nr, is a single valued function 


function of i 

of u+v t being equal to p t ( — u - v). The equation here obtained enables us therefore to 
express p x (u+v) in terms of p t (w), p { {v), and the differential coefficients of these; for 
we have obtained sufficient equations to express r (w), jp Pt r ( v ) in terms of the functions 
Pi (w), p t (v), A developed result is obtained below in the case jt?=2, in a more elementary 
way. 


217. We have obtained in the last chapter (§ 197) the equation 
22j ?i, } - «*»■ ’"») /4< (x) /t< («„) = D x DxplC p %- 

i 3 

Hence, adopting that determination of the matrix a, occurring in the 
integrals Z? 1 '*, and the function S-(w) (§ 192, Chap. X.), which gives the 
particular forms for Zf M obtained in § 138, Ex. i., we have in the hyperellip- 
tic case 

(«*•»+«*'■»■ + + «*<>. °p) _ /<**) -ffir _ 

t i w V® “ X r) 

P+1 

where f(x, z) = 2 [2X^ + Xrf +1 (a? + *)]. This equation is, however, in- 

»=o 

* This equation, with the integrals L x ' a on the left-hand side, is given by Forsyth, Phil. 
Trans . 1883, Part i. P 
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dependent of the particular matrix a adopted. For suppose, instead of the 
particular integral 


we take 


r x,n n . x , 

2^ » — I ~ ^ ^fc+i+i (A? + 1 t) 

y k~% 


ir- $ 

*= 1 


where C t| * = C ki ; then (§ 138) this is equivalent to replacing the particular 
matrix a by a 4- i G t where G is an arbitrary symmetrical matrix, and we 
have the following resulting changes (p. 315) 

Bg*c (p* 194) becomes changed to R*] * - k u *’ a %' c , so that, 

/(a?, z) (p. 195) becomes changed to f(x, z) - 4 {x — zf 

^(«) (§ 189) becomes multiplied by 

and thus & (u) is increased by G it + + and instead of fp t } (u) 

we have jffy j (w) — C{ t j. 

Since now u x > a + u x » » a * = a + a*' tt «, we have ip (p + 1) equations of the 
form 

where w = “ l + 7- = 0, 1, ..., p, and s = 0, 1, ..., p. 

Hence, if c*, e 3 denote any quantities we obtain by calculation 

here the matrix a is arbitrary, the polynomial / ( x r , a?*) being correspond- 
ingly chosen, and 

Suppose now that /(a?, s) = / (#, 2:) + 4 {x - ^) 9 22ii»\ joi^xl" 1 , where 

» ? 

/(#, 2) is the form obtained in Ex. viii. § 211; then we obtain 

and by Ex. x. § 211 this is equal to 
1 R(e)R(e) l"§ T 

t W it W ^ ( , 3 _ „ f) K 4 (ei _ 6i y R W 

__ ,/X e a)2^(fi) , yx^u fa) 

4(^i — 0 3 ) a 22 (c 2 ) 4 — c 2 ) 2 
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and therefore 

SSpi, J («) e\ Vi 1 = J B (e.) -R (e») [$ ( ei _* r )(/l* r ) #(*,)] 

__ /Qi) i? (e a ) _ /(e 8 )i?(e ,) /(e,, fr ) 

4 - e 2 ) 2 # (ej 4 ($ x — e a ) 2 i2 (e a ) 4 (e t - e 2 ) 2 * 

This is a very general formula* ; in it the matrix a is arbitrary. 

It follows from Ex. xi. § 211 that if b u & 2 be any branch places, we have 

/. A /(huh) F ^('u\u b ‘’“ + u b ‘' a ) 

62 ~T(br-\y + E W(u) ’ 

where E is a certain constant (cf. §§ 213, 212). This equation is also inde- 
pendent of the determination of the matrix a. 

By solving ip(p + 1) equations of this form, wherein b u b 2 are in turn 
taken to be every pair chosen from any p + 1 branch places, we can express 

'ZXpi tJ (u)e as a linear function of \p{p + 1) squared theta quotients, 
i j 

^ e 2 being any quantities whatever. 

By putting b 2 at a, that is at infinity (first dividing by _1 ), and putting 
x also at a , this becomes the formula already obtained (§ 216) 

&(u\u a '> a ) p p-l , . . , 

Mi & - ®i p ( u ) ~ -&r, 1 («)• 

Ex. i. When j»=l, taking the fundamental equation to be 

the expression 

p + 1 

f (x, z\ = 2 x l z l [ 2 X 2 l + X 2 i 1 — — 2^3 ~g% (#4-z) -\r&xz (.r+s), 


2ys ~f(x, z) _ 2ys - (y 2 + jg) + 4 (a* - g 2 ) (x - z) 


= a + 2 "i(frl) S ’ 


4(#-s ) 2 4 (#-«) 2 *\x-z) ' 

if « 2 =4* 3 -0 2 s-y 3 . 

Therefore, by the formula at the middle of page 328, taking the matrix a to have the 
particular determination of § 138, Ex. i., 


this is a well-known result. 




Ex. ii. When p — 2 , we easily find 

R(e 1 )R(e i ) _ (a?-e t ) (a- e 2 ) 1 

(7' (# r ) <7' (#,) (a?- - x t ) (x r - ^) 2 

* It is given by Bolza, Gottinger Nachrichten , 1894, p. 268. 
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and thus the expression 

Pl, l(“) + («l + «s) + 

is equal to 

_ (x-e x )(x-e % ) 2 y t y 2 — /(j? lt x} _ (x x -e x ) (x x -%) 2yy 2 -f(x, x 2 ) 

( x - x t ) (x - x 2 ) 4 (x x ~ x 2 ) 2 (ar t - x) (x x - x 2 ) 4 (.v - x 2 )* 

_ (x 2 - e x ) (x 2 -e 2 ) 2yy x -/ (x,x x ) . 
(x 2 —x){x 2 — #j) 4(#*~ x x Y 

Herein the matrix a is perfectly general. Adopting the particular determination of 
§ 138, Ex. i., we have, since the term in /(#, z) of highest degree in x is X ap+ l tf > + 1 z p , =4 
say, by putting the place x at a, that is at infinity, the result 

Pi. i ( M ) + ( 0 i +0 2 ) 2 (w) 4- jjp 2) 2 (u)— - 2 ' “ x \ x * ( e i + *«) + e i e 2 (#i + ^ 2)5 

where <*>. 

iii. Prove, for jt? = 2, when the matrix a is as in § 138, Ex. i., that 
*>11 («) + *>12 (“) • (*1 + «2> + *>22 («) • *1% = — Mi * ~ — Ml ? l 2 

“l — « 2 — W 2 

+ £'-a 2 ^ + i(a^y +e ' e * (“1 +«i) -(«!+««) 
where e 2 ar e any quantities, u=u x " ai + u Zi ' ®», and fq, /x 2 are as in § 216 (cf. § 213). 


Ex. iv. From the formula, for p=2 (§§ 217, 216, 213), 

*>11 (»)+*>u (») ■ K+aa)+*>a(»)- «iO a = ?^ + /(a 1 '-^ ’ 

where eq, cr 2 are the branch places as before denoted, infer (§ 216, Ex. iii.) that 

*>.. W - *>11 (“')+*>, 2 M *>22 («') - *>12 (»') *>22 (“)= “ [V-sW-ffiV’+J.’V]- 

U 1 w 2 

Prove also that, for any value of m, and any position of x, 

Pn («*’ a + *) ~ P11 M + P12 (** 0 + “) P22 (w) - P M (**’ « + u) #> 12 (*) = 0 . 


Ex. v. If &!, b p+l be any (p+ 1) branch places, and e lt e 2 any quantities whatever, 
and L(x) — {x-b x ) (#— 6 P+1 ), M (x) = (x- e x ) (x~e 2 ) (x-b x ) (x-b p + x ), prove that 


22*>1,, O) <h~' **' 


■ r r . V r fr . T . (K -6,y r/(6 r ,6.) *+..»»■ " n 

- z(«.) Z( 6a ) 22 ^ (5j) [ 4(6f _ 5j)2 +zv, . 5 2 (a) J. 


where the matrix a has a perfectly general value, r, s consist of every pair of different 
numbers from the numbers 1, 2, ..., (/? + !), and E r% g are constants. 


218. We conclude this chapter with some further details in regard to 
the case p = 2, which will furnish a useful introduction to the problems of 
future chapters of the present volume. We have in case p = 1 such a formula 
as that expressed by the equation 




■ («)«*(» ') 

we investigate now, in case p = 2, corresponding formulae for the functions 
(v + v !) (m — u') (u + u'\u h > a )^(u — u!) 
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by division of the results we obtain a formula expressing the theta quotient 
by theta quotients of the arguments w, u' ; this formula 
may be called the addition equation for the theta quotient S- (u u b > °) 4 - ^ (u). 
Though we shall in a future chapter obtain the result in another way, it will 
be found that a certain interest attaches to the mode of proof employed here. 

Determine the places x lt x if Xy, x 2 so that 

u = u Xi * a ‘ + » *», u' = u x '' a » + u x *> a « ; 

then, in order to find where the function & 4* 4- a > + a *) 

vanishes, regarded as a function of x u we are to put 

u x * > 4- n x *> a * + u Xi> a ‘ 4* u Xi ' * a “ = u Xl » a — u Zi » a » — u z *> 

or (a, x 2> Xy , x 2 , z l} z u ) = (&i 3 , a 2 8 ) J 

thus the places z u z 2 are positions of x x for which the determinant 


v - ? (*,)■ 1 
JWl ft .r 1 

?W’ ?W a ’ 

^'ft' ft' ~ ' i 

P(0’ P(0* ” 

<ft' JfL 1 

PM’ PM’ a ’ 

wherein P (#) denotes (# — a x ) (x — a 2 ), vanishes. By considerations analogous 
to those of § 209 we therefore find, V denoting the determinant derived 
from V by changing the sign of y/, y 2 ', 


i x 2 J 1 




v VP M p MPMIM 


(u) (u f ) (x x - # 2 ) 2 (Xy - <r 2 ') 2 — x x ) (x y - a? 2 ') (# 2 — x x ) (# 2 — a? 2 ') * 

where A is an absolute constant. 

Now, if * h—2/i/P ( x i)> etc., we find by expansion and multiplication, 

VV = (Wi+tlilsV (*i - * 2 ? « - - [(r}yiJi 4- > wf) (*/ - #,) (^' - # 2 ) 

- (»7i72' + »727i') W “ W - 

and, if a = (#/ - x x ) (x 2 ~ # 2 )> £= («#/ ~ # 2 ) -a^), a-/3= (a:/ - # 2 ') (a?, - this leads to 

but, putting y 2 = 4P (#) § (#), =4(a- , -a 1 ) (x- a 2 ) (# - <?) (# - ^i) (a? - c 2 ), we have 

tw - ’)2 ,! ) w -w*) “ - (ii 2 - ».'*> w - 1,' 2 ) a 


_ 16 f ^ - Qx 2 Px x Qx 2 Px{ -fyx{Px 2 

{,X\ ~~ <^ 2 ) G^l ~ *^2 ) L ^ ~ ■**! X\ 


tyXy PXy PXy QX^PX^ “ /^"l 

Xx'-Xi ' #2-X 2 J’ 
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and this expression is equal to 

16 ^Qa x . Qa 2 + ^ ^ ( a i ~ ( a i “ x i) ( a i “ x t) 

+ ( a 2 ~~ X l) ( a 2 ™ # 2 ) ( a 2 ~ A 'l) ( a 2 ~ x 2 :)' J > 

as may be proved in various ways ; now wo have proved (§§ 208, 212, 213) that 


and 


( a i - x x ) (a x - x 2 ) = ± V - P' (a x ) Q (a x ) q x \ (a 2 - x x ) (a 2 - # 2 ) = ± *J - F (a 2 ) Q (a 2 ) y 2 2 




?12 Z 


4 V?l - a l" a 2 

where 3 ' 1 =^(w|M a »' a )-f5(w), y 2 =5(^|w as,0 )-^5(w), ; thus 

88 we have 

1 3 (»+«') 3 («-«') VVP(x l )P(x. 1 )l‘(x 1 ')P(.r, 1 ’) 

A '3 a («)3 a («') ’ a/3(<i-/3) a 

=!6 <2 « ie « 2 [ 1 - 

where however we have assumed that the sign to be attached to the quotient 


(«i - x x ) (a x - sod -r V - />' (aj) $ (a t ) 

is the same for the places a?,', # 2 ' as for the places .r n # 2 . The product \/ -1*' {a x ) Q (a { ) 
\! - /" («j) # («i) is, of course, here equal to - P' (a,) § (ctj). Now, 

i J '(ai) = (ai-a*)=-P' (a 2 ) ; 

thus we obtain 


+ %') S- (m - w # ) , 

m 1 + * V + 3 a V + *»* ?V. 

the value of the constant multiplier, (0)] 2 , being determined by 

putting v! = 0, in which case ft', ft', q'^ f all vanish. 

If in this formula we write v=u + u a " rt i n place of u, we obtain, from the 

formulae 

fl 1 8 («+tt a " 0 +M*"“), =?, 2 (»). L®K^) = _ a L(«K“_!) = &*_(<*) 

3 2 (M|M a '-‘ , +M a <-'’) ?u 2 (te)’ 


} s a (M+» ,, ‘' *+«“»' *)= - in (’U+U a ‘’ a +U a ‘- *)= - - 


? 14 a («) 




which ate easy to verify from the formulae of § 190, Chap. X. and the table of 
characteristics given in this chapter, that 

3*.3(u+u'\u a '> a +u^> a )3(u-u'\u a '> a +u a *’ a ) . gfaj 2 q^q* q’ x * 

3* (u \v » » a + a ) 3 * (a') “ + ft? “ "ft?* “ ft? ’ 

and therefore 

3 2 . $ (?<+ w') 5 (u—u f ) 

— MiM — -W-sV-jiV+fcV 8 , 
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where S (u) denotes S (u | u* lt a +u a *> a ). But we can use the result of Ex. iv. § 217, to give 
the right-hand side a still further form, namely 




[P11 W + P11 00 + P12 M »22 00 - Pn W (P22 (*)]■ 


Further if u a " a +u ait *==£0,*, where »i, m' consist of integers each either 0 or 1, 
we find, by adding to u and v! and utilising the fact (§ 190) that 


that 


\ m (u + u') = 2A*, n (m) + 2A* W (u'\ 

52 5 u ' ] P “ (p) “ {v ' )+ V" {v) V* w ^ M *>“ {v) ’ 


where tf=su'+\Q m 


It should be noticed that 


(Pi. i W = ~ 0^^ log $ (« ; J w, Jm') ; hence 


this formula can be expressed so as to involve only a single function in the 
form 


a, ' ’ _ ^ “ * >11 ^ + V 1 ' ^ ^ ~ 

where a (u) denotes an( * P<.) ( u ) = " 0 ““^ log a ( u )- 

Weierstrass’s corresponding formula for p = 1, the function a (u) is de- 
termined so that a (u)/u = 1 when u = 0. To introduce the corresponding 
conditions here would carry us further into detail. (See §§ 212, 213.) 


Ex. Prove that if a 3 denote any one of the branch places c, c u c 2f a = (a t - a 3 )> 
f$ = (u 3 — Uj), y = (ui ^ 2 )) ^*1 ~ (®i — *^ 1 ) (®i &’a)> etc., 1\ = (ctj .Vj ) (dj x 2 ), etc., and 

il= r _y\ y* 1 1 

L(^ — a i) (^1 “ a z) (** ~ a i) (*^2 ~ a 3) J ,v, i ~ x \ f 

B J yi _ 1 

L(^i 0*2) o^i ~ ^3) — ^2) (^2 “ ^3) J ^2 — *^1 * 

with similar notation for A', 5', then the determinant A can be expressed in the form 


where 


A .Vi3/2 1 y/y» T 


y 2 X=AA' (P x P 2 ' + 1\PJ)+BB' (P 2 P 3 '+ P s P 2 ') - (ya^+y^'+P^+P^) 

- A'5 WPs+yoPs'+PaPs'+P,^). 

In this form A can be immediately expressed in terms of theta quotients. 


219. Consider, nextly, the function 

$r(u + u'\u a " a )^(w-t/) 
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This is not a periodic function of % u. Thus we take in the first place 
the function 

& (u + u* | u a ' * a ) S- (u — u') 

$ (u) $ (u \u*» a )* (u')$ (u'\u a » a ) * 

Put 

u s n x > » -h **, u' s u**> *» 4- ; 

then, as functions of x lf the zeros of (u), ^ (u\u a ^> a ) respectively are a, x 2 
and Oi, «8, the zeros of + u'\u a " a ) are found in the usual way to be zeros 
of a rational function of the fifth order having a, a , of as poles, and x 2i x x , x* 
as zeros; such a function of x x is A ,/P (x x ), where P (x^) = (x x — a x ) (x x — a 2 ) and 


— V\ (&1 > ^>1 \% 

Vi (#a a i)> #a 2 > j 1 

V (a?/ - cii), a;/ 2 , #/, 1 

®])> *^a 2 » > 1 

wherein tj x = y x jP(x x \ etc. ; the zeros of ^{u - w')> as a function of x lt are 
similarly zeros of a function of the sixth order having a x \ o 2 3 as poles and 
a, x 2 , x Xf xj for its other zeros ; such a function of x x is A/P(a?i), where 


A = 

Vi®i, 

Vi, 

X Jf 

1 


Vi x i > 

Vi > 

x 3 , 

1 


— Vi °°\ i 

-Vi, 


1 


“ Vi x i , 

-Vi, 

OB , o } 

1 


hence we find 


fr(a4 -tt'l tt a> ’ °) S' (u — u') _ 

S (u) S (u | w a « • a ) S ( u ') S (v! | u a » » fl ) 

_ q A i A ( x x — a 2 ) (x 2 — a 2 ) (xj — a^) (# a — aj ) 

(«i ~ «a) 2 ~ «?/) (a?i - 0C 2 ) (x 3 - «/) (x % - x 3 ) (x x - <) 2 ’ 

wherein (7 is an absolute constant ; for it is immediately seen that the two 
sides of this equation have the same poles and zeros. 

We proceed to put the right-hand side into a particular form; for this purpose we 
introduce certain notations; denote the quantities c, c x , c 2 , which refer to the branch 
places other than a l9 a 2 by a 3) a 4J a 6 in any order; denote (a t -x x ){a l -x i ) by p iy 
(a t - x x ) {a { - x 2 ) by pi ; denote by ir t , j the expression 

if Vi y 2 1 1 

2 L(*i ~ ai) (*i ~ «>) (** - ai) (x 2 - aj ) J # 2 - V 

and write p t j for p t p } m t y , with a similar notation , , p\, y ; also let P (x) — (x - a x ) (x - a 2 ), 

m^Vi/Ptei), etc. 
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as a function of a 2i and putting it into partial fractions in the ordinary way, we find that 
it is equal to 


«7^ s (x ‘' " *•>* ~ a ») + « 2 ‘^' (x ' ~ x * f ( - r » " ^ IN?) 

using then the identities 

— (x 2 — a s) ( x i “ x i) ~ ( x t ~ x i) (^1 ~ a s ) “ ( x i ~ x i) ( x i ~ a s)> 

(^2 ~ a s) “ x %) ~ ( x i ~ x< i) ( x 2 ~~ a z )~ ( x 2 ~ x i) ( x i ~ a a)» 

we are able to give the same expression the form 

+ «- « 4 ) W - «o) +|Vr“ <*3 - «») (*i - “is), 

where Ji^ 2 = (#, - a 3 ) - a 4 ) (a?! - %), etc. ; thus 

iii' s (*{ - «i) (*j - *s) ! +i*j 2 ' a (*»' - “1) « - * 2 ) a - i V 2 a (*2 - “1) (*/ - O a 


(“2 - “4) (“2 — “5) W — ‘ r 2*) 2 (*l' — *2) (*i — “'2) 0*1 ” "2) 0*2 - “3) J “2»r?2 

P2 Pi 

+ zrr% (*1- *2) (*2 -*2) H*t - “2) W - “s) (*1' - “ 4 ) 0*i' - « 6 ) 

Jr2 

+ (#/ “ ^ 2 ) (#/ ~ # 3 ) (#2* “ a 4) ~ ®6)} * 

Now we have, by expansion, 

A = (ViVi+ViVi) ( x i- x 2 ) ( x i ~ x t) "b (7i 7i / ‘b *72*72 / ) fa' “* *i) (**' - * 2 ) 

~ Oh J ?2 / + W) fa' ~ x i) fa' ~ x i)> 

— V\ (* V 1 a l) fa' ~ X 'l) fa ~~ X i) fa' ~ X i) ~ Vi (* r 2 ~ a i) fa' ~~ X \) fa' ~ X l) fa' ~ X i) 

*b Vl fa ■“ a l) fa ~ X l) ( X 2 ~~ X 'l ) fa — x 'l) ~~ Vi ( ,r 2 “ a l) fa' ~ x l) fa' ~~ x i) fa x i)y 


and in the product AA there will be two kinds of terms 


(i) - V1V2 Oh - V2) y ( x i - x t) fa'+fa - 2 «i)» 

where y denotes (#/ - .r,) (r/ - x 2 ) (,t 2 p - x x ) (.r 2 ' - x 2 ), there being four terms of this kind 
obtainable from this by the interchange of the suffixes 1 and 2, and the interchange of 
dashed and undashed letters, 

(ii) Vl (x 2 -x l ){x l ’-.v l )(x l -x i ) ( x * -x 2 ) 2 + V 2 H x 2 ~(*i) ( x i - x *) 2 

~~V2 2 ( x 2~ n l) (JP/ — «-*)*}, 

there being three other terms similarly derivable from this one. 

Consider now the expression 

(«2-« 4 ) («2~«fi) (^13^3Pl / +^\ 3 i 5 3>l)+/ J 12^2^46+/l2^2>23/ , 46» 

and, of this, consider only the terms 

(«2 - « 4 ) (<h - a fi) PisPsPi ^PiiPiP^U ; 
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by substitution of the values for p lz etc., and arraugement, we immediately find that these 
terms are equal to 


VlVjhx^Vi) / r M- 
(l 1 


, rji (■£} — a a ) (Xj — a 3 ) — — Qj) (.?! — fl 3 ) 


+\PiPiP? (< K*i'-«s) W-%) (*« - «<) (*»'-«») 

+ (*,' - <*<) W - as) W - «s) (*» - 03)} ; 

this expression, as we see by utilising an identity which was developed at the commence- 
ment of the investigation, is equal to 

- Jpj PxPiPt 2 + .r 2 ' - 20^+ J 7 ___ P*_PjfPj£x — A”, 

r\ri rt V 1 2 1 9 ~ W " •*** J 2 (*1 " W " 

where A denotes 

* 7 i [ | 7 i i (* r / ” a i) («** “ 4 * Vi* (#/ — ^i) {' r i — x i) ~ 7/ (* ?; a ~ a i) ( ,r / ~ A V) 2 ] 

- Vi hi* W - «i) W -^i) 2 + 171' 2 (ay - «i) (*i -Xi)-V I 2 (^1 - «i) W - .<) 2 ]. 
Comparing this form with the terms occurring in the expansion for AAj, we obtain the 
result 

, PiPiP iPi***i 

* (*1 - *^) 2 w - *%v w - w - ^2) (*»v - *1) w - ^2) 

= («2“ a *) ( a 2“ a 6) (PxbPiPx +P\*PM +Pl2P2P23p'v> +P‘ VlPiPilPw * 

Now we have (§§ 216, 213, 212) the formulae Pi*=mq?> ~i'\— ±('/, -flj) wo 

H* Hi Pi Pi 

shall therefore put p t ^M t q ti Puj — ^i,jHi,i\ hence by the formula (p. 334) the quotient 

$ (u+u'\u a " a ) 3 (m— «') 

3 % {u)$*{u')~~ 

is a certain constant multiple of the function 
(#2 - a 4 ) (o 2 ~ a &) ^1^3^13 (HmHzHi 4* ? 13^3 9'l)4 ^ 12 ^23 ^2 (?12 ^2 9^ 2atf 46 + H xiHi H%lHi&)‘ 
Also we have M l *=fi ii N\ f ^ ±iHPjl(<*t-<h)f where /*,-+%/ -/'(a*) when i=l or 2, 
and m~ ± sjf' (a,) when i=3, 4, 5. Hence it is easy to prove that the fourth powers 
of the quantities (a 2 - a 4 ) (<z 2 - a 6 ) iV 12 N, a N^M % are equal. 

Hence we have 

, &(w + *)$■(%- w') . , , , , , , 

" ^ (w) (w') ~ 6 "h S' 13^3 <?i) + IMatf w? 4 « + 2 is^a </2*<?4a> 

where -4 is a certain constant, and e a certain fourth root of unity. The 
value of e is determined by a subsequent formula. 

220. The equation just obtained (§ 219) taken with a previous formula 
gives the result 

Q ^ ( u 4- tt ! w °‘ ’_°) __ ? (ffiaffs ffi 4- yfiiQtty) 4 H nH'iQ &Q u> 4- ff'i gffa 

^ (w + tt') ' l+J,V + ftV^V* 



221 ] 


HYPERELLIPTIC FUNCTIONS OF THE FIRST ORDER. 


337 


and limiting ourselves to one case, we may now take the places a s , a 4t a* to 
be, respectively, c„ c a , c, and introduce Weierstrass's theta functions; 
defining * the ten even functions % (u), ^ (u), ^(u) to be respectively 
identical with the functions ^ (w), (u), and the six odd functions 
^02 ( u )> (u) to be respectively the negatives of the functions (u), . . ., (u), 

the right-hand side of the equation is equivalent to 

_ 6 oi* ia "h oa^oi^ia) jh ^04^24^ 14^3 jh ^ 04^ . 

2 V 2 I Cl 2<V a±«V 3 V 2 > 

*>0 ^ *>02 "02 T ^24 ^ 24 T *»04 04 

here & denotes ^(w), V denotes %(u'), and G is an absolute constant. 
This equation may be called the addition formula for the function q u and is 
one of a set which are the generalisation to the case p = 2 of such formulae 
as that arising for p — 1 in the form 

, sn u cn v! dn u \ + sn u' cn u dn u 

sn(w + tt) = i — n — 5 r“7 • 

1 — A; 2 sn a u sn 2 u 


By interchanging the suffixes 1 and 2 we obtain an analogous expression 
for S- (u + u | u a *> a ) ~ ^ (u + u’)\ if in this expression we add the half-period 
u a » a to u we obtain an expression for the function 4- u'\u a " a + u a *> a ) 
4-^(w + tt'lw®*' ®); and if this be multiplied by the expression just developed 
for the function ^(m + u'\u a " ®) h- ^ (w + u 1 ) we obtain an expression for 
^ (u + u\ u a " a + u a *> a ) -r ^ (u 4- u'\ and it can be shewn that the form obtained 
can be reduced to have the same denominator as in the expression here 
developed at length. The formulae are however particular cases of results 
obtained in subsequent chapters, and will not be further developed here. 
For that development such results as those contained in the following 
examples are necessary; these results are generalisations of such formulae 
as sn (?* + K ) = cn u / dn u which occur in the case p- 1. 

Ex. Prove, if (t^) = S ’ a )~S (?*), q XtJ {u)—S a +u a *’ a )-rS («)> etc., that 

(see the table § 204, and the formulae Chap. X. § 190) 

?, („+««•• »>= - e ^/ ?l («), &(«+«<•'• °)= 

<?,(«+«“" «+»“*• *)=e»**' 2^ , 

9 12 \ u ) 

and obtain the complete set of formulae. 

221. In case p = 2 there are five quotients of the form & (n\ u b > a ) -r & (u), 
and ten of the form ^ (t^|w &i > ° + u &ai a ) -r- ^ (a), wherein 6, b lt b 2 denote any 
finite branch places. Since the arguments u may be written in the form 

«i + u *%,** t the fifteen quotients are connected by thirteen algebraic 
relations. In virtue of the algebraic expression of these fifteen quotients, 
they may be studied independently of the theta functions. We therefore 
give below some examples of the equations connecting them. 

* KOnigsberger, CrelU, lot. (1865), p. 22. In the letter notation (§ 204) the reduced charac- 
teristic symbols are suoh (g 203) that each of ft,, k\ is positive, or zero, and less than 2. In 
Weierstrass’s notation the reduced symbols have the elements k', positive, or zero, and the elements 
ft, negative, or zero. 

it 
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Ex. i. There is one relation, known as Gtipel’s biquadratic relation, which is of 
importance in itself, in view of developments that have arisen from it, and is of some 
historical interest. 


Let 


_ $(w| u e " a +u e " a ) 

q °~ S(u) * 3(u) * &>»«* 9 (ti) * 


be three functions whose suffixes, together, involve all the five finite branch places. Then 
these three functions satisfy a biquadratic relation, which, if the functions be regarded as 
Cartesian coordinates in a space of three dimensions, represents a quartic surface with 
sixteen nodal points. 

In fact, if p a denote \!{a-x\) (a - x 2 ), and p b ^ ^ denote the function 
. r y x ya “1 1 

L<*, “ ^l) (**1 “ fyj) (^2 “ ^l) ( X i “ ^i)J ~ ' 

we have 

p bi> 

4(jfg— b x ) (x 2 — b 2 ) (x 1 — e 1 )(x i — e i ) ( x 1 - e 3 )4*4(^ 1 — fti)^ — b 2 ) (.r 2 ~ g i ) C^a g a) (^2 ~ g a) ~ ty \Vi 
~ ~ "" 4 (x x -x 2 y ~ " * 

where b x , fc 2 , e n e t , e 3 are the finite branch places in any order ; and if this be denoted by 

^(*i,* 2 )-2 y x y 2 

4 (#1 — 

it is immediately obvious that yjr (x, x) = 2 y 2 , =2/ (>r), say, and “ l ^T » thlUi 

there is (§211, Ex. vii.) an equation of the form 


n , , 4 , - + B <*■ +- T *> + c > 


where f(x lt x 2 ) is a certain symmetrical expression of frequent occurrence (cf. § 217), the 
same whatever branch places b lt b 2 may be, and A, B, C are such that yf/ (x lt X.J vanishes 
when for x ti x 2 are put any one of the four pairs of values (6,, 6 2 ), (<? 2 , e 3 ), (e 3 , e t ), (e lf e 2 ) ; 
therefore the difference between any two expressions such as p J b , formed for different 
pairs of finite branch places, is expressible in the form Lx x x 2 + M (x x + 1‘ 2 ) + N ; thus there 
must be an equation of the form 

Pl„ c, '=' K p\ x .*, + PPI„c+ v pI+P, 

where A, p,v, p are independent of the places x u x r 
Similarly 

P 2 ^, Ca = X >o 1 , a i +t i 'Pl ll c, + v 'pl+p'' 

But also it can be verified that 

Pa , . a,Pc„ c, ~Pa„ c.Pa,, “ (<*l “ «l) (“l ~<h,)P', =*P» <*J i 

thus we have 

^P\,a+PP\,,c,+^\+PWp\ l .a, + P'p\,.^M+^[P^,a,Pc,,cr^> 

and when the expressions p a ^ fl> , etc., are replaced by the functions q a ^ ^ etc. (§ 210), this 
is the biquadratic relation in question. This proof is practically that given by Gbpel 
(Crelle, xxxv. 1847, p. 291). 
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Ex. ii. Prove that 






fL_ + A I p« , 

<«1-C|)(«I"C) (p~<*\)(c~c x ) ' 


and hence develop the method of Ex. i. in detail. 


Ex. iii. For any value of p prove 

(a) that the squares of any p of the theta quotients , =3 (w ju 6 » a )~-3 (w), are 
connected by a linear relation, 

09) that the squares of any p of the theta quotients 
?&» ?6,V ?Ms* 

are connected by a linear relation. (Weierstrass, Math. Werke , vol. I. p. 332.) These 
equations generalise the relations of Ex. ii. 


Ex. iv. Another method of obtaining the biquadratic relations is as follows ; if 

^ (y) __ JgS"™ (* + 9 ') + 1*7 (* + V J*+ (« + q) 

0 q ( V)~'2^ iriV (n+<0 

r~ Av, and, in Weierstrass’s notation, 

x^S h (v\ y=3 0 i ( v )i <“*»(*)» 

so that .r : y : 2 : *=1 : q a ^ e : ^ : q c , and if a, 6, c, denote the values of .r, y, z, t 

when 0, and the linear function cx + dy - az — bt be denoted by (e, d, - a, —b\ etc., 
then it can lie proved, by actual multiplication of the series, that 

® 3 S (n=<». -«> -by , ®n*( •’)=(<*» -c,-b, a), 0»/ (V)=-(b. -a, d, -e) 

®s*( >')=<«. b,c,d) , 6, 1 ( r)=(6, —a, -d, c), e„* ( »')=(«, b, -e, -<i). 

Relations of this character are actually obtained by Gdpel, in this way. It will be 
sufficient, for the purpose of introducing the subject of a subsequent chapter, if the 
method of obtaining one of these relations be explained here. The general term of the 
series 0 W ( K) is (cf. the table § 204 and § 220) 

e t 

where £’■>4(1, 0), q=* J(l, 0), namely is 

_ 9 "i +bn !▼,»(», +tf+aT»(«i+i)(«m +r tt «,*]+*> (n,+i) . 

thus the exponent of the general term in the product 0 W *( F) is trt'X, where L is equal to 
tfi(%4-m l 4-l)+i»,(n a +w I )4-4r u [(n l +i)*+(m l +i)*]+r w [(n 1 +i)n s +<m l +l)«4] 

( n s * 4- fn-**) + «i +• tWj + 1 ; 
22—2 
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there are therefore four kinds of terms in the product according to the evenness or 
oddness of the two integers n x +m u »i s 4-m a . Consider only one kind, namely when 
are both even, respectively equal to 2^, 2iV a , say ; then L is equal to 

2vj (iV' 1 +^)+2v 2 jV a +T n (Ar i+ *)* + 2r H (^i + £) 

(*?■)*+». (ajs) (*?) *.„(•“)’ 

+ 2^ + 1 ; 

if now we put -- 1 — ~ - - 2 =aJf a> we have 

?i a «A r a -f if 2 , J/ a ; 

thus, to any assigned values of the integers N x , M u M t there correspond integers 
«i, Tig, t»j, m t such that n x 4- wij, wg+wig are both even ; therefore, as 

e 2««i (N.+J) +2«rtr i JV*+<»T, l (JVi+I)*+2<wT 1 , (N,+I)iV 4 +iirT W N,* 

is a term of the series 3 » that * s » °f ^oi i v )> and 

e iwr u M*+Mr„ M x M t +r n Mf 

is a term of the series 3 (o ; J * ^at “» °f ( y )» and e' w ^ 2Ni+1) = - 1, it follows that 

the terms of ( V ) which are of the kind under consideration consist of all the terms of 
the product — 3 & . 3 0l (v), or — ay. It can similarly be seen that the throe other sorts of 
terms, when n x + m x is even and 74 4 - m. L odd, when n x -\-m x is odd and w a -f odd or even, 
are, in their aggregate the terms of the sum bx+dz - ct. 

We can also, in a similar way, prove the equations 

© 036*363 ( V) 0 14 ( V) + 0003,002 ( V) 0 , ( V) = 0 12 0 O 1 0 , ( D 034 ( v\ 

0 o 3 a -2 (ac-bd), 0 g 3*=2 (otf+te), 0 a * = 2 (ab-cd), 0 oi *=2(«6+c<f), 
Q'^a'-P-ci+d*, ©i 2 2 : =a s - 6 2 +c*— cP, 

©03 denoting © w (0), etc. 

Hence the equation of the quartic surface is obtainable in the form 

V2 ( ac - bd) (ad+bc) (c, d t - a, - b) (d\ - c, - 6, a) 

+ V(a* - 4* - c 2 + cP) (ab - cdj (b, -a t d, - c) (a, b, c, d) 

* V(« 2 - b* + c* - cP) ( ab + cd) (6, — a, — d, c) (a, b , -c, - d). 

A relation of this form is rationalised by Cayley in Crellds Journal , lxxxiii. (1877), 
p. 215. The form obtained is shewn by Borchardt, Crelle, lxxxiii. (1877), p. 238, to be the 
same as that obtained by GtfpeL See also Kummer, Berlin. Monat*. 1864, p. 246, and 
Berlin. Abhand. 1866, p. 64; Cayley, Crelle, lxxxiv., xciv. ; and Humbert, LiouvdU, 4** S4r., 
t ix. (1883); Schottky, CreUe, cv. pp. 233, 268; Wirtinger, Unlerruchvngen uber Theta - 
functionen (Leipzig, 1885). 

The rationalised form of the equation, from which the presence of the sixteen nodes is 
obvious, is obtained in chapter XV. of the present volume. 
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Ex. v. Obtain the following relations, connecting the ratios of the values of the even 
theta functions for zero values of the arguments when p=2. They may be obtained from 
the relations (§ 212) 


(6-*!) (&-*,)= (i) 31 ( „| u b, tj+si (B) 


by substituting special values for x x and x v 

* = : < : < = C, : = C, * 

*( tf i — «t> («i— «) (« — ®i) - ( a i~a 2 ) : (a, - a 2 ) (oj - c) (c - a x ) . (c, - c 2 ) 

: («! - a,) (a* - Cj) (c, - a,) . (c, - c) : {a x - a 2 ) (a 2 - c 2 ) {c 2 - a,) . (c x - c) 

: (c-c 2 )(<?,-flg(a 2 -c). (<>,-«,) : (c - c x ) {c x - a 2 ) ((%- c) . (c 2 - a x ) 

: - Cj) (c 2 - a 2 ) (a, - c t ) . (a, - c) : (c A - c 2 ) (c 2 - a,) (a, - . (a 2 - c). 

Infer that 

■■ K,c/ca, ■■ *%“(«»-*,)* : («,-«,)* : K-a 2 ) 2 . 

Wo have proved (§§ 210, 213) that 


- <?! 5a, (tt) 3a,c, (u) + - «! 5a, (u) 5 a , c, (tt) + ^ 5 C , (w) 5 a , a, (ll) = 0 

and we have in fact, as follows from formulae developed subsequently, the equation 
5co I 5e,a,5<j, (u) 3a,e, ( w ) +^a,c l 5ca,5a, (u) 5 fll r, (w)=5 c 5c,5 Cl (it) 5a, a, (»). 

Ex. vi. Obtain formulae to express the ratios of the differential coefficients of the odd 
theta functions for zero values of the arguments. 


Ex. vii. Prove that 

3(u) 3 (»!«»■• 3 («|«»- •+«*•- «) ^ 3 («) = « -/VA 3 (« | « 6 > • *) 3 (« | u 6 < • “), 

wherein b 2 are any two finite branch places, and * is a certain fourth root of unity. 


This result can be obtained in various ways ; one way is as follows : Writing 
u=u Xl,a '+u Zt,<h , u -f u b ' ’ rt = t>, and v—u z " 6 ' -f u* 5 ’ 6 ‘, we find, by the formula ${u+Q P ) 
=A <M) 5(tt; r) t that 


a , _5(it|u 6,,a +w 6 * ,rt ) 
5(tt) 


9w 2 


log- 




and, by the formula expressing (u x> m - u* 1 ’ m ' - - tt *r » n *p) _ £ (m m ’ m - ec* 1 ■ 

- yft" mp ) by integrals and rational functions, the right-hand side is equal to 


A-M" *1 ^2 "1 

4 *1 - *s L(vWF5 “ ( 2 S- A|) (v - is)J ’ 


where « t , z x are tho values of y, x respectively at the place z ly and H a t the place z 2 . 
This rational function of z t is however (§ 210) a certain constant multiple of 
5 (v|u ft ‘ ’ rt +u 6 *’ *)/5 (t>), and hence the result can immediately be deduced. 

One case of the relation, when M. are the places a,, a*, is expressible by Weierstrass’s 
notation in the form 

^ 0 

(«) 3 M (t») - 5 W (*) a — 5 S («) * « V «i - a* 3 W (u) 5^ (u), 
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and it is interesting, using results which belong to the later part of this volume, to 
compare this with other methods of proof. We have* 

■^4 V* ( U + V ) ^6 (u-v) = (ll) (u) S a (v) Sq (v) + S % (w) 5 1S (u) (v) 4 (») 

+ ^6 ( v ) ^04 M ^4 ( W ) ^0 ( U ) + S % ( if ) s i3 ( v ) * 9 qj ( u ) ( u ), 

where S t , So denote S 4 (0), ( 0 ), and the bar denotes an odd function; if, herein, the 

( d 0 \ 

v t du * V * 0 m ) ^ 

Thus we obtain, eventually, remembering that the odd functions, and the first differential 
coefficients of the even functions, vanish for zero values of the arguments, 

s 6 («) S'oi («) - S M («) S'„ («) = 55* 3, («) s 0 m+55 1 ^ (“) 3 » (“). 

where S’ (h)=~ 3(»), 3=3(0), 3'=S'(0). 

Thus, by the formula of this example, putting m= 0 , we infer that 

[4 s( “ | ““” a+ “* a,a) L, =o 

or ^' 04 = 0 , and the result of the general formula agrees with tho formula of this example. 

In the cases p > 2 we have even theta functions vanishing for zero values of the 
argument ; here we have one of the differential coefficients of an odd function vanishing 
for zero values of the argument. 

Note. Beside the references given in this chapter there is a paper by Bolza, 
American Journal , xvn. 11 (1895), “On the first and second derivatives of hyper- 
elliptic <r-functions ” (see Acta Math. xx. (Feb. 1896), p. 1 : “Zur Lehre von den hyper- 
elliptischen Integralen, von Paul Epstein”), which was overlooked till the chapter was 
completed. The fundamental formula of Klein, utilised by Bolza, is developed, in 
what appeared to be its proper place, in chapter XIV. of the present volume. See also 
Wilthciss, Crelle , xcix. p. 247, Math. Annal. xxxi. p. 417; Brioachi, Rend. d. Acc. dei 
Lincei, (Rome), 1886, p. 199; and further, Konigsberger, Crelle, lxv. (1866), p. 342; 
Frobenius, Crelle, lxxxix. (1880), p. 206. 

To the note on p. 301 should be added the references; Prym, Zur Theorve der 
Functnen. in einer zweiblUU. FlUche (Ziirich, 1866), p. 12 ; Konigsberger, Crelle, lxiv. p. 20. 
To the note on p. 296 should be added; Harkness and Morley, Theory of Functions , 
chapter vm., on double theta functions. In connection with § 205, notations for theta 
functions of three variables are given by Cayley and Borchardt, Crelle, lxxxvii. (1878). 


Krause, HyperelliptUchc Functioned, p. 44 ; Kdnigsberger, Crelle, lxiv. p. 28. 
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CHAPTER XII. 


A PARTICULAR FORM OF FUNDAMENTAL SURFACE. 


222. Jacobi’s inversion theorem, and the resulting theta functions, with 
which we have been concerned in the three preceding chapters, may be 
regarded as introducing a method for the chaugc of the independent variables 
upon which the fundamental algebraic equation, and the functions associated 
therewith, depend. The theta functions, once obtained, may be considered 
independently of the fundamental algebraic equation, and as introductory to 
the general theory of multiply-periodic functions of several variables; the 
theory is resumed from this point of view in chapter XV., and the reader 
who wishes may pass at once to that chapter. But there are several further 
matters of which it is proper to give some account here. The present chapter 
deals with a particular case of a theory which is historically a development* 
of the theory of this volume ; it is shewn that on a surface which is in many 
ways simpler than a Riemann surface, functions can be constructed entirely 
analogous to the functions existing on a Riemann surface. The suggestion is 
that there exists a conformal representation of a Riemann surface upon such 
a surface as that here considered, which would then furnish an effective 
change of the independent variables of the Riemann surface. We do not 
however at present undertake the justification of that suggestion, nor do 
we assume any familiarity with the general theory referred to. The present 
particular case has the historical interest that in it a function has arisen, 
which we may call the Schottky-Klein prime function, which is of great 
importance for any Riemann surface. 


223. Let ot, £, 7 , 3 be any quantities whatever, whereof three are 
definitely assigned, and the fourth thence determined by the relation 
a 8 — #7 = 1 . Let f, J' be two corresponding complex variables associated 
together by the relation f' = + /9)/(y?*f $). This relation can be put into 

the form 


K '-B 

K’-A 




Kzl 

r-A' 


Referred to by Riemann himself, Oes. Werke (Leipzig, 1876), p. 413. 
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wherein /m is real, and B , A are the roots of the quadratic equation 
? =(af +#)/(??+$), distinguished from one another by the condition that 
p. shall be less than unity. In all the linear substitutions which occur in 
this chapter it is assumed that B f A are not equal, and that p is not equal to 
unity. We introduce now the ordinary representation of complex quantities 
by the points of a plane. Let the points A t B be marked as in the figure (6), 



and a point (7 be taken between A, B in such a way that 1 > AC' /C'B >fi, 
but otherwise arbitrarily ; then the locus of a point P such that AP/PB 
= AC'jC'B is a circle. Take now a point C also between A and B , such that 
CB/AC= fiC'Bj AC' , and mark the circle which is the locus of a point P' 
for which P'B/AP' —CB/AC ; since P'BjAP' is less than unity, this circle 
will lie entirely without the other circle. If now any circle through the 
points A , B cut the first circle, which we shall call the circle C\ in the points 
P, Q , and cut the second circle, C, in P 1 and Q x , P and P, being on the same 
side of AB, we have angle A1\B - angle APB , and P 1 B/AP l = fiPBjAP ; 
therefore, if the point P be and the point P x be f x , we have 


&-A 




K-B 


the argument of P vanishing when P is at the end of the diameter of the 
C' circle remote from C\ and varying from 0 to 2 tt as P describes the circle 
C' in a clockwise direction ; if then we pass along the circle C in a counter 
clockwise direction to a point P such that the sum of the necessary positive 
rotation of the line BP l about B into the position BP', and the necessary 
negative rotation of the line AP X about A into the position AF, is k, and f' 
be the point P', we have 


?-A~ f , -A 


— /*« 


i.1 =J 
S-A- 


Thus the transformation under consideration transforms any point f on 
the circle C' into a point on the circle G. If f denote any point within C ' 
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224] IN CONNECTION WITH 2 p CIRCLES. 

the modulus of (f-2?)/(f - A) is greater than when J is on the circumference 
of C f , and the transformed point ?' is without the circle G, though not 
necessarily without the circle C'. If f denote any point without C’ the 
transformed point is within the circle C. 

224. Suppose * now we have given p such transformations as have been 
described, depending therefore on 3 p given complex quantities, whereof 3 can 
be given arbitrary values by a suitable transformation z' = (Pz + Q)/(Rz + S) 
applied to the whole plane ; denote the general one by 

r = “ > wherein - A<y { = 1, (i = 1, 2, . .. , p), 

or also by 

the quantities corresponding to A, B, p, a being denoted by A it B i} /^, a*; 
construct as here a pair of circles corresponding to each substitution, and 
assume that the constants are such that , of the 2 p circles obtained , each is 
exterior to all the others ; let the region exterior to all the circles be denoted 
by S t and the region derivable therefrom by the substitution ^ be denoted 
by %iS. 

If the whole plane exterior to the circle (7,- be subjected to the trans- 
formation the circle C{ will be transformed into Ci , the circle Ci itself 
will be transformed into a circle interior to G i} which we denote by %Ci t and 
the other 2p — 2 circles which lie in a space bounded by C x and C/ will be 
transformed into circles lying in the region bounded by ^iC x and C it and, 
corresponding to the region S, exterior to all the 2 p circles, we shall have a 
region also bounded by 2 p circles. But suppose that before we thus 
transform the whole plane by the transformation we had transformed 
the whole plane by another transformation and so obtained, within Cj t 
a region fyS bounded by 2p circles, of which Q is one. Then, in the 
subsequent transformation, all the 2p — 1 circles lying within Cj will be 
transformed, along with C jt into 2p — l other circles lying in a region, 
bounded by the circle ^ iC } . They will therefore be transformed into circles 
lying within ^ X G } — they cannot lie without this circle, namely in ^ X S, because 

is the picture of a space, S , whose only boundaries are the 2 \p funda- 
mental circles G lf C/, ..., C p , G p . Proceeding in the manner thus indicated 
we shall obtain by induction the result enunciated in the following statement, 
wherein 1 is the inverse transformation to and transforms the circle G x 

into Ci': Let all possible multiples of powers of%, &f l , ..., be formed , 

and the corresponding regions , obtained by applying to 8 the transformations 

* The subject-matter of thiB section is given by Schottky, Crtllt , ci. (1887), p. 227, and 
by Burnside, Proe, London Math . Soc. xxm. (1891), p. 49. 
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corresponding to all such products of powers , be marked out . In any such 
product the transformatim first to be applied is that erne which stands to the 
right. Let m be any one such product of the form 

m = 

formed by 

+ r< + rj + r ki = h 

factors, and let $ be any transformation other than the inverse of so that 
is formed by the product of h + l, noth - 1 , factors. Then the region mS 
entirely surrounds the region m&S. 

Thus, the region entirely surrounds the space %&jS, and the latter 
surrounds %^/S, or ; but is surrounded by %&c l S or 8. The 

reader may gain further clearness on this point by consulting the figure (7), 
wherein, for economy of space, rectangles are drawn in place of circles, and 
the case of only two fundamental substitutions, $■, <f > , is taken. 

The consequence of the previous result is — The group of substitutions 
consisting of the products of positive and negative powers of%, ...» % gives 
rise to a single covering of the whole plane , every point being as nearly reached 
as we desire, by taking a sufficient number of factot's, and no point being 
reached by two substitutions. 

225. There are in fact certain points which are not reached as trans- 
formations of points of S, by taking the product of any finite number of 
substitutions. For instance the substitution is 






and thus when m is increased indefinitely f' approaches indefinitely near to 
Bi , whatever be the position of f ; but is not reached for any finite value 
of m. In general the result of any infinite series of successive substitutions, 
K = affy . . . , applied to the region 8, is, by what has been proved, a region 
lying within aS , in fact lying within a/3S, nay more, lying within affyS, and 
so on — namely is a region which may be regarded as a point ; denoting it by 
K , the substitution K transforms every point of the region 8 and in fact 
every other point of the plane into the same point K ; and transforms the 
point K into itself. There will similarly be a point K* arising by the same 
infinite series of substitutions taken in the reverse order. 

Such points are called the singular points of the group. There is an 
infinite number of them ; but two of them for which the corresponding 
products of the symbols ^ agree to a sufficient number of the left-hand 
factors are practically indistinguishable ; none of them lie within regions that 
are obtained from 8 with a finite number of substitutions. The most 
important of these singular points are those for which the corresponding 
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series of substitutions is periodic ; of these the most obvious are those formed 
by indefinite repetition of one of the fundamental substitutions; we have 
already introduced the notation 

to represent the results of such substitutions. 

226. If ^ be any two substitutions given respectively by 

^_A% + B 

wherein ah — £7 = 1 = AD — BC, the compound substitution ^ <j> is given by 

a (A f + B) + fi (C( + D) (aA + BC) ? + (*B + 0 D) 

C ~ 7 (At + B) + B (C£ + D) " ( 7 ii + SC) f+(7^+ $£) ’ 

and if this be represented by f' = («'£+ #')/( 7 'f + 8')> we have, in the ordinary 
notation of matrices 

(a' £') = (« 0 ) ( A ^ ), 

| y S' | | 7 8 | I G D I 

and a'h' — fi'y = (a S — fty) ( AD — 2? (7) = 1. We suppose all possible substitu- 
tions arising by products of positive and negative powers of the fundamental 
substitutions ..., to be formed, and denote any general substitution by 
? ' = (a? + #)/(7? f $), wherein, by the hypothesis in regard to the funda- 
mental substitutions, ah — 0 7 = 1. We may suppose all the substitutions 
thus arising to be arranged in order, there being first the identical substitution 
?' = (?+ 0)/(0 . f + 1), then the 2 p substitutions whose products contain one 
factor, ^ or then the 2j»(2p — 1) substitutions whose products are of 
one of the forms %{&j, in which the two substitutions 

must not be inverse, containing two factors, then the 2 p (2p-l)* substitutions 
whose products contain three factors, and so on. So arranged consider the 
series 

2 (mod 7 )“*, 

wherein k is a real positive quantity, and the series extends to every sub- 
stitution of the group except the identical substitution. Since the inverse 
substitution to ? = («£ 4* P)/(y { + h) is £=(hf -&)/(- yf + a), each set of 
2p ( 2 jt> — l) n ~ l terms corresponding to products of n substitutions will contain 
each of its terms twice over. 

Let now 0 n denote a substitution formed by the product of n factors, 
and 0 n+1 where denotes any one of the primary 2 p substitutions 

^ 1,^1 \ •••» % 1 other than the inverse of the substitution whose symbol 

stands at the right hand of the symbol 0 n , so that 0 n+l is formed with n+ 1 



350 


POINCARE’S INFINITE SERIES 


[226 

factors; then by the formula just set down y n +i yn*i + &nYi* where, if 
*<, or ?' = (<*,? + A)/ (7<f+$f)» be in the form (?' - - A { ) 

= Pi(Z-Bi)/(Z-Ai) t we have 

®»> 7»> ^ 

respectively equal to 

A{Bi (pi * — p t >) pi* — p\ Aipi * — Bipi . 

* A -A- ’ ’ 

the signification of p* is not determined when the corresponding pair of 
circles is given ; but we have supposed that the values of a*, ft, 7 *, &i are 
given, and thereby the value of p \ . By these formulae we have 

7 n+i _ .1 Bj + $ n /y n h Aj + B n /y n 
7n ~ P ' B,-Ai p < B<-A < "■ 

Herein the modulus of p,- may be either ^ or p* 1 , according as ^ t - is one 
of or one of ^f 1 , ^p 1 ; the modulus of p* is accordingly either 

less or greater than unity. If now 0 n = ... W&r 1 , where is one of the 
2 p fundamental substitutions ..., and therefore 0» 1 = ^ r ^“ 1 ^r“ 1 ..., 
the region 0* lies entirely within the region %S (§ 224) or coincides with 
it; wherefore the point 0* 1 (oo), or — S n /y n , lies within the circle C r when 
is one of and lies within the circle (7/ when is one of 

*i\ thus the points Bi and - K/jn can only lie within the same 

one of the 2 p fundamental circles C lf ...» C p f when r = i and is one of 
and the points A { and — £ n /y n can only lie within the same one of 
the 2p fundamental circles (7„ ..., C p ' when r=i and is one of ^f\ 

Now, if the modulus of pi be less than unity, and r = », must be one 
of *f\ ..., ^p 1 , namely must be $r\ since otherwise 0 n ^ would consist 

of n — 1 factors, and not n + 1 factors; in that case therefore &• + — 

7n 

is not of infinitely small modulus; if, however, the modulus of p t be 
greater than unity, and r = i, % r must be namely one of ..., Sr p , and 
in that case the modulus of A{ -f & n /y n is not infinitely small. Thus, according 
as | pi |>1, we may put 

| B{ + h n jy n | > \ f | A{ *f 5 n/ln | > 

where A is a positive real quantity which is certainly not less than the 
distance of B if A it respectively, from the nearest point of the circle within 
which - Bn/ y n lies. 
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It follows from this that we have 

mod (y n +ihn) > <r, or mod (y'+Jy, 1 ) < \ . 

where a is a positive finite quantity, for which an arbitrary lower limit may 
be assigned independent of the substitutions of which 0 n is compounded, and 
independent of n, provided the moduli fr, p p be supposed sufficiently small , 
and the p pairs of circles be sufficiently distant from one another . 

Ex. Prove, in § 223, that if C’ be chosen so that C'C is as great as possible 

J 

and the circles are both of radius d \V/(1 -/*), where d is the length of AB. 

We suppose the necessary conditions to be satisfied ; then if y 0 he the 
least of the p quantities mod [0*7* e"* 1 ** - — Atf], and k be posi- 

tive, the series 2 mod y~ k is less than 



and therefore certainly convergent if <r* > 2p — 1, which, as shewn above, may 
be supposed, p u ..., fi p being sufficiently small. 

227. Hence we can draw the following inference: Let <r,, ..., tr p be 
assigned quantities, called multipliers, each of modulus unity, associated 
respectively with the p fundamental substitutions ...» with any 
compound substitution let the compound quantity <r 1 r > <r a r * . . . be 

associated: let /(a?) denote any uniform function of a? with only a finite 
number of separated infinities ; let f' = (af + fi )/( yf -f 8) denote any sub- 
stitution of the group, and a be the multiplier associated with this 
substitution : then the series, extending to all the substitutions of the group, 

) (7t+8r * 

converges absolutely and uniformly * for all positions of f other than (i) the 
singular points of the group, and the points f=-8/ y, namely the points 
derivable from f = oo by the substitutions of the group, including the point 
f = oo itself, (ii) the infinities of /(f) and the points thence derived by the 
substitutions of the group. The series represents therefore a well-defined 
continuous function of f for all the values of f other than the excepted ones. 
The function will have poles at the poles of /(f) and the points thence 
derived by the substitutions of the group ; it may have essential singularities 
at the singular points of the group and at the essential singularities of 

fm+m 7 ? +«)). 

* In regard to ft for the convergence was obtained independently of the value of ft 
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Denote this function by J^J); if denote any assigned substitution 
of the group, and $ denote all the substitutions of the group in turn, it is 
clear that denotes all the substitutions of the group in turn including the 
identical substitution; recognising this fact, and denoting the multiplier 
associated with by <r 0) we immediately find 

or, the function is multiplied by the factor <ro _1 (7o?+ $o)* when the variable 
J is transformed by the substitution, ^ 0 , of the group. Thence also, if 0 (£) 
denote a similar function to F(£), formed with the same value of k and 
a different function /(f), the ratio F(£)/Q( f) remains entirely unaltered 
when the variable is transformed by the substitutions of the group. In order 
to point out the significance of this result we introduce a representation 
whereof the full justification is subsequent to the present investigation. 
Let a Riemann surface be taken, on which the 2 p period loops are cut ; let 
the circumference of the circle C t of the f plane be associated with one side 
of the period loop ( 6* ) of the second kind, and the circumference of the circle 
C/ with the other side of this loop ; let an arbitrary curve which we shall 
call the t-th barrier be drawn in the f plane from an arbitrary point P 
of the circle C{ to the corresponding point P f of the circle (7<, and let the 
two sides of this curve be associated with the two sides of the period loop 
(a,) of the Riemann surface. Then the function F(£)/G(£), which has the 
same value at any two near points on opposite sides of the barrier, and 
has the same value at any point Q of the circle C/ as at the corresponding 
point O' of the circle G if will correspond to a function uniform on the 
undissected Riemann surface. In this representation the whole of the 
Riemann surface corresponds to the region S ; any region corresponds to 
a repetition of the Riemann surface ; thus if the only essential singularities 
of j F (£)/#(?) the singular points of the group, none of which are 

within S, F(%)/G(£) corresponds to a rational function on the Riemann 
surface. It will appear that the correspondence thus indicated extends to 
the integrals of rational functions ; of such integrals not all the values can 
be represented on the dissected Riemann surface, while on the undissected 
surface they are not uniform ; for instance, of an integral of the first kind, 
tii, the values U{ t Ui + 2o>< >r , Ui + 2^ r + 2o/{ f r may be repre- 

sented, but in that case not the value Ui + 4>a> it r ; in view of this fact the 
repetition of the Riemann surface associated with the regions derived from 
S by the substitutions of the group is of especial interest — we are able to 
represent more of the values of the integral in the % plane than on the 
Rierrumn surface. These remarks will be clearer after what follows. 

228. In what follows we consider only a simple case of the function 
F(Q, that in which the multipliers <r„ ..., er p are all unity, k *2, and 
/($) » l/(f- a), a being a point which, for the sake of definiteness, we 
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suppose to be in the region S. We denote by ft = (£) = (a<f + &)/(7i? + $«) 

all the substitutions of the group, in turn, and call ft the analogue of £ by 
the substitution in question. The function 


$(£<*) =2 

b£ a 

has essential singularities at the singular points of the group, and has poles 
at the places f = a, f = oo and at the analogues of these places. Let the 
points oo , a be joined by an arbitrary barrier lying in 8, and the analogues of 
this barrier be drawn in the other regions. Then the integral of this 
uniformly convergent series, from an arbitrary point ft namely, the series 


2l0g |^’ - n “ 


is competent to represent a function of f which can only deviate from uniformity 
when f describes a contour enclosing more of the points a and its analogues 
than of the points oo and its analogues ; this is prevented by the barriers. 
Thus the function is uniform over the whole f plane ; it is infinite at f = a 


like iog(f- a), and at f = x like 



as we see by considering the 


term of the series corresponding to the identical substitution; its value on 
one side of the barrier a oo is 27 ri greater than on the other side ; it has 
analogous pioperties in the analogues of the points a, oo , and the barrier aoo ; 
further, if = be any of the fundamental substitutions ..., 


n‘::i - K - x leg - X % + X log - i log , 


where ft H is obtained from f by the substitution ; since the first and 
last of these sums contain the same terms, we have 


a, « a , 60 a, oo 

and the right-hand side is independent of ft being equal to H ; in order 
to prove this in another way, and obtain at the same time a result which 
will subsequently be useful, we introduce an abbreviated notation; denote 
the substitution simply by the letter r ; then if j be in turn every sub- 
stitution of the group whose product symbol has not a positive or negative 
power of the substitution n at its right-hand end, all the substitutions of the 
group have the symbol jn\ h being in turn equal to all positive and negative 
integers (including zero) ; hence 


2 l lo g (&•>-«) -log (&-«)]> = s - [ lo g (f>» + • - «) - l°g (&»* - »)]. 

i 3 h 


is equal to 


2 log 


M£v)-_ a 


B. 


23 
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where I\T = n®, M = w® ; but, in fact, is B n , and is A n ; thus II ^ J is 
independent of f ; and if we introduce the definition 


/ ^ JL v \ os £r h (Bn) 
* 2 wiy° g S-* j (A n y 


where is one of the p fundamental substitutions, and, as before, j denotes 
all the substitutions whose product symbols have not a power of n at the 
right-hand end, we have 

~n*-*«27 nV*. 

a, » a, oo a, 00 n 


Ex. If for abbreviation we put 


prove that 


P 


ft* 

rt, 00 


= 2 (T, log 

t 


Ct- a 


/>&• f _ i- f — /><V e + l pt' e 

a, oo (Tn °>® a, oo cr n a, ® * 


c being an arbitrary point. 


229. Introduce now the function 11*,* defined by the equation 


n 


<r,f 

a, b 


= n 


a, oo 



then, because a cross ratio of four quantities is unaltered by the same linear 
transformation applied to all the variables, we have also 


n 


a, b 




- V 1 (a) ?-VWl , lf /«r 

log U 



where r, denoting ^ r , = ^r*, becomes in turn every substitution of the group. 
Thus we have 


where 


T]^ . 

Ha, b = 


■ 6 TT^n* £ 

11 «, b 


17*’* - 

~ 11 a, 6 = 


27m:* 6 , 


a, 6 


- v a — v h — ^ V ] 0 (y T ^ ^ C®»)1 

” *’ 27 rir 0 ^U-^Un)i b^j(A n )\' 



tn-t 
a, b' 


j denoting as before every substitution whose product symbol has not a 
positive or negative power of n at the right-hand end and f being arbitrary ; 
hence also 


v’ a — V FI*"’*- 


where r, = i -1 , denotes every substitution of the group. 
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There are essentially only p such functions t>*’ a , according as Sr n denotes 
Si, S"a, ...» S p \ for, taking the expression given last but one, and putting 
n=*8t, that is, = we have 


where 17 


£ t , so that 


mv 9 t — a - 11 £ 0 

-n^+o**. 


+ n 


tct 

i,a 


and in particular, when st is the identical substitution, as we see by the 
formula itself, 

O-t^+tfr; 

thus, if r denote SrJ'^ a . . . ^ , we obtain 

v? = + + + , 

so that all the functions vf * are expressible as linear functions of v\ a > . a . 


230. It follows from the formula 


J' a 



S-*j(B n ) a-yj(B n ) 


)• 


that the function v„ a is never infinite save at the singular points of the 
group. But it is not an uniform function of f ; for let J describe the circum- 
ference of the circle C n in a counter clockwise direction ; then, by the factor 
£ — B n , Vn increases by unity; and no other increase arises; for, when the 
region within the circle G n , constituted by *b n S and regions of the* form 
contains a point the product representing the substitution^’ has 

a positive power of S* n as its left-hand factor, and in that case the region 
contains also the point ^j(A n ). Similarly if ? describe the circle C n r in a 
clockwise direction, v* a increases by unity. But if f describe the circum- 
ference of any other of the 2 p circles, no increase arises in the value of 

i>* a , for the existence of a point S 3 (B n ) in such a circle involves the existence 
also of a point S 3 (A n ). 

It follows therefore that the function can be made uniform in the region 
S by drawing the barrier, before described, from an arbitrary point P of C n ' to 
the corresponding point P* of (7 W . Then v* a is greater by unity on one side 
of this barrier than on the other side. Further if m denote any one of 
the substitutions we have 




v*?-v f* 




n 


in 


Where <p denotes a produot of sabetitutions in which is not the left-hand factor. 

23—2 
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where £ is arbitrary; thus as II*"** = II*”**, the difference is also indepen- 
dent of f, and we have, introducing a symbol for this constant difference, 

b t,b 

V sT ro,»» = T «,«- 

It follows therefore that if the p barriers, connecting the pairs of circles 
C n \ C n , and their analogues for all the substitutions, be drawn in the 

interiors of the circles, the functions a , ..., Vp° are uniform in the region S, 
and in all the regions derivable therefrom by the substitutions of the group. 
The behaviour of the functions vf a , ..., Vp° in the region S is therefore 
entirely analogous to that of the Riemann normal integrals upon a Riemann 
surface, the correspondence of the pair of circumferences C ny C n ' and the two 
sides of the barrier P'P, to the two sides of the period loops (b n ), ( a n ), on the 
Riemann surface, being complete. And the regions within the circles 
C lt ..., Cp enable us to represent, in an uniform manner, all the values of the 
integrals which would arise on the Riemann surface if the period loops (6 n ) 
were not present. Thus the ? plane has greater powers of representation 
than the Riemann surface. Further it follows, hy what has preceded, that 
the integral 11*',* is entirely analogous to the Riemann normal elementary 
integral of the third kind which has been denoted by the same symbol in 
considering the Riemann surface. On the Riemann surface the period loops 
(a n ) are not wanted for this function, which appears as a particular case of a 
more general canonical integral having symmetrical behaviour in regard to 
the first and second kinds of period loops ; but the loops ( b n ) are necessary ; 
they render the function uniform by preventing the introduction of all the 
values of which the function is capable. In the f plane, however*, the 
function is uniform for all values of f, and the regions interior to the circles 
enable us to represent all the values of which the function is susceptible. 
Thus the introduction of Riemann’s normal integrals appears a more natural 
process in the case of the f plane than in the case of the Riemann surface 
itself. 


231. We may obtain a product expression for r n , 
formula 


directly from the 


T n, m - 


i v i f\cf r ~~ ^ ~ w i . 

27ri7 10g Lr~^W/ f-MA n )J’ 


let k denote in turn every substitution whose product symbol neither has a 
power of at its left-hand end nor a power of at its right-hand end ; 
thus we may write ^ or, for abbreviation, j = m~ h k ; and for every 

substitution k, the substitution j has all the forms derivable by giving to h 
all positive and negative integral values including zero, except that, when k 


Barriers being drawn to connect the infinities of the function. 
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is the identical substitution, if m = n,h can only have the one value zero ; 
then applying to every quantity of the cross ratio under the logarithm 
sign, we have 

Tn ' - - as ? log ( &^r/ 1 ) 


= 1 
2m' *, a 

and therefore, if w be not equal to «, 

T », «l 


y | O01 f ik-lmh+i -Bn J £k~i tnk+ l~~ d. n \ 
\ I Clr-if/t* ” -dn / 


- JL X log fo I 

' 2m * g WV«) - BJ ^‘(4„) - Aj ’ 


while when m — n, separating away the term for which k is the identical 
substitution, 



Kn-B n 

K-B n 


/ 


?» - -d»\ 

K-'AJ 


_1_ . I % l (B n )-A n \ 

2m * g W l (^ n ) - I Sr‘(4„) - A^J ’ 


where S' denotes that the identical substitution, ^* = 1, is not included; 
thus 


1 


'Tn, n — 


2 rrri 


log(^,,e*' , ») + 


1 T (B n ) I B n -% (A„)l« 

2m 7 10g U„-^.W/ ’ 


where s denotes every substitution of the group other than the identical 
substitution, not beginning or ending with a power of ^ n , and excluding 
every substitution of which the inverse has already occurred. 

These formulae, like that for are not definite unless the barriers (§ 227) 
are drawn. 


232. Ex. i. If J* l a = u n -f iw n , u n , iw n being the real and imaginary parts of v” a , prove, 
as in the case of a Riemann surface, by taking the integral J u dw round the p closed 

curves each formed by the circumferences of a pair of circles and the two sides of the 

barrier joining them, that the imaginary part of jV, 2 ^ -f + 2^ r 1 A r 2 r 12 -f is positive, 

..., N p being any real quantities and u+iw~N x v^ ft + -| -N p v^ a . Prove also the 

result r,^ t*, by contour integration. 


Ex. ii. Prove that the function of £ expressed by 

r * f ” (fa ‘ = * + ® r) ’ * [a r - f _ o~^] ’ 

has analogous properties to Riem aim’s normal elementary integral of the second kind. 
Ex. iii. Prove that 

where a < =(« < a+^)/(y,a+^). 
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Ex. iv. With the notation 


r g r~ l 


prove that 


* (*, «-♦(*, o=2*t ? <•-♦<*, « - * (* o, 


where £ is an arbitrary point, and hence prove that if z, c lt ...» £ be any arbitrary 

points, and (£), ...» £ P ~3 P (£), the function of ( expressed by 

0 , *(*, 0 , *(*, 6 ),-, *(*, &) . 

*( c i» 0> * ( c i» 0» *( c u &)> •••» ^ ( c i» &>) 


*(**» 0> ^(^pj £)> *( c p> £i)> * ( r p» &>) 


is unchanged by the substitutions of the group, and has simple poles at z, c u ... , c p , and 
their analogues, and a simple zero at £, and its analogues. Thus the function is similar to 
the function ^(x, a; z, c t , ..., c p ) of § 122, and every function which is unchanged by the 
substitutions of the group can be expressed by means of it 

As a function of z, the function is infinite at *=£,*=£, beside being infinite at z=ao, 
and its analogues; when (a,3+&)/(y*z+£<) is put for z f the function becomes multiplied 
by {y t z + 8j) s . This last circumstance clearly corresponds with the fact (§ 123) that 
yjf(x, a; 2 , Cj , . . . , Cp) is not a rational function of z, but a rational function multiplied by 
dz , - ... v 


(cf. Ex. iii.) 


Ex. v. Prove that 


I V 

* fU-Cr «-(,) 


Ex. vi. In casejD=l, we have 


Z=5)' 'ti-'vJ.Q&fcf)’ T= ^ log ^* ,)> 


(«r ~ B)/(Or -A)= (^) r (a - B)f(a -A). 


Putting, for abbreviation, q—e %WT ^^/^e tK f and 


e(0- 2 (-)V 


t(C-B ia-B\n+i 
\C-Al a-Aj > 


prove, by applying the fundamental transformation once, that 
a n*\ ! C ” A l a ~~ A _ ... a +4r) 


+4T) ©(0, 

and shew that e (£) is a multiple of the Jacobian theta function 0 {v^ a , q ; £, £). 

Ex. vii. Taking two circles as in figure 6 (§ 223), let CBjAC'-a- and ; 

take an arbitrary real quantity », and a pure imaginary quantity •' = £log/*, and let 
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flf> («) denote Weierstrass’s elliptic function of u with 2o>, 2« as periods. Theu prove, 
if ct f c denote points outside both the circles, a! denote the inverse point of a in regard to 
either one of the circles, and P, Q be arbitrary real quantities, 

(a) that the function 




-B 

A 



is unaltered by the substitution (£'-£)/(£'- A) A), and has poles of the 
first order, outside both the circles, only at the points 


(£) that the function, 


P±iQ 


P-iQ 


pf-log 1 ” log- loffi t^Ur “ loir 1 ° i ~ B 

*[in g <rC-A] ® [_i7r l0g <r a — A J ^[in^aC-A J P \jn g 'o- J 


is real on the circumference of each circle, and, outside both the circles, has a pole of the 
first order only at the point (=a. The arbitrarics P, Q can be used to prescribe the 
residue at this pole. 

Ex. viii. Prove that any two uniform functions of £ having no discontinuities except 
poles, which are unaltered by the substitutions of the group, are connected by an algebraic 
relation (cf. § 235) ; and that, if these two be properly chosen, any other uniform function 
of ( having no discontinuities except poles, which is unaltered by the substitutions of the 
group, can be expressed rationally in terms of them. The development of the theory on 
these lines is identical with the theory of rational functions on a Riemann surface, but 
is simpler on account of the absence of branch places. Thus for instance we have a 
theory of fundamental integral functions, an integral function being one which is only 
infinite in the poles of an arbitrarily chosen function x. And we can form a function such 
as z) (§ 124, Chap. VII.) ; but the essential part of that function is much more 
simply provided by the function, zar (£, y), investigated in the following article. 


233. The preceding investigations are sufficient to explain the analogy 
between the present theory and that of a Riemann surface. We come now 
to the result which is the main purpose of this chapter. In the equation 




where {f, y/zi, c»} denotes a cross ratio, let the point z approach indefinitely 
near to f, and the point c approach indefinitely near to y \ then separating 
away the term belonging to the identical substitution, and associating with 
the term belonging to any other substitution that belonging to the inverse 
substitution, we have, after applying a linear transformation to every element 
of the cross ratio arising from the inverse substitution 


IT *’ 0 

u f.y 


= log 


<*HP<?Z7) 

<*-7 )(«-*) 


+ S' log 


(•*-{)(*_- y) 

(zi-y)(c t -d 


(*-Zi)(c-yi) 

(z-y i)(c-W 


where S' denotes that, in the summation, of terms arising by a substitution 
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and its inverse, only one is to be taken, and the identical substitution is 
excluded. Thus we have* 


limit [-(*-?)(c- y)e 

*-£> c—y 


- n iv e ]i= ( r- 7 )n 

t 


.< 6 -_ 7 >( jg -0 

c?r-?)(7.'-7)' 


=(?- 7 ) n'{r, 7/7, •■?<), 

I 


where II' has a similar signification to 2 ' and {?, 7/7*, ft} denotes a cross 

t i 

ratio. Consider now the expression 


*(f,7). =(f-7) n'{f,7/7,-, &}; 

it has clearly the following properties — it represents a perfectly definite 
function of f and 7, single-valued on the whole f-plane ; it depends only on 
two variables, and vt (f, 7) = - -or (7, f) ; as a function of f it is infinite, save 
for the singular points of the group, only at f = oo , and not at the analogues 
of f=ao; it vanishes only at f = 7 and the analogues of this point, and 
limit^ =y (f, 7)/(f — 7) = 1. Thus the function may be expected to generalise 
the irreducible factor of the form x — a, in the case of rational functions, and 
the factor <r(u — a) in the case of elliptic functions, and to serve as a prime 
function for the functions of f now under consideration (cf. also Chap. VII. 
§129 and Chaps. XIII. and XIV.). It should be noticed that the value of 
w (?> 7) does not depend upon the choice we make in the product between 
any substitution and its inverse; this follows by applying the substitution 
to every element of any factor. 


234. We enquire now as to the behaviour of the function «r(f, 7) under 
the substitutions of the group. It will be proved that 


*[(?». 7) 

w (f, 7) 




7 


where (— 1^», (—!)** are certain ± signs to be explained. 


This result can be obtained, save for a sign, from the definition of «r (f, 7), 
as a limit, from the function Ilf’* ; but since, for our purpose, it is essential 
to avoid any such ambiguity, and because we wish to regard the function 
w (?» 7) as fundamental, we adopt the longer method of dealing directly with 
the product (? - 7) IT jf, y/y it f,*}. We imagine the barriers, each connecting 

a pair of circles, which are necessary to render the functions vf a , ..., Vp* 

* This function occurs in Schottky, Crelle, ci. (1887), p. 242 (at the top of the page). See 
also p. 258, at the top. The funotion is modified, for a Riemann surface, by Klein, Math. Annal. 
xxx vx. (1890), p. 18. The modified function occurs also, in particular cases, in a paper by 
Pick, Math. Annal. xxix., and in Klein, Math. Annal. xxxn. (1888), p. 867. For p=l, the 
theta function was of course expressed in factors by Jacobi. The function employed by Ritter, 
Math. Annal. xliv. (p. 291), has a somewhat different character. 
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uniform, to be drawn; then the quantities T n , m > T n>n given in § 231, and 
defined by vjS* t/***^are definite; so therefore is also e * it; £’ y and the quan- 
tity e mTn n , which is equal to 


Jt>» tiv f (Bn)a / Pn ~ (A n ) t 

L A n -(B n )J A n -(A n \_ 


where s denotes a substitution, other than the identical substitution, not 
beginning or ending with a power of ^ n , and excluding the inverse of a 
substitution which has already occurred. This formula raises the question 
whether tc ny which we take positive, is to be regarded as less than 27 t or not, 
since otherwise the sign of e ***» is not definite. But in fact, as it arises in 


this formula, from 




log fi n 4- ifc n is the value of log 



when 


J' has reached J n from % by a path which does not cross the barriers. Thus K n 
is perfectly definite when the barriers are drawn, and the sign of the 
quantity 


e -7TtT n> 




(A n ) s 

(A n ),_ 


is perfectly definite and independent of the barriers. We denote it by 
(- l)^" 1 . The annexed figure illustrates two ways of drawing a barrier 
PP\ In the first case tc n is less than 2tt. In the second case f' must pass 


Fig. 8. 



once round the point B y and tc n is greater than 2n r. When * n is thus 

determined, the expression by means of tc n of the p n which occurs in 
the formulae connecting a n , y n , B n and A n> B n , p n , for instance in the 
formula pi = (1 +p»)/(0n + $n), is also definite; it may be pi = pie*** or 

pi = — We shall put pi = (— 1)*» pi e**”. If the whole investigation 

had been commenced with a different sign for each of a n , j3 n > y n > S n > K would 
have become & n — 1, but g nt depending only on the circles and the barrier, 
would have the same value. 

We have 

7 > = tn-y n ,Zin-y ~ K 

•(& 7 ) ?“7 i ft ~ 7 7 » — ? * £» “ £» * 
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where % denotes in turn all substitutions which with their inverses give the 
whole group, except the identical substitution ; thus % denotes all substitutions 
n K for 1, 2, 3, ...» oo , as well as all substitutions n h sn k , where 8 has the 
significance just explained and h f k take all positive and negative integer 
values including zero. Therefore 

= Kn -_y n CnM-l-y 7 K 

«(?»7) C-7 a £n* ~~ 7 * 7»* ““ K ?» x+1 ““ fn 

jj jn k an k+ 1 ’ 7 7 w**n* £n Jj n*i7» fc £ 

ft, a, ft “ 7 7n*«ft* ~ 1 ?» 

=s ^ JJ 7 jj ~ £ tt 7 n* 

?~7 A A?nft+1-?A 7» x ~ £ * - ?» 

JJ “ 7 ( jn)n*g ~ ? jj 7 n »*n* ~~ jn Sw»*n* + l — ? 

ft. « (^4/j)/i*# — 7 {B n ) n hg — f ; ti ,, * 7^«J* — f ?»*#»* + 1 “ in * 

the transformation of the second part of the product being precisely as in the 
first part, 

!7 7 Bji ~ 7 ~~ j JJ 7 ~~ - A ~~ £n~ft 

f-7 *?n“7 A 7-f«^ 'r»-?nl-A 

jj {^n)nhn ~ 7 (-d.»)n*g (T jj 7 ~~ Cn £» ~ k s~ln~ h 

ft,* 7 (^«)n*» K h,»,k 7 ?»"*««“* 

7 fn-r 7-r f»:J»n(^“7 

Bn — i £-y'y-A n ' f n -f (B n )nh.- i 

jj 7 — {B n )n~ k g-\ in — (A n )n-t*-\ # 

*, * 7 “ (^n)n-*«-i in — (B n ) n -kg-i 

since A- and — A: have the same range of signification we may replace — & by //, 
in the last form, and obtain, by a rearrangement of the second product, 

V *S.^ n , y) _ B n — y jn — A n jj f — (-dn)wA« 7 {B n )nb8 
9 <£• 7) - ?* 7 ~ in ft, * ?- (£»U * 7 - M»U 

JJ 7 " (^n)nAg ~ l ?n~“(^n)nftg-l , 

*, ft 7 ”* (-dn)»ft#-l £n (^n)n*«-l 

but, from the formula 


f.r 

n 





where j can have the forms n h 8, n h s \ or be the identical substitution, 
we have 


2riv^ y 
e * s 


? Bn 7 A n JJ £ (B n ) Ti hg 7 — (.dn)nAg jj j ~ (B n )n^-i 7~ (^» Vr-l . 
i A n 7 "" B n h,*i “-(A n )nfi9 7 ~ (#»)»*« #, ft ?“*(in)nft«“l 7 ($»)»*#--! * 
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w (£>■ y) *«'<£ Y tn-A n f - (B n V <zl 

«r(?,7) ? - r» - feu-i ' ?- (4.u-r 

t>n “ jj — <d.» 

(f“ t,h%mt- h ~~ B n % m -h — A n 

__ _ £» -pr (-dn)* ~ -®n (-^n)* ~ -d» 

f-4* 

and hence 


™(J>_n±V) J iriv » y+wiT -» 
»<C.7> 


?»-^n 


(-1>W 


now from the formula (?„ - £»)/(?„ - d. n ) = p n (? - £„)/($■- -4 n ), and the 
values of %, ft n , y„, S n given in § 226, we immediately find 

(?- A.)/(f, - -d«) = [?- An -Pntt- B„)]/(Bn - A n ), 

7»f + s» = [/>„'* (£- il„) -pi(f- 5, .)]/(£„ - d n ) ; 

thus, as pj = (— l)*»/4 e J “", we have 


hence, finally 


(?- 4„)/(? n - An) = (- e *«» ( 7 „r+ 8„) ; 


«■(£», 7) 
<*(£7) 


= (- l^n+^n 


e -2W(4 ,y 4.Jr tt , n ) 
7 »? + 


where (— l/*e " T *'UgK is independent of how the barriers are drawn, and 
(— l)*»y w , (— l) fc »S n are independent of the signs attached to y n and 8 n . 


235. The function o-(f, 7), whose properties have thus been deduced 
immediately from its expression as an infinite product, supposed to be 
convergent, may be regarded as fundamental. Thus, as can be imme- 
diately verified, the integral is expressible by «r (f, 7), in the form 


«*,<? t sr (2, f)i 

n/ v = log 
c,y s ® (*, 7) 


'(7.e) 

'(Coy 


and thence the integrals v { ,l y arise, by the definition t'f ,' y = II s'y ‘ , and 

thence, also, integrals with algebraic infinities, by the definition 


p£ Y 



(,y 

»,a 


(cf. Ex. ii, § 232). Further, if F(f) denote any uniform function of f whose 
value is unaltered by the substitutions of the group, which has no discontinui- 
ties except poles, it is easy to prove, by contour integration, as in the case of 
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a Riemann surface, (i) That i’(f) must be somewhere infinite in the region S, 
(ii) That F(£) takes any assigned value as many times within S as the sum 
of its orders of infinity within 8, (iii) That if a u ..., a* be the poles and 
ft, fa the zeros of 1 F(f) within S t and the barriers be supposed drawn, 

Vi 1 ' a * + + “* * mi + w / t ,, , + + mpTi tP , (i = 1 , . . . , p), 

where w^, • ••» m p> m i» • ••> m v are definite integers. Thence it is easy to 
shew that the ratio 


F(i*\ A) HLH&I ft*) p~ 2rt7wi , v^ a -t- .. + m 'i> v p a ) 

x ) (?,«*) 

is a constant for all values of f. And replacing some of ft, ..., a* in this 
expression by suitable analogues, the exponential factor may be absorbed. 


Ex. In the elliptic case where there is one fundamental substitution (£'- — ;1) = 
P (C~ fi)KC - ^)> we have (£ t - /?)/(£, - A)~p l ((- B)/((- A), and thence putting «, v t respec- 
tively for the integrals v v y , so that e iinu = ((- B)j((- A\ e 2niV =(y-B)l(y- A), we 
immediately find 

f-y, C— £, _ 1 -2/ cos 2tt (u- rj+p 21 > B-A *mn(u-v) 
y - y x y~C, ~ (l-p*) 2 * ^ 2 i Sill »rW sill JTV ’ 

and hence 

.. . B—A sin7r (w - v) * 1 -2p < cos2jr(« — v) + p 2 * 

•<C.7>— g- sin siif«ri> ,?i ~ " F-p*)* * 

which*, putting c wlT = p*, is equal to 


(« - »)* „ [ 2m (« - „) ; 


2o>, 2o>r] -rsin 7ri/ siiurv, 


where o> is an arbitrary quantity, and 


GO 


(i -P n ) 2 ' 


236. The further development of the theory of functions in the f plane 
may be carried out on the lines already followed in the case of the Riemann 
surface. We limit ourselves to some indications in regard to matters bearing 
on the main object of this chapter. 

The excess of the number of zeros over the number of poles, in any 
region, of a function of f, /(f), which is uniform and without essential 
singularities within that region, is of course equal to the integral 


See, for instance, Halphen, Fond. Ellipt. (Paris, 1886), vol. x. p. 400, 
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taken round the boundary of the region. If we consider, for example, the 
function fi n (f ), = dv% y ld%, which is nowhere infinite, in the region S, the 
number of its zeros within the region S is 


1 i 

2iS r iiJLn»(W fl»(OJ * 


where the dash denotes a differentiation in regard to f, and the sign of 
summation means that the integral is taken round the circles C x ', ..., C p , in 
a counter-clockwise direction. Since fl n (f r ) = (y r £ + $ r ) 2 (?), the value is 

1 | 

2w» r lJf-^; l (ao) 

or 2p ; thus as Q n (f ) vanishes to the second order at ? = oo in virtue of the 
denominator df, we may say that dv„ y has 2p—2 zeros in the region S, in 
general distinct from f = oo . The function fi n (f) vanishes in every analogue 
of these 2p — 2 places, but does not vanish in the analogues of oo . 

The theory of the theta functions, constructed from the integrals , and 
their periods r„ ( , n , will subsist, and, as in the case of the Riemann surface 
there will, corresponding to an arbitrary point m, which we take in the 
region 8, be points m u ..., m p in the region S, such that the zeros of the 

function © (v^ m - v *" — — v*p> m p) are the places fi, ...» And 

corresponding to any odd half period, there will be places n lf ..., n^, 

in the region S, which, repeated, constitute the zero of a differential dv& y , and 
satisfy the equations typified by 

= V m py m - - - V n P- 1» *"P-1. 


The values of the quantities and the positions of Wj, ..., m p may 

vary when the barriers which are necessary to define the periods r n ,m are 
changed. 

But it is one of the main results of the representation now under 
consideration that a particular theta function is derivable immediately from 
the function w (f, y ) ; and hence, as is shewn in chapter XIV., that 
any theta function can be so derived. Let v denote the integral whose 
differential vanishes to the second order in each of the places n u ..., n p - x . 
Consider the expression V dv/d^ in the region S. It has no infinities and it is 
single-valued in the neighbourhood of its zeros, as follows from the fact that 
the p zeros of dvjd% are all of the second order. Hence if the region S be 
made simply connected by drawing the p barriers, and joining the p pairs of 
circles by p - 1 further barriers (Cj), ...» (fy-i), of which (c r ) joins the circumfer- 
ence Cy to the circumference C r+l) ^dv/d£ will be uniform in the region S so 
long as f does not cross any of the barriers. For the change in the value of 
•Jdvjd% when f is taken round any closed circuit may then be obtained by 



366 


EXPRESSION OF tar (f, 7) BY THETA FUNCTIONS. 


[236 


considering the equivalent circuits enclosing the zeros. But in fact the 
barriers (c,), ..., (Cp_,) are unnecessary; to see this it is sufficient to see that 
any circuit in the region S which entirely surrounds a pair of circles, such 
as Gi> G u encloses an even number of the infinities of dv/d£ which are at the 
singular points of the group. Since these infinities are among the logarithmic 
zeros and poles of v[ ,y t ..., Vp y , whereof v is a linear function, the proof 
required is included in the proof that any one of the functions v\ Y , ..., is 
unaltered when taken round a circuit entirely surrounding a pair of the 
circles, such as G t . Thus when the barriers which render the functions 


v{ ,y } ..., Vp y uniform are drawn, the function Vdv/df is entirely definite within 
the region S , save for an arbitrary constant multiplier, provided the sign of 
the function be given for some one point in the region S. And, this being 

done, if 7 be any point, the function is independent of this sign. 

This function, with a certain constant multiplier, which will be afterwards 
assigned, may be denoted by \/r (f). 


237. We proceed now to prove the equation 

{q,y) *($) *(0 

where s'v*' y — s/vf’ y *f + s p 'vf, y , and A is constant, independent of f and 

7 . It is clear first of all that the two sides of this equation have the same 
poles and zeros in the region S. For 0 (?/’ y -f vanishes to the first 

order at the places 7 , n lf ..., n^, and ^(f) vanishes to the first order at 
n lf . . . , , oo , while ur (f, 7 ) vanishes to the first order at f = 7 , and is 

infinite to the first order at f = ac * Thus the quotient of the two sides of the 
equation has no infinities within the region S. Further the square of this 
quotient is uniform within the region S, independently of the barriers; for 
this statement holds of each of the factors 

(?> 7>> r(0, e WeCy . 

And, if f be replaced by ? n , the square of the quotient of the two sides of the 
equation becomes (cf. § 175, Chap. X.) multiplied by the factor 



♦(wy*(0T 


which is equal to unity. Nowf a function of ?, which is unaltered by the 
substitutions of the group, and is uniform within the region S f and has no 


* At the analogues of 00 neither w (f, y) nor 1/ \f/ (?) becomes infinite, 
t If U+iV be the function, the integral jUdV , taken round the 2p fundamental cireles is 
expressible as a surface integral over 8 whose elements are positive or zero. In the case 
considered the former integral vanishes. 
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infinities, must, like a rational function on a Rieraann surface, bo a constant. 
Since the square root of a constant is also a constant the proof of the equation 
is complete. 

From it we infer (i) that 

f (W (?) = (~ !)•**• (7-?+ «») (- 1 

and (ii) that the values of yfr (f ) on the two sides of a barrier have a quotient 
of the form (— 1)*». The constant factor to be attached to yfr (f ) may be 
chosen so that A — l. For this it is sufficient to take for the integral v the 
expression 

v= i e/ao.,,) «£\ 

<-1 

where 0/ (u) = 00 (u)/dui. Then (cf. § 188, p. 281) the right-hand side, 
when f is near to y, is equal to A (f — 7 ) + while the left-hand side has 
the value (? — 7 ) + . . . . 


238. The developments of an equation analogous to that just obtained, 
which will be given in Chap. XIV. in connection with the functions there 
discussed, render it unnecessary for us to pursue the matter further here. 
The following forms an interesting example of theta functions, of another kind. 


Suppose that the quantities /z, , . . . , /Xp are small enough to ensure (cf. § 226) 
the convergence of the series 


» 


[7.?+ Si]- 1 
6 -/* 


wherein /x denotes an arbitrary place within the region 8, and i denotes a 
summation extending to every substitution of the group. It will appear that 
this function is definite in all cases in which the function cr (f, jn) is definite. 
The function is immediately seen to verify the equations 

MU /*) =( 7 nf + WX(f, fl\ \ (?, fin) - (7 nfl + K) X (f, fl\ 


and 


M/t, ?) = 


^ <*>/* + &-? (7 ifi + Si) 

S 1 .... 

i Si?-£i-/t(- 7 i? + a.) 

£ (7r? + S r )^ 

?r - »» ’ 


where r denotes the substitution inverse to that denoted by t. Thus 




The function has one pole in the region S , namely at /a, and no other 
infinities, and if the series be uniformly convergent near f = 00 , as we assume, 
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the function vanishes to the first order at f ** 00 . The excess of the number 
of its zeros over the number of its poles in S, which is given by 

J $ f r V(k, H ) _ X&JL L>] dt 
l hn n ~ 1 J [_X (?,», /i) X (f , /*) J 

where the dash denotes a differentiation in regard to f, and the integrals are 
taken counter-clockwise round the circles C /, ..., Op, namely by 

J $ f 

27ri n ~ 1 JZ-%r 1 <x> * 

is equal to jt). Thus the function has p zeros in $ other than f = 00 ; denote 
these by /a,, pp. Within any region % n S the function has the analogue of 
p for a pole, and the analogues of py, ..., p p for zeros; it does not vanish at 
the analogue of f = oo . This result may be verified also by investigating 
similarly the excess of the number of zeros over the number of poles in any 
such region; the result is found to be p — 1. 

Consider the ratio 

/(O-IMf, mXnJ. 

where v is any linear function of v\ Y , v* p y ; let ?i> ••• > fap -2 denote the 
zeros of dv. Then /(f) is uniform within the region S, and is unaltered by 
the substitutions of the group. It has poles p\ f n ..., and no other 

infinities in S, and has zeros p x s , pjf, the square of a symbol being written 
to denote a zero or pole of the second order. Thus we have, precisely as for 
the case of rational functions on a Riemann surface, 

2 Vn P ’ * + Vn ' Ml + 4- + + Vn**'- 2 ' 1 H 0, (p = 1,2,..., p ), 

or (§ 179, p. 256), 

(/*"» (Ti » •••> £V-2) = (^i 8 » • * • » ^p 3 )> 

and therefore, if m 1} ..., denote the points in S, derivable from p (§ 236), 

such that 0 (i/’ M — v*" M ‘ - — v* 11 ’ mp ) vanishes in f = a?,, . . . , f = a?p, we 

have (§ 182, p. 265). 

(pi 1 , ..., p p *) = (Wj 2 , ..., wq, 2 ). 

When the barriers are drawn, let 

C'“' + +C m ’’ = *(*.+*.%,+ +Vn f ). (*‘ = i.2 ;>), 

A?j, ..., k pt k / f ..., kp being integers. 

Now consider the product X(f, /a) or (f p). It has no poles, in S , and its 
zeros are p u p p . It is an uniform function of f, and, subjected to one of 
the fundamental substitutions of the group it takes the factor 

i "$’4. = (~ l)^e- 2 " (, »'‘ +ir ->. 

/*) 
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Hence the function 

W(y\ — ^ (?* A 4 ) w (ft A 1 ) jrik'vt’ * 

(?) ~ 

wherein denotes A’iVi' M 4 - +k p 'Vp li , and XI denotes the p quantities 

+ Xt/tv.i + + k p n tP , has, within < 8 , no zeros or poles, and is such that, 

for a fundamental substitution, 

F(Sn)IF(Q = (-iy»+*n-*n 

(cf. § 175, Chap. X.); thus, as in the previous article, F(%) is a constant 
thus, also, g n + h n — k n is an even integer, = 2ff n , say* and we have 

X (C fi) m (£, = A»- m + M 0 (/• * - £P), 

where P denotes the quantities + A* + j + + k p T itP , an d ^ is 

independent of f. But, if f describe the circumference C n , the left-hand side 
is unchanged, and the right-hand side obtains the factor e“ T '*\ Thus the 
integers k x \ are all even ; put k r f = 2H r f ; then, as 

0 (V- -£±* - t J5T) = ~ 0 , 

where the notation is that of § 175, Chap. X., we have 

wherein P is independent of f, and therefore, since the interchange of f, /u. 
leaves both sides unaltered, P is also independent of p. The value of B may 
be expressed by putting ?=/z; thence we obtain, finally, 

X (t m) * (t m) = e (/' <* - ^ - *A)/e (iff + iA). 

Tins equation may be regarded as equivalent to 2 P equations. For if in 
one of the p fundamental substitutions f = (a r f + fi r )l(yr £ + %r), we consider 
the signs of a,, 0 rt y r > 8 r all reversed, the function X (f, /a), which involves the 
first powers of these quantities, will take a different value. The function 
sr ( f, p), the p fundamental circles, and the integrals v *’ M and their periods 
T M|Mt , and therefore the integers g ly ..., g py will remain unchanged, if the 
barriers remain unaltered. But the integer h r will be increased by unity. 

If, on the other hand, the coefficients a, j3 y 7 , 8 remaining unaltered, 
one of the barriers be drawn differently, the left-hand side of the equation 
remains unaltered; on the right-hand one of h u ... y h p will be increased by 
an integer, say, for example, h r increased by unity, and therefore each of 
Tj t r, ..., t Pl r also increased by unity. Putting u for v i,tl — \g - \h y and 
B. 24 
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neglecting integral increments of w, the exponent of the general term of the 
theta series is increased, save for integral multiples of 27 ri, by 

2iri (— J) n r + t7rn r 8 , 

which is an even multiple of 7 rt, so that the general term is unchanged. 

Ex. i. Prove that the function X {(, p) can be written in the form 

M)=^^[l + 2 / (a»+^) {£> (i\fh Mill 

where the sign of summation refers to all the substitutions of the group, other than 
the identical substitution, with the condition that when any substitution occurs its inverse 

must not occur, and {£, & | m) denotes y — I ~ — - . 

Ex. ii. In case />= 1, where the fundamental substitution is 

putting A), e** iv =( f i-B)/(p-A) t prove that 

t- sin n(u-v) , . . i sin 2 ir(u-v) 

^ 2 i sin itu sin w * ***** ** l- 2 p < C 082 f^(w-^;)+p 5^|, 

and hence 

^tsinirftsinirv [~ ® 4 ( - 1 ) M p P (1 + p») sin 2 n ( u - y )l 

M ’~(5-i4)sinw (tt-v)L i-i 1 -2p < cos27r(w-v)-f p 2< J* 

When A=0 this becomes* 

4ia> sin wM sin tm> tr 3 [2o ) (m- e)] 

(B—A) n(r 3 (0) a [2c o (u - v)] * 

where the sigma functions are formed with 2«, 2o>r as periods, u being an arbitrary 
quantity. Thus (§ 235, Ex.) 

-«• HAtt 

where the symbol S 0 is as in Halphen, Fond. Ellip, (Paris, 1886), Vol. I. pp. 260, 252. 
This agrees with the general result ; in putting p^=e Tr,r we have taken g—\ ; and, as 
stated, h is here taken zero. 

When A = 1 we similarly find 

xu u )-*** ““ * r *” n - («-»+!)]. -*„(»-«) 

A «>W- {B-A)™^) »[£.(«■-*)] -* 

and hence 

W (f, M )X(f, n) =r a gM) 

<r 8 («) ’ e(0) * 

also in agreement with the general formula. In these formulae 0(w) denotes the series 
1 + 2 ^ gQg (2*rtt)4.2 q* cos (4*rtt)+2^ cos (6 jru)+ 

where q=e 1wr . 

* Cf. Halphen, Foncl. EUip. (Paris, 1886), Vol. i. p. 422. 
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Ex. iii. Denoting 


i &*-*)■ ’ 




where the summations include all substitutions of the group except the identical sub- 
stitution, respectively by u mt n , n , prove that, when { is near to /*, 

= 1 - i (f - M ) 2 W 2 , 2 +(^ “ /*) 8 “ 2 , 3 + i (f- /*) 4 K . 4 “ 6 m 2 . 4 + 4 2 + V 4 , 4 ] + 


Ex. iv. If 2 , * be two single-valued functions of without essential singularities, 
which are unaltered by the substitutions of the group, the algebraic * relation connecting 
z and 9 may be associated with a Riemann surface, whereon £ is an infinitely valued 
function ; and if 2 , 8 be properly chosen, any single-valued function of ( without essential 
singularities, which is unaltered by the substitutions of the group, is a rational function on 
the Riemann surface. But if 


K-*!“^°s§-Krf; los §) S ’ 



tit 

where etc., we immediately find that the value Z—{a(+fi)l(y(+b) gives 

{Z, *} = {C, z}; 

therefore, as {f, z), = -{z, , is a single-valued function of ( without essential 

singularities, and is unaltered by the substitutions of the group, we have 

& *} = 2 /(*, 8) t 


where / denotes a rational function. Therefore, if V denote an arbitrary function, and 
P = - ^ log ^ , Y and ( Y are the solutions of the equation 


dz* + dz + 




and if Y be chosen so that Y 2 /— is a rational function on the Riemann surface, the 
coefficients in this equation will also be rational functions. Thus for instance we may 
/dz 

take for Y the function in which case 0, or we may take for Y the function 

^ (C)j =“ \J ^ ^ , considered in § 230, which is uniform on the f plane when the barriers 

d dv d? Y 

are drawn, in which case P= - log ^ , and the equation takes the form + R. Y—0, 

where R is a rational function, or again we may take for Y the uniform function of 
\ ((, /i), considered in § 238 f. 


* Ex. viii. § 232. 

t Cf. Riemann, Get. Werhe (Leipzig, 1876), p. 416, p. 416; Schottky, Crelle , lxxxiii. (1877), 
p. 886 ff. 


24—2 
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Ex. v. If, as in Ex. iv., we suppose a Riemann surface constructed such that to 
every point ( of the ( plane there corresponds a place (z, s) of the Riemann surface, and 
in particular to the point £=£ there corresponds the place (.r, y), and if /?, S be functions 
of £ defined by the expansions 

i log » (£, &- ~+r+('-*) R+ w -$r = 1 - WC- &+ - 

prove that 

and that R, S are rational functions of x and y. 

Ex. vi. The last two examples suggest a problem of capital importance— given any 
Riemann surface, to find a function which will effect a conformal representation of the 
surface to such a ^-region as that hero discussed. This problem may be regarded as that 
of finding a suitable form for the rational function I (z, s). The reader may consult 
Schottky, Crelle , lxxxiii. (1877), p. 336, and Crelle, ci. (1887), p. 268, and Poineard, 
Acta Mathematical iv. (1884), p>. 224, and Bulletin de la Soc. Math, de France , t. xi. (18 May, 
1883), p>. 112. In the elliptic case, taking 


where §> denotes Weierstrass’s function with 1 and r as periods, it is easy to pirove tliat 
and C \/^ are the solutions of the equation 


(4z'-c lt z-g,) < ?~+(W-\ 


+^r=o. 


239. There is one case of the theory which may be referred to in 
conclusion. Take p circles C u ..., C p , exterior to one another, which are all 
cut at right angles by another circle 0 ; take a further circle C cutting this 
orthogonal circle 0 at right angles; invert the circles G u C. 2 , ... in regard to 
C. We shall obtain p circles C/, C 2 , ..., G p ' also cutting the orthogonal 
circle 0 at right angles. The case referred to is that in which the circles 
G u Ci t ..., C p , C p are the fundamental circles and the angles tc u ..., k p are 
all zero, so that, if denote one of the p fundamental substitutions, the 
corresponding points £ lie on a circle through A n and B n . We may 
suppose that the circles C u ..., C p are all interior to the circle C. It can be 
shewn by elementary geometry that A n , B n are inverse points in regard to 
the circle C as well as in regard to the circle C n , and further that if <o denote 
the process of inversion in regard to the circle C and a> n that of inversion in 

regard to C n , the fundamental substitution S- w is (o n <o , so that 6>S»<iD = \ or 

Hence if the points of intersection of the circles 0, C n be 
called a w ', 6», the points of intersection of 0, CV be called a n , b n , and the 
points of intersection of 0, C be called a, b, it may be shewn without much 
difficulty that 


i + C 6 = i + tf, («, r = l,2 p-, v^r), 
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where P Ut r , Q n , R are integers, and the integrations are along the perimeters 
of the several circles. Hence it follows that the uniform functions of f 
2n £ c 2n^’ c 

expressed by e a r> b r, e a > b are unaltered by the substitutions of the group. 
Denote them, respectively, by x f (f) and x (f). Each of them has a single 
pole of the second order, and a single zero of the second order, and therefore, 
as in the case of rational functions on a hyperclliptic Riemann surface, we 
have, absorbing a constant factor in x r (f), an equation of the form 

r(Q 

But it follows also that the function 


nf ,c +nf'% + +n^. 

y(0, =e a ' h a " b ' v*-, 

is unaltered by the substitutions of the group. Hence we have*, writing 
y f xfory(£),x(Q, etc., 

? .2 „ xx x - x 1- 7j5L(3)] 

y -x Xl ...x p -x^_ x(k)] [c 


Thus the special case under consideration corresponds to a hyperelliptic 
Riemann surface; and, for example, the equations v ^ 1 ' + Qn, etc., cor- 
respond to part of the results obtained in § 200, Chap. XI. It is manifest 
that the theory is capable of great development. The reader may consult 
Weber, Gottingen Nachrichten , 1886, “Ein Beitrag zu Poincard’s Theorie, 
u. s. w. ,” also, Burnside, Proc. London Math. Soc. xxiii. (1892), p. 283, and 
Poincartf, Acta Math. Hi. p. 80 and Acta Math. iv. p. 294 (1884); also 
Schottky, Crelle , cvi. (1890), p. 199. For the general theory of automorphic 
functions references are given by Forsyth, Theory of Functions (1893), 
p. 619. The particular case considered in this chapter is intended only 
to illustrate general ideas. From the point of view of the theory of this 
volume, Chapter XIV. may be regarded as an introduction to the theory 
of automorphic functions (cf. Klein, Math. Annalen, xxi. (1883), p. 141, and 
Ritter, Math. Annalen, xliv. (1894), p. 261). 


The function x here employed is not identical in case p= 1 with the z of Ex. vi. § 238. 
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CHAPTER XIII. 


On Radical Functions. 


240. The reader is already familiar with the fact that if sn a represent 
the ordinary Jacobian elliptic function, the square root of 1 — sn 9 u may be 
treated as a single-valued function of u. Such a property is possessed by 
other square roots. Thus for instance we have* 


V(1 — sn u) (1 — k sn u) 


= M sin a - u) II 

m 


* Ck M W 

1 -^’"sm^ + g 9 ’ 


j^l -2q m ~* sin + q™ 


1 _ 2 q**- 1 cos + q" 


where M is a certain constant, and, as usual, q — e~ nK ’ IK . The single- 
valuedness of the function V(1 — sn w) (] — k sn u) can be immediately seen 
to follow from the fact that each of the zeros and poles of the function 
(1 — sn u) (1 — k sn u) is of the second order. It is manifest that we can 
easily construct other functions having the same property. If now we write 
u — u z ’ a and consider the square root on the dissected elliptic Riemann 
surface, we shall thereby obtain a single-valued function of the place x, 
whose values on the two sides of either period loop will have a ratio, 
constant along that loop, which is equal to ± 1. 

Ex. Prove that the function 

J('Jpu-e l ->Jez-e x )(Jipu-^e l -*J e z -e x ) 
is a single-valued function of u. 

Further we have, in Chapter XI., in dealing with the hyperelliptic case 
associated with an equation of the form 

2/* = (# - a,) ...(a?- Oap) (#-c), 

* Gf. Cayley, Elliptic Functions (1876), Chap. XI. The funetion may be regarded as a 
doubly periodic function, with 8/if, 2iK' as its fundamental periods. It is of the fourth order, 
with K, 5K, K+iK\ 5K+W as zeros, and iK\ 2K+iK\ iK+iK\ 6 K+ 1 K ' as poles. 
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been led to the consideration of functions of the form V(c — x t ) ... (c — x p ), 

which are expressible by theta functions with arguments u t + 

+ These functions are not only single- valued functions of the 

arguments u, but, when the Riemann surface is dissected in the ordinary 
way, also of every one of the places x lf ... , x p . In fact the square root Vc — x 
is a single-valued function of the place x because, c being a branch place, 
a? — c vanishes to the second order at the place, and the point at infinity 
being a branch place, x — c is there infinite to the second order. The values 
of the square root sTc^-x on the two sides of any period loop will have a 
ratio, constant along that loop, which is equal to ± 1. 

241. More generally it may be proved, for any Riemann surface, that if 
Z be a rational function such that each of its zeros and poles is of the mth 
order, the mth root, \/ Z, is a single-valued function of position on the 
dissected surface, with factors at the period loops which are mth roots of 
unity. And it is easy to prove this in another way by obtaining an ex- 
pression for such a function. For let a u ..., a r be the distinct poles of Z, and 
/3 lf ..., ft r its distinct zeros, so that the function is of order mr. Let II*j* be 
the normal elementary integral of the third kind and v* a , ..., v p a the normal 
integrals of the first kind. Then when the paths are restricted not to cross 
the period loops we have* equations 

m (v {" #1 + -f- •£*' “ r ) = + kiTi t i + + kpTi,p> (» » 1, 2, ...» p), 


wherein k u ..., k p , k x \ . 
the expression 


w[H 

e 


x, a 


kp are certain integers independent of 
+ + n£ * tt ] - - - 2 *ik p 'v*’ a 


Hence 


wherein a is an arbitrary fixed place, represents the rational function Z, save 
for an arbitrary constant ; and we have 


VZ 


II*’ a + 

= Ae 


.+n; 


2 xi 


P r < a r 


i k l v l' a + • • • + k p v% p a ) 


where A is a certain constant. This expression defines V Z on the dissected 
surface as a single-valued function of position. More accurately it defines 
one branch of VZ, the other m- 1 branches being obtained by multiplying 
A by mth roots of unity. So defined, the function VZ is affected, at the 

period loop a,, with a factor e m \ and, at the period loop of, with the 
? * k 

factor e m \ 


242. We have, in chapters X., XI., been concerned with other functions, 
namely the theta functions which also have the property of being single- 


* Chan. VIII. § 155. 
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valued on the dissected Riemann surface, but affected with a factor for each 
period loop. They are also simpler than rational functions, in that they do 
not possess poles. It is therefore of interest to express such functions as 
VZ by means of theta functions; and the expression has an importance 
arising from the fact that the theory of the theta functions may be established 
independently of the theory of the algebraic integrals. To explain this 
mode of representation consider the quotient 


t («)= 


e ; q) & (w -/; r ) . 

&(tt— E; Q)$(u-F; it) 


where the numerator and denominator contain the same number of factors, 
&(«, q) denotes the function (Chap. X. § 189) given by 

22 g*«*+ 2 ku (n+5') +& (n-fgO a + 2 irig ( n+q ') 


q 9 r, ..., Q, R, ... denote any characteristics, and e>f ..., E> F t ... denote any 
arguments. 

Then by the formula (§ 190) 


£ ( u + ; q) = e** ^ ( M . q ) t 


where ill, M' denote integers, we have {u+ fl M ) jy\r(n) — e l \ where L is 


- e) + \ u (u -/) + — \ v (u — E) — \ lf (m — F) — 

+ 27 nM(q' + / + - O' - R - . . ) - 27 riM' (q + r+ — Q - R - . . .), 

namely, is 

-\ M (e +/+ -E-F-...) + 2wiM(q' + r + -Q'-M'-...) 

-2t riM'(q + r+ -Q-jR-...). 


Thus if 


Ci +fi + — Ei + F x + 

and 


+ ~ (Qi +Ri 4 * . . .) = — K lf (i = 1 , 2 , . . . , p\ 




.-(0/ +«+.. .)«£*/, 
m 


where iff, Kf are integers and m is an integer, it follows, for integral values 
of M, M', that 

bk (w + ftj/^(tt)] w = i. 

If now we take b^iirr, as in §192, and put u x > a for u, ^(u-e; q) 
becomes a single- valued function of x whose zeros are (§§ 190 (L), 179) the 
places X\ , ...,x Pi given by 

e- {l q ~U X '> *t + 


-f- » °P , 
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where ..., a p are p places determined from the place a, just as in § 179 
the places m u .. tf m p were determined from the place m\ hence, in this case, 
yfr (u) is the mth root of a rational function, having for zeros places 

X \ , • • • , &p , Z \ , Zp , • • • , 

each m times repeated, and for poles places 

Xlt Xp, Z\y Ml, Zp, Ml, 

each m times repeated, these places being subject only to the conditions 
expressed by the equations 

x ' 4- + vfr* x p + u *" z '- f + ufr' $>+ = — ^ fl# t jr, (A). 

In this representation we have obtained a function of which the number 
of m times repeated zeros is a multiple of p , and also the number of m times 
repeated poles is a multiple of p. It is easy however to remove this restric- 
tion by supposing a certain number of the places x lf ..., x pi z u ..., z p to 
coincide with places of the set X u ..., X p , Z lf Z p , 

243. A rational function on the Riemann surface is characterised by the 
facts that it is a single-valued function of position, such that itself and its 
inverse have no infinities but poles, which has, moreover, the same value 
at the two sides of any period loop. The functions we have described may 
clearly be regarded as generalisations of the rational functions, the one new 
property being that the values of the function at the two sides of any period 
loop have a ratio, constant along that loop, which is a root of unity. For 
these functions there holds a theorem, expressed by the equations (A) above, 
which may be regarded as a generalisation of Abel’s theorem for integrals 
of the first kind; and, when the poles of such a function are given, the 
number of zeros that can be arbitrarily assigned is the same as for a rational 
function having the same poles, being in general all but p of them; this 
follows from the theory of the solution of Jacobi’s inversion problem 
(Chap. IX. ; cf. also §§ 37, 93). It will be seen in the course of the following 
chapter that we can also consider functions of a still more general kind, 
having constant factors at the period loops which are not roots of unity, and 
possessing, beside poles, also essential singularities; such functions may be 
called factorial functions. The particular functions so far considered may be 
called radical functions ; it is proper to consider them first, in some detail, on 
account of their geometrical interpretation and because they furnish a 
convenient method of expressing the solution of several problems connected 
with Jacobi’s inversion problem. 

244. The most important of the radical functions are those which are 
square roots of rational functions, and in view of the general theory developed 
in the next chapter it will be sufficient to confine ourselves to these functions. 
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In dealing with these we shall adopt the invariant representation by means 
of ^-polynomials, which has already been described 4 . An integral polynomial 
of the rth degree in the p fundamental ^-polynomials, <£j, <f> p , will be 

denoted by <P (r) , or ^ (rl , when its 2r (p — 1) zeros are subject to no condition. 
When all the zeros are of the second order, and fall therefore, in general, at 
r(p — 1) distinct places, the polynomial will be denoted by X {r) or ; we 
havef already been concerned with such polynomials, X (1) , of the first degree 
in <j> p . 

It is to be shewn now that the square root *JX ir) can properly be associated 
with a certain characteristic of 2 p half-integers; and for this purpose it is 
convenient to utilise the places m lf ..., m p , arising from an arbitrary place m, 
which have already } occurred in the theory of the theta functions. These 
places are§ such that if a non-adjoint polynomial, A, of grade /*, be taken to 
vanish to the second order at m, there is an adjoint polynomial, y/r, of grade 
(n — 1)<t + n — 3 -I- fiy vanishing in the remaining — 2 zeros of A, whose 
other zeros consist of the places rth , . . . , m p , each repeated. Take now any 
^-polynomial, <£ 0 , vanishing to the first order at m, and let its other zeros be 
A u .... and take a polynomial <$ ,8) vanishing to the second order in 

each of A lt . .. , A w _ 3 ; then <t>w will |] contain 5 (p — 1) — 2 (2p - 3), =p + 1, 
linearly independent terms, and will have 6 (p — 1) — 2 (2p — 3), = 2p, further 
zeros. Let X {1) be any ^-polynomial of which all the zeros are of the second 
order. Consider the most general rational function, of order 2 p, whose poles 
consist of the place m, this being a pole of the second order, and of the zeros 
of X a> . This function will contain 2p— p + 1, =p + 1, linearly independent 
terms and can be expressed in either of the forms <J> (8) /<£ 0 S Z (1) , ^/AI (1) , where 
yfr is any polynomial of grade (n — 1) <r + n - 3 -f p which vanishes in the 
np — 2 zeros of A other than m. Since now IT yfr can be chosen, = yjr, so that 
the zeros of this function are the places m u ..., m p , each repeated, it follows 
that can be equally chosen so that this is the case. So chosen it may be 
denoted by Z (3) . Thus the places m 1} ... , rn p arise as the remaining zeros of a 
form X {3) ( with 3 (jp — 1), + 2p — 3, zeros, each of the second order), whose 

other 2p — 3 separate zeros are zeros of an arbitrary <f>- 'polynomial , <j> 0 , which 
vanishes once at the place m. 

If now Thy be the places which, repeated, are the zeros of Z (1) , it 

follows, since m, n„ ..., n^, each repeated, are the poles, and m,, ... , m p , 
each repeated, are the zeros of a rational function, Z <3, /$ 0 2 Z (l) , that, upon the 
dissected surface, we have 

- - v H r" = -*(*< + + Vn if ), 

* Chap. VI. g 110 ff M and the references there given, and Klein, Math. Annal, xxxvi. p. 38. 

t Chap. X. § 188, p. 281. % Chap. X. § 179. 

$ Chap. X. § 183, Chap. VI. g 92, Ex. ix. 

|| Chap. VI. § 111. 


IT Chap. X. 8 183. 
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where h, ...» k p , A?/, ..., k p ' are certain integers. Hence, as in § 241, it 
immediately follows that the rational function X (8) /0 o 2 A (1) , save for a constant 
factor, is the square of the function 


n 

e 


x, a 


+ 


+n® 


i + n w P ,m +Ti ‘(* 1 'V 


• + «PV ) 


and therefore that the expression VX {S) /<£ 0 V X (1 > may be regarded as a single- 
valued function on the dissected Riemann surface, whose values on the two 
sides of any period loop have a ratio constant along that loop. These constant 
ratios are equal to e ,ra > # and for the rth loop of the first and second kind 
respectively. When the places m 1> ..., m p are regarded as given, these 
equations associate with the form *JX [1) a definite characteristic 


^ki, . . . , ^ k p , , • • . , ^ k p . 


Also, if F‘ 8> be any polynomial which, beside vanishing to the second 
order in A u ..., A^ s , vanishes to the second order in places to/, ..., m p , 
Y (8) /X (3) is a rational function, and we have equations of the form 

Vi + + Vt = \ Tf, , + + T », p)> 


II** fl + . 

VF< 8 >/VA< 8 >==Ae 


.. + ii 


«r, a 

mp', mp 


- TT i (X/t,,| + 


. + Xp T l> p) 


where X lf ..., X^' are integers, A is a constant, and the paths of integration 
are limited to the dissected Riemann surface. These equations associate 
V^F (3) with the characteristic £Xq, ..., ^X/, ..., ^X^'. 

And, as in § 184, Chap. X., we infer that every odd characteristic is 
associated with a polynomial* X (1) , and every even characteristic with a 
polynomial F (8) , which has A u ..., A w ~ 3 for zeros of the second order; and it 
may happen that the polynomial F (3) corresponding to an even characteristic 
has the form </> 0 3 F (1) , in which case the places to/, ..., m p consist of the place 
to and the zeros of a form F (1) . 


245. Let now X (iv+X) be any polynomial whose zeros consist of 
(2v + l)(p- 1) places, z u z iy ..., each repeated ; let <p 0 be as before, vanishing 
in m t A u ...» A^ Zi and X {3) be as before, vanishing to the second order in 
A lt ..., iljp- 3 , TOi, ..., TOp. Then if be any ^-polynomial whose zeros 
are c Lf c 2 , the function 

* Or in particular cases with a lot of such polynomials, giving rise to ooresidual sets of 

places. 
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is a rational function of order 2 (2v 4- 1) (p — 1 ) 4* 2, whose zeros are m, 2 , , 2 3 , . . . , 
and whose poles consist of the places w,. m p , and the zeros of d> w , each 
repeated. Hence as before <f> 0 \/Z ,Sv+1 7$ w VX (8) is a single- valued function on 
the dissected surface, and the form *JX& +1) is associated with a characteristic 
bQit • ••»£<&/» such that, on the dissected surface, 

Vi' mx + + !?• ■* + «r ’ * + + tin , , + + q p 'T itP l 

(i-1. 2 p); 

and if, instead of we had used any other polynomial ¥ (r) , the character- 
istic could, by Abel’s theorem, only be affected by the addition of integers. 

Suppose now that F (a ** +1) is another polynomial, and take a polynomial SF***; 
then if the characteristic of the function Y i2fl+1) X l3) differ from that 
of 4 > 0 \fx^i®w VX (S) only by integers, we have when x u x a , ... denote the 
zeros of VF^ +1 \ and d lt d %i ... denote the zeros of the equation 

Vi + + v t +v t + — i (q% + qi r,- f ! + + q p Ti tP ) 

+ M* -f Mi T{ t i + + M p 'r p , i t 

where M u ..., M pt M/, ..., M p denote integers; by adding this to the last 
equation we infer* that 'pOO Jf(*> is a rational function. 

Hence f, since there exists a rational function of the form $ 0 *XM/X W , wc 
infer, when \/X (2v+1) y have characteristics differing only by integei's, 

there exists a form whose zeros are the separate zeros of V X (JlM ' 11 and 

VFw*+», and we have = 4><*' + '‘ +1 >. 

Hence, all possible forms with the same value of /i, whose 

characteristics, save for integers, are the same, are expressible in the form 
cjxm+h-i )/VZ < 2v+1 >, where is a polynomial of the degree indicated, 

which vanishes once in the zeros of *JX {2v+l) . All such forms VF <S ** +1) arc 
therefore expressible by such equations as 

-/r*™ - \ ” + + w»^C5. 

where .... VrJ™, are special polynomials, and \ u ..., are 

constants. The assignation of 2p (p — 1) - 1, = (2/t + 1) (p — 1) — p t zeros of 
VF ( ** +1) will determine the constants \ , ...» X^^), and therefore determine 
the remaining p zeros. When p = 0 there may be a reduction in the number 
of zeros determined by the others. 

It follows also that the zeros of any form V r F ( ^ +1) are the remaining zeros 
of a polynomial 4>o*+* which vanishes in the zeros of a form VX< 3> having 


Chap. VIII. § 158. 


t Chap. VI. § 112. 
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the same characteristic as VF ( * a + 1) , or a characteristic differing from that of 
sJY ^+ d only by integers. When the characteristic of is odd, and 

VX (8) = <£ (1) VA (1) , we may take to be of the form 4>^ +1) <J> a) . 

It can be similarly shewn that if X m be a polynomial of even degree, 2 p, 
in the fundamental ^-polynomials, of which all the zeros are of the second 
order, and be any polynomial of degree p, the quotient VX (s w/<I>w may 
be interpreted as a single-valued function on the dissected surface, and the 
form VX (SW may be associated with a certain characteristic of half-integers. 
Further the zeros of are the remaining zeros of a form which 

vanishes in the zeros of a form V X w of the same* characteristic as 
Also if VX (1) , VF (1) be two forms whose (odd) characteristics have a sum 
differing from the characteristic of VX (2) by integers, the ratio VX (2, /VX (1) F~ (1) 
is a rational function ; and if we determine (p - 1) pairs of odd characteristics, 
such that the sum of each pair is, save for integers, equal to the character- 
istic of VX (2) , and VX7 (1) , VFj w , VX 2 (1) , V F 2 (1) , ..., represent the corresponding 
forms, there exists an equation of the form 

s/x^> = x, v'zfyi" + x, + + \ p -i 

As a matter of fact every characteristic, except the zero characteristic, can, 
save for integers, be written as the sum of two odd characteristics in 
2 *- 2 ( 2 p- 1 -1) ways. 

246. In illustration of these principles we consider briefly the geometrical 
theory of a general plane quartic curve for which p = 3. We may suppose 
the equation expressed homogeneously by the coordinates x lf x 2 , x 3 and take 
the fundamental (^-polynomials to be <f> 1 =x u </> 2 = x 2 , 0j = # 3 . There are 
then 2 p ~ l (2 p — 1) = 28 double tangents, X {1) , of fixed position. There are 
2^, = 64, systems of cubic curves, X (3) , each touching in six points. Of these 
six points of contact of a cubic, X (3) , of prescribed characteristic, three may be 
arbitrarily taken ; and we have in fact 

Vxw = X, VAV*> + Xo + X 3 V + x 4 

where X 1? Xo, X 3 , X 4 are constants, and ^X^, \^X 2 {S) , ..., are special forms of 
the assigned characteristic. The points of contact of all cubics X w of given 
odd characteristic are obtainable by drawing variable conics through the 
points of contact of the double tangent, D, associated with that odd 
characteristic. Let H 0 be a certain one of these conics and let X Q denote the 
corresponding contact-cubic ; then the rational function XJ)/^ has, clearly, 
no poles, and must be a constant, and therefore, absorbing the constant, we 
infer that the equation of the fundamental quartic can be written 

4A o D~n 0 * = O. 

* Or a characteristic differing from that of n/ X by integers. 
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Three of the conics through the points of contact of P are atj) = 0, xj) = 0, 
x z D = 0 ; the corresponding forms of X (3) are x?D> x^D, xfD, Hence all 
contact cubics of the same characteristic as VP are included in the formula 

V X (S) sas 4 X^a? a 4 X-a#*) VP 4 V X 0 , 
or 

where P = 4 4 X*a;„ \ 1} A*, Xg being constants ; the conic through the 

points of contact of P which passes through the points of contact of X (8) is 
given by H = 2 V LX or H = 2 PD 4- H 0 ; and the fundamental quartic can 
equally be written 

4 X< 3 >P - ft* = 4 (X 0 4 a 0 P 4 DP 3 ) P - (H 0 4 2 PP) a = 0. 

If then we introduce space coordinates X, F, X, F given by 
X ~x ly Y = x 2y Z~x 3) T=- '/Xq/L, 

so that the general form of VX (3) with the same characteristic as VP is given 

ty _ 

VX< 3 > = VP (\,X 4 X 2 F4X 3 X- T), 

we have 

4X 0 (X, F, X) P (X, F, Z) = O 0 a (X, F, X), 

2 TP (X, F, Z) + n 0 (X, F, X) = 0, 

where X 0 (X, F, X) is the result of substituting in X 0 , for x u x 2> x it 
respectively X, F, X, etc. ; by these equations the fundamental quartic is 
related to a curve of the sixth order in space of three dimensions, given 
by the intersection of the quadric surface 

2 TP(X, F,X) + fl 0 (X, F, X) = 0 

and the quartic cone 

4X 0 (X, F,X)P(X, F,X) = IV(X, F, X); 
the curve lies also on the cubic surface 

T a P (X, F, X) 4 T4> (X, F, X) 4 X 0 (X, F, X) = 0, 
which can also be written 

(T— P) a P(X, F,X) + (T-P)H(X, F, X) + X (X, F,X)=*0, 

where P denotes \X 4 X 2 F 4 XgX, ft = 2PP 4 H 0) and X w = PP* 4 H 0 P 4 X 0> 
as above. 

It can be immediately shewn (i) that the enveloping cone of the cubic 
surface just obtained, whose vertex is the point X = 0 = F = X, is the quartic 
cone whose intersection with the plane T = 0 gives the fundamental quartic 
curve, (ii) that the tangent plane of the cubic surface at the point 
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X=*0 = Y = Z is the plane D (X, 7, Z) = 0, (iii) that the planes joining 
the point X = 0 ~ Y = Z to the 27 straight lines of the cubic surface 
intersect the plane T=*Q in the 27 double tangents of the fundamental 
quartic other than D, (iv) that the fundamental quartic curve may be 
considered as arising by the intersection of an arbitrary plane with the 
quartic cone of contact which can be drawn to an arbitrary cubic surface 
from an arbitrary point of the surface. 

Thus the theory of the bitangents is reducible to the theory of the right 
lines lying on a cubic surface. Further development must be sought in geo- 
metrical treatises. Cf. Geiser, Math. Annal. Bd. I. p. 129, Crelle lxxii. (1870); 
also Frahm, Math. Annal. VII. and Toeplitz, Math. Annal. xi.; Salmon, Higher 
Plane Curves (1879), p. 231, note ; Klein, Math. Annal. xxxvi. p. 51. 

247. We have shewn that there are 28 double tangents each associated 
with one of the odd characteristics ; the association depends upon the mode 
of dissection of the fundamental Riemann surface. We have stated moreover 
(§ 205, Chap. XL), in anticipation of a result which is to be proved later, that 
there are 8.36 = 288 ways in which all possible characteristics can be repre- 
sented by combinations of one, two, or three of seven fundamental odd 
characteristics. These fundamental characteristics can be denoted by the 
numbers 1, 2, 3, 4, 5, 6, 7, and in what follows we shall, for the sake of 
definiteness, suppose them to be either the characteristics so denoted in the 
table given § 205, or one of the seven sets whose letter notation is given at 
the conclusion of § 205. Thus the sum of these seven characteristics is the 
characteristic, which, save for integers, has all its elements zero ; or, as we 
may say, the sum of these characteristics is zero. 

A double tangent whose characteristic is denoted by the number i will be 
represented by the equation m< = 0. A combination of two numbers also 
represents an odd characteristic (§ 205, Chap. XL), so that there will also be 
21 double tangents whose equations are of such forms as m t) =0. The three 
products Vw 3 u J2 will be radical forms, such as have been denoted 

by VX (2) , each with the characteristic 123. Hence if suitable numerical 
multipliers be absorbed in u x , u 8 , we have (§ 245) an identity of the forms 

V WjWjj + V U 2 U 31 + Vu 3 ii 12 = 0, (w 2 li 31 + - U X U 2 a) a = 4 MaWgWjuWjj, J 

this must then be a form into which the equation of the fundamental quartic 
curve can be put. Further, each of the six forms 

*Ju i U x a , */u s U X3f *JutU Ui Vw a Wi 5 , ie, Vtt 7 Wj 7 

has the same characteristic, denoted by the symbol 1. Thus, if suitable 
numerical multipliers be absorbed in u 2 , w 4 , the equation of the quartic can 
also be given in the form 

(ujU n + W 4 U 14 - U 3 U l3 y = 4 UiU&nUu. 
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If therefore 


/=«,«„ 4 > = «,«« + «A, - u t u a , 

we have 

(/+<#>) = 4m 2 W! 8 (u 3 u u - «a 4 ). 

Now if/—^> were divisible by « 2 , and /+0 divisible by w,*, the common 
point of the tangents u % — 0, u ia — 0 would make /= 0, and therefore be upon 
the fundamental quartic, f 9 = ; this is impossible when the quartic 

is perfectly general. Hence, without loss of generality, we may take 

/-</> = 2\M a Wi 2 , 

2 

jf-f- <£ = — (^W 13 — U 4 U u ), 

X being a certain constant, and therefore 

W4W14 = U$Ui 2 X/* d" = ^3 ^13 — X * 4 * * 4 “ X^W-aWij. 

Therefore, when the six tangents w 2 , w 3> w^, are given, the tangents 

w 4 , can be found by expressing the condition that the right-hand side 
should be a product of linear factors ; as the right-hand is a quadric function 
of the coordinates this will lead to a sextic equation in X, having the roots 
X * 0, X = 00 ; if the other roots be substituted in turn on the right-hand, we 
shall obtain in turn four pairs of double tangents ; these are in fact (u 4 , Wu), 
(u s , «u), ( u 9 , Ui «), (u 7 , 1%). We use the equation obtained however in a 
different way; by a similar proof we clearly obtain the three equations 


and hence 


U 4 U l4 — U 3 2^3 Xj (ll 2 U zl -f- — Wj W23) * 4 “ Xj 2 2 / a Wia , 

Vj^U.^1 — ttjttg 1 X^ (^ 8^13 * 4 " U1U33 ^3^31^ " 1 " X^MjWjb, 

U 4 U u = 11^2 — X3 (tliUq 3 + Mjj'Mjj — ^8^13) “1" Xj 3 ^ U 9 1, 


(B) 


(5 + 3 _ “”( x, “ ,+ 5) +u, (5 + Xs “” “ 2m *) ; 

from this we infer that the common point of the tangents w lt u 4 either lies on 
u 2 3 or on X 2 w s + ^ = 0 ; as the fundamental quartic may be written in the 

X3 

form a /Aii 4 il m + V Bu. 2 u^ 4- V Cu^ = 0 , it follows that if u u u 4 , u. a intersect, 
they intersect on the quartic, which is impossible. Hence u 4 must pass 

through the intersection of u x and \ 2 u 3 + ~ = 0 ; now we may assume that 

Xs 

the tangents 1^, u a , u 3 are not concurrent, since else, as follows from the 
equation + V u 2 u 31 -f *Jtt a u n = 0, they would intersect upon the quartic ; 
thus u 4 may be expressed linearly by u l} u 2i u 3t and we may put 


u 4 = ^ a, -4- a 3 u 2 + a 3 u 3 = a jM, + 
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and so obtain \ = Ka Sf \ 3 = l/h l a 2 , being a certain constant; then the 
equation under consideration becomes 


U * (5 + rj = llahl ( u 4 ~ (hv ^ + u 1 ” 2w ») » 

or 

Ui + = w i + Xa^si - 2^ - aA^ , 

so that, if k x denote a proper constant, 


U U , ^34 

— k x u 4 


k 

hiUx — u lt 

— + — — h 1 u a (2 + a 1 h I ). 
02 


We can similarly obtain the equations 


- Lu, = ^ + “~ Ku 3l (2 + ajt,), 

-lc 3lti = ^ + U £- A,u la (2 + «,/<,), 

where // 2 , Zt 3 , & a , & 3 are proper constants ; therefore, as w 3 i> ^ia are n °t 
concurrent tangents, since else they would intersect on the fundamental 
quartic, we infer, by comparing the right-hand sides in these three equations, 


h x 

h 


(2 + a x li x ) 


1 


k»a x 


J l_ 

k%a x * 


-£(2 + aJl,) = 


1 _ l_ 


-§>(2 + 0,/,,) = 

h i 


J_ = 1 
k x a 3 k,a 3 ’ 


and hence, = 



A? a = A;,, = A*, say, and 

1^ 

« 3 ‘ 


1 4* 2/qu, 4- rti A 2 = 0 or A, = 


1 


Thus 


or 




u vi 

O'j 


u « 

- 4- 

«i 


Msi 4- ~ 4- A; (a, m, 4* 4- ihu s ) - 0. 

a 2 a s 


(C) 


Further we obtained the equation 





U u , 1 

X, X, ~ 


b, 

~K U '' 




thus we have 








W.M 


— = ka } u x , 


«ai = 

“ k(tr2 ll>2 , 


4-~4- 


X a 

x s 

a, 

X 3 Xj 

ti 2 " 

Xj 

x, 


B. 










25 
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and therefore, as A* = - — , X 3 **- and similarly A* = - ~ , we have, by 
the equation (C), 

— ^ u u = — + k (a 2 u a 4- (h^)> 

<h Uj 

— “W* = — 4- h (gm* 3 4- <mO> 

Cl s da 

— Cf3 ?^ = “ + & (di^i + «A). 

fl] fltj 

But if we put 

iij 4- & 3 Us 4- & 3 u 3 , i< 6 = Cj Wi + c 3 w 2 4- c 3 ty, , m? = ft + ft % + ft ^3 » 
we have also three other equations such as (C), differing from (C) in the 
substitution respectively of the coefficients b u b. if b a , c k , c a> c 3 and ft, ft in 
place of »!, a 2 , Os, and of three constants, say l, m, n, in place of fc. As the 
tangents u b , u 6 , ti 7 are not concurrent (for the fundamental quartic can be 
written in a form Vw B ?/ J5 4- *Ju t u K 4- V u 7 u x7 = 0) we may use these three last 
equations to determine u#, u 3l1 u n in tenns of v u u», u a \ the expressions 
obtained must satisfy the equation (C). Thus there exist, with suitable 
values of the multipliers A, B, G, D , the six equations 

-+^ + - + 7 = 0 , Aka, + Bib, + Cmc, + Dnd, = 0, 

d\ Oi Ci ft 

A B G D 

— V j — h — |- y — 0, A ka. 2 4* Blb% 4* Gvic^ 4" Dud?, = 0, 

« a ft c a ft 

A&a a + Blb a 4- Gmc 3 4- Bnd 3 = 0* 

Cf'3 ft Cj (tj 

From these equations the ratios of the constants k, l, m, n are determinable; 
suppose the values obtained to be written pk', pi', pm', pn\ where p is undeter- 
mined, and tf, V, m, ri are definite; then, if we put a, for a^VF, ft for 
hi V 1', for ft for di V n, v& for u m jp, v 3i for ti n /p, and v n for u X2 jp, the 

equations obtained consist of 

(i) four of the form 

— + + V J? q- a x Ui 4- a 2 W 3 4- a 3 Wa = 0 (O') 

(*i a 2 ft 

in which there occur in turn the sets of coefficients (a,, eta, ot 3 ), (ft, ft, ft), 
( 7 j, 7 s, 7 3 ), (ft, ft, ft); from any three of these w*,, %, u J2 may be expressed in 
terms of u l} u 8 , u , ; 

(ii) four sets of the form 

a 3 v n a t Vn a, 

-» t, M=r- + a » u !i + a s“j. -r®«=^+ r + ft « w > + “•"»> 

where »„ = u^jp s/lc', v M = u^/p VF, = w*/p >Jk'. 
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It will be recalled that in the course of the analysis the absolute values, 
and not merely the ratios of the coefficients in w 3 , u s , u 4 , w„, u e , Wy, have 
been definitely fixed. Thus when these seven bi tangents are given the 
values of a u a % , a,, b lf b 2 , b 3) etc. are definite ; therefore the equations of the 

15 bi tangents n a , v 31i v l3 , v u ,v. M , are now determined from the seven 

given ones in an unique manner, and there is an unique quartic curve 
expressed by 

*Ju v V 23 + V u 2 v 3l 4- v' u z v l2 = 0, 
which has the seven given lines as bitangents. 

It remains now to determine the remaining six double tangents whose 
characteristics are denoted by 

45, 46, 47, 56, 57, 67. 

If the characteristics 1, 2, 3, 4, 5, 6, 7 be taken in the order 1, 4, 5, 2, 3, 6, 7 
it is clear that as we have determined the double tangents u^, u. iU u 12 in 
terms of u lt u 2| u 3 , so we can determine the tangents u 6l , u u in terms 
of u u m 4 , u B . Thus the tangent u « can be found by substitutions in the 
foregoing work. For the actual deduction the reader is referred* to the 
original memoir, Riemann, Ges. Werke (Leipzig, 1876), p. 471, or Weber, 
Theorie der Abel' schen Functionen vom Geschlecht 3 (Berlin, 1876), pp. 98 — 100. 
Putting a x u x = x, a 2 u 2 = y, ct^^z, v^ot x = f, v 3l /a 2 = 7j y v 12 /o r 3 =f, /3 i /a i = A i> 
= Si/a t = C x (i = 1, 2,3), the quartic has the form 

4- Vy7j + » 0, 

and the 28 double tangents are given by the following scheme, where the 
number representing the characteristic is prefixed to each 

(1) x—0, (2) y = 0, (3) z — 0, (23) f = 0, (31) V = 0, (12) f=0, 


(4) 

as + y 4- z = 0, 

(5) 

A x X 

+ A*y 4 A s z — 0, 


(6) 

B l x + B^y + B i z = 

= 0, 




(7) 

C^ + Ciy + C^ 

= 0, 




(14) 

f + y 4- z = 0, 


(24) 

rj + z 4- x = o. 


(34) 

K + x + y = 0, 


(15) 

j^ + A 3 y + A 3 z = 

= 0, 

(25) 

4 A s z -f A x x= 

o, 

(35) 

f 

±-+A l x+A,y = 

= 0, 

(16) 

-jj + B* y + B 3 z = 

= 0, 

(26) 

jy + B*z 4* B x x = 

Bi 

0, 

(36) 

j^+B l x + B t y = 

r 0, 

(17) 

q + 0 % y 4- C z z = 

=0, 

(27) 

jj- + C z z 4- C x as = 

o, 

(37) 

gr + G t x + C,y = 

= 0, 


* For the theory of the plane quartio curve reference may be made to geometrical treatises ; 
developments in connection with the theta functions are given by Schottky, Crelle , cv. (1889), 
Frobenius, Crelle, xeix. (1885) and ibid . cm. (1887) ; see also Cayley, Crelle, xciv. and Kohn, 
Crelle, evil. (1890), where references to the geometrical literature will be found. 


25 — 2 
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(67) i--4 a A, + i-^ 1 ii 1 + i-Aii 1 -0, 

f 


(45) A(l-4^,) + A,(l - A 3 A,) + A^l-AiA,)' 0 ' 


(75) 1 -B,B, + 1 - B 3 B \ + 1 - BA ~ °’ 


(46) 


J . 3__ + . __f _ =0 

k • r> d d\ t d /i n\ > 


(56) 


1 -C 3 (V 1 -C S C, l-C.O, 
(47) — f 


(1 - fl 3 ZJ 3 j t A, (1 - « 3 fi.) i? 3 (1 - £,-B 3 ) 

= 0, 


+ 1 . _ _i_ Jl = o 

k • n / 1 n ri \ ' z'* ' ^ s'* \ v. 


0, (i - c 2 c 3 r c 2 (i - c^) T o 3 (i - o x o 2 )" 

Here the six quantities #, y, z, f, 77, f are connected by the equations 


f + y + f-f#4*y + £ = 0 , 

J, ^ ^ 4 \ + ^ + + + j4 3 2 r = °, 

i, 4 b, + I, + B ' x + + B > z = °> <D) 

P 7) £ 

jrf + (j + gr + C x x 4- C 2 y + C 3 z = 0. 

Conversely, if we take arbitrary constants A.,, A 3 , B u R 2 , B 3 , whose 
number, 6, is, when j) = 3, equal to 3 p — 3, namely equal to the number 
of absolute constants upon which a Riemann surface depends when p — 3, 
and, by the first three of the equations (D) determine f, rj, f in terms of the 
arbitrary lines x, y , *, the last of the equations (D) will determine C u 6' s> C\ 
save for a sign which is the same for all ; then it can be directly verified 
algebraically that the 28 lines here given are double tangents of the quartic 
curve + ^yrj -f V,g:f = 0. 


248. Before leaving this matter we desire to point out further the 
connection between the two representations of the tangents which have been 
given. Comparing the two equations of the fundamental quartic curve 
expressed by the equations (§§ 246, 247) 

n o * = 4 XqD, (xj; + yy — z£) 2 = 4f rjxy, 
and putting, in accordance therewith, 

D (x u x 3i x 3 ) =s f, n 0 (a?i , x 2f x 3 ) — z^ — xp — yy, X 0 (x 1 , x a , x 3 ) = xyrj 
and (cf. p. 382) replacing the fourth coordinate T by T + u, where 
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u is an arbitrary linear function of x , y, z or x lt x. i} x 8i the equation of the 
cubic surface 

(T + u) 2 D 4* (T + u) O 0 4 X 0 = 0, 

becomes 

T 2 f + T ( 2 %- x£-yv + 4 a 8 ? 4 u (z^ ~yv - ) 4 xyy = 0, 

or 

(T+ u )*% + (2* + - yi?) 4 xy v = 0, 

which will be found to be the same as 

{T+n)(T +%i-x--z)(T+u-~X’-}Z)--(T+u--x)(T+u + y){T+u + y) = Q. 

Write now 

v ~ u — x — z, w = u — x — u' — u — x , v' = tt + y, w' = m 4 17 ; 

then we obtain the result, easy to verify, that if u, v, w, u, v', w' be arbitrary 
linear functions of the homogeneous space coordinates X, Y, Z, and T be 
the fourth coordinate, the tangent cone to the cubic surface* 

( T 4 v) (T 4 v) (T 4 w) ~ (T 4 u') (T 4 v') (T 4 ^) = 0 (i) 

from the vertex X — 0 — Y — Z can be written in the form 

V(P — F) (n - a') 4 *J(u — v') (u - w') 4 \f(u' — v) ( 1 / - w) = 0 , 
where P — F = u 4 v 4 w — a' — u' — w' ; we have in fact 

x — u- u\ y =v' — u, z ~u' — v, r) = w - w, f = v! — w, 

f , = ~ (a? 4 y 4 2 : 4 4 f), = P — P r . 

Now the 27 lines on the cubic surface (i) can be easily obtaincdf; and 
thence the forms obtained in § 247, for the bitangents of the quartic, can be 
otherwise established. 

249. Ex. i. Provo that when the sum of the characteristics of three bitangents of the 
quartic is an even characteristic, their points of contact do not lie upon a conic. 

By enumerating the constants we infer that it is possible to describe a plane quartic 
curve having seven arbitrary lines as double tangents. By the investigation of § 247 
it follows that only one such quartic can bo described when the condition is introduced 
that no three of the tangents shall have their points of contact upon a conic. By the 
theory here developed it follows that for a given quartic such a set of seven bitangents can 
lie selected in 8 . 36=288 ways. 

Ex. ii. We havo given an expression for the general radical form VA'W of any given 
odd characteristic. Prove that a radical form \JXW whose characteristic is even, denoted, 
suppose, by the index 123, can bo written in the form 

Vtt l W a M 3 4A 1 Vw l W 12 M 13 4A a V M 2 ?/ '23% + *3 V ^ 3 %%, 

* Any cubic surface can be brought into this form, Salmon, Solid Geometry (1882), § 633. 

t See Frost, Solid Geometry (1886), § 637. The three last equations (D) of § 247 are deducible 
from the equations occurring in Frost. The three equations correspond to the three roots of the 
cubic equation used by Frost. 
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where X, X 1? X 2 , X 3 are constants, and w<, Uij denote double tangents of the characteristics 
denoted by the suffixes, as in § 247. 

Ex. iii. If (\q> \q'\ (Jr, J/) denote any two odd characteristics of half-integers, 
express the quotient 

algebraically, when jo = 3. 

Ex. iv. Obtain an expression of the quotient of any two radical forms V F( 3 >, 

of assigned characteristics and known zeros, by means of theta functions, p being equal to 3. 


250. Noether has given* an expression for the solution of the inversion 
problem in the general case in terms of radical forms, which is of importance 
as being capable of great generalization. 

Using the places m x , ..., m p , associated as in Chap. X. with an arbitrary 
place m, and supposing them, each repeated, to be the remaining zeros of a 
form X (3) , which vanishes to the second order in each of the places A lt ..., A^s 
in which an arbitrary ^-polynomial, <p 0} which vanishes in w, further vanishes, 
as in § 244, let VF W be any radical form, and <f> (1) any ^-polynomial whose 
zeros are ...,0^. Then (§ 241) the consideration of the rational function 
leads to the equations 


r 

[«. 




+ <%-. + _ v ‘- 


wherein the places 


= — + <T l T t, i + + <Tp T tl p), 

X \ ) X 2p-2i ^ 1 ) •••> C p 


are the zeros of VF (3) , all of a lf ..., <r pt o x , ..., c t p ' are integers, and z is an 
arbitrary place; and, as follows from these equations, the places x u ..., 
may be arbitrarily assigned, the places Cj, ..., c p and the form VF (3 > being 
determinate, respectively, from these equations and the equation 


log = constant +n *“°‘ + + n ~.V. + n l\+ 


+■ n 


Cp, 
x , a. 


, . r t x, a . , x, a-. 

+ TTl[<TiV i + + (T p V p ], 

wherein the place a is arbitrary. Hence if we speak of 


•••> > • •• > ^ &p ) 


as the characteristic of V F (3) , it follows, if Z {i) be another radical form with 
the characteristic 


and the zeros 


dpi ipf hpi> •••» ipp) 

&i, .... &2p~a, di, .... d pt 


* Math. Annal. xxvm. (1887), p. 354, “ Zum Umkehrproblem in der Theorie der Abel’sehen 
Functionen.” ' 
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that the quotient *JY m /*JY®, which is equal to 

Ae K\ + +n Z\ +ri[( °'-^ a+ + w-*'> <■ i ( 

wherein A is a quantity independent of x, is (§ 187, Chap. X.) also equal to 
iw - pi) +w- p/) % a ]®( v x ’ m -v c ‘ >rni - - v**' mp ) 

6 0 (/• L A ■*) ’ 

where 0 is a quantity independent of but by the equations here given 
this is the same as 


c *i [ W - ft 1 ) + + « - pJ) a ] 

+ + 4.^2p-3.a2p-3 4- 

+ ...... +^-3»«!«P-3 + jn p ) » 

where denotes p such quantities as \{<T t 4- c/ti, x + + <TpTi tP ) ; thus, 

if we put 

v = lF> a* 2 p _2 _j_ yZ lt a, y&2p — 3i a-2p~3 

and recall the formula (§ 175) 

0 (v + iA,) = e -W(®+l»+W> 0 (v ; \v t £<r'), 

we infer that 

v'F® _ 0 (» ; * 5> £<r') 

0(«; ip, ip')’ 

where E is a quantity independent of x. 

Now in fact (§ 245) the general radical form VF (3) , of assigned charac- 
teristic (Jcr, 4<r), is given by 

> J V ^ 4- . Tk J yW 

whereof ^Y^I, are special forms of this characteristic, and Xj , . . . , X^a 

are constants. If we introduce the condition that */Y w vanishes at the 
places x lt . . . , x .^3 we infer that VF< 3 > is equal to FA^\x f x lt ..., #ap_ 3 ), where 
^ is independent of x and A* } (x, x u # 2i >_ 3 ) denotes the determinant 

I i 


’(*.): 


in which % is to be taken in turn equal to 1, 2, 2 p — 3. Hence we have 

a 1 S) (a>, .... fly.,) _ Q 0 (»; 1<T, j</) , 

A® (», <p„ .... ay*) 0 (v ; ip, ip) 
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where, from the symmetry in regard to the places x , x u ..., x.^ Bf G is 
independent* of the position of any of these places, and v is given by 

fj =s <*%>- 2-J- a « + -f- SP“3» ®2p-3. 

To apply this equation to the solution of the inversion problem expressed 
by p such equations as 

y x i » Mi -|- -f- Mjj = U, 

where p u ..., fi p denote p arbitrary given places, we suppose the positions of 
the places x p+1 , ..., to be given ; then instead of A a (x, x u ... , x^ 3 ) we 
have an expression of the form 

A t '/f/ 3 ' {x)+ +A 2 >+l ^ Yph (x\ 

where >/ Y^ (x) t ..., >/ Yph(x) denote forms \/ P" (a?) vanishing in the given 
places Xp+i, ..., Xt^p—St and .4,, .... A p + 1 are unknown constants. Since the 
arguments « are giveu, the arguments v are of the form v 30 ' 2 -f w, where w 

is known. If then iu the equation 

aj t? ( 7 ) + ...... + (?) = 

A Jir,* («•) + + W « (» ; ip, ip') 

we determine the unknown ratios .4, : A t : : -d J>+1 : B x : : B p+1 

by the substitution of 2p + 1 different positions for the place x t this equation 
itself will determine the places x lt ..., x p . They are, in fact, the zeros of 
either of the forms 

a, Syf(*) + + a p+1 J y?U*), 

B l M\x)+ + B P J^) 

other than the given zeros x p+l , ..., x.^^ If the first of these forms be 
multiplied by an arbitrary form VF (3) (x), of characteristic (£<r, Jtr'), the 
places x lt ... t x p are given as the zeros of a rational function of the form 

A*?’ <*) + + A p+l <t>^(x), 

of which 4>p — 6 zeros are known, consisting, namely, of the places x p+lt . .. , x w _ z 
and the zeros of V Y (3, ( x ). 

I 11 regard to this result the reader may consult Weber, Theorie dor AbeVschen Functio- 
nen vom Gesekleckt 3 (Berlin, 1876), p. 157, the paper of Noether (Math. Annul, xxvm.) 
already referred to, and, for a solution iu which the radical forms are wth roots of rational 
functions, Stahl, Crelle , lxxxix. (1880), p. 179, and Crelle, cxi. (1893), p. 104. It will be 
seen in the following chapter that the results may bo deduced from another result of 
a simpler character (§ 274). 

251. The theory of radical functions has far-reaching geometrical applications to 
problems of the contact of curves. See, for instance, Clebsch, Crelle , lxiii. (1864), p. 189. 
For the theory of the solution of the final algebraic equations see Clebsch and Gordan, 
AbeVsche Functnen. (Leipzig, 1866), Chap. X. Die Theilung; Jordan, Truitt dee Sub- 
stitutions (Paris, 1870), p. 364, etc.; and now (Aug. 1896), for the bitangents in case p~ 3, 
Weber, Lekrbuch der Algebra (Braunschweig, 1896), 11 . p. 380. 

* For the determination of G see Noether, Math. Annul, xxvm. (1887), p. 368, and Klein, 
Math. Annul, xxxvi. (1890), pp. 73, 74. 
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CHAPTER XIV. 

Factorial Functions. 

252. The present chapter is concerned* with a generalisation of the 
theory of rational functions and their integrals. As in that case, it is conve- 
nient to consider the integrals and the functions together from the first. In 
order, therefore, that the reader may be better able to follow the course of 
the argument, it is desirable to explain, briefly, at starting, the results 
obtained. All the functions and integrals considered have certain fixed 
singularities, at places f denoted by c u ..., c*. A function or integral which 
h;is no infinities except at these fixed singularities is described as everywhere 
finite. The functions of this theory which replace the rational functions of 
the simpler theory have, beside the fixed singularities, no infinities except 
poles. But the functions differ from rational functions in that their values 
are not the same at the two sides of any period loop ; these values have a 
ratio, described as the factory which i^ constant along the loop ; and a system 
of functions is characterised by the values of its factors. We consider two 
sets of factors, and, correspondingly, two sets of factorial functions , those of 
the primary system and those of the associated system; their relations are 
quite reciprocal. We have then a circumstance to which the theory of 
rational functions offers no parallel ; there may he everywhere finite factonal 
functions\. The number of such functions of the primary system which are 
linearly independent is denoted by a + 1 ; the number of the associated 
system by <r + 1. As in the case of algebraical integrals, we may have every- 
where finite factorial integrals . The number of such integrals of the primary 
system which are linearly independent is denoted by or, that of the associated 
system by or'. The factorial integrals of the primary system are not integrals 
of factorial functions of that system ; they are chosen so that the values u, u' 

* The subject of the present chapter has been considered by Prym, Crelle, lxx . (1869), p. 864; 
Appeli, Acta Mathematica , xm. (1890); Ritter, Math. Annal . xliv . (1894), pp. 261 — 374, In 
these papers other references will be found. See also Hurwitz, Math. Annal. xli. (1893), p. 434, 
and, for a related theory, not considered in the present chapter, Hurwitz, Math. Annal. xxxix. 
(1891), p. 1. For the latter part of the chapter see the references given in §§ 273, 274, 279. 

t In particular the theory includes the oase when k= 0, and no such places enter. 

X This statement is made in view of the comparison instituted between the development of 
the theory of rational functions and that of factorial functions. The factorial functions have 
(unless Jt=0) fixed infinities. 
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of such an integral on the two sides of a period loop are connected by an 
equation of the form v! — Mu -f fi, where fi is a constant and M is the factor of 
the primary system of factorial functions which is associated with that period 
loop. The primary and associated systems are so related that if F be a 
factorial function of either system, and O' a factorial integral of the other 
system, FdG'jdx is a rational function without assigned singularities. In the 
case of the rational functions, the smallest number of arbitrary assigned poles 
for which a function can always be constructed is p + 1. In the present 
theory, as has been said, it may be possible to construct factorial functions of 
the primary system without poles ; but when that is impossible, or a' + 1 = 0, 
the smallest number of arbitrary poles for which a factorial function of the 
primary system can always be constructed is «■' -f 1. Similarly when 
<r -f 1 = 0, the smallest number of arbitrary poles for which a factorial func- 
tion of the associated system can always be constructed is ra + 1. Of the 
two numbers or-f 1, cr'+l, at least one is always zero, except in one case, 
when they are both unity. When a + 1 is >0, the everywhere finite fac- 
torial functions of the primary system can be expressed linearly in terms of 
the everywhere finite factorial integrals of the same system. We can also 
construct factorial integrals of the primary system, which, beside the fixed 
singularities, have assigned poles; the least number of poles of arbitrary 
position for which this can be done is <r -f 2. And we can construct factorial 
integrals of the primary system which have arbitrary logarithmic infinities ; 
the least number of such infinities of arbitrary position is a -f 2. For the 
associated system of factors the corresponding numbers are a + 2. 

It will be found that all the formulae of the general theory are not imme- 
diately applicable to the ordinary theory of rational functions and their 
integrals. The exceptions, and the reasons for them, are pointed out in 
footnotes. 

The deduction of these results occupies §§ 253 — 267 of this chapter. The 
section of the chapter which occupies §§ 271 — 278, deals, by examples, with 
the connection of the present theory with the theory of the Riemann theta 
functions. With a more detailed theory of factorial functions this section 
would be capable of very great development. The concluding section of the 
chapter deals very briefly with the identification of the present theory with 
the theory of automorphic functions. 

253. Let <a, ...,c* be arbitrary fixed places of the Riemann surface, 
which we suppose to be finite places and not branch places. In all the 
investigations of this chapter these places are to be the same. They may be 
called the essential singularities of the systems of factorial functions. We 
require the surface to be dissected so that the places c u ..., c* are excluded 
and the surface becomes simply connected. This may be effected in a manner 
analogous to that adopted in § 180, the places c„ ..., c* occurring instead of 
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z Xt But it is more convenient, in view of one development of the 

theory, to suppose the loops of § 180 to be deformed until the cuts* between 
the pairs of period loops become of infinitesimal length. Then the dissection 
will be such as that represented in figure 9 ; and this dissection is sufficiently 

Fig. 9. 



well represented by figure 10. We call the sides of the loops (a r ), (b r ), upon 
which the letters a r , b r are placed, the left-hand sides of these loops, and by 
the left-hand sides of the cuts (7^, ..., (7*), to the places c u ..., c*, we mean 


Fig. 10. 



the sides which are on the left when we pass from A to c lt ..., c* respec- 
tively. The consideration of the effect of an alteration in these conventions 
.is postponed till the theory of the transformation of the theta functions 
has been considered. 

# These outs are those generally denoted by c lt ... , Cp^. Cf. Forsyth, Theory of Functions , 
§181. 
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254. In connection with the surface thus dissected we take now a series 
of 2 p+k quantities 

A-i, . . . > X^ , h\ , . . . , hp, ffi, . • • j ffp , 

which we call the fundamental constants ; we suppose no one of X,, X* to 
be a positive or negative integer, or zero ; but we suppose X, + ... + A* to be 
an integer, or zero ; and we consider functions 

(1) which are uniform on the surface thus dissected, and have, thereon, 
no infinities except poles, 

(2) whose value on the left-hand side of the period loop (a t ) is 
g-airiA, ti m es the value on the right-hand side ; whose value on the left-hand 
side of the period loop (6,) is times the value on the right-hand side, 

(3) which*, in the neighbourhood of the place c»-, are expressible in the 
form t~ A 'fa, where t is the infinitesimal at d and fa is uniform, finite, and not 
zero in the neighbourhood of the place c,;, 

(4) which, therefore, have a value on the left-hand side of the cut y t 
which is e~* nA * times the value on the right-hand side. 

Let a lt ... , <*nr, • ••> Px be any places ; consider the expression 


sc, a x,a x, a 


x, a X. it a*, it i 

.-n. «-ftri[(A 1 + H 1 )i»i +... + (h p +H p )v p ] - S X.H 

M i-i 


wherein A is independent of the place x, 

N - M- i X», 
i 


(i). 


SX being an integer (or zero), m is an arbitrary place, and H lt ..., H p are 
iutegers. It is clear that this expression represents a function which is 
uniform on the dissected surface, which has poles at the places a u ..., a Mi and 
zeros at the places A> • ••> Ar, and that in the neighbourhood of the place c» 
this function has the character required. For the period loop (a,) the 
function has the factor g- 2 ™ (*<+#<) — e -Mh i} as desired; for the period loop 
(bi) the function has the factor e 2mK , where 


K = + -V?- n -...-V i *- m - ! k(h r +Hr) r,,i- I \V t - n , 


and this factor is equal to e ,2ir,tJl if only 

k 

0i,» , , m a lt m a v> m V c r* m 

Vi +... + »/ -Vi — ...-!/** - S X,®,' 

r=l 

~ 9* “h d" £ (Ay + •//»•) (u)» 

r=l 

Gi being an integer. 

* It is intended, as already stated, that the places c x , ..., c* should be in the finite part of the 

surface and should not be branch places. 
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It follows therefore that, subject to the conditions (i) and (ii), such a 
function as has been described certainly exists. 

Conversely it can be immediately proved that any such function must be 
capable of being expressed in the form here given, and that the conditions 
(i), (ii) are necessary. 

Unless the contrary be expressly stated, we suppose the quantities 
Xi, , X*, hu •••, h Pi g lt g P always the same, and express this fact by 
calling the functions under consideration factorial functions of the primary 
system. The quantities e ~ 2irik] , ...» e -2 ™**, e~ 2irihi , ..., e _27riA p, e 27 ^ 1 , ..., are 
called the factors. It will be convenient to consider with these functions 
other functions of the same general character but with a different system of 
fundamental constants, 

, . . . , Xjb , , • , . , hp , gi , . . . , g p t 

connected with the original constants by the equations 

X» *4" \% +1=0, h x + hi =0, g x 4- gl = 0 ; 

these functions will be said to be functions of the associated system. The fac- 
tors associated therewith arc the inverses of the factors of the primary system. 


255. As has been remarked, the rational functions on the Riemann 
surface are a particular case of the factorial functions, arising when the 

factors are unity and no such’ places as c x ct are introduced. From this 

point of view the condition (i), which can be obtained as the condition that 


Jd log/, taken round the complete boundary of the dissected surface, is zero, 


is a generalisation of the fact that the number of zeros and poles of a rational 
function is the same, and the condition (ii) expresses a theorem generalising 
Abels theorem for integrals of the first kind. 


Now Riemann's theory of rational functions is subsequent to the theory 
of the integrals ; these arise as functions which are uniform on the dissected 
Riemann surface, but differ on the sides of a period loop by additive 
constants. In what follows we consider the theory in the same order, and 
enquire first of all as to the existence of functions whose differential coefficients 
are factorial functions. For the sake of clearness such functions will be 
called factorial integrals; and it will appear that just as rational functions 
are expressible by Riemann integrals of the second kind, so factorial functions 
are expressible by certain factorial integrals, provided the fundamental con- 
stants of these latter are suitably chosen. We define then a factorial integral 
of the primary system, H, as a function such that dlijdx is a factorial 
function with the fundamental constants 


X, + 1 ; 


X* 4* 1» Xj, hp, g u ...» g p \ 
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thus dH/dx has the same factors as the factorial functions of the primary 
system, but near the place c*, dH/dx is of the form fa, where fa is 

uniform, finite and not zero in the neighbourhood of c»\ Similarly we define 
a factorial integral of the associated system, H\ to be such that dH'jdx 
is a factorial function with the fundamental constants 


or 


Ai + 1 | • • • > + 1 ) hp , ffi , . . . , (Jp | 

— Ai, — A*, •••» —hp> ~ ffit • ••> 


thus, if f be any factorial function of the primary system, f dH'jdx is a 
rational function on the Ricmann surface, for which the places c„ 
are not in any way special. And similarly, if f be any factorial function 
of the associated system, and H any factorial integral of the primary 
system, /' dH/dx is a rational function. 


The values of a factorial integral of the primary system, H , at the two 
sides of any period loop are connected by an equation of the form 


H = f*H + n t 


where p is one of the factors e~ u,riA »-, and H is a quantity which is 
constant along the particular period loop. Near c», H is of the form 

Ai 4- t~* fa 4- Ci log t, 

where is a constant, fa is uniform, finite, and, in general, not zero in the 
neighbourhood of c*, and is a constant, which is zero unless A, 4- 1 be a 
positive integer (other than zero), and may be zero even when A, 4- 1 is a 
positive integer. After a circuit round Ci, H will be changed into 

H = A { + e~ 2wiki t~* fa 4- 27 riC t 4- C { log t ; 

thus, when C,* = 0, 

He-*** 4- Ai (1 - e~***), 

and when is not zero, and, therefore, A* 4- 1 is a positive integer, 

H— H + 2iriCi ; 

in either case we have 

H = yH+T t 

where y — e~***, and T is constant along the cut (y <). 

Thus, in addition to the fundamental factors of the system, there arise, 
for every factorial integral, 2p + k new constants, 2 p of them such as that 
here denoted by X2 and h of them such as that denoted by T. It will be 
seen subsequently that these are not all independent. 
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As has been stated we exclude from consideration the case in which any 
one of A|, X* is an integer, or zero. Thus the constants (7* will not enter; 
neither will the corresponding constants for the associated system. 


256. Consider now the problem of finding factorial integrals of the 
primary system which shall he everywhere finite . Here, as elsewhere, when 
we speak of the infinities or zeros of a function, we mean those which are not 
at the places c lt ..., c*, or which fall at these places in addition to the poles 
or zeros which are prescribed to fall there. 

If V be such a factorial integral, dV/dx is only infinite when dx is zero 
of the second order, namely 2p — 2 4- 2n times, at the branch places of the 
surface. And dV/dx is zero at x — oo , 2 n times*. Thus, if N denote the num- 
ber of zeros of dVfilx which are not due to the denominator dx, or, as we may 
say (cf. § 21) the number of zeros of dV, we have by the condition (i) § 254, 

k 

N + 2n = 2 p — 2 + 2 n + 2 (\t + 1 ), 

<=i 


so that the number of zeros of dV is 2p — 2 + £ (Ai + !)• 


Now let / 0 denote a factorial function with the primary system of 
factors, but with behaviour at c* like fc, where is uniform, finite, 

and not zero at Cf. Then, if an everywhere finite factorial integral V 
exists at all, Z, =/ 0 _1 d V/dx, will be a rational function on the Riemann 
surface, infinite at the (say N 0 ) zeros of / 0l and 2n + 2p — 2 times at the 
branch places of the surface, and zero at the (say Jf 0 ) poles of f Q , and 2 n 
times at x = oo (beside being zero at the zeros of dV). Conversely a rational 


function Z satisfying these conditions will be such that 



is a function 


V. 


Thus the number of existent functions V which are linearly independent is at 
‘ least 

k 

N Q + 2n + 2p-2-(2n + M 0 )-p+l, =p- 1+2 (X;+l), 

»=i 


provided this he positive . We are therefore sure, when this is the case, that 
functions V do exist. To find the exact number, let V 0 be one such ; then 
if V be any other, dV/dV 0 is a rational function with poles in the 
2j9 — 2 + £(X+l) zeros of dF 0 ; and conversely if R be a rational function 

whose poles are the zeros of dV 0 , the integral jEdV 0 is a function V. Thusf 
the number of functions V, when any exist, is (§ 37, Chap. III.) 

«r, ~p — 1 + 2 (\ + 1) 4* <r + 1, 


* These numbers may be modified by the existence of a branoh plaoe at infinity. But their 
difference remains the same. 

t For the ordinary ease of rational functions <r + l, as here defined, is equal to unity, and, 
therefore, omitting the term 2 (X + l), we have w=p. 
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where a + 1 is the number of linearly independent differentials dv, of ordinary 
integrals of the first kind, which vanish in the 2p - 2 -f 2 (\ 4* 1) zeros of the 
differential dV Q of any such function V 0 . Since dV/dV 0 is a rational 
function, the number of differentials dv vanishing in the zeros of dV 0 is the 
same as the number vanishing in the zeros of dV. Since dv has 2p — 2 zeros, 
<r + 1 vanishes when 2 (X + 1) > 0. 

Ex. For the hyperelliptic surface 

y*=(x-a){x-b) (x, 1)^, 

the factorial integrals, V, having tho same factors at the period loops as the root function 
-a) (x—b), and no other factors, are given by 



and xa~p - 1. Here £=0 ; there are no places c u ... , c k . 

257. The number a + 1 is of great importance ; when it is greater 
than zero, which requires 2 (X -f 1) to be negative or zero, there are <r 4- 1 
factorial functions of the associated system which are nowhere infinite. 

For if V be an everywhere finite factorial integral of the primary system, 
and dv u ..., dv 9 +l represent the linearly independent differentials of integrals 
of the first kind which vanish in the zeros of dV, the functions 

dv i dv g +\ 

dV ' ■''* dV ’ 

whose behaviour at a place c t - is like that of — ( ^ +i) <f> it where </>»• Ls uniform, 

finite and not zero in the neighbourhood of c,-, namely of t~ A i<l> lf are clearly 
factorial functions of the associated system, without poles. Conversely if K' 
denote an every where-finite factorial function of the associated system, the 

integral Jx'dV is the integral of a rational function, and does not anywhere 

become infinite. Denoting it by v, dv vanishes at the 2p — 2 -f 2 (X + 1) 

k 

zeros of dV as well as at the 0 + ^2 V, = - 2 (X 4- 1), zeros of K ' (cf. the 

condition (i), § 254). Thus, to every factorial integral V we obtain <r-f 1 
functions K r ; and since, when a + 1 > 0, the quotient of two differentials 
dV t dV 9 can* be expressed by the quotient of two differentials dv> dv 0t we 
cannot thus obtain more than a + 1 functions K' ; while, conversely, to every 
function K' we obtain a differential dv which vanishes in the zeros of any 
assigned function V ; and, as before, we cannot obtain any others by taking, 
instead of V, another factorial integral V Q . 


* Cf. Chap. VI. § 98. 
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258. The existence of these everywhere finite factorial functions, K\ of 
the associated system can also be investigated d priori from the fundamental 
equations (i) and (ii) (§ 254). These give, in this case, 

v*'-” 2 (X, + 1) v { r ’ m - (gi + 0{) — , (A, + 27,) — 

r=l 

-t<, p (h p +H P ), (iii) 

and N=- 2 (K + 1), 

r=l 

where G u ..., G pi H ly ..., H p are integers. 

Hence no functions K' exist unless 2 (X + 1) be a negative integer or be 
zero ; we consider these possibilities separately. 

When 2 (X + 1) = 0, it is necessary, for the existence of such functions, 
that the fundamental constants satisfy the conditions 

2 (\ r + l)v/’ + gi + i + +h p Ti tP = 0, (i = 1, 2, ..., p)\ 

r-1 

conversely, when these conditions are fulfilled, taking suitable integers 
H lf ..., H pt it is clear that the function 

I (V+l)n* >0 m +2 1 ri(A 1 + ir 1 )rf' 0 + + 2 ■H(h p +H v )v x ; a 

E 0 = Ae r " 1 *" , 

wherein A is an arbitrary constant, and a, m are arbitrary places, is an 
everywhere finite factorial function of the associated system, and it can be 
immediately seen that every such function is a constant multiple of E 0 . If 
then we denote the number of functions K ' by 2 + 1 (to be immediately 
identified with o- + l), we have, in this case, 2+1 = 1; and there are p 

functions V, given by V= dv, where dv is in turn the differential of 

every one of the linearly independent integrals of the first kind ; it is easy to 
see that every function V can be thus expressed. Thus, in the zeros of a 
differential dV there vanishes one differential dv , so that <7+1 = 1. Hence 
a + 1 = 2 + 1, and the formula «r=p — l + 2(X + l) + <r + l is verified. 

When 2(X + 1) is negative and numerically greater than zero, and the 
equations (iii) have any solutions, let t denote the number of linearly in- 
dependent differentials dv which vanish in the places of one and therefore of 
every set, /3 lt ..., ft#, which satisfies these equations; then* the number of 
sets which satisfy these equations is oo where s = — 2(X + 1); thus the 
quotient of two functions K ' is a rational function with 2+1, ^s—p+t + l 
arbitrary constants, one of these being additive. This is then the number of 
linearly independent functions K'. If K' be one of these functions, and 


B. 


Cf. § 158, Chap. VIII.; § 95, Chap. VI. 
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dv u ..., dv t denote the differentials vanishing in the zeros of K', it iB clear 
that the functions 

fdv ! fdv t 

Jk " J K' 

are finite factorial integrals of the primary system, that is, are functions V ; 

conversely if Fbe any finite factorial integral of the primary system, Jjf'dV 

is an integral, v, of the first kind such that dv vanishes in the zeros of K\ 
Hence the number t, which expresses the number of differentials dv which 
vanish in the zeros of K\ is equal to the number, or, of functions V. But we 
have proved that w=p — l + 2(X+l)+o-+l, and, above, that t—p -1— $+2+1. 
Hence <r + 1 = 2 + 1. 

Thus we have the results*: The number , <r + l, of everywhere finite 
factorial functions , K\ of the associated system is equal to the number of 
differentials dv which vanish in the 2p — 2 + 2 (X + 1) zei'os of any differential 
dV ; hence (§ 21, Chap. II.) a + 1 is less than p , unless 2 (\ + 1) = — (2 p — 2). 

Also, when a + 1 > 0, the number , ur, of everywhere finite factorial integrals , 
F, of the primary system , is equal to the number of differentials dv which 
vanish in the s, = — 2 (\ + 1), zeros of any function K\ The argument by 
which this last result is obtained does not hold whenf a + 1 = 0. When 
<r + 1 > 0, it follows that w is not greater than p. 

Similarly when s', — — 2 (V + 1), = 2\, =* — s — k, is > 0, we can prove, by 
considering the primary system, that there are a' +1 everywhere finite 
factorial functions K of the primary system, where a + 1 is the number of 
differentials dv vanishing in the 2p-2-2\, -2p — 2 + s + k. zeios of any 
differential dV\ and that, when <r'+l>0, the number ©■', of everywhere 
finite factorial integrals, V', of the associated system is equal to the number 
of differentials dv vanishing in the s zeros of any function K. Hence 
a + 1 = 0 when s > 0, and, then, no functions K exist. When s = 0 we have 
seen that there may or may not be functions K‘ ; but there cannot be func- 
tions K unless k = 0, since otherwise 2p — 2 + s + k > 2p — 2. And then the 
existence of functions K depends on the condition whether the fundamental 
constants be such that 


I + )»?•“+. .+(>>,, + A,) tf“] 

K’ 

is a function of the primary system or not, H 1} ...,H P being suitable integers, 
namely whether there exist relations of the form 

9% + Gi + (&! + Ht) t i, j + + (h p + H p ) T{ t p = 0, (i = 1, 2, . . . , p), 


* Which hold for the ordinary case of rational functions, <r+l being then unity, 
t In the case of the factorial functions which are square roots of rational functions of whiah 
all the poles and zeros are of the second order, so that the places c,, ... , c* are not present, and 
the numbers g, h are half integers, we have ur=p - 1, <r+ 1=0. 
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where G u ... , G p are integers. In such case E Q is a finite factorial function 
of the associated system. 

On the whole then the theory breaks up into four cases (i) <r + 1 = 0, 
a + 1 = 0, (ii) <r + 1 > 0, <r' + 1 = 0, (iii) <r + 1 = 0, <r' + 1 > 0, (iv) < 7+1 = 1, 
cr' + 1 == 1. Of these the cases (ii) and (iii) are reciprocal. 

259. One remark remains to be made in this connection. When 
o- + l > 0 there are everywhere finite functions, K\ of the associated system, 
given (§ 2o7) by 

dvi dt>t dv a + ! 

dV’ dV' ~dV ; 

these have, at any one of the places o lf ..., c*, a behaviour represented by 
that of t~ y (j > ; hence the differential coefficients of these functions satisfy all 
the conditions whereby the differential coefficients, dV'/dx, of the everywhere 
finite factorial integrals of the associated system, are defined. Therefore* the 
functions K' are expressible linearly in terms of the functions F/, ..., V 
by equations of the form 

1 Vi + + A; f or' V tb' + A, (l = 1, 2, . . . , (cr + 1)), 

where the coefficients, A*, j, A, are constants. 

Hence also the difference or' — (<r + 1) is not negative. This is also 
obvious otherwise. For when <r + 1 > 0, — 2 (A + 1), = s, is zero or positive, 
and <r + l>p (§ 258), and, therefore, or' - < 7 , —p — (<7 + 1) + <r' + 1 + k + 5 , 
can only be as small as zero when k = 0 = s, and <7 + 1 = p ; these are in- 
compatible. 

Similarly, when < 7 ' + 1 > 0, the everywhere finite factorial functions of the 
original system are linear functions of the factorial integrals V u ..., F^. 

It followsf therefore that of the or periods of the functions F,, ..., Y Wi 
at any definite period loop, only or — (< 7 ' +1) can be regarded as linearly 
independent; in fact, < 7 ' + 1 of the functions V lt ..., may be replaced 
by linear functions of the remaining or — (< 7 ' + 1), and of the functions 

260. A factorial integral is such that its values at the two sides of a period loop of 
the first kind are connected by an equation of the form Q„ its values at the two 

sides of a period loop of the second kind are connected by an equation of the form 
u' —fi'iU+Q'iy and its values at the two sides of a loop (y,) are connected by an equation 
of the form w'^y^+r*, where { r % =^»(l -y,). Of the 2 p+k periods o\, r, thus 


* It is clearly assumed that K\ is not a constant ; thus the reasoning does not apply to the 
ordinary case of rational functions. 

t In the ordinary case of rational functions this number nr - (<r + 1) must be replaced by p. 
See the preceding note. 

X § 266. The oase where one of X lt is zero or an integer is exoluded. 


26—2 
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arising, two at least can be immediately excluded. For it is possible, by subtracting one 
of the constants A lt A k from the factorial integral, to render one of the periods 
r x , ... , I* zero; and by following the values of the factorial integral, which is single- 
valued on the dissected surface, once completely round the sides of the loops, we find, in 
virtue of y x y 2 ... yt=l, that 

I [o, (1 -/*<') - (1 -t^)] ss ^i+yiT , 3 +yiy i r a + ... +y 1 y 2 ...y*- 1 r*. 


Thus there are certainly not more than 2p-2+1c linearly independent periods of a 
factorial integral 

Suppose now that V is any everywhere finite factorial integral of the original system, 
and Vi is any one of the corresponding integrals of the associated system. The integral 

J Vd Vi , taken once completely round the boundary of the surface which is constituted by 

the sides of the period loops, is equal to zero. By expressing this fact we obtain an 
equation which is linear in the periods of V and linear in the periods of P/. By taking i 
in turn equal to 1, 2, ..., we thus obtain w' linear equations for the periods of F, 
wherein the coefficients are the periods of Fj', ... , V' w >, As remarked above these coeffi- 
cients are themselves connected by <r+l linear equations ; so that we thus obtain at most 
szr'-(o- -fl) linearly independent linear equations for the periods of V. If these are inde- 
pendent of one another and independent of the two reductions mentioned above, it follows 
that the 2p+& periods of V are linearly expressible by only 


periods, at most. 


and therefore 
so that 


2p - 2 4- k - [or' - (<r 4- 1 )] 

Now we have 

or =jo — l+2(A4-l)4-<r4-l, 
w'—jp-l -2(X)*f<r'4'l> 

w + w‘ ' = 2p - 2 4- 1c + <r + 1 4* a 4* 1 , 
2p — 2 +k — [s7 ; - (<r-f 1)] = or - (<r' -|- 1). 


Thus ar-(o-'-fl) is the number of periods of a function V which appear to be linearly 
independent; and, taking account of the existence of the functions K lt AV+i, this is 
the same as the number of independent linear combinations of the functions Vi,-> Fur, 
which are periodic* But the conclusions of this article require more careful considera- 
tion in particular cases ; it is not shewn that the linear equations obtained are always 
independent, nor that they are the only equations obtainable. 


Ex. i. Obtain the lineo-linear relation connecting the periods of the everywhere finite 
factorial integrals V f F', of the primary and associated system, which is obtained by 

expressing that the contour integral j Vd V' vanishes. 

Ex. ii. In the case of the ordinary Riemann integrals of the first kind, the relation 


^ [0< (1 •“ F*) - Qi ( 1 ~ Ml)] ~ r x 4- 7 i r a 4- y x y 2 r 3 4- . . . . 4 y 2 . . . , . y* _ i r* 

is identically satisfied, and further k=0. Thus the reasoning of the text does not holdt. 


* We can therefore form linear combinations of the periodic functions V, for whioh the inde- 
pendent periods shall be 1, 0, ..., 0; 0, 1, ...» 0; etc., as in the ordinary case. 

+ In that case the numbers w'— (<r + 1), 2j>- 2 + k, are to be replaced respectively by p and 2 p. 
See the note t of § 259. 
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261. We enquire now how many arbitrary constants enter into the 
expression of a factorial function of the primary system which has M 
poles of assigned position. 

Supposing one such function to exist, denote it by 1 F 0 ; then the ratio F/F 0 , 
of any other such function to F, F Q) is a rational function with poles at the 
zeros of F 0 ; conversely if R be any rational function with poles at the zeros 
of F 0 , F 0 R is a factorial function of the primary system with poles at the 
assigned poles of F 0 . The function R contains 

N -p+ 1 +h + 1 

arbitrary constants, one of them additive, where N is the number of zeros of 

k 

F 0 , so that N=M+ 2 \ r > and h + l is the number of differentials dv vanish- 

r-\ 

ing in the zeros of F 0 . 

But in fact the number of differentials dv vanishing in the zeros of F 0 is 
the same as the number of differentials dV' vanishing in the poles of *, V' 
being any everywhere finite factorial integral of the associated system. 

For if dv vanish in the zeros of F 0) the integral jdv/F 0 is clearly a factorial 

integral, V\ of the associated system without infinities, and such that dV' 
vanishes in the poles of F 0 ; conversely if V' be any factorial integral of the 
associated system such that dV' vanishes in the poles of F 0 , the integral 

jF 0 dV' is an integral of the first kind, v, such that dv vanishes in the zeros 

of*. 

Thus, the number of arbitrary constants in a factorial function of the 
primary system , with M given arbitrary poles, is 

k 

M ■+• X \ r — + 1 + & H- 1, = N — — M — Ts/ h \ 1, 

r= 1 

where N is the number of zeros of the function, and h + 1 the number of 
differentials dV' vanishing in the M poles*. 

In particular, putting M =0, h -f 1 = nr' (cf. § 258), we have the formula, 
already obtained, 

<j / -f* 1 1=1 ^ X r - p + 1 + < ® ,/ * 

r= 1 

We can of course also obtain these results by considering the fundamental 
equations (i) and (ii), § 254. 

262. Hence we can determine the smallest value of M for which a 
factorial function of the primary system with M given poles always exists. 

* Counting the additive constant in the expression of a rational funotion, the last formula 
holds in the ordinary case. 
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When M = + 1 it is not possible to determine a function V\ of the 

form 

V' = A 1 V 1 '+ 

wherein A lt .... A w > are constants, to vanish in M arbitrary places; and 
therefore A 4- 1=0. Thus a factorial function of the primary system with 
ns' + 1 arbitrary poles will contain, in accordance with the formula of the 
last Article, 

k 

fir' + 1 4- 2 \r — p 4" 1, = c 4* 2, 
r=\ 

arbitrary constants. 

When <r'4-l =0, this number is 1, and the factorial function is entirely 
determined save for an arbitrary constant multiplier. Hence we infer that 
when cr' + 1 =0 the smallest value of M is + 1. 

We consider in the next Article how to form the factorial function in ques- 
tion from other functions of the system. Of the existence of such a function 
we can be sure a priori by the formulae (i) (ii) of § 254. Such a function 
will have N = ©•' 4- 1 4- 2\, = p , zeros. They can be determined to satisfy the 
equations (ii). Then an expression of the function is given by the general 
formula of § 254. 

When a' -f 1 > 0, there are o-' 4- 1 everywhere finite factorial functions 
K lt ..., K <r+ !, of the primary system, and the general factorial function with 
bt' + 1 poles is of the form 

F -f- A.j Ki 4- 4- 

where \ u ..., are constants, and F is any factorial function with the 
assigned poles. In this case also there exist no factorial functions with 
arbitrary poles less than fir' 4-1 in number; the attempt to obtain such 
functions leads * always to a linear aggregate of K u ..., Av +1 . 

263. Suppose that <r' 4- 1 = 0 ; we consider the construction of the 
factorial function of the primary system with «r' 4- 1 arbitrary poles. 

Firstly let <r 4- 1 > 0, so that there are a 4-1 everywhere finite functions, 
of the associated system, and <r4-l differentials dv vanish in the 
* * 

2p — 2+ 2 (Xr4-1) zeros of any differential dV. Hence s, =— 2 (\ r 4-l), 

r~l r=l 

is greater than zero or equal to zero. We take first the case when s > 0. 
* 

Then «r'=jo — 1— 2 \=p — l4-$4-A?, and it is possible to determine a 

r=l 

rational function with poles at fir'4-l=p4-s4-A; arbitraiy places. This 
function contains s 4- k 4- 1 arbitrary constants, one of these being additive. 
It can therefore be chosen to vanish at the places c lt c kt and will then 


For M = fi r' - r, we shall have h + 1 = r, and, therefore, M-‘UT' + h+l+<r' + l=a'+l. 
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contain at least, and in general, $ + 1 arbitrary constants. Taking now any 
everywhere finite factorial function K' of the associated system, let the 
rational function be further chosen to vanish in the 8 zeros of K ' ; then the 
rational function is, in general, entirely determined save for an arbitrary 
constant multiplier. Denote the rational function thus obtained by R . 
Then R/K' is a factorial function of the primary system with the nr' 4- 1 
assigned poles, and is the function we desired to construct. And since the 
ratio of two functions K ' is a rational function, it is immaterial what function 
K' is utilised to construct the function required. 

This reasoning applies also to the case in which a 4- 1 > 0 , s = 0 , unless 
also k = 0. Consider then the case in which a 4- 1 > 0, s = 0 and k = 0. 
There is (§ 258) only one function K\ of the form 

2 T/[(* 1 + H 1 K a + •• - + (h P +H p )v*;«] 

E 0 = Ae 

or o* 4 i = 1 ; and E 0 ~ l is a function of the primary system without poles. 
Thus o' 4- 1 = 1, and the case does not fall under that now being considered, 
for which a 4- 1 = 0. The value of nr' is p, and the factorial function with 
nr' 4- 1 arbitrary poles is of the form (F + C) E 0 , where F+C is the general 
rational functiou with the given poles. 

Nextly, let a 4- 1 = 0, as well as o' + 1 = 0. Then there exist no functions 
K' and the previous argument is inapplicable. But, provided nr' 4- 1 2, we 

can apply another method, which could equally have been applied when 
a 4- 1 > 0. For if P be the factorial function of the primary system with 
nr' -f 1 assigned poles, and V' be one of the nr' factorial integrals of the 

dV' 

associated system, and v be any integral of the first kind, P is a rational 

function whose poles are at the nr' + 1 poles of P and at the 2p — 2 zeros of 
dv. Conversely, if R be any rational function with poles at these places 

IdV' 

(cf. §37, Ex. ii. Chap. III.), and zeros at the 2p — 2 — zeros of dV\ R 
is the factorial function required. It contains at least 

nr' 1 + 2 \p — 2 — p + 1 — (2 p — 2 — S\), — 1 , 
arbitrary constant multiplier. 

In case nr' 4* 1 < 2, so that nr' = 0, = /> — 1, there are no functions V\ 

and we may fall back upon the fundamental equations of § 254. In this case 
the least number of poles is 1. 

264. Consider now the possibility of forming a factorial integral of the 
primary system whose only infinities are poles. We shew that it is possible 
to form such an integral with <r 4- 2 arbitrary poles, and with no smaller 
number. 



408 


CONSTRUCTION OF THE FACTORIAL INTEGRAL 


[264 


Suppose G to be such a factorial integral, with <r + 2 poles, and, under the 
hypothesis «r > 0, let V be an everywhere finite factorial integral, also of the 
primary system. Then dG/dV is a rational function, with poles at the 
2^) - 2 4- 2(A 4- 1) zeros of dV, and poles at the poles of G\ near a pole 
of G, say c, the form of dG/dV is given by 


dG 

dV 




4* A 4* Bt 4* 


\ r n air 


where t is the infinitesimal for the neighbourhood of the place c, the 
quantities G, A , B are constants, and D e V denotes a differentiation in regard 
to the infinitesimal ; this is the same as 


dG_„ r 1 
dv ~ E L 


1 D 2 V 

4- - rfjf 4- terms which are finite when t - 0 , 


D C V 


where E = — C/D e V. Thus dG/dV is infinite at a pole of G like a constant 
multiple of 




Dc'V^a 

D e V c ’ 


a being an arbitrary place. 

Conversely if R denote a rational function which is infinite to the first 
order at the zeros of dV , and infinite in the a 4- 2 assigned poles of G like 


functions of the form of y/r, I RdV will be such a factorial integral as desired. 


Now R is of the form (§ 20, Chap. II.) 

A + Air + + A r rZ a + B 1 [d x , it;‘-0rr] + 

L ®(T+3 


wherein a is an arbitrary place, e ly ... y e r denote the zeros of dV> x ly 
denote the assigned poles of G, and A , A ly ..., A ry B ly ..., B a + 2 are constants; 
the period of R, in this form, at a general period loop of the second kind, is 
given by 

A x Vli (Cj) + 4- AjXli (e r ) 4- B x (x x ) — jy~Y “h 

+B t+1 , 

where are as in § 18, Chap. II., and this must vanish for 

i = 1. 2, ..., p. Now (§ 258) in the places e ly e r there vanish a 4- 1 linear 
functions of (x), ..., (x). Thus, from the conditions expressing that the 

periods of R are zero, we infer <r 4-1 linear equations involving only the 
constants B ly ..., B„+ 9 , which, since the places x lt ..., x a+2 are arbitrary, may 
be assumed to be independent. From these a 4- 1 equations we can obtain 
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the ratios B l :B i : : B a + a . There remain then, of the p equations 

expressing that the periods of R are zero, p — (cr + 1 ) independent equations 
containing effectively r + 1 unknown constants. Thus the number of the 
constants A u ..., A ri B u B^ 3 left arbitrary is r + 1 -p + <r + 1 , which is 
equal to 2p — 2 + 2 (X + 1) + 1 — p + + 1 or ur, and the total number of 

arbitrary constants in R is «r + 1 . Thus we infer that, on the whole, 0 is of 
the form* 

[G] + G l V 1 + + tf w F w + Cf 

where [#] is a special function with the <r +2 assigned poles, multiplied by 
an arbitrary constant, and C u ..., (7 OT , G are arbitrary constants. And this 
result shews that <7 + 2 is the least number of poles that can be assigned for 
G. The argument applies to the case when or + 1=0 provided that ur > 0 . 

The proof just given supposes nr > 0 ; but this is not indispensable. 
Let / 0 be a factorial function with the primary system of multipliers but 
with a behaviour at the places d like t~ {X * +1) <fn t where <£< is uniform, finite 

and not zero in the neighbourhood of c t . Then if, instead of j RdV y we 

consider an integral j’. Rf 0 dv , wherein dv is the differential of any Riemann 

integral of the first kind, and R is a rational function which vanishes in the 
(say M) poles of / 0 , and may become infinite in the zeros of dv and the 
(say N) zeros of / 0| we shall obtain the same results. It is necessary to 
take ^>1 (cf. § 37, Ex. ii. Chap. III.). 


265. Another method, holding whether ra = 0 or not, provided a + 1 > 0, 
may be indicated. Let K\x) be one of the everywhere finite factorial func- 
tions of the associated system. Consider the function of 

W/i)‘ i[rr+An ^ ] ’ 


a, c, 7 being any places and A a constant ; when x is in the neighbourhood 
of the place c it is of the form 




dt y 


where t is the infinitesimal in the neighbourhood of the place c, and terms 
which will lead only to positive powers of t under the integral sign are 
omitted ; this is the same as 


1 

K\c) 



DK'icm 

K\ c) J t] 


dt; 


* In the ordinary case of rational functions, where V is replaced by a Riemann normal inte- 
gral v , the coefficients of Jfj, ... , B<r+ 2 , in the expression for the general period of JR, vanish for 
one value of t, namely when V=v t . Thus <r+ 1 (=1) pole is sufficient to enable us to construct 
the factorial integral ; it is the ordinary integral of the second kind. 
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\0 


hence if A be DK\c)jK\c\ the function yfr is infinite at c like — - . 

A 

At the place 7 the function yjr is infinite like - l°g where t y is 

the infinitesimal in the neighbourhood of the place 7. 

Putting now M*\ * = 1 ^’ a 4- n*'y , consider the function 

K(c) ’ 

0 (*) • J ; K \ x) d + • • • + A, +t MX\ t , y + B i vr + - + B p v x ' “J , 

where a, 7 are arbitrary places and A lt ..., J?,, B p are constants, 

subject to the conditions 

(i) that 

AjD x Ml'“ y + + A, +i D x M x ^^ y + B I Sl 1 (x) 4 - + B p n p (x) 

vanishes at each of the — £ (X 4 1) zeros of K'(x), 


(ii) that 


A x 


DK^Xy) 


+ Ar+z 


DK'fa+j) 

K (Xg.+ i) 


= 0; 


the first condition ensures that G(x) is finite at the zeros of K'(x\ the 
second condition ensures that G{cc) is finite at the place 7. If we suppose* 
v*’ a t v%* to be those integrals of the first kind whose differentials 
vanish at the zeros of K'(x) (§ 258 ), the conditions (i) will involve only the 
constants A l} A v+i , Btb +u B p , and if these conditions be independent 
these a 4 2 4 (p — *r) coefficients will thereby be reduced to 

0 * 4 * 2 4 jp — «r + £(\+ 1), = 2 j 

thus, if the condition (ii) be independent of the conditions (i), the number 
of constants finally remaining is*y + 2- l= 'sr-M, and the form of G(x) is 
[G] + C l V l . f + 0 w F w + ff 

as before. 


Ex. Prove that, when &, = - 2 (X 4 1 ), is positive, we have 

[K K'y + - +\ = D * { A "W [1* y + ... +^; T J . 

266 . The factorial integral of the primary system with a 4 2 arbitrary 
poles can be simplified. If <r„ ..., 0^+2 he the poles, its most general form 
may be represented by 

EG (x lt x.+ 2 ) + E 1 V 1 + + E W V W 4 C , 


* This is to simplify the explanation. In general it is w linear combinations of the normal 
integrals, whose differentials vanish in the zeros of K'{x). The reduction corresponding to that of 
the text is then obtained by taking or linear combinations of the conditions (i). 
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where E, E lf ..., E m , G are arbitrary constants. Near a place c l} one of the 
singular places of the factorial system, the integral will have a form 
represented by A x + t~ K ' (f > ; we may simplify the integral by subtracting 
from it the constant A x \ the consequence is that the additive period 
belonging to the loop (7,) is zero ; further there is one other linear relation 
connecting the additive periods of the integral, which is obtainable by 
following the value of the integral once round the boundary of the dissected 
surface (cf. § 260). Thus the number of periods of the integral is at 
most 2p — 2 + k. We suppose the additive periods of the functions 
G (x 1% ...» x a+ 2 ), V u ..., V Wt at the loop (7,), to be similarly reduced to zero; 

then the constant G is zero. The linear aggregate E x V l + + E w 

may be replaced by an aggregate of the non-periodic functions K lt ..., K^+ 1 , 
and w — (<r' + l) of the integrals V w , so that the integral under 

consideration takes the form 

EG (oC \ , . . • , •/’er+a) + G x V x ■+■ . . 4* G^JJ _ (o-'+l) ^07 - "h F& + ... + F, 

'+1 K *'+ i > 

where G u ..., C7w-(*'+d, F u ... f jFV +1 are constants. We can therefore, pre- 
sumably, determine the constants G li ..,, C7 w -(^ + d, so that or - (<r -f 1) of 
the additive periods of the integral vanish. The integral will then have 
2p - 2 -f k - (w - a — 1), = «•' — (<r -f 1), periods remaining, together with one 
period which is a linear function of them. A particular case* is that of 
Riemann’s normal integral of the second kind, for which there are p periods. 
As in that case we suppose here that the petdod loops for which the additive 
periods of the factorial integral shall he reduced to zero are agreed upon before- 
hand. We thus obtain a function 

F . G x (x u . . . , av+2) + + + F r ' + i Ktr +i , 

wherein F f F x , ... , F*'+\ are arbitrary constants, and has 

additive periods only at or' — (cr + 1) prescribed period loops, beside a period 
which is a linear function of these. We may therefore further assign a’ - f 1 
zeros of the integral and choose F so that the integral is infinite at x x 
like the negative inverse of the infinitesimal. When the integral is so 
determined we shall denote it by T(a?i, x . it ..., #,+2)- The assigned zeros are 
to be taken once for all, say at a ly ... , <v +1 . 

267. The factorial function of the primary system with rst + 1 assigned 
arbitrary poles can bo expressed in terms of the factorial integral of the 
primary system with a + 2 assigned poles. Let x u ..., x m > +1 be the assigned 
poles of the factorial function. Then we may choose the constants G lt ..., 
(7 W '_ a , so that the sr' - (<r + 1) linearly independent periods of the aggregate 

^i!T(ir* +a , x ly ..., #*+i) + ...... + Gxff>- 9 Y (x&'+i, x lt ..., #*+1) 

are all zeros. The result is a factorial function with x lt ..., x m > +1 as poles, 

* Of the result. The reasoning must be amended by the substitution of p, 2 p for vs’ - (<r + 1) 
and 2p -2 + k respectively. Cf. the note t of § 260. 
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which vanishes in the places a 1} ..., a^ +1 . Or, taking arbitrary places 
d u ... , d 9+l we may choose the constants E lt ... , E w > +1 so that the *r' — (<r -f 1) 
linearly independent periods of the aggregate 

E X T ( Xi, di y ..., dr+i) + E,v (a? a , d \, ...» + ... *4* Etf+x T (#or'+i> ^i> •••» d 9 + 1) 

are all zero, and at the same time the aggregate does not become in- 
finite at da, ..., d a+1 . Then the addition, to the result, of an aggregate 

F X K X + -f F a+1 K 0 ' +1 , wherein F lt ..., Fj +l are arbitrary constants, leads 

to the most general form of the factorial function with x it . . . , as poles. 
For the sake of definiteness we denote by yjr (x ; z, t x , ..., t m >) the factorial 
function with poles of the first order at z, t x , . .., tw, which is chosen so that 
it becomes infinite at z like the negative inverse of the infinitesimal, and 
vanishes at the places Ox, ..., a ff+1 . A more precise notation would be* 
yft (#, Oj, . . . , « a ' +1 ; z,t x , t w ). This function contains no arbitrary constants. 

Denoting this function now, temporarily, by yfr, and any everywhere 
finite factorial integral of the inverse system by F', the value of the integral 
fydV\ taken round the boundary of the dissected surface formed b) the 
sides of the period loops, is equal to the sum of its values round the poles 
of yfr. Since yfrdV'/dx is a rational function the value of the integral taken 
round the boundary is zero. Near a pole of yjr, at which t is the infinitesimal, 
the integral will have the form 

J| J + B + Ct+ j [{DV') + 1 (LPV) + ] dt, 

where D denotes a differentiation. Thus the value obtained by taking the 
integral round this pole is A ( DV '). If then the values of A at the poles 
T lf be denoted by A lt ...,A^, we have, remembering that the 

value of A at z is — 1, the sr' equations 

Ax (DF/X + + A m > (DVx%' = (DF/X , 


Ax (DFVX + + A* (DFV)*' = (^> no- 

where F/, ..., F' w ' are the «■' everywhere finite factorial integrals of the 
associated system, (DV t ') r denotes the differential coefficient of V( at t r , and 
(D V/) z denotes the differential coefficient at z. Thus, if co r (x) denote, here, 
the linear aggregate of the form 

Ex [DVx)z + +E W , (DFVX, 

wherein the constants E u ..., E w > are chosen so that (o r {t r ) = 1 and <o r (t 8 ) — 0 
when t 8 is any one of the places ..., other than t r , we have A r — a> r (z). 
Hence we infer by the previous article (§ 266) that z, tx, ..., t m ») is 

equal to 

r (, z , di , ..., dff+i) — (z) F (tx, d x , ...» ck+i) — ~ &>■&> (z ) T (t m > , d lt • ••> d 9 + 1 ), 

* Cf. § 122, Chap. VII. etc. 
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where d u ..., d a+1 are arbitrary places. For these two functions are infinite 
at the places z y t Xy ..., t w > in the same way and both vanish at the places 
Cht •••> 

As in the case of the rational functions, the function yfr (x; z y ..., t w >) 
may be regarded as fundamental, and developments analogous to those given 
on pages 181, 189 of the present volume may be investigated. We limit 
ourselves to the expression of any factorial function of the primary system by 
means of it. The most general factorial function with poles of the first 
order at the places z Xy ..., z M may be expressed in the form 

Aity (x\ z Xy tj, . . . , t w >) 4* + A M yjr (x ; z My t x , . . . , t m ») 4- B X K X + 

4* B 0 >+ x K a + 1, 

where A x , ..., A M , B x , ..., B a+X are constants. The condition that the 
function represented by this expression may not be infinite at t r is 

A x co r (z x ) 4- 4- A M (o r (z M ) = 0 ; 

in case the vr' equations of this form, for r = 1, 2, ..., tar', be linearly indepen- 
dent, the factorial function contains M 4- a-' 4- 1 — ^ arbitrary constants; 
but if there be h 4-1 linearly independent aggregates of differentials, of the 
form 

C x dV x '+ 4* Cm'dV'w'y 

which vanish in the M assigned poles, then the equations of the form 
A x (o r (z x ) 4- 4- A M o) r {z M ) = 0 

are equivalent to only cr'-(A4-l) equations, and the number of arbitrary 
constants in the expression of the factorial function is M + a’ 4- 1 — tar' 4- h + 1, 
in accordance with § 261. 

Ex. i. Prove that a factorial integral of the primary system can be constructed with 
logarithmic infinities only in cr 4 2 places, but with no smaller number. 

Ex. ii. If the factorial integral Q (x Xi x 2 , ... , Xa- +2 ) become infinite of the place x t like 
"y , where t is the infinitesimal at x ty prove, by considering the contour integral jodK r ', 

where K y is one of the <r4 1 everywhere finite factorial functions of the associated system, 
and 0 denotes 0(a\, x 2i ... , x a + 2 )> the <r+ 1 equations 

<r+2 

2 RiDK;{Xi)=Q y 
i= 1 

D denoting a differentiation. From these equations the ratio of the residues R u R 2 , ..., 
R<r+ % can be expressed. 

268. The theory of this chapter covers so many cases that any detailed 
exhibition of examples of its application would occupy a great space. We 
limit ourselves to examining the case p = 0, for which explicit expressions can 
be given, and, very briefly, two other cases (§§ 268 — 270). 
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Consider the case p = 0, k = 3, there being three singular places such as 
have so far in this chapter been denoted by c,, c*, but which we shall 
here denote by a, ft, 7, the associated numbers* being X, = — 3/2, A* = — 3/2, 
Xjss — 2. At these places the factorial functions of the associated system 
behave, respectively, like trtfa, and the difference between the 

number of zeros and poles of such a function is N' — M f = — 2(A + 1) = 2. 
Thus there exist factorial functions of the associated system with no 


poles and two zeros. By the general formula of § 254, replacing II*** by 

( 00 ~~ " C I Cl c\ 

/ ) , the general form of such a function is found to be 

«-?/ a-yj 

*'(*) = ; 


A& + Bx + C 


' {x-y) 


and involves three arbitrary constants, so that a + 1 = 3. In what follows 
K'(x) will be used to denote the special function l/(cc — 7 ) (a? — a)* (a? — £)*. 
The difference between the number of zeros and poles of factorial functions 
of the primary system is N — M = — 5 ; hence M — 0 is not possible, and 
a + 1 as 0. Further 


tj, — p — 1 + 2 (\ + 1) + + 1, as — 1 — 2 + 3 = 0, 

~ p — 1 — 2X + <r / + l , = — 1 + 5 =4, 

and the factorial function of the primary system with fewest poles has 
ot'+ 1 = 5 poles, as also follows from the formula N— M = — 5. This function 
is clearly given by 

P(x)= («-«)*( *-/ 3 ) } (x - yf 

a?,) (a? ■“ ajj) ~ ~ 1C4) (,1/ ”* ,Cg) 

Putting 

i/r (x) = (a? - a) (x - £) (a? - 7), /(a?) = (a> - x x ) (x - a? 3 ) (a; - x 3 ) (x - # 4 ) (.r - # 8 ), 
0 (a;) = DK' {x)jK' (#) = - [(x - 7)- 1 + £ (a; - a)" 1 + £ (a; - 


and putting X t = 0*(a? t )//'(af*), where i is in turn equal to 1, 2, 3, 4, 5 aud 
f'(x) denotes the differential coefficient of /(#), it is immediately clear that 
P(x) is infinite at x l like X,/(a? — a*,) K' (a-,) It can be verified that 

2A, = 0 , IXjXj — 1, 2 as 0, 2# 1 a X 1 0(# 1 ) = -2, 2 X 1 ^(Xj) = 0, 

111 1 1 

and these give 

2 A, [1 + a?,0 (#1)] = 0, 2 X, [2a-, + a;, 2 0 (a? x )] = 0. 

The factorial integral G, of the primary system, with a + 2 = 4 poles, 
t. f, y, t is (§ 265) given by 

® <*• f ■ 0 - /j+, * + [ih -* « '»* 

* It was for convenience of exposition that, in the general theory, the oase in whioh any of the 
numbers X, , , X* are integers, was excluded. 
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where the sign of summation refers to r, f, y, ? and the constants A u A 2i 
A 2i A a are to be chosen so that (i) the expression 

A^ ( T ) + A 2 <f> (f) + A s <j> (y) 4- A 4 <f> (?) 

is zero, this being necessary in order that G(t, f, y, ?) may not become 
infinite at the place c, and (ii) the expression 



vanishes to the fourth order when x is infinite ; the expression always 
vanishes to the second order when x is infinite ; the additional conditions are 
required because K' (x) is zero to the second order when x is infinite. 

Taking account of condition (i), we find, by expanding in powers of ^ , that 
the condition (ii) is equivalent to the two 

£ A, [1 + T 0 (t)] = 0, £ A, [2t 4 - (r)] = 0. 

1 1 

Thus, introducing the values of A u ..., A a into the expression for 
G (t, f , y, ?), we find, by proper choice of a multiplicative constant, 

K'(x)DG( (x b rf + t~- (ft (?> -W' 

1 + T (t), 

2 t 4 - r 3 <p (t), , . , 

in which the second, third and fourth columns differ from the first only in 
the substitution, respectively, of f, y, ? in place of r. 

The factorial integral G(t , f, y, ?) thus determined can in fact be 
expressed without an integral sign. For we immediately verify that 

jdx (X - y) V(. — a)(x — P) [ (e *- )s + * V j 

is equal, save for an additive constant, to 

V(x-a)(x - fi) ** -- 4 -l 4 -T<^>(T) 4 -i |«-y -*i(a 4 -^)) ^(t )1 

\JC — • T J 

+ |^2t + (t) - (7 + i (a + 0 )} ( 1 + r<f> (t)) + ji-y (a + £) - £ | <f> (t)J 

x log |* - “ ^ ^ + V(* -^(a - /3)j 

"V(r - a) V-^)[ (T_7) ^ (T)+1+i(T ' 7) t^ + r^)] 

x log - ^) (T-«) + < /(iE-g) (t-£) 
•Jk—t 
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and, by the definition of tf> (a?), the coefficient of the logarithm in the last line 
of this expression is zero; if we substitute these values in the expression 
found for G (r, £, rj, £) we obviously have 

0(r, & V, 0= V(*-«)(*-£) (?). (v). (?) + constant, ...(2), 

$( T )> • > • > • 

1 4* . 

2 t 4 -t 2 </>(t), . , . . . 

where the second, third and fourth columns of the determinant differ from 
the first only in the substitution, in place of r, respectively of £, 77, f. We 
proceed now to prove that this determinant is a certain constant multiple of 
(a? - a) (x - ft) (a? — fi)/(x — t)(x — f ) (a? - 77) (x — f), where /i, is determined by 

7“/* 7-f 7 “ *7 7-? 2 yy — a 7-0/ 

If we introduce constants, A, B, C } A\ R t C\ depending only on a, ft, 7, 
defined by the identities 

Go? 4- Bx 4- A = ^~(a? - &)( x ~ y)> 

G'a?+Fx + A'=~^{x-y){x-- + ^, 
we can immediately verify that 

A<j> (a;) + B[ l +x<f> (a. 1 )] + C [2a? 4- xPQ (a?)] = — - — — , 

X ~~ CL 

A'<f> (x) + B’ [1 + x<f> (^)j + C' [2x + a?<f> (.*)] = - , 

and hence that 


+ [A+(x-a) A'] <f> (t) + [B *(*-«) IT] [1 + r<f> (r)] 

4- [0 + (a? — a) C'] [2t -f r J <f> (t)] 

= (x-a)(x- ft) — — — ; 


0 (t, f, n , ?) = (*" “)* (» “ £)* (f ).(»?). (?) + constant, 

<Mt), • . - . • 

1 + r <\> (t), . , . , . 

2t + T 9 <j> (r) 


( 3 ) 
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now it is clear from the equation ( 2 ) that G (t, f, y , £)/*/ (x - a) (x — $) is of 
the form (x, l) a j(x -r)(x- f) (x -y){x- where (x, 1) 3 denotes an integral 
cubic polynomial; and since 1/K'(x) vanishes when x = y, it follows from 
the equation (1) that the differential coefficient of G(r,( t y t f) vanishes 
when x = y. Hence we have 


G(T,j;, v ,t;) = L ¥ 




where fi is such that the differential coefficient of this expression vanishes 
when x = y, and has therefore the value already specified, L is a constant 
whose value can be obtained from the equation (3) by calculation, and M 
is a constant which we have not assigned. In the neighbourhood of the 
place a, G (r, f, y, J) has the form M + L (x — af [X + p (x — a) + v (x — of -f . . .], 
and similarly in the neighbourhood of the place £. In the neighbourhood 
of the place y, G (t, f , y , f) has the form 

iV r + (pc - y ) 2 [X/ + n’ (x - 7 ) + v (pc - yY + ], 

where N is a constant, generally different from M. 


In the general case of a factorial integral for p*=0, k = 3, the behaviour of the integral 
at «, 0, y is that of three expressions of the form 

AH v — a)“ A [P+^(.r-o)+...], [F+V (*-« + -L 

C-Hx-yyiP'+yti'- y)+...], 

provided no one ofX + l,/*+l,v+l be a positive integer; herein one of the constants 
A, B, C may be taken arbitrarily and the others are thereby determined. The factorial 
integral becomes a factorial function only in the case when all of A, /?, C are zero. 


We have seen that the factorial function of the primary system with 
fewest poles has 5 poles ; let them be at t, t,, 17 , then, taking G (t, f, 17 , f) 

in the form just found, the factorial function can be expressed in the form 

P (x) « CG (r, f, t?, f) + G,G (t„ f, y, 0 4- D, 
when the constants 0, C u D are suitably chosen. 


For clearly D can be chosen so that the function P {x) divides identically 
by (x — a)* (x — £) 9 . It is then only necessary to choose the ratio G : G lf 
if possible, so that the function P (x) divides identically by (x - y) 2 . This 
requires only that 


G^ + G, 


x-fr _ ( x - yY 

x-r x ^ (a? — t) (a? — Tj) * 


where p is a constant, or that the expression 

G (x — p ,) (a? - t,) + 0) (a? — t) (a? — /*,) 


B. 


27 
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divide by (x - 7)* Thus G : C x = - (7 - t) (7 - /&,) : (7 - p) (7 - t,), and 

27 — /* — T 1 _ 27 -fr- T 

(7 - /i) (7 - Tj) (7 - /Xi) (7 - T) ’ 
or 

1 _1_ 1 1 __. 

y-fi~y-r 7-^1 7 ~ T i ’ 

this condition is satisfied ; both these expressions are by definition equal to 

. J_ 1 a / JL . 1 \ 

7 “ f 7 — *7 7 “ ? H 7 - a y — PJ' 

From the theoretical point of view it is however better to proceed as 
follows — Let the poles of P (x) be at ar, , . Then P (a?) can be expressed 
in the form 

P (*) - C X G (x u l v , t) + Cfi (*, l v , 0 4 - + C.G (.n, ft V, 0 + a 

the constants C, C x , C«, C s being suitably chosen. This equation requires, 
by equation ( 1 ), 



A (f, 

(a: — av)J 

v. ?) 

0 , 

E, 

F, 

G 

lG r <j>(x r ), 

1 

HO. 


HO 

20 r [l + x r <j> (*,)], 

1 

1+H(0, 

l+ri<f> (jj), 

i + »(0 

XC f [2x r 4- # r 2 </> (a? r )], 

2f + fW), 

%v + y-<l>(v), 

*t+W(0 


1 1 

wherein A (ft 7 , ?) is the minor, in the determinant occurring in equation (1), 
of the first element of the first row, and E = (x — ft ) -2 + <f> (f ) (x — f)“ l , 
F—(x — 7 ) ) -2 + ( 17 ) (a; - iy ) -1 , Cr = (a? — £)“ 2 + <£(£) (x — f)" 1 . If now we take 

C', , . . . , (? 5 so that 

2C r <f> (x r ) = 0, 2(7,. [l + x r <f> (n)] = 0, 2C r [2n + n a <£ (n)] = 0, 

this leads to 

pp = GJ)Q (Xu x " Xt) + GJ)G {x " a ' s) - 

and the solution can be completed as before. 

There are m' = 4 everywhere finite factorial integrals of the associated 

dV' 

system ; if V' be one of these, then by definition, is a factorial function 

ax 
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which has at a the form ( x — a and similarly at ft, and has at 7 the 
form (a? — 7 )~ a ^. Further dV'jdx is zero to the second order at # = x . 
Hence we have 

y/ __ f ( #> 1)3 dx 

J (x - a)* (x - ft)* (x - 7) 2 ’ 
and dV' has 2p — 2 — 2X = — 2 + 5 = 3 zeros. 

Thus V' can be written in the form 


yt _ T> f dx La? + Mx + N 

- J(x- a)i (x - £)* (x-y) + (^-7) (a; - a )4 (# - £)* ’ 

= (a;) + Jfff/ (0) + J&Jf,' (x) + RV 0 \ 

where N, M t L, R are constants, K' (x), Ki (a?), Kl (a?) are particular, linearly 
independent, everywhere finite factorial functions of the associated system, 
and V 0 f is a particular everywhere finite factorial integral of the associated 
system. 


E.r. i. In case of a factorial system given by p = Q, £=2, X t = -3, X 2 = -3, prove that 
or+l= 2, <r'+l=0, or=0, xcr' = 2 ; prove that the factorial function of the primary system 
with fewest poles is P (x)-(x- oft (x - - x t ) (x - x. 2 ) (x - x 3 ) ; obtain the form of the 

factorial integral of the second kind of the primary system with fewest poles, and prove 
that it can be expressed in the form AP(.tj+J3 ; and shew that the everywhere finite fac- 
torial integrals of the associated system are expressible in the form {Ax+B)fs r (x—a) (x—ft), 
their initial form being 

f (Ax+fl) dx 

J(x-a)*(x-B)*' 


Ex. ii. When wo take p= 0 and k f = 2w + 2, places Cj, ..., c 2n+2t and each \— - J, 
prove that the original and the associated systems coincide, that or + 1 = 0 -' + 1 = 0 , -as = ‘ax ' — n, 
that the everywhere finite factorial integrals, and the integral with one pole are respec- 
tively 

dv /r M- +U- fen _* 

J v/w ’ J U-«) 2+i - «J • 


where /(.r) = (.r-c l ) (^ - + 2 ). The factorial function with fewest poles is 

J/WK*. i).. + i ; express this in the form 


M - *V /T/«5L+*£W] * + p’i^T*rf.r+ constant, 

(•^ !)»+ 1 <-1 JL(-*-<o 2 J Jf { x ) 

rt n ... , a tt+1 being the zeros of (.r, l) n+1 , and determine the 271 + 1 coefficients on the right- 
hand side. 


269. One of the simplest applications of the theory of this chapter is to 
the case of the root functions already considered in the last chapter ; such a 
function can be expressed in the form e?, where 

f = n£, y ., + + - twi i (h t + v x ; \ 
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where ft, ff N are the zeros, otj, a N the poles, hi is a rational numerical 
fraction, H t is an integer, and 7 is an arbitrary place. The singular places, 
Ci , . . . , Ck are entirely absent. The zeros and poles satisfy the equations 
expressed by 

/'•*■ + + v^' l =g+0 + r(h + H), 

where G 1} ..., G p are integers; and since, if m be the least common denomi- 
nator of the 2 p numbers g, h , the wth power of the function is a rational 
function, there is no function of the system which is everywhere finite, 
and the same is true of the associated system. Hence (r + l= 0 = (r' + l, 
cr = =jp — 1 ; thus the function of the system with fewest poles has 
p poles, and every function of the system can be expressed as a linear 
aggregate of such functions (§ 267. Cf. § 245, Chap. XIII.). 

Ex. i. Prove that when the numbers g f h are any half- integers, the everywhere finite 
integrals of the system are expressible in the form 



where v is an arbitrary integral of the first kind, $ is the corresponding (^-polynomial, 
and % are (^-polynomials with p - 1 zeros each of the second order (cf. § 245, 
Chap. XIII.). It is in fact i>ossible to represent any half-integer characteristic as the 
sum of two odd half- integer characteristics in 2* ,_2 (£p-i— 1) ways. 

Ex. ii. In the hyperelliptic case, when the numbers g, h are any half-integers, prove 
that the function of the system with vr’ + l =p jioles is given by 

/- j y p y x 1 

U W M + ? V Ml ’ 

where the places (# n y x ), ... are the jioles in question, 

(x) = (x~x t ) ... (x- Xp) t yj/’ (x) = dyjr (x)jd.r, u = (x- a) (x - 6 ), 
and a, b are two suitably chosen branch places* and u % = (.r, - a) (.r t — b). Shew that in 

the elliptic case this leads to the function g-v («-*>). 

o' (w — v) 

270. In the case in which the factors at the period loops are any 
constants, the places c lf ...,c* being still absent, it remains true that the 
number of zeros of any function of the system is equal to the number of 
poles; but here there may be an everywhere finite function of the system, 
and there will be such a function provided 

/ij + ...... + T t ' f p hp — + t i t 1 Hi~\~ + Tq p H p ], (i = l, 2, . . . , p) 

in which G lt ...,H p are integers, the function being, in that case, expressed by 

Es , e -iTil(h i + Htf y . 

* For the association of the proper pair of branch places a, b with the given values of the 
numbers g t h, compare Chap. XI. § 208, Chap. XIII. § 245, and the remark at the conclusion of 
Ex. i. 
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then E~ l is an everywhere finite function of the associated system, and 
a 4- 1 = <r' + 1 * 1, «■ as «■' a* p. It is not necessary to consider this case, for 
it is clear that every function of the system is of the form ER , R being a 
rational function. 

When <r + l=<r'-fl=0 we have tsr = p — 1 = «r'. Then every function 
of the system can be expressed linearly by means of functions of the system 
having p poles. If a?, , . . . , x p be the poles of such a function and z lt . . . , z p the 
zeros, and the relations connecting these be given by 

t? 1 ’ Xl + + v*i» *p = g + Q + T (h + H). 


There is beside the expression originally given, a very convenient way of 
expressing such a function, whose correctness is immediately verifiable, 
namely 

< d(u,-g-G-Th-TH) (k+Ht u 

»(«) 

wherein 


u = v x,m — w » — — v } 


and m, rn u ..., m p are related as in § 179, Chap. X. Omitting a constant 
factor this is the same as 


0 (u - g - rh) 


*. = <£(u), say; 


since the difference between the values of the logarithm of <f> ( u ) at the two 
sides of any period loop is independent of u, and of x , it follows that 
0 0 

7 T- log 0 ( if ) is a rational function of x, and that log <f> ( u ) is a periodic 

OX OU{ 

function with 2 p sets of simultaneous periods ; thus the function <f> (a) 
satisfies linear equations of the form 

d£ = Ry ’ dujuj = = 2 , 

where R, R tJ are rational functions of x, and 2p-ply periodic functions of u- 
given* by 

11 = lo g <f> («) + [4 lo S * (“)]* > 

R '^dZnj loe,f,(u)+ K Iog ^ (M) ] • 

Ex. The 2p constants a, X can be chosen so that 

satisfies the equations ^ (u +2o) = A<f>(u) f <j) (tt-f2u')=d'0 (a), where A, A' each represents 
p given constants, and the notation is as in § 189, Chap. X. 


* Cf. Halphen, Fond. Ellipt., Prem. Part. (Paris 1886), p. 235, and Forsyth, Theory of Func- 
tions, pp. 275, 285, for the case p=l. By further development of the results given in Chap. XI. 
of this volume, and in the present chapter, it is clearly possible to formulate the corresponding 
analytical results for greater values of p. 
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271. We have seen (§ 261) that the number of arbitrary constants 
entering into the expression of a factorial function of the primary system 
with given poles is N—p + 1+^ + 1, =i2 say, where N is the number of 
zeros of the function, and h + 1 is the number of linearly independent 
differentials, dv , of integrals of the first kind, which vanish in the zeros 
of the function. When h + 1 vanishes the assigning of the poles of the 
function, and of R - 1 of the zeros determines the other iV'—jR + l, =p , 
zeros; in any case the assigning of the poles and of R — 1 of the zeros 
determines the other N—R + 1, =p — (h+ 1), of the zeros. Denote the 
poles by o^, and the assigned zeros by ft, ..., ft^; then the remaining 
zeros ft*, . . . , ft v are determined by the congruences 


Pit a 


V, ■ ' + vT • - 2 KvT “-(</. + A.Ti,, +... + h v r ilP ) 

r-1 


=-(v’r a +. 




a being an arbitrary place. Now, let the form of the factorial function when 
the poles are given be 

C 1 F 1 (x) + + C R F K (x), 


where G u ..., C R are arbitrary constants, and F x {a), ..., F R (x) are linearly 
independent; then, when the zeros ft, ...,ft*_, are assigned, the function is a 
constant multiple of the definite function 


AW- 


F i (#) , 

^i(ft), 


> Fr(oo) j; 

,^(ft) | 


Fi F n (ft*^) 


the zeros of this function, other than ft, ..., ft_ l? are perfectly definite, and 
are determined by the congruences put down. Let H denote the quantities 
given by 

■ft’ = X \ r v i ~h (Ji + + + hpTi i p ; 


take any places y 1} ..., 7 * +1) of assigned position, and take a place m and p 
dependent places m,, ..., vi p defined as in § 179, Chap. X., and consider the 
function of x 


0 (/• * - - - W M-i + + + 

- v * • ** - v a ‘ • * - - tf** a - if) ; 

if the function does not vanish identically, its zeros, x u ..., x p , are (§ 179, 
Chap. X.) given by the congruences denoted by 

— _ _ yPH-ita _ y a, 7n*+ 2 _ ^ 

- a - H = - l>* n W| - 
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or, what is the same thing, by 

A* + +/"- 1 ’ - v a *’ a -H 

= v y ' ,x ' + + v y w *»+' - tfW a - - a ; 

now, from what has been said, it follows, comparing these congruences with 
those connecting the poles and zeros of A ( x ), that if x u ..., x h + x be taken at 
7i, •••> 7a+i, these congruences determine Xh+ 2 , ..., x p uniquely as the places 
&r> •••» Pn- Thus the zeros of the theta function are the places y lt ..., y / t+1 
together with the zeros, other than &, of the function A (x). 

We suppose now M to be as great asp— l, = r+ jp — 1, say ; as in § 184, 
p. 269, we take ft,, ..., n^., to be the zeros of a ^-polynomial of which all the 
zeros are of the second order, so that 

qjMp t 7/1 M /yWj | 7/1 j M — 1 ) 7/1 p— *1 

is an odd half-period, equal to 8 > say ; and we take the poles a r+1 , ... , a v at 
ft,, ..., np- v Further*, in this article, we denote 

0 (v x > 2 + g ) by X (x, z), 

so that (§ 175, Chap. X.) A(#, z) is also equal to e ~ 0 (v x > 2 ; £$'). 

The function A ( x , 2 :) must not be confounded with the function X (f, ya) of § 238. 

Then in fact, denoting the arguments of the theta function by F, we 
have the following important formula, 

r h + 1 k 

a (x) n x (x, ctj) n x ( x , yj) n [x (x, Cy)]^ 
er** ^ V S(V) = A - 7 -- 1 — ^ tl , 

nx(/,ft) 

i = 1 

where A is a quantity independent of x. In order to prove this it is 
sufficient to shew (i) that the right-hand side represents a single-valued 
function of x on the Riemann surface dissected by the 2 p period loops, 
(ii) that the right-hand side has no poles and has only the zeros of 0(F), 
and (iii) that the two sides of the equation have the same factor for every one 
of the 2 p period loops. 

Now the function X ( x } z) has no poles ; its zeros are the place z , and the 
places w,, ..., n^. The places ft,, ..., ftp_, occur on the right hand 

(a) as poles, each once in A(x), each (R — 1) times in the product 

II X (#, 0j ) ; 
i = 1 

r m 

(fi) as zeros, each r times in II X ( x , a,), h + 1 times in II X (x, yj), and 

i=i 

* For the introduction of the function \ (x, z) see, beside the references given in chapter XIII. 
(§ 250), also Glebsch 11 . Gordan, Abel Functnen. pp. 251—256, and Riemann, Math. IVerke (1876), 
p. 134. 
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2 X, times in II [X (x, c,)] A > ; thus these places occur as zeros, on the right 

i- i i 

hand, 

M — (p — 1 ) 4 - h + 1 4* 2Xj — R y = N — p 4- 1 4* h + 1 — R* 
times, that is, not at all. 

Thus the expression on the right hand may be interpreted as a single- 
valued function on the Riemann surface dissected by the 2 p period loops — 
for we have seen that the places n Xi ..., do not really occur, and the 
multiplicity, at c Jt in the value of such a factor as [X(a?, c,)] A -» is cancelled by 
the assigned character of the factorial functions F(x) occurring in A(#). 
Nextly, the zeros of the denominator of the right-hand side, other than at 
Mj, Kp-i, are zeros of A (x), and the poles of A (x), other than n lt ..., 

r 

are zeros of the product II X(,r, a,), so that the right-hand side remains 

finite. The only remaining zeros of the right-hand side consist of y u ..., y^+i 
and the zeros of A (x) beside ft, ... , £*- 1 ; and we have proved that these arc 
the zeros of @ ( V). It remains then finally to examine the factors of the 
two sides of the equation at the period loops. The factors of the left-hand 
side at the i - th period loops respectively of the first and second kind are 
(see § 175, Chap. X.) 

e - 2iri - K) an( j e - 2*1 ^ (V - i#V) *>, » - 2W ( V t + \r u J. 

the factor of the right-hand side at the i-th period loop of the first kind is 
e*, where 

k 

yjr = — 27 rihi 4- riris' 4- (h 4-1) 7 ns/ 4- 7 ris t ' 2 \ — (R — 1) iris ' ; 

1 

k 

now R * N — p 4- 1 4- h 4- 1 = r 4- 2 X, 4 * h 4- 1 ; thus yfr = — 2irihi 4- iris' , and 

e* = or the factors of the two sides of the equation to be proved, at 

the t-th period loop of the first kind, are the same. Since the factor of 
X (x, z) at the i-th period loop of the second kind is where 

p = - 27n [v *' 2 4- 4- ^81 r lf , 4- ... 4- s' p r it p 4 - £t 1( J 4- t ri (s/t*, x 4* ... 4- s' p r i% p \ 

= - 2iri (v*’ z 4- \Si 4 - %r it *), 

it follows that the factor of the right-hand side at the i-th period loop of the 
second kind is e* where 


[ r , „ h + 1 _ „ k _ _ K-\ „ 

2 Vt 3 4* 2 vt 7j 4* 2 XjVi 1 — 2 v t ’ n 

j-i 1 i-i 1 J 

— ?ri |"r 4- h 4- 1 4- 2 X, — R 4- 1 J (r, t t 4- # t ), 

[ r r . h±l „ „ A: # . Jt— 1 ^ - "1 

2 V ' 4- S w;’ y H 2 \jVi J - X ; 

J m 1 ^“1 7=»1 J = 1 J 
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now we have 

Vi =Vi m - v\" “‘ +l + v1" a +... + v1 R -" a -v? mk+ ‘-...- V,- 

k 

a u a ct , a M|,tt np-i,a n i i 

-i> t - ... -v/ -...-Vi -gi-hn,!- ...-h p T ijP , 

7 = 1 

and 

i («i + i + . . . + V T »*, p) = v ’ n/ ” 7/1 ~ w" 11 Ml - “ v”' -1 ’ m '-» ; 

thus 

V{ — ^ (s t 4- s/Ti, ! + ...+ ifpVi, p ) = y*’ a + «V ’ 7 ’ + . . . + V*’ y,i+l + V{ U + . • . + v?*" 1 ’ 

k 

- Vi x XjVi - (Ji - h 1 r it /yr,, p ; 

i = l 

further 

A *' a i // i i \ *’ a / TJ -. \ *» a i ,v,a 

0 = -v t +(h + l)v t -( R-l)v t +rv t + 2 \v t ; 

7=1 

hence 

*+l „ „ R - 1 ^ o r 

V. - i (« + s/n, ,+ ...+ <t # , „) - 2 vT r > - 2 vt *> + 2 *' 

7 = 1 7=1 7=1 

k x c 

+ 2 » - jr, - /t,T ti , - . . . - h v T., 

J=1 


£(/v- iOvi+V, — </, + *#,+ 2 ^'*’ + ‘2 »: ,T '+ 2 -*2* 

M=1 7-1 7 = 1 7=1 ^=“1 

and thence the identity of the factors taken by the two sides of the equation 
to be proved, at the i-th period loop of the second kind, is manifest. 

And before passing on it is necessary to point out that if the functions 

ioo z') 

\ (x, z) be everywhere replaced by 1 , and A (a?) be replaced by yfrA (a?), 

yfr being any quantity whatever, the value of the right-hand side of the 
equation is unaltered. For there are R factors \(x, z) occurring in the 
numerator of the right-hand side of the equation beside A (#), and R — 1 
factors \(x, z) occurring in the denominator of the right-hand side of the 
equation. In particular yfr may be a function of x. 


272. We can now state the following result: Let a , a lf a r be any 
assigned places; let n u n 3 , n p ~ 1 be the zeros of a ^-polynomial, or of 

a differential, dv, of the first kind, of which all the zeros are of the second 
order, and 


»ip,m n, , m, 
Vi -Vi 


TOp-l 

-V{ 


= i (Si + SiT it !+...+ SpT it p), (1=1,2,..., p), 


m , m u ..., m p being such places as in § 179, Chap. X.; let /i+l be the 
number of linearly independent differentials, dv, which vanish in the zeros of 
a factorial function of the primary system having cti, ..., a r> n u ..., as 



STATEMENT OF THE RESULT. 


poles, or the number of differentials dV\ of everywhere finite factorial 
integrals of the associated system, which vanish in the places n„ ..., *!*,_ i, 

k 

a u ..., Or; let y l9 7 * + i be any assigned places; denote r+ XX, + /i+l 

by R, and let* x 1} ..., x R be any assigned places; let the general factorial 
function of the primary system having a lt a r , n,, ..., n p _i as poles bo 

WlW+ + CjtF K ( X )> 

wherein G lt ..., C R are constants, and let 

A (x u . . . , x R ) = F x (a?j), ,F U (x x ) yfr (x x ), (x It ), 

F [ (x 2 ), F lt (# 2 ) 


‘ i > F R ( x R ) I 

where yfr (x) denotes any function whatever ; let 

„ r A+l „ At 

*7 t = X v’ a - X t£ ,a - XV? . 

j=i j=i ;=i i=i 

which is independent of a, and let the row of p quantities 

9i- isi+ (Jh - is/) t,- ( , + +(A p -iV)T(,p 

be denoted + by g — ^s + tQi — £s'); then if, modifying the definition of 
\ ( x , 2 :), we put 


we have 


w, 2 -> - ti 9 ?. ' 


_ i«) _ T (/t _ i g')] 

n { n mW nx(* ( , 7j ) n [\(* ; ,c,)]4, 

nn \ (*j, tcj ) ial '■’ =1 j=1 '- 1 ’ 

*<j 

wherein G is a quantity independent of x lt ..., x R , which may depend on 

c ii •••> c k) •••> &r> yit •••> yh+ 1 * 

273. The formula just obtained is of great generality; before passing 
to examples of its application it is desirable to explain the origin of a certain 
function which may be used in place of the unassigned function yjr ( x ). 

We have (§ 187, p. 274), in the notation of § 272, 

n * • *' - inc 0 *) 0 * + ifl., «') . 

z g e ^ + fa, 7) e (✓. * + fa, , > 5 

if the zeros of the rational function of of, ( af — x)/(x f — z), be denoted by 

* These replace the # lt ft, .. , §n- \ of § 271. 
t So that 
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x, x lt ..., n being the number of sheets of the fundamental Riemann 
surface, and the poles of the same function be denoted by z, z u ..., Zn-i, we 
have, by Abels theorem, 


yi x',Z ^ tt*’i .1 / X X I Z — *l/\ 

U *- *. + + *•-> = “ 1 + lo S (y -zj gf-g)’ 


_ w (*' - *) ® « o* • ■ + ijy . 

- 8 {x'~ z) (z'-x) 0 (»*> + 0 («*'.* + *«„,,) ’ 

now let the places x\ z ' approach respectively indefinitely near to the places 
x y z which, firstly, we suppose to be finite places and not branch places ; then 
the right-hand side of the equation just obtained becomes 

w r i BJ? , + 

S l-(x-zy ‘ X(x)X(z) J’ 

where 

X(x)=i ©;(*«»,.•) ■Dv x i ’ a , X(z)= I &, a n s ,,). 

<= l i=1 

D denoting a differentiation, and a denoting an arbitrary place ; but we have 
(Chap. X. § 175) 

0 (if> * - £ft,, «<) = *0 (t* * + «■) = - e™*’**' '0 2 + 4ft,, ,0 ; 


thus, on the whole, when the square roots are properly interpreted, we 
obtain 


/ " " _ n *'* V 
lim.*-.- ir , 2 ' z y - (x f - a?) (/ - z)e x > z 


0(r*>* + 

VX(«)X(^) 


(i) 

When the places x, z are finite branch places we obtain a similar result. 
Denote the infinitesimals at these places by t , t u and, when x\ £ are near to 

x , z } respectively, suppose £ — x + t w+1 , £ =*z + t'i +l ; then from the equation 
given by Abel’s theorem we obtain, if y denote an arbitrary place, 


s [n^-iogj] + s 1 <;+ % [nZ'-iogt, 

r= 1 L J r=to+1 »•=! L 


n-1 
■ 2 
r=w,+l 


n: 


= - log « w ) - log (t'l) + log 


- rvr 1 - 0 a <y > z ,) . • 

~-(x-z)' 2 * tt l X(x) X (z) 


where X (x\ X (z) are of the same form as before, save that the differentia- 
tions Dvt’ a , Dv*' a , are to be performed in regard to the infinitesimals t, t x . 
If the limit of the first member of this equation, as x\ £ respectively 
approach to x, z, be denoted by Z, we therefore have 


lim.. 




■J- 


ttxe 




\fX(x)X (z) 


= (x — z) d L . 


(ii) 
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The equations (i), (ii) are very noticeable ; there is no position of a: for 
which the expression © (v x> 2 -f | fl g> 8 ) . e™'**’ *NX(x) X (z) is infinite , and there 
is only one position of x , namely when x is at z, for which the expression 
vanishes ; for (§ 188, p. 281) the expression s/X(x) vanishes, to the first 
order, only when x is at one of the places n lt ..., n p _ x , and © (v x > 2 + £n gf g >) 
vanishes only when x is at one of the places z, n lt ..., n p - x ; there is no 
position of x for which X (x) is infinite. Putting 


z) = 


©(^» 2 -f-jn,, s') 
\/X (x) X (z) 


we have further vr x ( x , z) = - Wj (z, x) } and if t denote the infinitesimal near 
to z, we have, as x approaches to z, limit*..* [o-j (x, z)/t] = 1. For every 
position of x and z on the dissected Riemann surface m x {x, z) has a perfectly 
determinate value, save for an ambiguity of sign, and, as follows from 
the equations (i), (ii), this value is independent of the characteristic 


There are various ways of dealing with the ambiguity in sign of the 
function vr x (x f z). For instance, let <p(x ) be any ^-polynomial vanishing in 
an arbitrary place m, and in the places A x , ..., A 2p _ 3 (cf. § 244, Chap. XIII.), 
and let Z(x ) be that polynomial of the third degree in the p fundamental 
linearly independent ^-polynomials which vanishes to the second order in 
A u ...» Atp-s and in the places m x , ..., m p . Further let <£(#) be that 
^-polynomial which vanishes to the second order in the places n„ ..., tip~ x . 
Then we have shewn (§ 244) that the ratio *JZ(x)/(f> (x) V<P(x), save for an 
initial determination of sign for an arbitrary position of x, is single-valued on 
the dissected Riemann surface ; hence instead of the function w, (x, z) we 
may use the function 

E (x z) _ (*) Hi) « («*• J 

lV ’ ’ 4>(x)<f>(z) ' <I> (z) 

which has the properties ; (i) on the dissected Riemann surface it is a single- 
valued function of x and of z , (ii) E x (x, z)--E x (z, x), (iii) as a function of x 
it has, beside the fixed zeros m X} . .., m p , only the zero given by x — z, and it 
has no infinities beside the fixed infinity given by x = m, where it is infinite 
to the first order. At the r-th period loops respectively of the first and 
second kind it has the factors 

J Q - 2,rl i v r +h r r,r)' 

But there can be no doubt, in view of the considerations advanced in 
chapter XII, of the present volume, as to the way in which the ambiguity of 
the sign of v l (x, z) ought to be dealt with. Suppose that the Riemann 
surface now under consideration has arisen from the consideration of the 
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functions there considered (§ 227) which are unaltered by the linear substitu- 
tions of the group. Let the places in the region S of the f plane which 
correspond to the places x, z, x\ z' of the Riemann surface be denoted by 
f, $t Then by comparing the equation obtained in chapter XII. (§ 234), 


V df di 

with the equation here obtained, 

0 («* * + i fl.,,) e"*" r ' ’ 


!i m i'=3-, z~z 


/ z 


dv 


s/X(x)X(z) "M*), 

and noticing that X ( x ), agree in being differential coefficients of an 

integral of the first kind, which vanish to the second order at n ly n p ^ , 
we deduce the equation 




now we have shewn that w(£, J) is a single-valued function of f and £; and 
any one of the infinite number of values of f, which correspond to any value 
of x , has a continuous and definite variation as x varies in a continuous way; 


hence it is possible, dividing nr x (x, z) by the factor 


■J\ 


dt dt\ !• i . 

which by 


itself is of ambiguous sign, to destroy the original ambiguity while retaining 
the essential character of the function tsr, (x, z). The modified function is 
infinitely many-valued, but each branch is separable from the others by a 
conformal representation. Thus the question of the ambiguity in the sign of 
tjj (x, z) is subsequent to the enquiry as to the function f which will conform- 
ably represent the Riemann surface upon a single f plane in a manner 
analogous to that contemplated in chapter XII. §§ 227, 230*. 


In what follows however we do not need to enter into the question of the 
sign of ( x } z). It has been shewn in the preceding article that the final 
formula obtained is independent of the form taken for the function there 
denoted by yfr (x). It is therefore permissible, for any position of x t to take 
for it the expression V X (x), with any assigned sign, without attempting to 
give a law for the continuous variation of this expression. The advantage is 
in the greater simplicity of vr x (x, z ) ; for example, when x is at any one 


* Klein has proposed to deal with the fnnotion w x {x, z) by means of homogeneous variables. 
The reader may compare Math. Annal. xxxvi. (1890) p. 12, and Ritter, Math. Annal xliv. (1894) 
pp. 274—284. In the theory of automorphic functions the necessity for homogeneous variables 
is well established. Gf. § 279 of the present chapter. For the theory of the function tsr, (x, z) in 
the hyperelliptio case see Klein, and Burkhardt, Math. Annal, xxxn. (1888). 
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of the places w lf ...» the function X (x t z)> as defined in § 271, vanishes 
independently of z\ but this is not the case for w x (x t z). 

Ex. i. Prove that 

«• c a Xff l (.r, c) w x {Z t Cl) 

Ex. ii. Prove that any rational function of which the poles are at a u ... , a M and the 
zeros at ft, can be put into the form 

a?! (x, ft ) ._. “ + . . . . + V? “ 

(.r, a t ) w x (x f a v ) 

where X x , ... , X p are constants, and a is a fixed place. 

In what follows, as no misunderstanding is to be apprehended, we shall 
omit the suffix in the expression «r x (x y z), and denote it by «r (x, z). The 
function *r (f, f) of chapter XII. does not recur in this chapter. 

274. As an application of the formula of § 272 we take the case of the 

root form (#)/<£ (x)^jT(x), where X {3) (x) is a cubic polynomial of the 

differential coefficients of the integrals of the first kind, having 3 ( p — 1) zeros, 
each of the second order (cf. § 244, Chap. XIII.). Then the poles ol x , ... , a r are 
the 2p — 2 zeros of any given polynomial (x), which is linear in the 

differential coefficients of integrals of the first kind. Thus r = 2p — 2, 

A + 1 = 0, R, = r + ^ + l + 2\ J = 2p-2 + 0 + 0 = 2p-2; U 2 and, 

taking for the function yjr (x), the expression V X (x), the formula becomes 

Ce-mh-wiv-ff+is-TV-isv ^ £*) -r (h- £«')] 

JxfM ■ Jx 

“ t.j=l, 2, . ,2p-2 2p— 2 

n n «r ( Xi , xj) n d> (x x ) d> (x 2p - 2 ) 

i<j i=l 

Herein 4>(a?) is a given polynomial with zeros at a,, ..., Ojp_ 3 , and the forms 
J X x } (x), ..., Xfp_ 2 {x) are any set of linearly independent forms, derived 
as in § 245, Chap. XIII., and having (— g u • • • , — h, - • • , - hp) for characteristic. 

From this formula* that of § 250, Chap. XIII. is immediately obtainable. 
The result is clearly capable of extension to the case of a function 

| {x)l& r {x) *JX(x). 

* Cf. Weber, Theorie der AbeVschen Functionen vom Geschlecht 3, Berlin, 1870, § 24, p. 160; 
Noether, Math. Annal. xxvm. (1887), p. 307 ; Klein, Math. Annal. xxxvi. (1890), p. 40. For the 
introduction of ^-polynomials as homogeneous variables of. §§ 110—114, Chap. VI. of the present 
volume. See also Stahl, Grelle , cxi. (1893), p. 100; Pick, Math. Annal. xxix. “Zur Theorie der 
AbeFschen Functionen.” 
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275. A general application of the formula of § 272 to the case of rational 
functions may be made by taking « lf to be any places whatever, r 

being greater than p — 1. Then A + 1=0 and R = r; and if the general 
rational function with poles in a x , ...» a r , w,, ...» n p be 

A X F t ( x ) + + A. r -.\Fr — i (®) + A,., 

where A lt ..., A r are constants, and we take for the function ^(a?) the 
expression V X (a?), and modify the constant G which depends in general upon 
ctj, flfy, we obtain the result (cf. § 175, Chap. X.) 


OB [2 UK l = @ pj «* + £* + £rs'], 

i i 



• , F r _ 1 (x x ) i 1 


Jf, (®,), . 

• • » F r— 1 (d? r ), 1 

II II (a?£, a,) 
*=1-^1 — - 


si. , r h r 

n w (a?£, Xj) IT *CT («{, ttj) 

t<j 1<J 




276. This formula includes many particular cases*. We proceed to 
obtain a more special formula, deduced directly from the result of § 272. 
Let a lt ..., a r — n lt ...» ?y_,. Then the everywhere finite factorial integrals 
of the associated system are the ordinary integrals of the first kind, 
and the number, /t + 1, of dV' which vanish in the places a u ..., cty, 
Wj, ..., that is, which vanish to the second order in the places 

n u ..., Wp-i, is 1. The number R, =r + 2\j + A + l, -p. 1 + 0 + 1, —p. The 

general function having the poles n x 2 , ..., is F (x) = <l> (x)/X (%), where 
X (a?) is the expression employed in § 273, and <f>(#) denotes the differential 
coefficient of the general integral of the first kind. Further 


U = '2iV x *' a — 2 v n *> a —v y> a , = 2 n i + y, 
i i i 

7 being an arbitrary place. Hence 

U — - Jrs' = 2 vft » m > — v*' m , — V say, 

i 


and 


e *V(U+ 0 ( JJ 4- y 4- £ts') = 0 ( V+ fl*, s ) 

is equal (§ 175, Chap. X.) to 

e nis'(r+n.,.’)-2wis'(v+hT8') 0(F), = e -™( v + s) 0(F), 0(F), 

since ss is an odd integer. Therefore taking for the function ^ (a?) the 
expression V X (tv), A (a*, z) is % r (a?, z), and 








WA>^. ..*(*>), 


^(^p)* • > (a^) 


* Cf. Klein, Annal. xxxvi. p. 38. 
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where <!>(#), ..., denote dv f a /cU, ... , dv% a /dt. Thus on the whole 




*7FI 7T7i — $ t® - (*•» w »). (?V> V-0 «■ 0*7, 7 )]. 

nil «• (a? f , ar,) 1=1 

»<J 


where C is a quantity which, beside the fixed constants of the surface, depends 
only on the place 7. Let us denote the expression 


XS {Xjy til), ZT ( x t , ftp—i) 

VTO ’ 

which clearly has no zeros or poles, by p (oc t ) ; then we proceed to shew that 
in fact 0 = Ap (7), where A is a quantity depending only on the fixed 
constants of the surface, so that we shall have the formula 


I *.(«*) 
I • 

Aer tWr ®(V) = 1 
where 


; 

$„(#,,) Atfa) Ki, 7) CT (.r„, 7 ) 

= . .,p 

n n nr (x if Xj) p (7) 

*<7 


In this formula 7 only occurs in the factors 

m ( Xi > y) > 7 ) . 

>( 7 ) 

herein the factor (7) occurs once in the denominator of each of w(#i, 7), 
and p times as a denominator in p (7) ; thus this factor does not occur at all. 
In determining the factors of as a function of 7, it will therefore be suffi- 
cient to omit this factor. Thus the factor of 'P at the i-th period loop of the 
first kind is or e™'. At the i-th period loop of the second kind the 

factor of + is e“ 2Tt W w+ £ r u)~ TM *, and therefore the 

factor of W is 

e - xint - 2 Ti {v y ’ *p + r w ‘ »*' + + • ^ + 1 t,, ,)' 


Consider now the expression 

Y) _ e TtV(t>y» - V* 1 ” mp ) 0 , m __ ^ , m, _ - «»j>) ; 

at the i-th period loop of the first kind, this function, regarded as depending 
upon 7, has the factor e 1 *' ; at the t-th period loop of the second kind it has 
the factor 

e ri (ti. i* # i + + t,. p#' p ) - 2 t» (r y ’ m - v* 1 ’ w ’ 
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but since 

7ri(5i + T i|1 s / 1 + +Ti,p8 p ) = 27n(t; m p' w -‘y ni,w '-“ -v 1 *-' 

it follows that 

7rt* (r if + Tf, y 5 p) - 2-Tri w »». - - »»p) 

is equal to 

- 7ri$i — 27rt (t;>* *p -f v n " * i + + t/ 1 *- 1 * * p - 1 ) ; 

thus, changing y into x , wo have proved that the function of x 

(”*’ mi - • ... - * Xp ' mp ) @ * - «■„ *■ - - **>, «„) 

has the same factors at the period loop as the function, of x, given by 
w (x, #j) nr (#, x p )lfi (x) ; 

it is clear that these functions have the same zeros, and no poles. 

Hence the formula set down is completely established * 

277. We pass now to the particular case of the formula of § 272 which 
arises when the fundamental Riemann surface is hyperelliptic, and associated 
with the equation 

?/= s 4(aP>+*+ ). 

Then the places n fm . l are branch places. We suppose also that /*+ 1 

of the places a 1} ..., a r are branch places, say the place for which x = d lf ..., 
dn +l> and that /Lt + l of the places x u ...,x r are branch places, say those 
at which x *= 6,, ..., ^ +1 . It is assumed that the branch places n x , ..., 
np-\, d lf d^, b u ..., b^+i are different from one another. We put 
r — (/i + l) = j/; then the determinant of the functions F t ( Xj ), (§ 272), 
regarded as a function of x u is a rational function with poles in n 1} ..., n p ^ , 
flfi, ..., a„ d u ..., d M+l and zero in # a , x ¥> b l} ..., & M+1 . Provided v is not 

less than /*, such a function is of the form 

(#, — (x x —Hp—j )(Xi — f? 3 ) . . . (# i — -f ^ i ) ■ • > (#i l)y— i-t-ft 

(a?i —Tij) . . . \xi — — di ) . . . (xi — (a?i — di) . . . (#i — (t v ) 

where the degrees of (x lt 1 (x lf 1)„_ 1+M are determined by the condition 
that the function is not to become infinite when x x is infinite. When v = fi, 
the terms (x u 1 are to be absent. When v < fi, the conditions assigned 
do not determine the function ; we shall suppose The 2*/ — 1 ratios 

of the coefficients in the numerator are to be determined by the conditions 
that the numerator vanishes in # a , . . . , x v and in the places conjugatef 

# See the references given in the note *, § 274, and in particular Klein, Math. Annal. xxxvi. 
p. 39. 

t The place conjugate to (a, y) is (ar, -$/) 

B. 
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to a,, Hence, save for a factor independent of a?„ the determinant 

of the functions (xj) is given by 



(x 1 -n 1 )...(x l -d 1 )...(x 1 --a l )... 


jr p , -'‘ V^r (a:,). •• 

®r 1+M ^(®.) 


ar^Vf (*,). .. 

v^). «r ,+M v^) 

V </> (®j) 

- 

.. oT^^K). - 



-VtW, aT lt# V^( «,), .... 

. ^(«>) 


wherein yjr (x) = (x - a,) . . . (x - 7 ^,) (a; - d,) ... (x - c£ M+1 ) (a; — b x ) . . . (a; — 6 M+1 ), 
^ (a?) = y^/yfr (x), and the determinant has 2v rows and columns; denoting 
this determinant by D^, the determinant of the functions F{(xj) (§ 272) is 
therefore equal to 

jy ^ 1 j (xi-b 1 )...(x t -b ll + 1 ) 

*' * <- 1 (#» («* - «,) - wO . . . (x { - Tip.,) V -d,)... (#, - rf M+1 ) ‘ 


Hence, from § 272, taking yjr ( x ) = V(a; - n x ) ... (a; - Tip.,), so that tr (a;, s) will 
denote 

®(v*>*+4n, t ,) 

V(a? — w,) . . . (a? — Tip-,) (* - n,) . . . (z - %_,) ’ 

we have 


V J* + l 1 

C® f 2 4$, Js' 


i)*,* n n ^{x i} Oj) 


i=i ^(a?*, bj) V *’ j= tV - r , v 


where C is independent of a?„ ..., a?„. 


n «•(#*,#,) n n (a?i -a.) 

»’</ <=ij-i 


Now, if b, d be any two branch places, and a an assigned branch place, 

i g (a?, c?) __ 4$. 40 __ ® (^ a —y d, a \ 40 

w (, x , 6) “ ® (v*’ 6 ; 4s, is') ” 0 ® - tA a ; 4$, 4 s') * 

and hence, if 

v i ’ a - 4 (S< + S/ti*. i + + bpTi' P ), (i = 1, 2, . . . , p), 

v i =4 (A + A 7 *, i + + A»t», p)> 


where A, fi p ', $„ Sp' are integers, we have (§ 175, Chap. X.) 


» {•. ft e •; 4 (• - ft, 4 (*' - ft)] ' 
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where A is independent of x. Thus the expression 

l, 

w (x, b) v x — d 

which clearly has no poles or zeros, is such that its factors at the period loops 
are all ±1. The square of this function is therefore a constant, and the 
expression itself is a constant. 

Therefore if 

M+l di t bi 

S v % ’ = i (<r t 4 cr^Ti, J 4- 4 (TpTitp), 

where a u ..., <t p ' are integers, it follows that the function 

e - 1 mV (v X i • a > + + v x *' a v) ii g ~ ft? 

i=i j=iT*(Xi>bj) V 

is independent of #!, ..., x v . Further 

® (w - - £to-' ; Js, £s') = He**’*'* 0 [w ; %(s - a), $ (s - or')] 

by § 175, Chap. X. Thus on the whole we have 

C©|s £(«-<r), $(«'-</)] 

V V = 9 P V V I, j=l, , V 

= D*, ^ IT n txr (a; t , a,) / IT xsr (a;*, IT II (a?< — ct,) II isr (a t , a,), 

t=ij=i *<j «=ij-i *<j 

where C is independent of x u Hence we can infer that C is in fact 

independent also of a lt ..., a„. For when the sets are 

interchanged, is multiplied by (—)*'*♦•'-?* = ( — i)* and, since «■ (#, .?) 
— — vr(z, x) y this is also the factor by which the whole right-hand side is 
multiplied. The theta function on the left-hand side is also multiplied 
by 4 1. Thus the square of the ratio of the right-hand side to the theta 
function on the left is unaltered by the interchange of the set a?,, ..., a?„ with 
the set a u ..., a„. Thus (7* is independent of x u ..., x v and unaltered when 
x ly are changed into a u ...» a*. Hence C is an absolute constant. 

It follows that the characteristic £($ - <r), £($' — a), and the theta 
functions, are even or odd according as jx is even or odd. 

In the notation of § 200, Chap. XI., the half-periods * are given by 

— — «p-l j 

hence, if the half-periods given by 

v a »* * 4 4- v*p> a 

be denoted by the half-periods associated with the characteristic 
£ (s — <r), i(s - <r) are congruent to expressions given by 

Jft 4- v n,,a 4- 4- v**- 1 * * 4 v bl> a 4 4 vVn»® 4 V ,1,fl + 


. 4 w*n+i» a , 
28—2 
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while which is of degree p 4- 1 4- 2p, is equal to 

(x - nO . . . (x - n p-0 (x - b x ) ... (a? - & M+1 ) (a? - ... (x - d M+1 ) ; 

by means of the formula (§ 201, Chap. XI.) 

a 4- 4- v a ‘ >> a 4- v c ' » a -f- 4- v c p > a 4- v e ' a = 0, 


the half-periods associated with the characteristic - <r), %(s' — a) can be 
reduced to be congruent to expressions denoted by 

JO 4- 4- 4- — 2 m » a 4 - v e P+i- 2 M » a > 

where e lf ..., 6^ +1 are given by 

<f> = 4(^-6,) (x - e p+l ^); 


also, in taking all possible odd half-periods all possible sets of p - 1 

of the branch places will arise for the set ih, •••, 1- Hence it follows that 
the formula obtained includes as many results as there are ways of resolving 
(x, l)2*>+a into two factors r/r p + 1+9flf of orders p 4-1 — 2/a, p 4- 1 4- 2/a, 

and (§ 201) that all possible half-integer characteristics arise, each associated 
with such a resolution. We have in fact, corresponding to p — 0, 1, 2, ..., 

E > a number of resolutions given by 



It has been shewn (§ 273) that the expression vr(x,z) may be derived, 
by proceeding to a limit, from the integral nJJ. Hence the formula that 
has been obtained furnishes a definition of the theta function in terms 
of the algebiaic functions and their integrals, and has been considered from 
this point of view by Klein, to whom it is due. After the investigation 
given above it is sufficient to refer* the reader, for further development, to 
Klein, Math. Annul, xxxil. (1888), p. 351, and to the papers there quoted. 


Ex. i. Prove that the function 6 [u ; £ (* - <r), j (s' - cr')] vanishes to the /xth order for 
zero values of the arguments. 

Ex. ii. In the notation of § 200, Chap. XI., prove, from the result hero obtained, that 
each of the sums 


4r+3 

2 

i=l 


e.,a 
v *’ , 


„ „ 4/ +3 „ „ 

v a >' a 4- 2 
i~l 


represents an odd half-period ; here c t is any one of the places c, c Jt ... , c pt a t is any one of 
the places a ly ... , a pi a s is any one of the places a lt and r is an arbitrary integer 


* See also Brill, Crelle, lxv. (1866), p. 273 ; and the paper of Bolza, American Journal , vol. 
xvii., referred to § 221, note, where Klein’s formula is fundamental. 

By means of the rule investigated on page 298, of the present volume, the characteristic 
£ (* -*)» £ W - *') can h« immediately calculated from the formula here (p. 436) given for it. Cf., 
also, Burkhardt, Math. Annal. xxxil., p. 426; Thompson, American Journal, xv. (1893), p. 91. 
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whose least value is zero, and whose greatest value is given by the condition that i cannot 
be greater than p + 1. Prove also that each of the sums 


4r+l 

2 




4r 

2 v c " a 
i= 1 




4r+2 „ 

+ 2 A a , 


f=i 


represents an oven half-period. 
XVII.). 


For a more general result cf. the examples of § 303 (Chap. 


Ex. iii. By taking *=p + l, /t=0, and the places b , d so that finally 

putting ... , Wp.j, d for a v ... , a p , ap + 1 , obtain, from the formula, the result 


+ ft p) _ s!ty(x) a) 2 — cl p (x- Xi) (2 - ad -U*'* 

9 (#*.« + >i* a i + +vV°i») “ V^($) w («, a) * - a »=i (ff -«,)(* - x t ) e X *’ a ‘ * 

where replaces log , yjr (x)=(x~ a)...(x-a p \ and the branch places 

ct, rt,, ... , a p are, as in § 203, Chap. XI., such that the theta function in the numerator of 
the left-hand side vanishes as a function of x at the places £ p , conjugate to 

* r i» i x p i and verify the result d f yriori. By the substitution 


(x-x t ) (z-a t ) -n x ’ z n* ,s 

(Tv- a,) (;-u-,) e *••*>-* f -°* 

this formula can be further simplified. Deduce the results 


n * s + +n x >z - fP’*p ) Q{/ > tt - 

X " ~ l z,> 0 (if* a — v Kl * rt| - - rt r) ©(r** a _ p*i* _ tfpt «pj’ 

Z, (« - *». •) - Z, (u - e., «)= I* * c 3s /*i + + r*' 2 5 -W rf f'\ 

' v duj cfe *p a w% / ^ * 

where i« = y r ‘* a, -f + / p ’ ap , Z,(M)= 0 ^-log e (u), and ,... are as in § 123, Chap. VII. 

These results have already been given (Chap. X.). 


278. It is immediately proved, by the formula (§ 187) 

n *. y © (i?> z + £n, f © (vr« a + in,, *) 

e * 1 • ~ ® (»*. • + i n,, ;> e (vr. * + i a,;,) 

that the general expression of a factorial function given in § 254 can be 
written in the form 


w 

II 


i 




+ e 2irt 2 (hi + 11^ v*’ y ^ 


© («•. •• + i ft,, ,) e™’**' ‘‘1 n ["© (®* *> + in, ,) e TtVt? *’ C T* 

J i L 


And, by the use of the expression w (,r, *), this may be put into the form 

e -^iio>i+H t )^ y n w(Xt A) n [w(«, «i)]"n [.(* 
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Ex. i. In the hyperelliptic case associated with an equation of the form 


yM*» i)2P+a> 

if x denote the place conjugate to the place x, it follows from the formula of § 273 that 

in®* x 

W r (x, z) = (x — z)e 2 S,Z t 

unless x or z is a branch place. 

Ex. ii. In the hyperelliptic case, if k> ••• > denote branch places, and 
<f> (x)=(x- k) (x—t l )...(x—k p ) 

and the equation associated with the surface be /’(#), where f(x) = <f> (x) \fs (x), and if 
we take places x i x l1 ... , x p , z, z li ... , z„, such that 






Zt . *1 J 




(*“1» 2 > — 


then it is easily seen that the rational function having x, x u ... , x p as zeros and z, z 1 , ... , z p 
as poles, can be put into the form [y 1 0 (x) -f (^)] -r- [y' 0 (z) + *0 (#')]* where x', y' are the 
variables and s is the value of j/ at the place z. Hence prove, by Abel’s theorem, that 


<t> (*hK?) ^ e ~^ n x*,+ + 

2 Vf(x)f( 2 ) 

Ex. iii. Suppose now that a, a x , a p are the branch places used in chapter XI. 
(§ 200), so that 


JJ X ’ Z + . 

^ X. , Zi 


•+n*' 2 _e( 

X p , Zp = 


• a > — _ a v) e (v z > a — v z " a> — - °P) 


0 a - v z i> - V zpt ®*») 0 (v*’ a -V Xl> — - °P) ’ 

and suppose further that JQ,= J(a+7-a')> is an even half-period such that 

v* 1 ’® 1 t + v ip,a P=v k ’ a + lQ, v x " a ' + + v x P’ (l P=v t ’ a + iQ t 

and +ifi },a P=v z,a +bQ, 


then deduce that 


0(v*’ , +4O)« 1 
e (Jo) 




-=ar(.r , 2 ) 


•J<t>{x )ylr( z)+*J<f> (z) yjrjx) 
2 (x-z) Jf{x) f(z) 


The results of examples i, ii, iii are given by Klein. 

Ex. iv. Prove that, if z, f, o i9 ... , c p be arbitrary places, and y,, ... , y p bo such that 
the places C, yi , . . . , y P are coresidual with the places z, c p ... , c p , then 


C f c i> ••• » c p)— 


o 


n x ’* +. 

. e v>» e ' 


" ® (x, z) m (C, z) 

hence deduce, by moans of the result given in Ex. iv., page 174, that 

i< n ‘;5r,+ + n £fy P ) 


+n*- 1 

yp, cp ; 


w (z, 0= 


where a is an arbitrary place. 


</£{+((, a; z,c„ ...,<?„)’ 


279. The theory of the present chapter may be considered from another 
point of view. We have already seen, in chapter XII., that the theory of 
rational functions and their integrals may be derived with a fundamental 
surface consisting of a portion of a single plane bounded by circles, and the 
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change of independent variables involved justified itself by suggesting an 
important function, m (f, 7 ). We explain now*, as briefly as possible, a more 
general case, in which the singular points, c u ..., c*, of this chapter, are 
brought into evidence. 

Suppose that a function ? exists whereby the Riemann surface, dissected 
as in § 253, can be conformally represented upon the inside of a closed 
curvilinear polygon, in the plane of ?, whose sides are arcs of circlesf; to the 
four sides, (a*), (a/), ( 6 *), ( 5 /), of a period-pair-loop are to correspond four sides 
of the polygon, to the two sides of a cut ( 7 ) are to correspond two sides of 
the polygon ; the polygon will therefore have 2 ( 2 p -f k) sides. 


Fig. ll. 



Then it is easily seen that if C be the value of f at the angular point C of 
the polygon, which corresponds to one of the singular points c lf ..., c* on the 
Riemann surface, and D be the value of f at the other intersection! of the 
circular arcs which contain the sides of the polygon meeting in C, we can 
pass from one of these sides to the other by a substitution of the form 

f'-C _ Wf -0 

where 2tt/1 is the angle G of the polygon, (l being supposed an integer other 
than zero) ; as we pass from a point J of one of these sides to the corresponding 
point of the other side, the argument of the function [(f — (7)/(f — D)]* increases 
by 27 r ; if therefore t be the infinitesimal at the corresponding singular point on 

1 

the Riemann surface, we may write, for small values of t, (f — (7)/(J — D) — $*, 
1 1 

so that f - (7= t l (G - D) (1 — t r )~ l . Further if f, f' be corresponding points 

* Klein, Math. Annal. xxi. (1883), “Neue Beitrage zor Riemann’sohen Funetionentheorie ” ; 
Ritter, Math. Annal. xli. (1893), p. 4; Ritter, Math. Annal, xliv. (1894), p. 342. 

t See Forsyth, Theory of Functions, chapter XXII., Poincar6, Acta Math. vols. 1 .— v. We may 
suppose that the polygon is suoh as gives rise to single- valued automorphio functions. 

X Supposed to be outside the ourvilinear polygon. 
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on the sides of the polygon which meet in C> we have for small values of t , 


\ (G - D) t 1 ' 1 dt, d£ = j(C - D) t?’ 1 e * ^ 


dt , or d£ld£ = e 




ultimately, the factor omitted being a power series in t l or (f — (7)/(f — D), 
whose first term is unity. 


We shall suppose now that the numbers \ t X* of this chapter are 
given by X» = — where m t -, U are positive integers. Then a function 
whose behaviour near c t is that of an expression of the form £“ A <f>, will, near 
Gi , behave like (f— C t ) m t<l> t that is, will vanish a certain integral number of 
times. Further, for a purpose to be afterwards explained, we shall adjoin to 
the k singular points c Jt ..., c*, m others, C|, ..., e m , for each of which the 
numbers X are the same and equal to — e, so that, if t be the infinitesimal 
at any one of the places e ly ... , e m , the factorial functions considered behave 
like t*<f> at this place. These additional singular points, like the old, are 
supposed to be taken out from the surface by means of cuts (ej), . . . , (e m ) ; 
and it is supposed that the corresponding curves in the curvilinear polygon 
of the f-plane are also cuts passing to the interior of the polygon, as in the 
figure, so that at the point E x of the f-plane which corresponds to the place e x 
of the Riemann surface, f is of the form f = E x + t<j), where <j) is finite and not 
zero for small values of t, t being the infinitesimal at e x . 


Factorial functions having these new singular points as well as the 
original singular points will be denoted by a bar placed over the top. 

Let dv denote the differential of an ordinary Riemann integral of the 
first kind which has p— 1 zeros of the second order, at the places 
«i, ...» Consider the function 



where a, c are arbitrary places, and p is determined so that Z % is not 
infinite at the place c, or 

this function is nowhere infinite on the Riemann surface ; it vanishes to the 
first order only at for each of the cuts (e 2 ), (e m ) it has a factor 

^ 1 
e m ; at a singular point c* it is expressible as a power series in t l , or 

(f — C)/(f- 2>), whose first term is unity. The values of Z 2 at the two sides 
of a period loop are such that Z 3 '/Z a =* *JdQd % ; but since these two sides 
correspond, on the f-plane, to arcs of circles which can be transformed into 
one another by a substitution of the form = (a( + /3)/(y% + 8), wherein we 
suppose a8-/3y — 1 , it follows that Z 3 jZ 2 * y£ + 8. If then wc also introduce 



AS AN AUTOMORPHIC FORM. 


441 


279] 


the function Z u = we have for the two sides of a period loop, equations of 
the form 

Z% *= yZ^ + BZ if Zi = aZi + 

Consider now a function 

/ = KjZ* , 

where K is a factorial function with the Jc + m singular points, and R~2me/p. 

1 

At a singular point c t -, or C t , its behaviour is that of a power series in or 
(?— C)/(f — i)), multiplied by (?— at a singular point e X} or E xy its 

behaviour is that of a power series in the infinitesimal t multiplied by 

I / p \ 2m * 

V [t 2m J * 

or unity ; at a period loop it is multiplied by a factor of the form p (yf + 8)~ R , 
where p is the factor of K. The function has therefore the properties of 
functions expressible by series of the form* 

wherein the notation is, that &= («t?+&)/(y t ? + 8 t ) is one of the finite 
number of substitutions whereby the sides of the curvilinear polygon are 
related in pairs and R (f t ) is a rational function of f*. The equation 
connecting the values /', /, of the function /, at the two sides of a period 
loop, may be put into the form 

k (yZ l+ JZ,ff = pZ?f-, 

and we may regard Z L f or K y as a homogeneous form in the variables 
Z u Z«, of dimension R. 


The difference between the number of zeros and poles of such a factorial 
function K is (§ 254) 


^ - - (- x) -*»■ - 2 (- ?)-*<-* (■ - s) • 

adding the proper corrections for the zeros of the automorphic form K at 
the angular points C l} ..., C k (Forsyth, Theory of Functions, p. 645) we have, 
for the excess of the number of zeros of the automorphic form over the 
number of poles 


2X+2^--~ 

H l 

_ R 
2 


2p — 2 -f k f m + 1 — i + m + 


where g = + = 

p li 

We may identify this result with a known formula for automorphic 


* Forsyth, Theory of Functions, p. 642. The quantity R is, in Forsyth, taken equal to - 2m. 
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functions ^Forsyth, Theory of Functions , p. 648; if in the formula 
m — 1 — 2 - j , there given, we substitute, by the formula of p. 608, § 293, 

n = 2 i\T — 1 -f q , we obtain m ( 2 N— 2 + £ — 2 ; for each of the angular 

points G 1} ..., Ck is a cycle by itself, each of the points E lt ..., E m is a cycle 
by itself, and the remaining angular points together constitute one cycle 

(cf. Forsyth, p. 596) ; the sum of the angles at the first h cycles is 2ift ^ , 

the sum of the angles at the second m cycles is 27m, the sum of the angles 
at the other cycle is 2 tt*. 

There is a way in which the adjoint system of singular points e u e m 
may be eliminated from consideration. Imagine a continuously varying 
quantity, x a , which is zero to the first order at e lt ...» e m and is never infinite, 
and put X\ = xx a ; the expression Kxf* may then be regarded as a homo- 
geneous form in x lt x 2 on the Riemann surface, without singular points at 
e 1 , e m \ and instead of the function Z 2 we may introduce the form 

__p 

= Z a x a 2m , which is then without factor for the cuts (e,), ..., (e OT ), or, as we 
may say, is unbranched at the places e lf e m \ and may also put £ = ff 3 . 


Thus, (i), a factorial function, considered on the f-plane, is a homogeneous 
automorphic form, (ii), introducing homogeneous variables on the Riemann 
surface, the consideration of factorial functions may be replaced by the con- 
sideration of homogeneous factorial forms. 


Ex. Shew that the form 


P(x, z)=x 2 f{z) e 


n* ,a -I (if’ a + + if ’ a J + 2 \ { ,v*' a v z r 

, 2,c 7/1 ' t c * i,j * i i 


where a, c are arbitrary places and \ lt j are constants, is unbranched at e lt ... , e mf that it 
has no poles, and vanishes only at the place z. Here f{z) is to bo chosen so that, when x 
approaches z, the ratio of P(x, z ) to the infinitesimal at z is unity. At the t-th period 
loop of the second kind the function has a factor ( - ) M where 

if = % nr + (^2 - ~ ’ C + + 

q'i-q denoting the number of circuits, made in passing from one side of the period loop to 
the other, of x % about x 2 —0 other than those for which x encloses places e lt ... , e m , and r 
denoting the number of circuits t of x about z. 

* The formula is given by Ritter, Math. Annal. XLrv. p. 360 (at the top), the quantity there 
denoted by q being here -£p. We do not enter into the conditions that the automorphic form 
be single-valued. 

t The reader will compare the formula given by Ritter, Math. Annal. xlxv. p. 291. It may be 
desirable to call attention to the fact that the notation a + 1, </+ 1, as here used, does not ooincide 
with that used by Ritter. The quantities denoted by him by <r, a' may, in a sense, be said to 
correspond respectively to those denoted here, for the factorial system including the singular 
points e lt by <r'+l and or'. 
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CHAPTER XV. 

Relations connecting products of theta functions— -Introductory. 

280. As preparatory to the general theory of multiply-periodic functions 
of several variables, and on account of the intrinsic interest of the subject, the 
study of the algebraic relations connecting the theta functions is of great 
importance. The multiplicity and the complexity of these relations render 
any adequate account of them a matter of difficulty ; in this volume the plan 
adopted is as follows: — In the present chapter are given some preliminary 
general results frequently used in what follows, with some examples of their 
application. The following Chapter (XVI.) gives an account of a general 
method of obtaining theta relations by actual multiplication of the infinite 
series. In Chapter XVII. a remarkable theory of groups of half-integer 
characteristics, elaborated by Frobenius, is explained, with some of the theta 
relations that result ; from these the reader will perceive that the theory is of 
great generality and capable of enormous development. References to the 
literature, which deals mostly with the case of half-integer characteristics, are 
given at the beginning of Chapter XVII. 

281. Let <f>{u lf u p ) be a single- valued function of p independent 

variables u u ..., v p} such that, if a,, ..., a p be a set of finite values for 

u u ...,u p respectively, the value of <j> (Wj, ..., tip), for any set of finite values 

of Uy , is expressible by a converging series of ascending integral 

positive powers of u v - Oj , w* - a a , . . . , Up - a p . Such a function is an integral 
analytical function. Suppose further that ... t Up) has for each of its 

arguments, independently of the others, the period unity, so that if m be any 
integer, we have, for a = 1 , 2, ..., p f the equation 

♦ («!. w« + m, ..., = ..., Up ). 

Then* the function <p (t^, ..., Up) can be expressed by an infinite series of 
the form 

2 I A ni npe 2 

n,«-oo »p= -oo 

* For the nomenclature and another proof of the theorem, see Weierstrass, Abhandlungen 
am der Functumenlehre (Berlin, 1886), p. 159, eto. 
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wherein n,, n p are integers, each taking, independently of the others, all 
positive and negative values, and A nii ... t np is independent of u lt 

Let the variables u lt ..., u p be represented, in the ordinary way, each by 
the real points of an infinite plane. Put <r 1 = e 2,riw ‘, ..., x p = then to 
the finite part of the w a -plane (a si, ...,p) corresponds the portion of an 
a? a -plane lying between a circle T a of indefinitely great but finite radius R*> 
whose centre is at # a = 0, and a circle y a of indefinitely small but not zero 
radius r a , whose centre is at x a = 0. The annulus between these circles may 
be denoted by T a . Let a a be a value for x a represented by a point in the 
annulus T a ; describe a circle (A a ) with centre at a a , which does not cut the 
circle y. ; then for values of x a represented by points in the annulus T a which 
are within the circle (-d a )> u a may be represented by a series of integral 
positive powers of x a — ct a ; and by the ordinary method of continuation, the 
values of u a for all points within the annulus T* may be successively re- 
presented by such series ; the most general value of i/ tt , for any value of x a > is 
of the form x* + m , where m is an integer. Thus, in virtue of the definition, 
..., u p ) is a single-valued, and analytical, function of the variables 
x lt ... , x p , which is finite and continuous for values represented by points 
within the annuli T lt ... t T p and upon the boundaries of these. So considered, 
denote it by y/r (x x , . . . , x p ). 

Take now the integral 


_I_ ff [ +(*> 

(2ni) p JJ"j(t l -x l ) 


•••» tp) 

. . (t p — x p ) 


(tty ... dtp , 


wherein x 1} ...> x p are definite values such as arc represented by points 
respectively within the annuli T u ..., T p \ let its value be formed in two 
ways ; 


(i) let the variable t a be taken counter-clockwise round the circum- 
ference T. and clockwise round the circumference y« (a = 1, ... , p ) ; when t a is 
upon the circumference T. put 


t a X a 


1 

ta 


,= 2 


K 

X a 


ta L 




when t a is upon the circumference y a put 


ta Xa X a X a a 



then the integral is equal to 

(E yi-{+«- «£,(«■.* 


2 r +l -d,. 



where dZ m represents an element dta taken counter-clockwise along the 
circumference T mt and dz a represents an element dt a taken clockwise along 



EXPONENTIAL SERIES. 


445 


281] 


the circumference 7. ; since the component series are uniformly and absolutely 
convergent, this is the same as 


(SSj* JL -’ tp) ^7 ^ 


where for t a the course of integration is a single complete circuit coincident 
with r. when n* is positive or zero, and a single complete circuit coincident 
with 7, when n a is negative, the directions in both cases being counter- 
clockwise ; thus we obtain, as the value of the integral, 


where 


£ . 

n,= - 00 


• 2 
tip— — 00 


,.,n p ^l < 


a 1 fj •••> tp) df 


and the course of integration for t a may be taken to be any circumference 
concentric with T a and y a » not lying outside the region enclosed by them; 

(ii) let the variable t a be taken round a small circle, of radius p ai 
whose centre is at the point representing x a (a = 1, ..., w); putting 

ta = X* + p*e'+a, 

we obtain, as the value of the integral, yfr (#,, ..., x p ). 


The values of the integral obtained in these two ways are equal*; thus 
we have 

<M"i> •••>“/>)= s ••• s A„ u ^ +*•*, 

n,.~ - * 

when' 

.»,= f ... f + WpMu, ... 

./ 0 0 


By the nature of the proof this series is absolutely, and for all finite 
values of «, , . . . , u pt uniformly convergent. If w a = v a + tw* (a = 1, . . . , p), and 
M be au upper limit to the value of the modulus of <j>{u u ..., u p ) for assigned 
finite upper limits of w lt ..., w p , given suppose by | w a | ^ W*, we have 

\A nn ..*,1 

where i\T« = | n. |. 

Kv. i. Prove that 

slj'„ +N '" > e* r(n '“ , ' + <f> (*-,+.>„ ,•„+«>„) rf,., ... i/t’p=0. 

ii. In the notation of § 174, Chap. X., 

e fa(r,, »,«+... +2,, ,n,«,+...) = (' f' e - 8W(H,«,+ +•>,«,) e (W[> ^ rf 

J 0 J 0 


* Cf., for instance, Forsyth, Theory of Functions , p. 47. The reader may also find it of 

interest to compare Kroneoker, Vorlesungen fiber Integrals (Leipzig, 1894), p. 177, and 

Pringsheim, Math. Annal. xlvxi . (189G), p. 121, ff. 
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282. Further it is useful to remark that the series obtained in § 281 is 
necessarily unique ; in other words there can exist no relation of the form 

2 ... 2 A„ n „xi ‘ ... ®p’ = 0, 

*»!=-« njj= - oo 

valid for all values of x Jf x p which are given, in the notation of § 281, by 
r a <|#«|< i*«, unless each of A %u ttp be zero. For multiplying this equation 

by x x *' ... x p Hp 1 diCx ... dx p , and integrating in regard to x* round a circle, 

centre at a?. = 0, of radius lying between r a and R m , (a= 1, ..., p), we obtain 

(2-niy A np = 0. 

An important corollary can be deduced. We have remarked (§ 175, 
Chap. X.) on the existence of 2^ theta functions with half-integer character- 
istics ; it is obvious now that these functions are not connected by any linear 
equation in which the coefficients are independent of the arguments. For an 
equation 

2*l» OO 30 

2 Q kt 2 ... 2 e 2Au ( n +J**)+ fr ( n+ i*«) , +ury f (n+^,) 

where the notation is as in § 174, Chap. X., and k 8J g a denote rows of p 
quantities each either 0 or 1, can be put into the form 

2 ... 2 A n 

W,= -C0 N p =-vo 

where riU u ..., 27 riU p are the quantities denoted by hu , Ay lt is 
given by 

Ay u . , A'„ = 2 G g „ JV, 

0 « 

where the summation includes 2? terms, and N u ..., N p take the values 
arising, by the various values of n and k a , for the quantities 2n + k a ; it is clear 
that the aggregate of the values taken by 2 n + k a when n denotes a row of p 
unrestricted integers, and k a a row of quantities each restricted to be either 0 
or 1, is that of a row of unrestricted integers. 

Hence by the result obtained above it follows that A t , t y p = 0, for all 
values of n and k„. Therefore, if X denote a row of arbitrarily chosen 
quantities, each either 0 or 1, we have 

qr-b (»+!**) *+*«*(»+#,) A i v p = 2 C gt k, = Q • 

adding the 2* equations of this form in which the elements of n are each 
either 0 or 1, the value of k a being the same for all, we have 

2 G gt>kt ^^ [1 + +*q ... [1 + e^l 

9 * 

where ft,, ..., pp are the elements of the row letter p given by ft = 0, + \; 
the product (1 + e 1wfi ') ... (1 + «*■»*) is zero unless all of ft,, ...» ftp are even, 
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that is, unless every element of g a is equal to the corresponding element of X. 
Hence we infer that 0*. *, = 0 ; and therefore, as X is arbitrary, that all the 2 2p 
coefficients C gtt kt are zero. 

Similarly the r* possible theta functions whose characteristics are rth 
parts of unity are linearly independent. 

283. Another* proof that the 2^ theta functions with half-integer 
characteristics are linearly independent may conveniently be given here: we 
have (§ 190), if m and q be integral, 

S (u + iq) = * ( u ; lq), 

and therefore if k be integral and Q = q' + k\ Q = q -f k, 

^ 4. n w ; = %q). 

Therefore a relation 

S iq g ) = 0 

8=1 

leads to 

2 *p 

2 & (u ; J?,)=0, 

8 = 1 

where Q g - q a 4- A’, Q, — q 8 ' + k ' ; in this equation let (m, ra') take in turn all 
the 2 ^p possible values in which each element of m and m' is either 0 or 1 ; 
then as 

2e* r,( mQt'-m'Q,), = [1 ... [1 q. g«(0«')p] [1 -f g— ... [1 g— »*«?•) p] 

is zero unless every one of the elements (Q*% ...» (Q») P is an even integer, 
that is, unless q, = k , q 8 ~ k\ we have 

2 *p 

2 2 iq 8 ) = 2 2p C k ^ (u ; £A-) = 0; 

m 1=1 

thus, for any arbitrary characteristic (k, k'), C* = 0. Thus all the coefficients 
in the assumed relation are zero. 

284. We suppose now that we have four matrices ©, ©', rj, r\\ each ofp 

rows and columns, which satisfy the conditions, (i) that the determinant of © 
is not zero, (ii) that the matrix ©“W is symmetrical, (iii) that, for real values 
of n u ..., n p> the quadratic form ©^©V has its imaginary part positive f, 
(iv) that the matrix i?©” 1 is symmetrical, (v) that tj' = rja>~W — ; then 

the relations (B) of § 140, Chap. VII., are satisfied ; we put a = Ji?©” 1 , 
A = j7rt©“ 1 , b — TriG>~W t so that (cf. Chap. X., § 190) 

rj = 2a©, r[ = 2a©' — A, A© = ^7ri, A©' = ; 

* Frobenius, Crrlle, lxxxix. (1880), p. 200. 

t Which requires that the imaginary part of the matrix «“V has not a vanishing de- 
terminant. 



448 


EXPRESSION FOR A GENERAL 


[284 


as in § 190 we use the abbreviation 


where 


\n (w) = H m (u 4- - trimm', 


H m = 2 rjm + 2 rjm\ £l m — 2 corn + 


We have shewn (§ 190) that a theta function §(u t q) satisfies the 
equation 

%(u + fl m , q) = eM*)+ 2 «w -*»'«) ^ (u, q), 

m and m each denoting a row of integers; it follows therefore that, when 
m, in' each denotes a row of integers, the product of r theta functions, 

II (u) = * (m, qM) % (u, q®) %(u, q «), 

satisfies the equation 

n (w -h n m ) « e »-A w (u)+2« < mQ'-m'Q) fl ^ 

wherein Q t -, Q/ are, for i = 1, 2, jp, the sums of the corresponding com- 
ponents of the characteristics denoted by q {1) , ..., 


Conversely*, Q, Q' denoting any assigned rows of p real rational 
quantities, we proceed to obtain the most general form of single- valued, 
integral, and analytical function, II (a), which, for all integral values of 
m and m, satisfies the equation just set down. We suppose r to be an 
integer, which we afterwards take positive. Under the assigned conditions 
for the matrices a>, &>', rj, t)\ such a function will be called a theta function 
of order r, with the associated constants 2co, 2a/, 2y, 2y\ and the charactenstic 

(ft «')• 

Denoting the function 3(u; Q), of § 189, either by S(w; 2&>, 2a>', 2 ij, 2i /; Q, (/) or 
Sfu; a, h, h ; (J, (/), the function $(u; 2<u/r, 2a)', 2rj, 2rif \ (J, <?/r) is a theta function of 
the first order with the associated constants 2 w/r, 2a>', 2 »/, 2/*?/, and (#, <//r) for charac- 
teristic ; increasing u by 2 + 2a)'??/, where m, m! are integral, the function is multiplied 
by a factor which characterises it also as a theta function of order r, with the associated 
constants 2c », 2<o', 2 g, 2i/ and (§, fi 7 ) for characteristic. We have, also, 


m, rby rh)=s(u; 2a>', 2?;, 2 2«, 2r®'; 2i/^=3^rw; /?, ?*5^, 

where the omitted characteristic is the same for each. 


Let ki be the least positive integer such that k % Q{ is an integer, =/,, say ; 
denote the matrix of p rows and columns, of which every element is zero 
except those in the diagonal, which, in order, are k l} k Z) ..., k p , by k\ the 
inverse matrix k~ l is obtained from this byreplacing k 1} ... respectively by 


* Hermite, Compt, Rend. t. xl. (1855), and a letter from Brioschi to Hermite, ibid. t. xlvii. 
Schottky, Abriss einer Theorie der AbeVschen Functionen von drei Variabeln (Leipzig, 1880), p. 5. 
The investigation of § 284 is analogous to that of Clebseh and Gordan, Abel. Fund., pp. 190, fif. 
The investigation of § 285 is analogous to that given by Schottky. Of, Konigsberger, Crelle , lxiv. 
(1865), p. 28. 
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1 /k lf ; in place of the arguments u introduce arguments v determined by 

the p equations 

h itl +h l>p u p =:kiVi t (t= 1, ...» p), 

which we write hu = kv\ then, by the equations ha> = ^iri y Ao>' = £6, it follows 
that the increments of the arguments v when the arguments u are increased 
by the quantities constituting the p rows of a period are given by the p 
rows of U m defined by 

hU m — irim + bm ' ; 

we shall denote the right-hand side of this equation by T w ; thus 
U m — k~ l T m ~ 7rik~ l m + h~ x bm . 


Now we have 

a (u + n m y — au ? = 2 auCl m + afl 2 mt 

and, since* the matrix a is symmetrical, and H m = 2aft m — 2hm' , this is 
equal to 

2 afl m n + afil = 2 afi m (u + \ H m ) = ( H m 4- 2 Tim') ( u + 
and therefore equal to 


\ m ( u ) + irimm' + 2 hum' + h£t m m! 


or 

X ln (u) + irimm! + 2kvm' + T m m ; 
thus, by the definition equation for the function Ft (u) t we have 

Q-ram+nm)* U(u + n m ) — n («) . e -»*[wlT/»77l'+2(tB+iY w )»»']+2Jr»(?nC'-7ll'«J . 


therefore, if Q(v) denote e~ rau% II (a), 

Q (v -f U m ) = Q (u) e“ r ^ TOW,+2(fcw+iYw)m ^ +2,ri(OT ^“ w,e) ; 


now let vi = 0, and m — ks f where s denotes a row of integers s Xi ..., s p ; then 

mQ‘ = ksQ = k x s x Qx + + k p s p Q p = skQ f , = s/, is also a row of integers; 

and U m = irik~ l m + k~ l bm' = 7 ns ; thus we have 

Q (v + H = Q (*>)> 

or, what is the same thing, the function Q(v) is periodic for each of the 
arguments v lf ..., v n , separately, the period being 7 ri; it follows then (§ 281) 
that the function is expressible as an infinite series of terms of the form 
G nitnit ,n P e 2(n ‘ w ‘ + +W *'V, where n u ..., n p are summation letters, each of 
which, independently of the others, takes all integral values from — qo to 
-f-oo, and the coefficients <7„ lt >np are independent of v Xy ..., v n . This we 
denote by putting 

Q (v) = n (u) = 2,C n e™. 


To this relation, for the purpose of obtaining the values of the coefficients 


* By a fundamental matrix equation, if /a be any matrix of p rows and columns, and w, v be 
row letters of p elements, n u v=]i v u. 
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G nt we apply the equation, obtained above, which expresses the ratio to 
Q (v) of Q (v + U m ) or Q (v + Ar 1 !'™) ; thence we have 

S(7 n e 2(c+Jb ~ 1Yw)n = . 

n 9 

in this equation, corresponding to a term of the left-hand side given by the 
summation letter n, consider the term of the right-hand side for which the 
summation letter 8 is such that 

s i =n i + rfcw/, (i= 1, 2, 

thus s = n + rkm\ and 2 v £ s % = 2 It^w* -f 2rkiV i m i , ) or 2 vs = 2 vn -f 2 \rkml ; hence 
we obtain 

SC f n e 2( ® + *"‘ Ym,n = [SOn-Kfr^e 21 ™] e ~* Y ^ m ') + 2tri (mQ'-m' Q) . 

n » 

therefore, equating coefficients of products of the same powers of the 
quantities e 2 ®*, . . . , e 31 *, we have 

Cn+rkm! = G n } 

and this equation holds for all values of the integers denoted by n, m, m. 

By taking the particular case of this equation in which the integers mf 
are all zero we infer that the quantity 

- k~ l T m n — mQ', — — . kr l (mm) n — mQ, = £ m 8 ( i- n g - qA 
m 7 r% 4 -i \Kg J 

must be an integer for all integral values of the numbers m s and n 8 ; therefore 
the only values of the integers n which occur are those for which the 
numbers ( 7 ?, -k 8 Q 8 ')/k t are integers; thus, by the definition of k gf we may put 
n * f. f kN, W denoting a row of integers, and f = kQ'. 

With this value we have 

k~ l T m n — k~ l ( 7 rim) n = k~ l ( bm .') n = k~ l n (bm) = k~ l n . but 

= (Ar>/+ N) . bm ! = (Q + N) . bm' = 6m' (Q + N) ; 
hence, as mQ — k~^mn — mN } the equation connecting G n and C n + rkm > > becomes 

Of+rkm'+kN — Cf+kN^"’' + 2 w»</]m' 

=s Qj^ygrbm'Hibnt’N+zinQrri+ibgrti' > 

tfKirmm' b e i n g equal to unity because r is an integer, and bm'Q — bQm f = bQ'm ' ; 
therefore 

-lb(mr+N)' , 

e ^/+*(m>+A) —e r Of +kN . e 2 **™ , 

Tq being wiQ + bQ\ or 

e vf+K N +rm')~e r t7+JbJV; 
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thus, if the right-hand side of this equation be denoted by D N , we have, for 
every integral value of m, D N+rm > ~ \ therefore every quantity D is equal 

to a quantity D for which the suffix is a row of positive integers (which may 
be zero) each less than the numerical value of the integer r. If then p be 
the numerical value of r, the series breaks up into a sum of p? series ; let D p 
be the coefficient, in one of these series, in which the integers p. are less than 
p ; then the values of the integers N" occurring in this series are given by 
N = p + rM> M being a row of integers, which, as appears from the work, 
may be any between — oo and oo ; and the general term of Q ( v ) is 




for k . (O' -f- N) v = kv (Q' + N) ~kv (Q' + JV) = hu ( Q ' + N ) ; thus the general 
term is 


_ _ 2ri«(jf+2±^) + rs(jf+^) , +2Y 8 (jf+^) 4 

— Uft.6 > 


now, as = 7 riQ 4- bQ', and 6 is a symmetrical matrix, the quantity 

rb(M+*)\ 2T g (if +Q 


is immediately seen to be equal to 

rb (M + + 2 wiQ (M + 

therefore the general term of n (u), or e ran 2 Q ( v ), with the coefficient D p , is 
e++x t where 

yfr — rau 9 + 2 rhu ^ + rb (^M + ^ + 2 iriQ (m + ^ , 

% = -2 riW-lw; 


and this is the general term of the function 






where §r denotes a theta function differing only from that before represented 
(§ 189, Chap. X ) by in the change of the matrices a, b } h respectively into 
ra, rb , rh ; the condition for the convergence of the series ^ requires that r 
be positive ; thus p = r ; recalling the formulae 

hClp = 7 riP + bP\ \H v = af2 P — hP\ 
we see, as already remarked on p. 448, that, instead of 

», G>', % rf, 


29-2 
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the quantities to be associated with the function & are 


0) , , 
V> rv i 


with this notation then we may write, as the necessary form of the function 

n(»), 

wherein — D M e r r is an unspecified constant coefficient, ft denotes 
a row of p integers each less than the positive integer r, and the summation 
extends to the r * terms that arise by giving to p all its possible values. 

From this investigation an important corollary can be drawn ; if a single- 
valued integral analytical function satisfying the definition equation of the 
function II (a) (p. 448), in which r is a positive integer and the quantities 
Q , Q' are rational real quantities, be called a theta function of the rth order 
with characteristic (Q, Q'), then * any r** + 1 theta functions of the rth order , 
having the same associated quantities 2co, 2a >', 2rj, 2q and the same charac- 
teristic, or characteristics differing from one another by integer's, are connected 
by a linear equation or by more than one linear equation , wherein the 
coefficients are independent of the arguments u u . . . , u p ; and therefore any 
of the functions can be expressed linearly by means of the other r* functions , 
provided these latter are not themselves linearly connected. 

For the determining equation satisfied by II (u) is still satisfied if, in 
place of the characteristic (Q, Q') } we put (Q + N, Q' + N'), N and N' each 
denoting a row of p integers ; and if 


ft + N* = v (mod. r), say ft + N' = v + rL\ 
we have (§ 190, Chap. X.) 

&(«; 0 + A r ,^-~- + '“) = &(«; Q + N, ^ ? + " + //) 

and therefore 

tK«, ( u-,Q+N , ^ + — ') = 2 H& (« ; Q, , 


where II, — K^e t,iN r • and the aggregate of the r p values of - — - is the 

r 

same as that of the values of — . 

r 


Thus any r p + 1 theta functions of the rth order, with the same charac- 
teristic, or characteristics differing only by integers, and associated with the 

* The theorem is attributed to Hermite . cf. Compt. Rendus , t. xl. (1855), p. 428. 
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same quantities 2o>, 2o>', 2ij, 2 rf, are all expressible as linear functions of 
the same r p quantities §r (^u ; Q, with coefficients independent of 

u lt ..., u p . Hence the theorem follows as enunciated. 

Ex. i. Prove that the r p functions 3 (u; Q, are linearly independent (§ 282). 


Ex. ii. The function 3 (u+a ; Q) 3 (u—a ; Q) is a theta function of order 2 with 
(2$, 2 (?) as characteristic. Hence, if 2 v +l values for the argument a be taken, the 
resulting functions are connected by a linear relation. 

For example, when p — l, wo have the equation 

tr 2 (a) <r (u - b) <r (u+ b) - a 2 (b) tr (u - a) a (u + a) — <r 2 (u) . <r (a-b) <r (a + b). 


Ex. iii. The function 3 (ru, Q) is a theta function of order r 2 with (rQ, rty) as 
characteristic. Prove that if 3 denote a theta function with the associated constants 

a), rV, — , rj', in place of o>, rj, if respectively, then we have the equations 


*(«; i(r«; Q, 9 («; 


where the summation letters p, v are row letters of p elements all less than r, and each 
summation contains rv terms. 


Ex. iv. The product of Jc theta functions, with different characteristics, 

5(m + wO); $i>) #*)) 

is a theta function of order k for which the quantities 

r 2 &)-%)’ 2 vS r \ 2 ^/( r ) -|- 2rj 2 nwl, 

Lr-l r=l r-1 r=l J 

enter as characteristic. Thus a simple case is when wW + ...+«(*)=(). 

For p=l a linear equation counects the five functions 

4 4 4 4 

n cr(?4-fw l ), n ar (?/ + #,+ «)> II O’ (tt + M, + <*>'), II <r + + W + a>'), 

<*1 i~l t=l »-l 

„(z <l+ m+'h+^y 

Ex. v. Any (p + 2) theta functions of order r, for which the characteristic and the 
associated constants &>, rj, rj are the same, are connected by an equation of the form 
P—0, where P is an integral homogeneous polynomial in tho theta functions. For the 
number of terms in such a polynomial, of degree N, is greater than ( xVr) p , when E is taken 
great enough. That such an equation does not generally hold for (jp+ 1) theta functions 
may be proved by the consideration of particular cases. 

285. The following, though partly based on the investigation already 
given, affords an instructive view of the theorem of § 284. 

Slightly modifying a notation previously used, we define a quantity, 
depending on the fundamental matrices <u, rj, rf, by the equation 
X (u ; P, P) = H P (u + £H P ) - iriP P' 

= (2tjP + 2 rjF) ( u + toP + dP ) — 7 riPF, 
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where P, F each denotes a row of p arbitrary quantities. The corresponding 
quantity arising when, in place of ©, ©', rj, if we take other matrices © (1) , 
g>' w , rj' {l) may be denoted by ( u ; P, P'). With this notation, and in 


case 

are respectively 


0 ) (1) , 



rv> 


where r is an arbitrary positive integer, we have the following identity 
r\ s ; m ' J 

= A (1) [u + flJJ ; A?, 0] + [i l \ m, mf) — A (,) [w ; s, 0] — rim'k, 

where s , N } m, m\ k each denotes a row of p arbitrary quantities subject to 
the relation 

s + rN = m + k ; 

this the reader can easily verify; it is a corollary from the result of Ex. ii., 
§ 190. 

Let the abbreviation R (u ; /) be defined by the equation 
R(u\ /) = n (« + 2**) , 

wherein k denotes a row of p positive integers each less than r, and the 
summation extends to all the r p values of k thus arising, f is a row of p 
arbitrary quantities, and FT (u) denotes any theta function of order r. 

Consider now the value of R (u + f 1* ; /) ; by definition we have 

n + 2 ® ^ = n + 2© ~ + 2©w^ ; 

therefore, if m 4- k = s (mod. r), say m + k = 8 + rN, we have, by the defin- 
ition equation (§ 284) satisfied by IT ( u ), 

n = n [m + 2a)W « + 2<*n + 2 «w] 

= n (u + 2© ( 1 ) 8)e rAItt+2wa,# - i(WO'-m'O) 

where ( Q , O') is the characteristic of II (m), and hence 

R(u + fi"’ ; /) = 2 e*n (« + 2a>««), 

8 

in which 

^=- X<» [m + OS! ; Ic, 0] + rX [» + 2»m« ; JIT, m'] - 2 irif* + 2iri (NQf - m'Q ) ; 



285] 


OF THE EXPRESSION. 


455 


by the identity quoted at the beginning of this Article, yfr can also be put 
into the form 

= X<*» [ u ; ra, in!} - X (1 > [u ; s t 0] - 27 rim'k — + 27n (NQ' — m'Q), 

= X (1) \u ; m, ra'] — X (1) [ u ; s, 0] — 27 rim'k — ZirirriQ 4- 27 riN(Q' — f) 

+ 2 t nf — ; 

in the definition equation for II ( u\ the letters m, m! denote integers ; and 
k has been taken to denote integers ; if further f be chosen so that Q' — / is 
a row of integers, we have, since, by definition, N denotes a row of integers, 

R(u+{1™; f) = e v r ' te r Tl(u+ 2a> (1 >s) 

8 

A u) [«, wi, m']+2ni (m -- ui'Q) 

= e x r 1 R(u; /). 


Hence R(u\ f) satisfies a determining equation of precisely the same 
form as that satisfied by II (u), the only change being in the substitution of 

<w', y, rrj respectively for w, 77 , 77 '; so * considered R(u\ f) is a theta 

function of the first order with ^ as characteristic; putting, in ac- 
cordance with the definition of f above, f— Q -f p, where p is a row of p 
integers, we therefore have, by § 284, 


R(u; Q 1 + f i) = K v+ ^(u) Q, , = Kv +Il & (ru ; 2 ,h,rb\ r ) , 

(p. 448) where Kq^ is a quantity independent of u, and ^ is the same theta 
function as that previously so denoted (§ 284), having, in place of the usual 
matrices a, b, h, respectively ra, rb t rh. 


Remarking now that the series 

2e-^, 

wherein p denotes a row of p integers (including zero), each less than r, and 
the summation extends to all the v* terms thus arising, is equal to r p when 
the p integers denoted by k are all zero, and is otherwise zero, we infer that 
the sum 

Q'+m). 

r p p 

which, by the definition of R (a, /), putting /= O' + p, is equal to 


^L 1 


*, 0)-2viq- 


\ n(M + 2o>*)2e‘ 8 ’ r *‘i , 


* R (u ; /) may also be regarded os a theta function of order r, with the associated constants 
2w, 2u, 2 17, 2 17' and characteristic (Q, /). 
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is, in fact, equal to II ( u ). Hence as before we have the equation 


286. Ex. i. Suppose that m is an even half-integer characteristic, and that 

a V a 27 a t 

are s, = 2^, half-integer characteristics such that the characteristic formed by adding the 
three characteristics to, of tJ a, is always odd, when i is not equal to j. Thus when m 
is an integral, or zero, characteristic, the condition is that the characteristic formed by 
adding two different characteristics a t , a } may be odd. The characteristic whose elements 
are formed by the addition of the elements of two characteristics a, b may be denoted by 
a+b \ when the elements of a + 6 are reduced, by the subtraction of integers, to being less 
than imity and positive (or zero), the reduced characteristic may be denoted by ab. 

For instance when p= 2, if a, ft y denote any three odd characteristics, so that* tho 
characteristic afly is even, and if be any characteristic whatever, characteristics satis- 
fying the required conditions are given by taking to, a lt « 2 , « 3 , a 4 respectively equal to 
«£y> fh J * n either case a characteristic ma x a } is one of the three a, ft y and is 

therefore odd. 

When p =3, corresponding to any even characteristic to, we can in 8 ways take seven 
other characteristics o, ft y, k, A, *, such that the combinations a, ft y, k, A, ^ v, map, 
mate, m\p constitute all tho 28 existent odd characteristics ; this is proved in chapter 
XVII. ; examples have already been given, on page 309. Hence characteristics satisfying 
the conditions here required are given by taking 


m, a v «„ « 3 , ..., « 8 

respectively equal to 

w, m t a, ft ..., v. 

Now, by § 284, ever}' 2 p + 1 theta functions of tho second order, with the same periods 
and the same characteristic, are connected by a linear equation. Hence, if p , q> r denote 
arbitrary half-integer characteristics, and i\ w be arbitrary arguments, there exists an 
equation of the form 

A3(u+w; q) $ (u—w ; r)= [t<+y ; (j+r-/>-a x )]3 [u- v; (p+a x )], 

wherein A, d x are independent of u ; for each of the functions involved is of the second 
order, as a function of w, and of characteristic q+r. 

We determine the coefficients A K by adding a half period to the argument u; for u 
put u -f Q w - a> - p } then by the formula 

3 (u + Q n ? )=e* <*• « 3 (u ; P+q\ 

where 

A (u ; P) * H P (w + JO,.) - niPPy 
noticing, what is easy to verify, that 
X (u+v; P)+X (tt-v; P)- A (u+w ; P)-X(w-«>; P)*= 0 

= -,riF[q+r-p-a K +p+a K -q-rl 

* As the reader may verify from the table of § 204 ; a proof occurs in Chap. XVII. 
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we obtain 

A3[u + w; (m-a J -p + q)\3\u-w; (m-ay-jo + r)] 

8 

-Z^A k 3[u+v; (m’-a i -a k +q+r-2pj\3[u-v; (m-a,+a A )]. 

But since m-ay+a A (which, save for integers, is the characteristic is an odd 

characteristic when.; is not the same as X, we can hence infer, putting u=v y that 

A J A — 3 [v + w ; (m - a k - p 4* q )] 3 [ v - w ; ( m - a k -p + r)]/3 [2 v ; (m - 2a A + q + r - 2p)] 3 [0 ; m]. 


Hence the form of the relation is entirely determined. The result can be put into 
various different shapes according to need. Denoting the characteristic m + q + r 
momentarily by k, so that k consists of two rows, each of p half-integers, and similarly 
denoting the characteristic « A 4-/> momentarily by a k , and using the formula for integral M , 

3 {U ; q + M ) = e 2iriM( !' 3 ( u ; q), 

we have 

3[2i>; {rti-Za^q+r-Zp^^e - *™^' 3{2v; k); 
wo shall denote the right-hand side of this equation by 

e -^.(a A+ p)( OT '+ 9 ' + r0 5 p„ . (m+?+f j] . 

hence the final equation can be put into the form 
3[w-fw; q\3[u-io; r]3[2t>; (m + y + r)] 3 [0; m] 

= ^ 5 ^4rt ( OA +p ) (m +q+r') 3 $[«_*; (p + 0x) ] 

S[v+w; (m-a x -j>+})] $ [v-w; ( m-a k -p+r )]. 

It may be remarked that, with the notation of Chap. XI. , if 6„ b p be any finite 
branch placos, and A r denote the characteristic associated with the half-period u b r> a , and 
we take for the characteristics a lf ..., a, the 2»> characteristics A, AA X ... A kt formed by 
adding an arbitrary half-integer characteristic A to the combinations of not more than p 
of the characteristics A lt .. , A pf and take for the characteristic m the characteristic 
associated with the half-period « ft i'°i + ... + tt 6 p , 0 P, then each of the hyperelliptic functions 
3(0; ma t aj) vanishes (§ 206), though the characteristic ma x a } is not necessarily odd. 
Hence the formula here obtained holds for any hyperelliptic case when m, a n ... , a f , have 
the specified values. 

Ex. ii. When p=2, denoting three odd characteristics by a, /9, y, we can in Ex. i. take 


respectively equal to 


p, q, r, mi, tfj, a 2 , a 3 , a 4 
«£y> ?, 0, a/3y, 0, £y, ya, a&, 


wherein 0 denotes the characteristic of which all the elements are zero, and /9y denotes 
the reduced characteristic obtained* by adding the characteristics (3 and y. Then the 
general formula of Ex. i. becomes, putting v=0 and retaining the notation m for the 
characteristic «0y, 


3(u+w; q)3(u-w ; 0)3(0; £-hm)3(0; m) 


= 2 e**4<*A + >»){*>»' +«') 3 (w; </- »i-a\)3 (u; m+ax)3(w; q-ax)3(w; ax). 
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Ex. iii. As one application of the formula of Ex. ii. we put 

and therefore 

hence we find, comparing the table of § 204, and using the formula 
S(u \ 3(u; f), 

where M f consists of integers, ) » an( * that* 

3(u+u>; q)=-3 wiu + w), 3(u-w\ 0 )=3 b (u-w), 3( 0; q+m)*=3 n ( 0), 5(0; m)=5 01 (0), 
3(u;q-m-a l )= 3 u (u ),5(w;m+a 1 )= 5 0l (M),5(M?;j-a 1 )= -3< yi (w) i 3(w;a l )= 5 6 («;), 
5(w;g-m-a 2 )= 5 6 («),5(?^; w + ^)= -5 02 (w),5(w;3r-a 2 )= 5 ol (w),5(i0;a 2 )= 5 12 (w), 

S(u;q-m-a 3 )= $ 24 (u),$(u;m+a 3 )= -3 0t (u),3(ur,q-a 3 )= 5 S (w),5(w;a 3 ) = 5 14 (h>), 

5 (u ; q - wi - a 4 ) - - 5 14 (m), 3 (u ; m + a K ) = - S 3 (u), 3(ir;q- a 4 ) = 5 w (w), 3 (w ; « 4 ) = - 3 24 ( w\ 

all the factors of the form e iiri ( a \ + m H m ' + *) being equal to 1 ; by substitution of these 
results we therefore obtain 

5o2 ( u + w) 3 & ( u — w) 5 12 (0) 5 0l (0) = 5 12 5 01 3 ^ 3 6 + 3 ^ 3 6 5 12 5 01 + 3 0i 3 24 3 3 3 l4 ■+• 3 3 3 J4 3 04 3 24 , 
where 5 12 denotes 5 12 (?<), etc., and 5 02 denotes 5 n (w), etc. ; this agrees with the formula 
of §§ 219, 220 (Chap. XI.). 

Ex. iv. By putting in the formula of Ex. ii. respectively 

a= *Q’ *“* (oi)> >=i(ii 1 )-/'=?=» i = a ^=°. 

obtain the result 

3fi (u-\-w) 3 & ( u — w) 3 & =3 S ( u ) 3 & (?r) ( u ) 5^ («•) + 5 24 (u) 3 24 (w) + 5^ (w) 5^ (w) } 

which is in agreement with the results of §§ 219, 220. 

Dividing the result of Ex. iii. by that of Ex. iv. wo obtain an addition formula for the 
theta quotient (u)/3 6 (u)j whereby (u+w)l3 & (u+w) is expressed by theta quotients 
with the arguments u and w. 

Ex. v. The formula of Ex. ii. may be used in different ways to obtain an expression 
for the product 3{u+w\ q) 3(u—w; 0). It is sufficient that the characteristics m and 
q+m be even and that the three odd characteristics a, 0, y have the sum m. Thus, 
starting with a given characteristic q, we express it, save for a characteristic of integers, 
as the sum of two even characteristics, m and q + m, which (unless q be zero) is possible 
in three wayst, and then express m as the sum of three odd characteristics, a, 0, y, 
which is possible in two waysj; then§ we take <^=0, a 2 =/9y, a 3 =y«, a 4 =o£. Taking 

?=i(Jo)’ wohave 

* In Weier8tra8s’s reduced characteristic symbol the upper row of elements is positive, and 
the lower row negative ; cf. §§ 203, 204, and p. 337, foot-note. 

t This is obvious from the table of § 204, or by using the two-letter notation ; for instance 
the symbol (a 1 o 2 )=(a 1 c) + (rt 2 c) = (a 1 c 1 ) + (a 2 f 1 )=( a i c a) +(<*&)• 

t For example, (ae)={a 4 a) + (a^a) + (c x c 2 )= (a^) + (c x c) + (cc 2 ). See the final equation of § 201. 
The six odd characteristics form a set which is a particular oase of sets considered in 
chapter XVII. 

§ Moreover we may increase u and w by the same half-period. But the additions of the half- 
periods P, P+ftq lead to the same result ; and, when q is one of a, p, y, the same result is 
obtained by the addition of P + and of P + O m + O q . 
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»Q-* © + *Q-*©*‘(»)“© + ‘©‘ 

putting , we may take 


Hence obtain the result 


$02 ( U + W ) $6 ( U ~ W ) $12 (®) $01 (0) — • $j 2 $ 01 $02 $6 + $04 $24 $14 $3 4 $4 $13 $23 $03 + $34 $1 $2$0 » 

where, on the right hand, $ 12 denotes $ 12 (a), etc., and \ 2 denotes ^(w), etc. Comparing 
this result with the result of Ex. iii., namely 


$02 ( U 4 W ) $6 ( W ~ W ) $12 (®) $01 (P) ~ $12 $01 $02 $5 “1" $02 $fi $12 $01 4 $04 $24 $3 $14 4 $3 $14$04 $24 » 


we deduce the remarkable identity 

$4 (u) S l3 ( U ) $23 (*0 $03 («0 + $1 (w) $34 («) $0 $2 («0 

= $02 ( M ) $6 ( M ) $12 ( W7 ) $01 ( w ) + $3 (w) $ 14 (u) $Qi (w) $24 (w), 

wherein u, w are arbitrary arguments ; this is one of a set of formulae obtained by 
Caspary, to which future reference will be made. 


Ex. vi. By taking in Ex. v. the characteristics q, m to be respectively 

i(i l o> *©. ' 

and resolving m into the sum a+j9+y in the two ways 

»©<KS)' *(n) + ‘(S0 + *(n)' 

respectively, obtain the formulae 

$02(^4 w) S^{u — w) $o(0) $2 (O) = $ 6 $o2$ 2 $o+$o^2^02*^fi ” $4 $13 $24 $04 “ $04 $24 $13 $4 > 

$02 (W+ W) $ fi ( U — V}) $ 0 (0) $2 (0) = ^o$2$02$6 ~ $24 $04 $4 $13 “ $14$.i$03$23 4'^34$i‘9<)l$12> 
and the identity 

$S4$1$01$12 + $4 $13 $24 $04 — $6$02$0$2 + $14$3$03$23* 

Putting in this equation w-0, we obtain a formula quoted without proof on page 340. 

Ex. vii. Obtain the two formulae for (u + w) S 5 (u — w) which arise, similarly to 
those in Exs. v. vi., by taking for m the characteristic J , the characteristic q being 
unaltered. 

Ex. viii. Obtain the formulae, for p =2, 

5„(«+w)5 !O (««-w)^(0)=a‘5J ) +sJ5J 4 -^5J-5f s 5f 1 , 

$23 ( W 4 w) $ fi {ll — w) $g (0) $23 (0; = $5$23$5$J3 + $i $04$1 $04 “ $3$2$3$2 ~ $13$12$1S$12» 

where the notation is as in Ex. v. 

For tables of such formulae the reader may consult Konigsberger, Crelle, lxiv. (1865), 
p. 28, and ibid., lxv. (1866), p. 340. Extensive tables are given by Rosenhain, M4m. par 
divert Savants , (Paris, 1851), t. XL, p. 443 ; Cayley, Phil. Trans. (London, 1881), 
Vol. 171, pp. 948, 964 ; Forsyth, Phil. Trans . (London, 1883), Vol. 173, p. 834. 
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Ex. ix. We proceed now to apply the formula of Ex. i. to the case />=3 ; taking the 

argument v=0, the characteristics/?, r both zero, and the characteristics m, a lt a 2i a 8 

to be respectively m, ro, a, / 3, where a, j3, y, *, X, ^ v are seven characteristics 

such that the combinations a, £, y, *, A, v, ma£, max, mkp are all odd characteristics, 
m being an even characteristic, and removing the negative signs in the characteristics by 
such steps* as 

3 (-i 0 ; -«*-/>) = 3 ( 10 ; aA+/>- m)= 3 (i 0 ; «A+p + »i — 2 w) 

= e -4irim(o' A +| ) ' + tH')5( M , ; 7 a) 

_ e -4irt»i(|i'+o’ x )3( W ; jp4a X + w), 

the formula becomes t 

3(m-H 0; 0)3(0; y+7?i)5(0; m) 

— 2 e -4ir»(»»«' A +<i'a\)$( U ; q+a*)3(u; a*) S {nr, q+m + a\)3{w; m+a\). 

A=1 

In order that the left-hand side of this equation may not vanish, the characteristic 
q+m must be even; now it can be shewn that every characteristic ( 5 ), except the zero 
characteristic, can be resolved into the sum of two even characteristics (m and q+m) 
in ten ways, and that, to every even characteristic (m) there are 8 ways of forming such 
a set as a, 0 , y, «, A, /*, v (cf. p. 309, Chap. XI.). Hence, for any characteristic q there 
are various ways of forming such an expression of 3 (u + w; q)3(u—w\ 0 ) in terms 
of theta functions of u and w ; moreover by the addition of tho same half-period to u 
and 10 , the form of the right-hand side is altered, while the left-haud side remains 
effectively unaltered. In all cases in which q is even we may obtain a formula by 
taking m-0. 

Ex. x. Taking, in Ex. ix., the characteristics q> m both zero, prove in the notation 
of § 205, when a, 0, . v are the characteristics there associated with the suffixes 
1, 2 , ,7, that 

3 (u + ic) 3 ( u — w) 3 2 = 2 3 , : 1 ( ic) 3 , 2 ( w). 

t“0 

Prove also, taking m=0, q — \ that 3 AM (u + w) 3(u-w)3 AM 3 is equal to 

3 ( u ) 3 ( w ) 3 m (w) <^450 (w) + 3 4 (u) 3 4 (w) 3 x (u) 3 w (w) + 3 S ( u ) 3 6 (w) 3 M ( u ) 3 M (w) 

+^6 (w) \ (w) \ ( u ) K M 

- 3 7 (w) 3 7 ( 10 ) 3 m ( u ) 3 m (w) - 3, ( u ) 3, (w) 3 ^ (u) 3^ ( 10 ) - 3 2 (u) 3 2 ( 10 ) 3 317 (u) 3 317 ( 10 ) 

-3 3 (u)3 s {w)3 m (u)3 w {w), 

where 3, ^4fi0 denote respectively 3 (0), S tv (0). 

Hence we immediately obtain an expression for 3 iM (u+io)f3 (u + w) in terms of theta 
quotients 3, (w)/3 (w), 3» {w)/3 ( 10 ). 

Ex. xi. The formula of Ex. i. can by change of notation be put into a more symmetrical 
form which has theoretical significance. As before let m be any half-integer even 
characteristic, and let a lt a, be s, = 2 p , half-integer characteristics such that every 


* Wherein the notation is that the characteristic p is written 
row {pi, p 2 , p 9 ) ; and similarly for the characteristics m, a A . 

+ This formula is given by Weber, Theorie der AbeVtchen Functionen vom Qeschlecht 8 
(Berlin, 1876), p. 88 . 


Pi Pi Pi \ aQ d p> denotes the 
<PiPtPi' 
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combination in which i is not equal to j, is an odd characteristic ; let /, g, h be 

arbitrary half-integer characteristics ; let J denote the matrix of substitution given by 

./=!(-! Ill), 

! 1-1 1 1 
' l l-l l! 

| l l l-ii 

and from the arbitrary arguments u, v, w determine other arguments U, V, Tf, T by the 
reciprocal linear equations 

(£« W u T t )=:J (u„ w ti 0), (*« 1, 2, , p ), 

or, as we may write them, 

( U, V t W y T) — J (w, v, w, 0) ; 

further determine the new characteristics F, O, H \ K by means of equations of the 
form 

(F, (?,//, K) = J(f,g, h } m ), 

noticing that there are 2 p such sets of four equations, one for every set of corresponding 
elements of the characteristics ; 

then deduce from the equation of Ex. i. that 
-9 (0 ; tn) 9 (u ; /) 3 (» ; g)S(w; A) 

= 2e* , "* a \ +2 '™^- r+l/+h ' +m '>$(T;K+a t )9(U; F+a k )$(V-, G + a k )9{ W-, ff+aj 
= I e twM ^ n '3(t/; F-a.)${V; G-aJ9{W; K+a k ). 

A =1 

Putting m= 0, we derive the formula 

5(0; 0)5(v + k>; g+h)B(w + U] h+f) 5 (u+v ; f+g) 

F 

= 2 5(m + v+«>; f+g+h + aJS(u\ f~a x )S(v; g-aj$(w; A-or A ), 

A - 1 

wherein u, v, w are any arguments and /, (/, h are any half-integer characteristics. 

Kv. xii. Deduce from Ex. i. that when 2 there are twenty sets of four theta 
functions, throe of them odd and one even, such that the square of any theta function can 
be expressed linearly by the squares of these four. 


287. The number, r p , of terms in the expansion of II ( u ) may be 
expected to reduce in paiticular cases by the vanishing of some coefficients 
on the right-hand side. We proceed to shew* that this is the case, for 
instance, when II (u) is either an odd function, or an even function of the 
arguments u. We prove first that a necessary condition for this is that the 
characteristic (Q, Q ) consist of half-integers. 

For, if II (— u) = ell (w), where e is + 1 or - 1, the equation 

ri (u + n m ) = ♦ww-m'Q) n (u) 

gives 

e n (- U - n m ) = € n (- M), 


Schottky, Abri** einer Theorie der AbeVschen Functionen von drei Variabeln (Leipzfg, 1880). 
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while, the left-hand side of this equation is, by the same fundamental 
equation, equal to 

ee rA- 1H {-u)-2iri(tnG'-m'Q) JJ (_ w ) ; 

hence, for all values of the integers m, m\ the expression 

r [A™ ( u ) - A_ m (- w)] + 4 th (mQ' - m'Q ) 

must be an integral multiple of 2iri ; since, however, 

A w (u) = H m (u + ifl m ) - irimm = A_ m (- m), 

this requires that 2 (mQ' — m'Q) be an integer ; thus 2Q, 2Q' are necessarily 
integers. 

Suppose now that Q, O' are half-integers; denote them by q, q ; and 
suppose that II (u) = ell (- u\ where e is +1 or - 1. Then from the 
equation 

n (u) = 2K^ (»; 

since, for any characteristic, ^ (u, q) — ^(—u,— q), we obtain 

n («) = < n (- tl) - eZK& « ; 9 , ; - q, - 

where v is a row of positive integers, each less than r , so chosen that 
v s - + 2?'), (mod. r) ; 

thus the aggregate of the values of v is the same as the aggregate of the 
values of /*; therefore, by the formula (§ 190), & (u ; q + M, </ + M ') 
= (u ; q, q), wherein M, M' are integers, we have 

tK,\ (u ; q, i'-t- 9 ') = n (u) = eZKs * nq % & (« ; q, ” -+ 9 ') ; 

comparing these two forms for II (u) we see that in the formula 

n(«)=2^r,a(« ; 

the values of fi that arise may be divided into two sets; (i) those for which 
2 fi + 2q' = 0 (mod. r ) ; for such terms the value of v defined by the previously 
written congruence is equal to fi, and the transformation effected with the 
help of the congruence only reproduces the term to which it is applied ; thus, 

for all such values of fi which occur , e r is equal to e ; (ii) those terms 
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. . v+qf 

for which 2ji 4- 2q f ^ 0 (mod. r) ; for such terms K v = eK^e r . Hence 
on the whole II ( u ) can be put into the form 


(u ; q, )+ S K H j* (u ; q, ^iij + ee _4 "' ? + r\ (u ; q, )j , 


where the first summation extends to those values of p for which 
2 \/i + 2q' = 0 (mod. r), and the second summation extends to half those values 
of jjl for which 2p + 2q'^Q (mod. r). The single term 


<j> (a, #t) = & (« ; q, + «* *** q, 



which can also be written in the form 




is even or odd according as II ( u ) is even or odd ; and this is also true for the 
term ; q, arising when 2 ji + 2q = 0 (mod. r). 


Hence if x be the number of values of p, incongruent for modulus r, 
which satisfy the congruence 2p + 2q' = 0 (mod. r), and y be the number of 

4nu I—** 

these solutions for which also the condition e r =e is satisfied, the 
number of undetermined coefficients in IT ( u ) is reduced to, at most, 

y + k(r p -x). 


288. We proceed now to find x and y ; we notice that y vanishes when 
x vanishes, for the terms whose number is y are chosen from among possible 
terms whose number is x. The result is that when r is even and the 
characteristic (q, q) is integer or zero , and II (- a) = en (u), the number of 
terms in n ( u ) is % r v 4- 2?~ l e ; while , when r is odd, or when r is even and 
the half-integer characteristic (q, q) does not consist wholly of integers , or 
zeros, the number of terms in II ( a) is ^ ^ 1 [1 — (— ) r ] ee iwtq(i '. • 

Suppose r is even ; then the congruence 2p + 2q' = 0 (mod. r) is satisfied 

V 

by taking p = M ^ — q, and in no other way, M denoting a row of p arbitrary 

integers. Thus unless q' consists of integers, x is zero, and therefore, as 
remarked above, y is zero, and the number of terms in n ( u ) is %r p . While, 
when q' is integral,, the incongruent values for p (modulus r) are obtained by 
taking the incongruent values for M for modulus 2, in number 2*> ; in that 

case x = 2 ? ; the condition e r = e is the same as e~ MqMs * e ; when q is 
integral, this is satisfied by all the 2 p values of M, or by no values of M, 
according as € is + 1 or is — 1 ; in both cases y — 2 p ~ l (1 + e); when q is not 
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integral, p — 1 of the elements of M can be taken arbitrarily and the con- 
dition e~ 2niqi£ = € determines the other element, so that y = 2*~\ Thus, 
when r is even, we have 

(1) when q, q' are both rows of integers (including zero), x = 2?, 

y = (1 + e), and the number of terms in II (u) is 

2*- 1 (1 4- e) + i (t* - 2p) = i rP + e, 

as stated, there being J rP + terms when II (u) is an even function, and 

— 2* > ~ 1 terms when II (u) is an odd function ; 

(2) when q' is integral, and q is not integral, x = 2*>, y = 2P~ l t and there- 
fore the number of terms in II (u) is 

2*- 1 + £ (r*> -2*>) = rP, 
in accordance with the result stated ; 

(3) when q ' is not integral, both x and y are zero, and the number of 
terms is also agreeing with the given formula. 

Suppose now that r is odd, then the equation 

o,o' ar rM-2d . , M-2q' 

2/a + 2q = rM, or /a = , = integer -f — g— - , 


wherein M is a row of integers, requires M to have the form 2q' + 2 N, where 
N is a row of integers, and therefore 


/a _ rM — 2 q 
r 2 r 




this equation, since /a consists of positive integers all less than r, determines 
the value of N uniquely ; hence x = l. The condition 


e r —e, or e~ 4rr?,/ fa /+iyr) = €} 0 r e~ Anm ' = e 


determines y = 1 or y = 0 according -as ee* wiqq ‘ = + 1 or = — 1 ; hence the 
number of terms in II ( u ) is 


1 +*(**-!). or *(t#- 1), 

according as = + 1 or — 1 ; this agrees with the given result when r is 

odd, the number of terms being always one of the numbers £(t* ± 1). 


289. It follows from the investigation just given that if we take pro- 
ducts of theta functions, forming odd or even theta functions of order r, with 
the same half-integer characteristic (q, q), and associated with the same 
constants 2®, 2®', 2 rj, 2rj\ then when r is even, the number of these which 
are linearly independent is, at most, \ r p + 2? -1 e when the characteristic is 
integral or zero, and is otherwise £r*; while, when r is odd, the number 
which are linearly independent is, at most, £ (r^+ee 4 *^), € being ± 1 accord- 
ing as the products are even or odd functions, 
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Ex. i. In case p ** 2 there are six odd characteristics, and the sum of any three of 
them is even*, as the reader can easily verify by the table of page 303. Let a, 0, y, 3, e, £ 
denote the odd characteristics, in any order, and let a0y denote the characteristic formed 
by adding the characteristics a, 0, y. Then the product 

n (tt)=3 (Uj a) $ (u, 0) 3 ( U , y) S (u, 00 y) 

is an odd theta function of the fourth order with integral characteristic. Hence this 
product can be written in the form 

o, *0, 

where p has the 4 2 values arising by giving to each of the two elements of /*, independently 
of the other, the values 0, 1, 2, 3. Changing the sign of u we have 

II {u) = — ^ — w ; 0, ^ , =—2An$^u‘ ) 0 i , = —2An$ (u ; 0, ^ ^ , 

where v is chosen so that 

p + v^O (mod. 4). 

This congruence gives 16 values of v corresponding to tho 16 values of p; of these 
there are 4 values for which p—v and 2p=0 (mod. 4) ; these are the values 

= 0), (0, 2), (2, 0), (2, 2), 

greater values for the elements of p being excluded by the condition that these elements 
must be less than 4. We have by the formula (§ 190) 5 (u ; q+M)— e 2niM< i' 3 ( 21 ), 

n(M)=— 2 il M a(«; 0, j); 

comparing this with the original formula for n (u), we see that 

Av= -A^y 

so that the terms in the original formula for n (u) for which v—p are absent, and the 
remaining twelve terms may be arranged as six terms in the form 

n(«)=2^[a(«; 0, £)-$ («; 0,-*)] = 2,4 M [s(«; 0, (-«; 0, »)], 

where the summation extends to the following values of p t 

PH 0,1), (1,0), (1,1), (1,2), (1,3), (2,3); 
these values may be interchanged respectively with 

P = { 0,3), (3,0), (3,3), (3,2), (3,1), (2,1), 
if a proper corresponding change be made in the coefficients 

The number 6 is that obtained from the formula 4 rP + 2P ~ 1 «, hy putting r= 4, 

«=-l, P= 2. 

Ex. ii. In case p— 2, denoting the odd characteristics by a, 0, y, 3, r, and the sum 
of two of them, say a and 0, by a0, and so on, each of the four products 

3 (w, a) S (u, acfl, S (w, 0) 3 (w, 0ff), $ (w, y) S (w, y<£), S(u, 3)5 (w, 3f£), 

or, in Weierstrass’s notation, if a, 0, y, 3, r, f be taken in the order in which they occur in 
the table of page 303, each of the products 

^02 ( u ) ^34 ( W )> ^24 ( U ) "^03 ( W )» ^04 ( M ) ^23 ( W )> *^1 ( M ) ^5 ( U )i 


B. 


This is a particular case of a result obtained in ohapter XVII. 


30 
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is an odd theta function of order 2, and of characteristic differing only by integers 
from the characteristic denoted by or, in the arrangement here taken, $ ; thus 

any three of these products are connected by a linear equation whose coefficients do not 
depend upon u. 

Similarly each of the products 

$ («, ade) S (u, a dC), S (u, 0fc) $ (w, WC), * 7*<) * * («, 0 $ («, f), 

or, in Weierstrass’s notation, if a, /3, y, d, «, ( be taken in the order in which thoy occur 
in the table of p. 303, each of the products 

3i 4 ( u ) 3 4 ( u) y 3 01 ( u ) 3 0 ( u) t (m) 3 2 ( u ), 3 1S ( u ) (w), 

is an even theta function of order 2, and of characteristic differing only by integers 
from the characteristic denoted by #£, or, in the arrangement here taken, J ; thus 

any three of these products are connected by a linear equation whose coefficients do not 
depend upon u. 


Ex. iii. For 2 the number of linearly independent even theta functions of the 
fourth order and of integral characteristic is J4 2 +2 = 10. If q, r be any half-integer 
characteristics, it follows that any eleven functions of the form S 2 (w, q) S 2 (w, r) are 
connected by a linear equation. Taking now, with Weierstrass’s notation, the four 
functions* 

*=3 6 (h), .r=.Mu), y=^i 2 (w), 
it follows that there exists an identical equation 
A 0 t* + A x x* + A 2 y* + A^z* + 2Ctxyz + F x y 2 z 2 + F 2 x 2 t 2 -|- G x + Q^H 2 + H x x 2 y 2 + H 2 z 2 t 2 = 0, 

in which the eleven coefficients A 0 , H 2 are independent of u. 


The characteristics of the theta functions 3 6 (w), 3^ (w), 4 12 (u), S 0 (u) may be taken, 
respectively, to be (cf. § 220, Chap. XI.) 


S9* Q“(S*) >say! (i,o)“(£S t8ay; (u) = (?,3 >8fty; 


hence, by the formulae (§ 190) 

■»(»+n„; q)=e K 'M- Mri ’9(.u; q+P),$(u-, q+M)=e u,M *' 9(u; q), 


wherein M denotes a row of integers, we obtain 

9 t (u + a p ) = cVO 3a. (a), (u + Q p ) = 9 t (u), $ 12 (u + O p ) = «V ( “> $„(»), 

5 0 (« + Q p ) = e*»(“)5 12 («); 

hence the substitution of u+Q p for u in the identity replaces t, x, y f z respectively by 
x , t y Zy y. Comparing the new form with the original form we infer that 


Ao^y A a =A 3) O^O ti H x =H r 

Similarly the substitution of u+Q g for u replaces t, x, y, i respectively by y, z, t t x\ 
making this change, and then comparing the old form with the derived form, we infer 
that 


* Which are all even and each that the square of every other theta function is a linear 
function of the squares of these functions. It can be proved that these functions are not 
connected by any quadratic relation. 
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Thus the identity is of the form 

-by 4 +* + 2 Ctxyz + Fiyh 2 + xH*) + 0 (zW + ft*) + H (xfy* + z 2 t 2 ) = 0. 
Taking now the three characteristics 


WO, i\ /h‘, 

Vi> ft) \0, o) • \g t , gj - \0, 0 ) ’ U, 



and adding to the argument u, in turn, the half-periods o /( a„, % and then putting »=0, 
we obtain the three equations 


o;+^+<?3X=o, a; i + 3‘+/’3j 1 ^=o, 


where 9* denotes 3j(0), etc., and the notation is Weierstrass’s, as in § 220. By these 
equations the constants B\ O, H are determined in terms of zero values of the theta 
functions. The value of C can then be determined by putting u—0 in the identity 
itself. 


Thus we may regard the equation as known ; it coincides with that considered 
in Exx. i. and iv. § 221, Chap. XI., and represents a quartic surface with sixteen nodes. 
With the assumption of certain relations connecting the zero values of the theta functions, 
proved by formulae occurring later (Chap. XVII. § 317, Ex. iv.), we can express the 
coefficients in the equation in terms of the four constants 3 6 (0), £ M (0), -9 12 (0), 3 0 (0). 
Wo have in fact, if these constants be respectively denoted by d t a , b , c 

Ki +»i = d* + a*-b*-c*, 3 1 4 + 3j s = d‘-a* + 6*-c* 1 3k + 5 u = rf4 - a* - &« + «*, 
hence the identity under consideration can be put into the form 


rf4 + c 4_ a 4_ fc 4 

<fV-a 2 6 2 


{th % + xh/ 2 )+2 


dabc n [c? 2 + ot 2 + e 2 & 2 + f i ( 2 C ^\ 


txyz— 0, 


*1> *2 

where the n denotes the product of the four factors obtained by giving to each of e lf * 2 
both the values + 1 and - 1. The quartic surface represented by this equation can be 
immediately proved to have a node at each of the sixteen points which are obtainable 
from the four, 

(tf, a, 6, c), (d, a, -6, -c), (d f -a, 6, -c), (d, -a, -6, c), 


by writing respectively, in place of d, a , 6, c, 

(i) {d f a, 6, c), (ii) (a, d, c, 6), (iii) (6, c, d, a), (iv) (c, 6, a, d). 


Ex. iv. We have in Ex. iii. obtained a relation connecting the functions 

^6 ( U )i ^34 ( W )> *^12 ( M )» ^0 ( W ) > 

in Ex. iv. § 221 we have obtained the corresponding relation connecting the functions 

00» ^01 ( U )> 00> ^23 ( U ) t 

and in Ex. i. § 221 we have explained how to obtain the corresponding relation connecting 
the functions 

$<>(«)> ^(tt), ^04( W )> $,(«)• 

30—2 
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There are* in fact sixty sets of four functions among which such a relation holds ; and 
these sixty sets break up into fifteen lots each consisting of four sets of four functions, 
such that in eveiy lot all the sixteen theta functions occur, and such that in every lot one 
of the sets of four consists wholly of even functions while each of the three other sets 
consists of two odd functions and two even functions. This can be seen as follows : using 
the letter notation for the sixteen functions, as in § 204, and the derived letter notation 
for the fifteen ratios of which the denominator is 3 («), as at the top of page 338, it is 
immediately obvious, as on page 338, that any four ratios of the form 

9k„i,> 

in which the letters k t l , k x , l lt k % constitute in some order the letters a lf a # c, c v c# are 
connected by a relation of the form in question. Now such a set of four ratios can be 
formed in fifteen ways ; there are firstly six such sets in which all the ratios are even 
functions of w, obtainable from the set 

9c » 9a lt e,» 9a,, 

by permuting the three letters c, c lt c g among themselves in all possible ways ; and nextly 
nine such sets in which two of the ratios are odd functions, obtainable from the set 

If 9c » 9 a ,, a,’ 9c,, e, 

by taking instead of the pair a x a 2 each of the three pairs t a^, aa lt aa 2 , and instead of 
the pair c x c g each of the three pairs c x c 2l cc Xf cc 2 . Since (§ 204) the letter notation for an 
odd function consists always of two a-s or two c-s, and for an even function consists of 
one a and one c, the number of odd and even functions will remain unaltered. Further 
from each of these fifteen sets we can obtain three other sets of four ratios by the addition 
of half-periods to the argument u, in such a way that all the sixteen theta functions 
enter into each lot of sets. The fifteen lots obtained may all be represented by 
the scheme 


1. 

“ » 

fi » 

O0 

“1 » 

aa x , 

fai > 

a{3a x 

01 » 

°3i i 

001, 

“001 

“1011 

aoiPn 

0 fl i0i » 

“0“i0i 


where 1, a, 0, a3 denote the characteristics of one of the fifteen sets of four theta functions 
just described, such as 3 (u), 3 C (u), or V“)> \ «,(«)> 5 c,„, (“)> 

o/3 denoting the characteristic formed by the addition of the characteristics a, 3; and a,, 0, 
denote any other two characteristics other than a, 3, or a/3, and such that a/3 is not the 
same characteristic as a x /3 v This scheme must contain all the sixteen theta functions ; 
for any repetition (such as a«3“i0u for example) would be inconsistent with the 
hypothesis as to the choice of a t , (3 X (would be equivalent to a3= s a 1 3 1 ). It is easily seen, 
by writing down a representative of the six schemes in which the first row consists 
wholly of even functions, and a representative of the nine schemes in which the first 
row contains two odd functions, that in every scheme there are three rows in which two 
odd functions occur 

Ex. v. There are cases in which the number of linearly connected theta functions, as 
given by the general theorem, is subject to further reduction. For instance, suppose we 

* Borchardt, Crelle, Lxxxm. (1877), p. 237. Each of the sixty sets of four functions may be 
called a Gdpel tetrad. • 

f The letter a, when it occurs in a suffix, is omitted. 

X A table of the sixty sets of four theta functions is given by Krause, Hyperelliptisehe 
Functionen (Leipzig, 1886), p. 27. 
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have m=2 p ~ l odd half-integer characteristics A t , ..., A m , and another half-integer charac- 
teristic P, not (integral or) zero, such that the characteristics* A X P, A m P, obtained 
by adding P to each of A lt A m} are also oddt; suppose further that A is an even 
half-integer characteristic, and that AP is also an even characteristic, and that the theta 
functions 3 (u ; A), 3 (u ; AP) do not vanish for zero values of the argument. Then, by 
§ 288 the 2 p ~ l 4- 1 following theta functions of order 2, 

S(u; A)S(u} AP) t S (u ; A x )S(u; A l P), ..., 3 (u; A m )S(u; A m P ), 

which are all even functions with a characteristic differing only by integers from the 
characteristic P, are connected by a linear equation with coefficients independent of u. 
But in fact, if we put u=0, all these functions vanish except the first. Hence we infer 
that the coefficient of the first function is zero, and that in fact the other functions are 
themselves connected by a linear equation. 

Ex. vi. In illustration of the case considered in Ex. v. we take the following : — When 
/> = 3, it is possible!, if P be any characteristic whatever, to determine six odd characteristics 
A l9 ...» A 6f whose sum is zero, such that the characteristics A X P, ..., A 9 P are also odd, and 
such that all the combinations of three of these, denoted by A x AjA kt AiAjA k P , are even. 
By the previous example there exists an equation 

A3(«; A 4 )3(u; A 4 P) 

=A 4 3 (u ; A t ) 3 ( u ; A X P) 4- A^ ( u ; A a ) 3 (u ; A a P) + Ay9 ( u ; A s ) 3 ( u ; A s P) f 

wherein A, A lf A a> A 3 are independent of u. Adding to u any half-period Q B , this equation 
becomes 

A 3 (u ; AiQ) 3 (u ; A a PQ) 

( M « A x Q) 3 (u ; A X PQ) -J-A a f 2 ^ ( M » A 2 Q)9(u; ^ a 7 > ^)4-A 3 « 3 S(M ; A 3 Q)S{u‘j A 3 PQ) t 

where e,(t=l, 2, 3) is a certain square root of unity depending on the characteristics 
A a , A it P, Q, whose value is determined in the following example. Taking in particular 
for Q a the half-period associated with the characteristic A 2 A 3i so that the characteristics 
A 2 PQ , A 3 PQ become respectively the odd characteristics A 3 P, A 2 P, and putting u— 0, 
we infer 


A3 (0 ; A a A^A^) 3 (0 ; A 4 A S il s f > )aiX 1 ci'3 (0 ; A,A a d s )3(0; A X A 2 A 3 P), 

where is the particular value of e x when Q is A 2 A 3 . This equation determines the ratio 
of Aj to A ; similarly the ratios A a : A and A 3 : A are determinable. 

Ex. vii. If |r, bo half-integer characteristics whose elements are either 0 or J, and 
be their reduced sum, with elements either 0 or prove § that 

P)> 

and thence, by the formulae (§ 190) 

3 (U+O, ; ?)-«*"“ ; i>+ ? ), 3(u ; q+M) = <? wis ">’ 3 (u ; }), 

# A characteristic fortned by adding two charaoteristioa A, P is denoted by A + P. Its 
reduced value, in whioh each of its elements is 0 or is denoted by AP. 

t It is proved in chapter XVII. that, when jp>2, the characteristic P may be arbitrarily 
taken, and the characteristics A 1? ... , A m thence determined in a finite number of ways. 

X This is proved in chapter XVII. 

8 Schottky, Crelle , on. (1888), pp. 308, 818. 
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where M is integral, prove that 

X(uj i r) + «' I (r.«.«.’+ S.V.VJ" ^ 

S(«+iO r ; i?)=e *” 1 3(»J iry). 

If £r, be any reduced characteristics, infer that 


where 


4(tt+|a r ; ^)3(M + £a,.; jag) uu : Jr> ^ ; W)^(tt ; jogr ) 
^(?4+|a r ; J?) 5 (w ;}?»•) * 


/T 2 [l**$ a « a ' + (W* + 'a'?. + O * J 


Ex. viii. If A A s , A a denote four odd characteristics, for ^=2, and B denote a 
even characteristic, the J2 p+ 2* >_1 -H1 — 5 theta functions, of order 2 and zero (or intogra 
characteristic, (u ; B\ 3 2 (u) xlj), . . . , -9 s (u ; A a ) are, by § 288, connected by a linea 
equation. As in Ex. v. we hence infer an equation of the form 


W(u; A 4 )=,X^( M ; AJ+X^iu; A 2 )+\^(u; A,); 

adding to u the half-period associated with the characteristic A 2 A 3} and putting u~0 } w 
deduce by Ex. vii. that 

Xe »t.'«.y( 0 ; ^ s vl 3 ) = X |e , **-'‘ , -S2(0; A t A 2 A 3 ), 

where A 2 ^ 3 =^'i> A 4 =£a 4 . Hence we obtain an equation which we may writ 

in the form 


*(0} A,) 

where denotes a certain square root of unity. Such a relation holds between ever 


four of the odd theta functions. 


If A lt ..., A q be the odd characteristics, and Q be any other characteristic, the si 
characteristics A x Q t A 6 Q are said to form a Roscnhain hexad. It follows that th 
squares of every four theta functions of the same hexad are connected by a linear relation. 
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CHAPTER XVI. 

A DIRECT METHOD OF OBTAINING THE EQUATIONS CONNECTING ^-PRODUCTS. 

290. The result given as Ex. xi. of § 286, in the last chapter, is a 
particular case of certain equations which may be obtained by actually 
multiplying together the theta series and arranging the product in a 
different way. We give in this chapter three examples of this method, of 
which the last includes the most general case possible. The first two furnish 
an introduction to the method and are useful for comparison with the 
general theorem. The theorems of this chapter do not require the charac- 
teristics to be half-integers. 

291. Lemma. If b be a symmetrical matrix of p 2 elements, U, V, n, v , 
A, B,f, g, q, r,f', g', q', r , M, N, s', if, in, n be columns, each of p elements, 
subject to the equations 

n -I- m = 2N + s', q' + r' = /', q + r = /, U + V — 2u = A, 

- n + m = 2 M + t\ - q' + r' - g', - q + r = g, — U + V = 2v = B, 

then 

2 U(n + q') + b(n + q'f 4- 2iriq (n + q') + 2V (m + ?•') + b (m + r') 8 + 2i rir (m + r') 

= 24 (if + *^f) + 2 J (if + S 'Y)‘ + 2 «/ (if + ~f) 

+ 2B(M + l 'Y) + 26 (M + + \ M + - jO • 

This the reader can easily verify. 

Suppose now that the elements of s' and t' are each either 0 or 1, and 
that n and m take, independently, all possible positive and negative integer 
values. To any pair of values, the equations n + m = 2N + s', - n + m = 2M -f t' 
give a corresponding pair of values for integers N and M, and a pair of 
values for s' and t'. Since 2m * 2N + 2 M + $' + t', s' + t' is even, and there- 
fore, since each element of s' and if is < 2, s' must be equal to if. Hence by 
means of the 2? possible values for s', the pairs (n, m) are divisible into 2? 
sets, each characterised by a certain value of s'. Conversely to any assignable 
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integer value for each of the pair (i\T, M) and any assigned value of 8 (< 2) 
corresponds by the equations n^N—M, m = N+ M + s' a definite pair of 
integer columns n, m. 

Hence, b being such a matrix that, for real x, ba? has its real part negative, 

|^£i*U( n +5') +&(«+ gV+»irig (n+}') J (m+r / )+6(m+r')*+Jhr<r(m+r / ) J 

= 2 |ja“ (* + +26 ( N+ *¥)'**#{*+ IT ) j 

|' Se sB(j f+ ^) +8 »(j f+ <±2 : )’ +2 ^(jf + qi! : )J . 

thus, if &(u; \), or denote 5^^ +A1+4< " +A ' ,1+ *' <A,B+A '*, ^(u, \) or 

~ ( tt ’ \) ^ eno ^ e 2e 4u(M+A ' 1 +Ji |n+A ' 1 1+S ^ A (B+A ' 1 , we have 

*(«-»; ?)&(«+»; »-)=2| [«; * (s +| r +r) ]§; [»; i(s _~ +* r) ] - 

where the equation on the right contains 2P terms corresponding to all 
values of s' , which is a column of p integers each either 0 or 1 ; all other 
quantities involved are quite unrestricted. 

Therefore if a be a symmetrical matrix of p a elements and h any matrix 
of p 1 elements, we deduce, replacing u by hu, and v by hv, and multiplying 
both sides by e a ^ +av \ the result 

%(u-v; q)*(u + v, r) = 2&, i( * r +,-) ] *. [*; . 

where e denotes all possible 2 * columns of p elements, each either 0 or 1, 
and Si differs from Br only by having 2a, 2 h t 2b instead of a, h t b in the 
exponent ; thus we may write, more fully, 

~ / <1 1 2o>, 2&A r I 2co, 2a>\ 

n“-’ ; *k2WH tt+V: rU,2v) 

-2& r«- i(e ' + » , + r ' ) i *' 2<0 '1 sv s' +»•')] *>. 2o,'1 

<[*’ q + r kvrL’ -q + r k %'J ' 

Ex, i. When the characteristics q, r are equal half-integer characteristics, say 


the equation is 


-a. 


*(“)]*[«-*; iW o a) )^( v ’ i o) i 

multiplying this equation by e’ rfan , when n denotes a definite row of integers, each either 
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0 or 1, and adding the equations obtained by ascribing to a all the 2* possible sets of values 
in which each element of a is either 0 or 1, we obtain 

«•(** i( * 0 +o,) H”; V)-*** W5 [«+** K3W— ! K-)] ; 

for we have 

{«'+») _ ^[1 

a <-l 

Ex. ii. Deduce from Ex. i. that when p*= 1, the ratio of the two functions 

*[“+“; iQJa^u-a; i(o)] +i9 [” + “ : *(l)] 3 [“"° ; *(l)]’ 

s[«+6; iQ] a [“- 6 ! i(o)] +is [“ +5: Kl)]’ 

is independent of u. 

Ex. iii. Prove that the 2 p functions $ x (u \ ^* a ^ , obtained by varying are not 

connected by any linear equation with coefficients independent of u. 

Ex. i v. Prove that if a, a' be integral, 

»•[*• i(:)]-r" s ‘[ 0i *(r)M- *©]• 

From this set of equations we can obtain the linear relation connecting the squares of 
2^+1 (or less) assigned theta functions with half-integer coefficients. 

Ex. v. Using the notation |X m> y| for the matrix in which the^'-th element of the t’-th 
row is X <( y, prove that if wj, u r} v lt ..., v r be 2.2 p arguments, and any half- 

integer characteristic, 

4 C)]“I S, [“ ,! * «“]' *o]l> 

and, denoting the determinant of the matrix on the left hand by {?/,, Vj) and the determi- 
nant of the second matrix on the right hand by (v), deduce that 

{»„ v,}=e 2c ~' TiA {vY, {»„ «,}{% v >)’ 

where A is the sum of the p elements of the row letter a. When the characteristic J (° ) 
is odd, {«*, Uj) is a skew symmetrical determinant whose square root is* expressible 
rationally in terms of the constituents £ (a) J ^ [*** ” Uj ’ ^(a)l ^ or 

instance when jd= 1, we obtain, with a proper sign for the square root, the equation of 
three terms t. 

Since any 2 p +l functions of the form 3 ^ J S £w - vp ; i are connected 

by a linear equation with coefficients independent of u, it follows that if u v ..., u mf 
v u ..., v m be any 2m arguments, m being greater than 2 p , the determinant of m rows and 

columns, whose (i, j)th element is sjj^+vy ; J » vanishes identi- 

cally. When J is odd and m is even, for example equal to 2 p -f 2, this determinant is 


• Scott, Theory of determinants (Cambridge, 1880), p. 71. 
t Halphen, Fonet. Ellip. (Paris, 1886), 1. 1 . p. 187. 
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a skew symmetrical determinant whose square root may be expressed rationally in terms of 
the functions ; £ (a) J ^ ^ “ v * > ^ (a) J * re8U ^ obtained may be written 

»>}*“ 0 , 

wherein* the determinant {%, fly} has m rows and columns, m being even and greater than 
2 p When w is odd the determinant {«„ fly} itself vanishes. 

A proof that for general values of the arguments the corresponding determinant 
{«,, fly}, of 2 p rows and columns, does not identically vanish is given by Frobenius, Crelle, 
xcvi. (1884), p. 102. 

A more general formula for the product of two theta functions is given below 
£x. ii. § 292. 


292. We proceed now to another formula, for the product of four theta 
functions. Let J denote the substitution 


i(-i i i 
i -l i 
l 1-1 
i l l 



and J n be the element of the matrix which is in the r-th row and the s-th 

4 

column ; then 2 J ir 0 or 1, according as r ={= s, or r = 8 (r, s = 1, 2, 3, 4). 

t=i \ 

Let Mj, ft*, w 3 , u 4 denote four columns, each of p quantities; written down 
together they will form a matrix of 4 columns and p rows. Let U u U XI 3i 
XI i be four other such columns, such that the y-th iow of the first matrix 
(j = 1, 2, ...,p) is associated with they-th row of the second by the equation 

Wy)= JiiUJj, (U,) jt ( U 3 )j , (U 4 )j). 

Let v l} v 2 , v 3 , v 4 and V lf F a , V 3 , V 4 be two other similarly associated sets, 
each of four columns of p elements. Then if h be any matrix whatever, of p 
rows and columns, we have 

hitqVx + hu % v 3 + hu 3 v 3 + hu 4 v 4 — hU-^^h U 2 V t 4* hXI 3 V 3 + hU 4 V 4 ; 

this is quite easy to prove : an elementary direct {verification is obtained by 
selecting on the left the term h jk (u 3 ) k (v -h ^*(^3)* (v*); + A?* ( 

= h jk 2 [J rl ( U x ) k VJ* ( U 2 ) k + J rz ( U z ) k + Jn ( U 4 ) k ] [J rl ( VJj + ( V 2 )j 

= h jk + &Jr>J«)[(XJMV>)j + (U 2 ) k (V 1 ) j ] + } 

r r 

= a* {( u t ) k (V.h+i U,) k ( Vjj + ( U,) k ( r,\ +(U t ) k ( v.y , 

and this is the corresponding element of h U, F, + kU,V a + hU,V, + h U, V,. 

* The theorem was given by Weierstrass, Sitzungtber. der Berlin. Ak. 1882 ( 1 , — xxvi., p. 606), 
with the suggestion that the theory of the theta functions may be d priori deducible therefrom, as 
is the case when p = 1 (Halphen, Fonet. Ellip. (Paris (1886)), t. x. p. 188). See also Caspary, 
Crelle, xcvj. (1884), and ibid, xcvxi. (1884), and Frobenius, Crelle, xovx. (1884), pp. 101, 103. 
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Now we have 

%(u lt g 2 )^(w 3> q 4) 

_ £ glauS+iXhUr ( n r +g r ' ) + S 6 (Hy + 5 / ) i+tKiXqr (»r+9r' ) # 

»i, n t ,Th, » 4 

In the exponent here there are four sets each of four columns of p quantities 
namely the sets 

u r) n r , q r , q'r) 

we suppose each of these transformed by the substitution J. Hence the 
exponent becomes 

V e XaU r H2lhU r (Xr+Qr) +2&(JV r +Q r ')a+2irtSQ r (X r +Q' r \ 

X lt A a , A\, 

wherein the summation extends to all values of given by 

Nr, = h (nij + % + n 9j + iiy - Znrj), 
for which all of n r j are integers. 

Ail the values N ^ will not be integral. But since — N a) = n# — n rj the 
fractional parts of N 1Jt N 2j , N aj , N AJ will be the same, = £e/, say, (e/ = 0 or 1). 
Let mrj be the integral part of N^. We arrange the terms of the right hand 
into 2 p classes according to the 2? values of e/. Then since 

mrj = £ (fty + ?hj + n 3J + n AJ - 2^) - £e/, 

every term of the left-hand product, arising from a certain set of values of 
the 4 p integers n rj> gives rise to a definite term of the transformed product on 
the right with a definite value for e/, while, since 

= i(m^ + m 3j + m 3J + m v - - 2 m rj ) + 

every assignable set of values of the 4/> integers m r j and value for e/ (which 
would correspond to a definite term of the transformed product) will arise, 
from a certain term on the right, provided only the values assigned for mrj be 
such that £ (m X j + m^ + m S j + m v - + e/) is integral. 

Now we can specify an expression involving the quantities 
ft, = £ (w,j + m 7j + m SJ + m Aj + <?/), 

which is 1 or 0 according as = /*», ...» ftp) is a column of integers or 

not. In fact if e = (e l9 ...» e p ) be a column of quantities each either 0 or 1 — 
so that 6 is capable of 2 P values — the expression 

~ 2 #™* = i (&**"*■) . . . (Se*™**-) = i (1 + «**') (1 + «**•).. . (1 + e***) 

has this property; for when . . . , p p are not integers they are half- 

integers. 
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Hence if the series ~ 2e tr,>(w ‘ +m > +m > +Tn * +, ' ) be attached as factor to every 

term of the transformed product on the right we may suppose the summation 
to extend to all integral values of m r j t for every value of e'. 

Then the transformed product is 

JL V p laul±21h Ur (m r +K+QV) +X6 (»>vfK+QV)*+2«tJQ r <m*+K+QV)-Hrf« <tn 1 +m,+rn,+m 1 +c') 
Op * e 


where 
so that 
Thus we have 



2 II 6 ° ^ U r (mr+p'r) +& (n»r+l>'r> s +ainj>r (™r+P'r> . gr-wt* 

r 


Pr = %€ + Q r , Pr -%€ + Qr, 


Xp/ = 2e' + XQr = 2e' 4* X^/* 


^ (w„ q l ) * (u 2 , q 2 ) $ ( u 3l q a ) ^ (u 4 , q 4 ) 

- i » [n. «■+ * 0] » [k- «•+ * (0] ■ 4 [ u - «+ * (0] 

»|V..«.+t©]- 

This very general formula obviously includes the formula of Ex. xi., § 286, 
Chap. XV. It is clear moreover that a similar investigation can be made for 
the product of any number, k, of theta-functions, provided only we know of a 
matrix J, of k rows and columns, which will transform the exponent of the 
general term of the product into the exponent of the general term of the sum 
of other products. 

It is for this more general case that the next Article is elaborated. 
It is not necessary for either case that the characteristics q u q 9t ... should 
consist of half-integers. 


Ex. i. If q be a half-integer characteristic, = Q> say, and we use the abbreviation 
4>{UyV } Wyt\ Q)=*$ (u ; Q)S(v; Q)S(w; Q)S(i; Q)y 


we have 


(f>(u+a, u-a, v+b, v-by = ^ * u, ‘ 4>[u+by u-by v-a , ; $+4^ » 


where the summation on the right hand extends to all possible 2 2p half-integer character- 
istics > putting Q + i^=Ey so that R also becomes all 2 2p half-integer character- 
istics, this is the same as 

e* 101 <£(«+«, u-a, v+by v-b; m+iri]R] <l>(u+by u-b f v+a, v-a; R\ 

where, 

if then Id-*. 



GENERAL CASE. 


477 


293] 

By adding, or subtracting, to this the formula derived from it by interchange of v and 
a, we obtain a formula in which only even or odd characteristics R occur on the right hand. 
Thus, for p=l, we derive the equation of three terms. 

Ex. ii. If a, 0, y, 8 be integers such that ay is positive and 08 is negative, p=a8-0y, 
and r be the absolute value of p, prove that 

e t a y r |o) e ( w » e (~ u P+ Va '> -pafr | q P ) 

=r '* e {-^ +Va ' -^|a/-V)- 

where e ; r | * ^ denotes the theta function in which the exponent of the general term is 
2 TTiw (n + « ') 4- itrr (n -f e) 2 + 2 irie (n + «'), 

and v are row letters of p elements, all positive (or zero) and less than r, subject to the 
condition that (8/i-0i/)/p, ( av-yp)lp are integral, while e, /, g, h are row letters of p 
elements which are all positive (or zero) and less than r. 

Ex. iii. Taking, in Ex. ii., a, 0, y, 8 respectively equal to 1, 1, 1, -k, we find 
fi=v<k+ 1, t being positive. Hence, taking k—3, prove the formula (Konigsberger, 
CrelUy lxiv. (1865), p. 24), of which each side contains 2 p terms, 

H“ ; r IIO e (“ : 3 T liO = f"“ , * e ( 0; HI) e ( 2 “ : 

8y s' being rows of p quantities each either 0 or 1. 

293. We proceed now to obtain a formula* for the product of any 
number, k, of theta functions. 

We shall be concerned with two matrices X , a?, each of p rows and h 
columns; the original matrix, written with capital letters, is to be trans- 
formed into the new matrix by a substitution different for each of the 
p rows ; for the y-th row this substitution is of the form 

•••» ^ r,jf •••> x i,jf ®r,j* •••> x k,j)t 

herein Vj is a positive integer; (Oj is a matrix of h rows and columns, 
consisting of integers; the determinant formed by the elements of this 
matrix is supposed other than zero, and denoted by fij ; bearing in mind 
that throughout this Article the values of r are 1, 2, ..., k and the values of j 
are 1, 2, ...,p, we may write the substitution in the form 

(X r ,j) = ~ (Oj 

The substitution formed with the first minors of the determinant of a>j will 
be denoted by Oj ; that formed from £lj by a transposition of its rows and 

columns will be denoted by fy. Then the substitution inverse to ^ coj is 

^ Qj ; denoting the former substitution by X,-, the latter is \f*. 

* Prym und Krazer, Nciie Grundlagen...der allgemeinen thetafunctionen, Leipzig, 1892. 
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If for any value of j a set of k integers, P r ,j, be known such that the k 
quantities 

xr'(Prj = %n j( p rJ ) 

are integers, then it is clear that an infinite number of such sets can be 
derived; we have only to increase the integers P r j by integral multiples of 
/ij. But the number of such sets in which each of P Tt j is positive (including 
zero) and less than the absolute value of p, is clearly finite, since each 
element has only a finite number of possible values. We shall denote this 
number by and call it the number of normal solutions of the conditions 

~j fy(Pr,j)~ integral ; 
ft 

it is the same as the number of sets of k integers, positive (or zero) and less 
than the absolute value of fij, which can be represented in the form \(pr,j)> 
for integral values of the elements p r% y 

The k theta functions to be multiplied together are at first taken to be 
those given by 

@ r = (r = 1, 

wherein B r is such a symmetrical matrix that, for real values of the p 
quantities X, the real part of the quadratic form denoted (§174, Chap. X.) by 
B r X 2 is negative. The p elements of the row-letters F r , N r are denoted by 
V r j, X r> j(j = 1, ...,jp). The substitutions \j are supposed to be such that 

k 

the equations (X fi j) ~ \j (x r> j) transform the sum 2 B r X r * into a sum 

r=l 

* 

2 brX r *, in which the matrices b r are symmetrical and have the property that 

r = 1 

for real x r the real part of 6^c r 8 is negative. 

Taking now quantities m r j, v r j determined by 

M = V 1 (Nrj) = 2 tij (A r r , j), (v,j) = % j (V r , j ) = l »j(V r , } ), 

ft r J 

k k k 

the expressions Z B r N r *, 2 N r V r are respectively transformed to 2 b r m r 2 

r=l r=l r=l 

and 

2 = t \ j (V Ttj )(m rJ )= 2 v r m r ; 

1 = 1 r-l 

hence the product II 0 r is transformed into 2 w j iere ^ 

r- 1 N x Nk 

quantities m r j have every set of values such that the quantities take 

all the integral values, N r j, of the original product. 
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As in the two cases previously considered in this chapter, we seek now to 
associate integers with the quantities m rt3 . Let (P r> j) be any normal solution 
of the conditions 

,7 (Pr, j) = integral, = (p r , ,), say ; 
ft 

put, for every value of j, 

(XrJ ~ (Pr.i) = Pi + (E' r j), (f - 1 ft) 

wherein ( M r j ) consists of integers, and consists of positive integers 

(including zero), of which each is less than the absolute value of fij. For an 
assigned set ( P r ,j ) this is possible in one way; then 

(m rJ ) = J 5,(N r ,,) = (p r J + rA (Mr,,) + -J 
ft ft 

= («,.,) +i say, 

where 

(«n j) = (Pr.i) + rA (M rJ ), (e' r , ,) = rA (E'rj); 
by this means there is associated with corresponding to an assigned 

set (P r , ; ), a definite set of integers ( n r j ), and a definite set (E' r j). We do 
not thus obtain every possible set of integers for ( n Tj] ), for we have 

7 °>] ( n r,j) = 7«J (p,.,) + P, = (P r ,j) + p, (it/,, ,), 

r j r J 

so that the values of n r j which arise are such that \(n rtJ ) are integers. 

Conversely let ( n r j ) be any assigned integers such that \j(n r j) are 
integers ; put 

( n r,J ) ~ (E r ,j) + flj ( M r j ), 

wherein the quantities M r>] are integers, and the quantities P r j are positive 
integers (or zero), which are all less than the absolute value of fij ; this is 
possible in one way; then taking any set of assigned integers (E' riJ ), which 
are all positive (or zero) and less than the absolute value of fij, we can define 
a set of integers N r%} by the equations, wherein \f~ l (P rtJ ) — integral, 

(N rJ ) = (E' rJ ) + (P rtj ) + n (M rJ ) = (E' r j) + X,- (n rJ ) 

Thus, from any set of integers (N rt} ), arising with a term e* (2r r iM^V) q £ 

k 

the product II @ r , we can, by association with a definite normal solution 

r-1 

( P r j ) of the conditions Xf l (P r j) — integral, obtain a definite set (E'rj), and 
a definite set (n r j) such that \(n r j) are integers. And conversely, from any 
set of integers (n r j) which are such that Xj(n r j) are integral, we can, by 
association with a definite set (E' r>J ) f obtain a definite normal solution (P r j) 
and a definite set (N r j). 
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It follows therefore that if the product IT ® r be written down s l ...8 p times, 

r=* 1 

a term e *® VrNr+BrNr * ) being associated in turn with every one of the s l ... s p 
normal solutions of the p conditions Xf 1 (Pj) — integral, then there will arise, 
once with every assigned set (E , r j), every possible set (n rtJ ) for which \j (n r ,j) 
are integers. 

We introduce now a factor which has the value 1 or 0 according as the 
integers (nrj) satisfy the conditions \ (n r j) = integral, or not. Take k in- 
tegers (E r j), which are positive (or zero), and less than rj ; put 

(€r l3 )-cdj(Er t j) ; 

then 


= 22 i e r> , ntrj = 2\, (E r , j) (m r , ,) = (m r , j) (E r , ,) 

j r Tj j j 

^%(N r , 3 )(E rtJ ) = NrE r , 

J 

and this is integral when N r is integral, that is, for all the values ( n rtJ ) which 
actually occur ; in fact the quantities i\ r r> } defined by 

(E r , j ) = (m,, j) = ~ <o } (n r , j + ~ j = i t»j (n r , j) + (E'r.j) = (nr, j) + (E' r , ,) 

are integral or not according as Xj (n r , 3 ) are integers or not. 

Hence, for a given set n,j, and a given set E' r j, the sum 

Zenith ’ rJ ( nrJ+ ^) = 2 e *”™rE r = n 2 r ,, t 

E E r,j E r ,j 

wherein the summation extends to all positive (and zero) integer values of 
(E r j) less than r it is equal to r [ ... r k p when (N r j) are all integral, and other- 
wise contains a factor of the form 


j=l r=l rj ' 3 fljJ 


(eMrjNr,, _ 1 ) j^viNrj _ 1 ) ? 

which is zero because rj (E r j) is certainly integral. Hence if we denote 

f % r \ > + ^ f 1 * (* + Jf) * 

R having the values r u ..., r pi then we can write 

rZe rB \ M/ = l, or 0, 


{ri-..r p f b 

according as Xj (n r j) are ail integers or not. 

If then every term of the transformed series, in which, so far, only those 
values of n r j arise for which Xj(n r j) are integers, be multiplied by this factor, 
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and the transformed series be completed by the introduction of terms of the 
same general form as those which naturally arise in this way, so that now all 
possible integer values of (n r j) are taken in, the value of the transformed 
series will be unaltered. In other words we have 

I!®, = ne^r+W = rr 2 _ 

r r 8 1 ..,Sp{r l ...r p ]r N k ,E t E r 

s r )-'(r,...r p )-* 2 n S*(~ + j) +b '(* + ^Y +M h’'(*+i;) , 

n,E t E r 

wherein all possible integer values of {n r%3 ) arise on the right; thus the right- 
hand side is equal to 

(*>... (n • • • t»n» £ ne, (*, ; ) ; 

and this is the desired form of the transformed product. For con- 
venience we recapitulate the notations; E r \ E r each denote a column of 
p integers, positive or zero, such that E rt3 < \fi 3 \ , E Tt3 < r 3 ; (e ' r , 3 ) = r 3 0 3 (E' rtJ ); 
(e r j) = coj(E ri j); 8j is the number of sets of integral solutions, positive or 
zero, each less than | p 3 1, of the conditions p 3 ~ l r 3 Hj{P rt j) = integral ; 
( v r, j) — r j~ l ( Vr, j) *> the function © r is a theta function in which the ordinary 
matrices a, b, h (§ 189) are respectively 0, b r , 1 ; by linear transformation of 
the variables of the form V r = h r W r , and, in case the matrices eo 3 be suitable, 

2 A r V r * 

multiplication by an exponential e r , these particularities in the form of 
the theta functions may be removed. 

The number of sets (E r>3 ) is (^...r^)*; the number of sets (E rt $) is 
... p p k | ; the product of these numbers is the number of theta-products on 
the right-hand side of the equation. 


Ex. i. We test this formula by applying it to the case already discussed where ®, is 
an orthogonal substitution given by 

«,=(- 1 1 1 1 ), =co say, 

1-1 1 1 
11-11 
111-1 

which is independent ofy, ry=2, b r =b } k — 4\ then -16, E rtJ < 2, E' r>J <16, and 

^ Oj = <Oj J - 4®, (* r ,j) = i® - *r,j — 4® (E'r,j) » 

thence *i,y ~ Jt ~ E ltJ — integral, etc., so that the fractional part of < rti is in- 

dependent of r : similarly the fractional part of ~ (f' r ,y) is independent of r and we may 
write ^ (f V,,) * (4«y + L UJ , 4*y+^*,y> ..., 4« y + L^) wherein 2 L r%i + c y < 16. By the formula 
B. 31 
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$ (v, q+E)=e 2iri</ (v, q) f when N is integral, we know that © r (v r ; * r j^j is independent 

of the integral part of « r /p. Hence the (16) 4;; = 2 10 >' tenns on the right-hand side of the 
general formula, which, for a specified value of {E VtJ ) f correspond to all the values of 
l<o(E' r j), reduce to 2^ terms, in which, since (E' rtJ )=$a> ..., \f' } + 

values of e'(<2) arise. Hence there is a factor 2 16 *’ and instead of the summation in 
regard to E, E' we have a summation in regard to E, the right hand being in fact 

C . 2 16p s ne(tv, i (F .) 

JS , « r \ -go) 

and containing 2 4 *> torms. 


Now put i(E UJ +E 2fJ + E 3tJ + E 4tJ )=it J +Af J , 

Mj being integral ; then the factor of a general term of the expanded right-hand product 
which contains the quantities (E TtJ ) is 


where 

and 

while 

so that 


ne 2irtj* r (n y +K)^ 

kr,j — E 1, Ail 3 + -^3. 3 + ^4. 3 ~ ) — *j + 2 (-^ - j)> 

hwi*2Jc r _ jjg Jw ;«■/ ) __ _ e wi»«' 

6 r J J 1 

TJZnik ftJ n r%J = ni2'2c J n rt j (mod. 2), =7 rte. 2?i r , 

Jr Jr > 


therefore tho right-hand product consists only of terms of the form £ne ^y } , 

Hence the 2 4 ^ torms arising, for a specified value of for all the values of E r>J1 reduce to 
2 P torms, and there is a further factor 2 3p — tho right hand being 


where 

^(« 1 ...« J} )- 1 (ri.../- p )-* s =(5i...^)- 1 2-^=«- 4 '2- 4 P. 


To determine the value of C we must know the number (a) of positive integral 
solutions, oach less than 16, of the conditions Jo> (#)= integral, =(y) say, namely of tho 
conditions, x l +x 2 + x A + # 4 = 2 (# r + y r \ Now of these any positive values of x x , x 2> x :i , x A 
(<16) arc admissible for which < r 1 + < r 2 +#g+.r 4 is even. They must therefore either be 
all even, possible in 8 4 ways, or two even, possible in 6 . 8 2 . 8 2 ways, or all odd, possible in 

8 4 ways. Hence s = 8 . 8 4 = 2 16 . Honce C— 1 /2 16 p 2 4;j = l/2 19p and therefore C. 2 18 ^ = — . 

Making now in the formula thus obtained, which is 

ne(r : ,o)=Is / -^«'ne[, r ,i(;)], 

the substitution V r = hU r , we have v r = \ ( V x + V 2 + V 3 + F 4 - 2 F r ) = hu ri where 
^r~i(U 1 + E 2 +U 3 + U A ~2U r ) ; and if we multiply the left hand by e aU i i + aU t i ^ aU * i+aU ^ f 
which is equal to e aw i a + aw a , +»«* J +®«4 9 > we obtain 


n3(P r ,0)=Ij e 
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Therefore if Q u Q 2 , Q 4 denote any characteristics, and, as formerly, &Q r denote the 
period-part corresponding to Q rt we have 

n 9(U r , Qr)= ne' KiU '’ qr) $(U T +ao, o)=ne-^ v '’^ n9(C r +ao ,0), 

r r r r r r 

of which the first factor is easilyshewn to be n<T A(Wr » qr \ i{(q 11 q 2 ,q s ,q i )=ia(Q l> Q 2 , Q d , Q 4 ); 

r 

thus 

n9(U„ ©,)=^ *■> 9 [« r +o, r ,iQ] 

~k> no' A(Kr ' ?r) e M»r,?r)-2>rV r (J«) 3 j~ M ^ ?j . + J 

= ^ s /-' i ' Wr+, ° 3 [“ ,> ?.+i C)]- J [“- ?<+* (:')]. 

which is exactly the formula previously obtained (§ 292). 


Ex. li. More generally lot A = - a> } be any matrix such that the linear equations 
(AV)=A(d7,) give 

X t 2 + + A* 2 = m -f + x k z )j 


wherein m is independent of x u x k ; then, since, by a property of all linear substitutions, 
the equations ( F r )=X (y r ) lead to 

rr 3 „ 0 0 0 

r, s T+ + F *5xr yi s; + + y ‘ 35. ’ 

we have also* 

AT, + + Yk X k = wt + +#*#*)• 


Hence, if h be any matrix of p rows and columns and 


(X r , 3 )=\ GO, 0 — If p), 

we have 

h X\ + h X 2 1 2 d“ • • • 4* hX k Y k - 2 fi lt j2A rtJ Y Vt ,=wi 2 ^\ 1 jYt.v rtJ y rt% —M{hx- y y^'\r...’\-hx k y k ) t 

U I r t,J r 

where A r n x lf etc. now denote rows of p quantities. 

Thus any orthogonal substitution furnishes a case of our theorem. Taking a case 
where 

m=l, ^=r, coj =-o>, fx= +7**, E r% j < r , A" r> , < lp| < t*, 

we have 

jWv^A 

so that the new characteristics will be r-th parts of integers. 

Suppose now, in particular, that tho substitution is 

(AT|, X T} ... A'j)®^ ( 2 — k 2 2 ) (#i, •••» #r> •••>#*:}» 

j 2 2-£ 2 I 


2 2 2-k 


* Therefore mxy^XY-Xx . Ay =AX#y, so that AA=m ; hence the determinant formed with the 
elements of \ has one of the values 


31—2 
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which gives 

+ A = 2 (^j + ... -t*#*) — ^ r J^==^ ^2 (#i + ... + #*) a + 2# r 2 ~ (^i + ••• 4 - ‘^*) =s 2^ r a , 

and 

Aj4>..m*4’Aj :s 3'j 4' *4^) JTj - etc. 

The previous example is a particular case, namely when k=A. In what follows we 
may suppose k odd so that r,=k. When k is even r } may be taken =££. The work is 
arranged to apply to either case. 

The fractional parts of ^ being independent of the suffix r— because 

e ^°*» 

—we may put •••» £ and may therefore write 

H<ix) mihetom H v '-ZY 

The equation 

shews that all values of £e/(<l) do arise. Hence for a given value of (E fiJ ) there are, 

instead of |/*|*p=r*?p terms given by the general formula, only rP, and the factor 
divides out. 

The values of given by the general formula are in number (rj* 5 ’, corresponding 

to all the values of (E YiJ ). As before the fractional part of (« r>J ) is independent of r. Let 

+ E k ti )=j+M„ 

where |<l ; then 

i( <r .,)=i<»(/? r „)=(f (E t „+ + E k , l )-£ r .,'j = ( 2 f, ...) , (mod. 1). 

The factor in the general term of the expanded product on the right hand which 
contains e r j is 

K=nne”r'r,,< n r.,+7'J>. 

) r 

Now 

2 Z € r,i=^(E r j)—f J +kM J ; 

r r r 

therefore, as r is k or a factor of k, 

2 2*i{ t .+k3f,)<L 2ir i'JlL 
. Ue r ir J = e y * r *= e r 
r 

+Ek,j)- £y,,Jn rii 

*^j J +2Af y -A’ r ,yJn r ,ys|2f y 7i r iy (m o d. 1). 


and 
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Hence the factor above is 


—4d ri — 2 iri — 

r ,e *■ » 


( n r + r)]« 

and the general term of the right hand is 

Since we may suppose all values of cj<k to arise. Hence 

instead of r* p we have JcP and a factor i*pjk p divides out. 

To evaluate the factor {r l ... r p )~ l (s x ... =C> say, we must enquire how many 

positive solutions exist of the conditions 
2 

^ (a?! + + x k ) - x r = integral, 

namely, how many solutions of the conditions 

f (*! + +**) = integral, 

exist, for which each of x lt ... , x k <r * ; let s be this number ; then C=8- p r~ tp i and 

° e < °>- ! w .f, [r (*• $)> JF - 

Jq 

where *<r,t<k y the number of terms on the right being {rk) p . For values of * >- we 
may utilise the equation S (v, q+ N)—e 2rriNq ' 3 (v, q). For example, when k=r~ 3 there 
are 3 2p terms, corresponding to characteristics ^ en ^= 4 > r==2 > tlie cbaracter- 

2 « * 

istics - will, effectively, repeat themselves. We can reduce the number of terms from 

( 

8 p or 2 Sp to 2^. We shall thus get factors \e 2 / =1 and so the formula reduces to 
that already found. 

Ex. iii. Apply the formula of the last example to the orthogonal case given by o>,=a>, 
(A r , r, Z, T t V , F)=Ja,(^, y> *, t, u, *), 

«==( 


1 

1 

0 

0 

1 

-1 ), «-’=( 

1 

1 

1 

-1 

0 

0 ), 

1 

1 

0 

0 

-1 

1 


1 

1 

-1 

l 

0 

0 

1 

-1 

1 

1 

0 

0 


0 

0 

1 

1 

1 

-1 

-1 

1 

1 

1 

0 

0 


0 

0 

1 

1 

-1 

1 

0 

0 

1 

-l 

1 

1 


1 

-1 

0 

0 

1 

1 

0 

0 

-1 

1 

1 

1 


-1 

1 

0 

0 

1 

1 


which lead to /*= 64 and 

AT + Y +Z + T *f U + V =*x -f y -f a +w + v 

Z-T^x-y, U-V=e-t, X-Y=u- r, 
X+r=a?+y, £ + 2P*a-M, {7+F»w+v. 
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CHAPTER XVII. 


Theta relations associated with certain groups op characteristics. 


294. For the theta relations now to be considered *, the theory of the 
groups of characteristics upon which they are founded, is a necessary 
preliminary. This theory is therefore developed at some length. When the 
contrary is not expressly stated the characteristics considered in this 
chapter are half-integer characteristics f ; a characteristic 



is denoted by a single capital letter, say Q . The characteristic of which all 
the elements are zero is denoted simply by 0. If R denote another charac- 
teristic of half-integers, the symbol Q + R denotes the characteristic, S — Js, 


* The present chapter follows the papers of Frobenius, Crelle , lxxxix. (1880), p. 185, Crelle, 
xcvi. (1884), p. 81. The case of characteristics consisting of n-th parts of integers is considered 
by Braunmlihl, Math. Annal. xxxvn. (1890), p. 61 (and Math. Annal. xxxii. (1888), where the 
ease n=3 is under consideration). 

To the literature dealing with theta relations the following references may be given : Prym, 
Unterauchungen liber die Riemann'sche Thetaformel (Leipzig, 1882) ; Prym u. Krazer, Acta Math. 
hi. (1883) ; Krazer, Math. Annal. xxii. (1883) ; Prym u. Krazer, Neue Grundlagen einer Theorie 
der allgememen Thetafunetionen (Leipzig, 1892), where the method, explained in the previous 
chapter, of multiplying together the theta series, is fundamental: Noether, Math. Annal. xiv. 
(1879), xvi. (1880), where groups of half-integer characteristics are considered, the former paper 
dealing with the case p = 4, the latter with any value of p\ Caspary, Crelle , xciv. (1883), xcvi. 
(1884), xcvii. (1884) ; Stahl, Crelle , lxxxviii. (1879) ; Poincare, Liouville, 1895 ; beside the books 
of Weber and Schottky, for the case p= 3, already referred to (§§ 247, 199), and the book of 
Krause for the case p= 2, referred to § 199, to which a bibliography is appended. References to 
the literature of the theory of the transformation of theta functions are given in ohapter XX. 
In the papers of Schottky, in Crelle, cii. and onwards, and the papers of Frobenius, in 
Crelle , xcvxi. and onwards, and in Humbert and Wirtinger (foe. cit. Ex. iv. p. 340), will be found 
many results of interest, directed to much larger generalizations ; the reader may consult Weier- 
stras8, Berlin. Monatsber ., Deo. 1869, and Crelle , lxxxix. (1880), and subsequent chapters of the 
present volume. 

t References are given throughout, in footnotes, to the case where the characteristics are n-th 
parts of integers. In these footnotes a capital letter, Q, denotes a characteristic whose elements 
are of the form q’Jn, or of the form g,/n, q/ , q { being integers, which in the * reduced’ oase are 
positive (or zero) and less than n. The abbreviations of the text are then immediately extended 
to this case, n replacing 2. 
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whose elements s/ t S{ are given by = q{ + r/, st = qi 4- r{. The charac- 
teristic, wherein </=«/, (mod. 2) and each of $/» • ••,£*> is either 

0 or 1, is denoted by QR. Unless the contrary is stated it is intended in 
any characteristic, \q, that each of the elements qi, qi is either 0 or 1. If 
\q, \r, \k be any characteristics, we use the following abbreviations 

p 

I Q | = qq' = Ml + + q p qp, \Q, R\ = qr' -q'r = 1 ( qtn - qin), 

i=l 

| Q, R, K I = I R, K I + 1 K, Q | + 1 Q, R | , (^j = = e«<9,v,+ . +«>„) . 

further we say that two characteristics are congruent when their elements 
differ only by integers, and use for this relation the sign =. In this sense 
the sum of two characteristics is congruent to their difference. And we 
say that two characteristics Q, R are syzygetic or azygetic according as 
[ Q, R | = 0 or s 1 (mod. 2), and that three characteristics P, Q , R are 
syzygetic or azygetic according as | P, Q, R | = 0 or = 1 (mod. 2). 

Ex. Prove that the 2 /j+ 1 characteristics arising in § 202 associated with the half 
l>eriods u a ’ c \ u a ’ a \ u a ’ c \ ..., u a ’ u a ’ c are azygetic in pairs. Further that if any four of 
these characteristics, A, B, C, D, he replaced by the four, BCD, CAD, ABD, ABC, the 
statement remains true ; and deduce that every two of the characteristics 1, 2, 7 of 

^ 205 are azygetic. 

295. A preliminary lemma of which frequent application will be made 
may be given at once. Let a hl , ..., a 1>n , ..., a r>1 , ..., a y>n be integers, such 
that the r linear forms 

Ui = a,-, x x x + 4- a t> n x n , (t=l,2,..., r), 

are linearly independent (mod. 2) for indeterminate values of x u 
then if a Xi ..., a r be arbitrary integers, the ?• congruences 
U x = a lt ..., U r = a r , (mod. 2), 

have 2 n ~ r sets of solutions* in which each of a?,, ..., x tv is either 0 or 1. For 
consider the sum 

i V [1 ... [1 + 

sr, , , Xn 

wherein the 2 M terms are obtained by ascribing to x x , x n every one of the 
possible sets of values in which each of x u ..., x n is either 0 or 1. A term in 
which x l} ..., x n have a set of values which constitutes a solution of the 
proposed congruences, has the value unity. A term in which x u ..., x n do 
not constitute such a solution will vanish ; for one at least of its factors will 
vanish. Hence the sum of this series gives the desired number of sets of 

* When the forms U l , ..., U r are linearly independent mod. m t the number of incongruent 

sets of solutions is m*~ r . In working with modulus m we use u=(w, instead of < w ; and instead 
of a factor l + we U8e a factor 1 + /k+/a 2 + ... +n n ~ l , where jx=ta U '~ a '. 
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solutions of the congruences. Now the general term of the series is typified 
by such a term as 


1 v ( Up-a^) 

2'* 

where fi may be 0, or 1, or ...» or p ; and this is equal to 


where 

and, therefore, equal to 


V 6 f 

Ci =«!,*+ + *> 


(1=1, 2, ..., w), 


1 - 


e “ w(a ‘ + - 4- *■*>) (1 + e™*) . . . (1 + e™") ; 


now, when fi> 0, one at least of the quantities c lt ..., c n must be = 1 (mod. 2), 
since otherwise the sum of the forms U u ..., CT M is = 0 (mod. 2), contrary to 
the hypothesis that the r forms U lt ..., U r are independent (mod. 2); hence 
the only terms of the summations which do not vanish are those arising for 
fi » 0, and the sum of the series is 


or 2 n ~ r . 



Ex. i. If, of all 2 2p half- integer characteristics, ^q, the number of even characteristics 
be denoted by g, and h be the number of odd characteristics, prove by the method here 
followed that g-h , which is equal to is equal to 2*. This equation, with g+h=2 2 * > , 

determine the known numbers* </= 2 j, “ 1 (2p+ 1), A = 2p -1 (2p- 1). 

Ex. ii. If \a denote any half-integer characteristic other than zero, and become in 
turn all the 2*> characteristics, the sum Se "* 1 At vanishes. For it is equal to 

(1-f e 1 ”* 1 ) (l+e 1 ^) (l+e-^O (I + e"^), 

and if \a be other than zero, one at least of these factors vanishes. On the other hand it 
is obvious that Se™ |0, ^ = 2 2 *\ 

We may deduce the result from the lemma of the text. For by what is there proved 
there are 2 2p ~ l characteristics for which \A,Q\&0 (mod. 2) and an equal number for 
which \A, #| = 1. 

296. We proceed now to obtain a group of characteristics which are 
such that every two are syzygetic. 

Let Pi be any characteristic other than zero ; it can be taken in 2^—1 
ways. 

Let P a be any characteristic other than zero and other than P lt such that 
| Pi, P 3 1 = 0 (mod. 2); 

# Among the n 2 * incongruent characteristics which are n-th parts of integers, there are 
n p-i (nP + n-1) for which | Q | = 0 (mod. n), and n p_1 (n p - 1) for which \Q\=r (mod. n), when r 
is not divisible by n, 



296] 


GOPEL GROUP OF CHARACTERISTICS. 


489 


by the previous lemma (§ 295), P a can be taken in 2 s * -1 — 2 ways ; also by 
the definition, if PiP a be the reduced sum* of P 2 , P 2 , 

I Pi> PiP* | = | Pi> Pi | + | Pi, P a | = 0 (mod. 2). 

Let P s be any characteristic, other than one of the four 0, Pi, P a , PiP 2 , 
such that the two congruences are satisfied 

|P„Pi| = 0, | P 3 , P 2 1 = 0, (mod. 2); 

then P s can be chosen in 2^ > “ 2 — 2 a ways ; also, by the definition, 

|P„P 1 P 1 | = |P ii P 1 | + |P„ P 2 | = 0, (mod. 2), 
and 

| P 8 , P 9 P X | = 0, etc. 

Let P 4 be any characteristic, other than the 2 3 characteristics 

0, P 1, P a , P 8 ) P lP 2 > P2P S> P 3P 1> P lP 2 p3> 

which is such that 


I P 4 » Pi | = 0, | P 4 , P 2 1 = 0, | P 4 , P s | = 0, (mod. 2); 

then P 4 can be chosen in 2^~ 8 - 2* ways, and we have 

| P 2 P S , P 4 1 = | P 2 , P 4 1 + | P 8 , P 4 ! = 0, (mod. 2), etc., 
and 

I P1P3P3, P 4 | = | Pi* P4 1 + | P., P4 1 + | Ps, P 4 1 = 0, (mod. 2). 


Proceeding thus we shall obtain a group of 2 r characteristics, 


-Pi* Pa» 


PiP 2 , ..., PxPgPj, ..., 


formed by the sums of r fundamental characteristics, and such that every 
two are syzygetic. The r-th of the fundamental characteristics can be 
chosen in 2 5 *>“ r ‘ H — 2 r ~ 1 = 2 r_1 (2^ _2r+a — 1) ways; thus we may suppose r as 
great as p, but not greater. Such a group will be denoted by a single 
letter, (P); the r fundamental characteristics, P lf P 2 , P 8 , ..., may be called 
the basis of the group. We have shewn that they can be chosen in 

(2 s * - 1) (2 s *- 1 - 2) (2 s *- 2 - 2 2 ) . . . (2^ _r+1 - 2 r ~ 1 )/|r, 
or 

(2 s * - 1x2 s *- 3 - 1 ) (2 s *- 4 - 1) . . . (2 s *“ 2r + a - 1 ) 2 ! r (»-’>/|r 

ways. But all these ways will not give a different group; any r linearly 
independent characteristics of the group may be regarded as forming a basis 
of the group. For instance instead of the basis 


we may take, as basis, 


Pi> P*j •••> Pr 
P1P21 P»> •••> P rt 


wherein P x P t is taken instead of P x ; then P x will arise by the combination 


* So that the elements of P X P % are each either 0 or £. 
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of PjP 8 and Pi . Hence, the number of ways in which, for a given group, a 
basis of r characteristics, P,', . . . , P/, may be selected is 

(2 r — l)(2 r — 2) ... (2 r - 2 r ~ 1 )/|r, 

for the first of them, P/, may be chosen, other than 0, in 2 r — 1 ways ; then 
P 2 \ other than 0 and P/, in 2 r - 2 ways ; then P 3 ' may be chosen, other than 
0, P^, P^ Pi P^ in 2 r — 2 2 ways, and so on, and the order in which they are 
selected is immaterial. 

Hence on the whole the number of different groups, of the form 

o ,Pi,p 3 ,...,PiP 3 , .:.,PiP 2 p 3 ,... 

of 2 r characteristics, in which every two characteristics of the group are 
sy z ygetic *, is 

(2^ — 1)(2 3 *'~ 2 — 1) (2^’+ a -l) 

( 2 r — l )( 2 r_1 — 1) (2 — 1 ) • 

Such a group may be called a Gopel group of 2 r characteristics. The 
name is often limited to the case when r—p, such groups having been 
considered by Gopel for the case p = 2 (cf. § 221, Ex. i.). 

297. We now form a set of 2 r characteristics by adding an arbitrary 
characteristic A to each of the characteristics of the group (P) just obtained ; 
let P, Q, R be three characteristics of the group, and A\ A", A'", the three 
corresponding characteristics of the resulting set ; then 

| A', A", A'" | « | AP, AQ, AR |=| P, Q, P | = | Q, P | + | P, P 1 4- 1 P, Q |, (mod. 2), 

as is immediately verifiable from the definition of the symbols; thus the 
resulting set is such that every three of its characteristics are syzygetic, that 
is, satisfy the condition 

| A', A ", A w | = 0, (mod. 2); 

this set is not a group, in the sense so far employed ; we may choose r + 1 
fundamental characteristics A, A u ..., A r , respectively equal to A, AP lt 
AP it ..., AP r , and these will be said to constitute the basis of the system ; 
but the 2 r characteristics of the system are formed from them by taking only 
combinations which involve an odd number of the characteristics of the basis. 
The characteristics of the basis are not necessarily independent ; there may, 
for instance, exist the relation A + A Pi = AP 2 , or A = PjP,. But there can 
be no relation connecting an even number of the characteristics of the basis ; 
for such a relation would involve a relation connecting the set, P 2> P a , ..., P r , 
of the group before considered, and such a relation was expressly excluded. 
Hence it follows that there is at most one relation connecting an odd number 

* When the characteristics are n-th parts of integers, the number of such syzygetic groups is 
(»*»- 1) ... (n a * >-5,r+ * - 1) divided by (n r - 1) ... (n - 1). 
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of the characteristics of the basis; for two such relations added together 
would give a relation connecting an even number. 

Conversely if A , A 1} ..., A r be any r + 1 characteristics, whereof no 
even number are connected by a relation, such that every three of them 
satisfy the relation 

| A', A ", A'" | = 0, (mod. 2), 

we can, taking P a = A a A f obtain r independent characteristics P lt ..., P r , of 
which every two are syzygetic, and hence, can form such a group (P) of 2 r 
pairwise syzygetic characteristics as previously discussed. The aggregate of 
the combinations of an odd number of the characteristics A, A u ..., A r may 
be called a Gopel system* of characteristics. It is such that there exists no 
relation connecting an even number of the characteristics which compose the 
system, and every three of the 2 r characteristics of the system satisfy the 
conditions 

| A', A", A'" ; = 0, (mod. 2). 

We shall denote the Gopel system by (AP). 

To pass from a definite group, (P), of 2 r pairwise syzygetic characteristics 
to a Gopel system, the characteristic A may be taken to be any one of the 

characteristics. But if it be taken to be any one of the characteristics of 
the group (P), we shall obtain, for the Gopel system, only the group (P) ; and 
more generally, if P denote in turn every one of the characteristics of the 
group (P), and A be any assigned characteristic, each of the 2 r characteristics 
AP leads, from the group (P), to the same Gopel system. Hence, from a 
given group (P) we obtain only 2 2p ~ r Gopel systems. Hence the number of 
Gopel systems is equal to 

(2?p — 1) (2^~ 3 - 1 ) . . . (2‘ J p~- r+2 - 1) 

(2 r — l)(2 r “ l — 1) ... (2 — 1) ' 

We shall say that two characteristics , whose difference is a characteristic of 
the group (P). are congruent , mod. (P). Thus there exist only 2 2p ~ r 
characteristics which are incongruent to one another, mod. (P). 

It is to be noticed that the 2^~ r Gopel systems derived from a given 
group (P) have no characteristic in common; for if P u P* denote character- 
istics of the group, and A lt A s denote two values of the characteristic A, a 
congruence A jP, = A 2 P 3 would give A 9 = A^P^ which is contrary to the 
hypothesis that A l and A a are incongruent, mod. (P). Thus the Gopel 
systems derivable from a given group (P) constitute a division of the 2^ 
possible characteristics into 2^” r systems, each of 2 r characteristics. We can 
however divide the 2^ characteristics into 2^~ r systems based upon any 
group (Q) of 2 r characteristics ; it is not necessary that the characteristics of 
the group ( Q ) be syzygetic in pairs. 

* By Frobenius, the name Gopel system is limited to the case when r=p. 
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Ex. For p=2, r=2, the number of groups (P) given by the formula is 15. And the 
number of Gijpel systems derivable from each is 4. We have shewn in Example iv., 
§ 289, Chap. XV., how to form the 15 groups, and shewn how to form the systems 
belonging to each one. The condition that two characteristics P f Q be syzygetic is equiva- 
lent tolPQHPI + iei (mod. 2), or in words, two characteristics are syzygetic when their 
sum is even or odd according as they themselves are of the same or of different character. 
It is immediately seen that the 15 groups given in § 289, Ex. iv., satisfy this condition. 
The four systems derivable from any group were stated to consist of one system in which 
all the characteristics are even and of three systems in which two are even and two odd. 
We proceed to a generalization of this result. 

298. Of the Gopel systems derivable from one group (P), there is a 
certain definite number of systems consisting wholly of odd characteristics, 
and a certain number consisting wholly of even characteristics*. We shall 
prove in fact that when p >r there are 2 <r ~ 1 (2 <r + 1) of the systems which 
consist wholly of even characteristics, a being p — r ; these may then be 
described as even systems ; and there are 2 <r_1 (2* — 1) systems which may be 
described as odd systems, consisting wholly of odd characteristics. When p = r, 
there is one even system, and no odd system. In every one of the 2 2<r (2 r — 1) 
Gopel systems in which all the characteristics are not of the same character, 
there are as many odd characteristics as even characteristics. 

For, if Pj, ..., P r be the basis of the group (P), a characteristic A which 
is such that the characteristics A, AP lt ..., A P r are all either even or odd, 
must satisfy the congruences 

IXP.IsIXP.Is = \X\, (mod. 2) 

which are equivalent to 

(* = 1 . 2 , r), 

as is immediately obvious. Since, when | X, I\ | = | P, \ , and | X, P a | = | P s | , 

| X, P,P, | s | X, P, | + | X, P, | s | X, P, | + 1 X, P, | + 1 P, , P, | 

= |P 1 | + |P,| + |P 1 ,P a | = |P 1 P > |, 

etc., it follows that these r congruences are sufficient, as well as necessary. 
These congruences have (§ 295) 2 2 * > ~ r solutions. If A be any solution, each 
of the 2 r characteristics forming the Gopel system (AP) is also a solution; 
for it follows immediately from the definition, if P, Q denote any two 
characteristics of the group, that 

|XP<2| = M|+|P|+|Q| + |AP| + M,ei + |P,(2| 

S |X| + 2|P| + 2|<2| + |P,<2i 

■ 1 ^ 1 . 

because | P, Q | = 0. Hence the 2 ip ~ r solutions of the congruences consist of 

* This result holds for oharaoteristics which are n-th parts of integers, provided the group ( P ) 
consist of oharaoteristics in which either the upper line, or the lower line, of elements, are zeros. 
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2 2 J J -~ r /2 r = 2^ -2r characteristics A, and the characteristics derivable therefrom 
by addition of the characteristics, other than 0, of the group (P) ; namely 
they consist of the characteristics constituting 2 2p ~* r Gopel systems, these 
systems being all derived from the group (P). In a notation already 
introduced, the congruences have 2^ -2r solutions which are incongruent 
(mod. (P)). 

Ex. If S be any characteristic which is syzygetic with every characteristic of the 
group (P), without necessarily belonging to that group, prove that the 2 2p “ ^ characteristics 
SA are incongruent (mod. P), and constitute a set precisely like the set formed by the 
characteristics A. 

299. Put now a = p — r, and consider, of the 2 s * Gopel systems just 
derived, each consisting wholly either of odd or of even characteristics, 
how many there are which consist wholly of odd characteristics and how 
many which consist wholly of even characteristics. Let h be the number of 
odd systems, and g the number of even systems. Then we have, beside the 
equation 

g + h = 2*' t 

also 

g-h = 2~ 2r 2e irtlill [ i+ 6 *ti/j,p l i-.nip l i] _ [1 + e miii,p r i-ir*ip,ij > 

wherein P u ..., P r are the basis of the group (P), and R is in turn every one 
of the 2^ possible characteristics. For, noticing that the congruence 
| RP | = | R | is the same as | R, P | = | P |, it is evident that the element of 
the summation on the right-hand side has a zero factor when R is a 
characteristic for which all of R, RP U ..., RP r are not of the same 
character, either even or odd, and that it is equal to 2~ r e iril ' BI when 
these characteristics are all of the same character; while, corresponding 
to any value of R, say P = ul, for which all of P, RP U RP r are of 
the same character, there arise, on the right hand, 2 r values of P, the 
elements of the Gopel set ( AP ), for which the same is true. 

Now if we multiply out the right-hand side we obtain 

R P xt P u ... R 

wherein 2 denotes a summation extending to every set of g of the 

i ^**1 ••• 

characteristics P lf ...» P^, and g is to have every value from 1 to r; but 
we have, since Pi, P a , ...» are syzygetic in pairs, 

|B| + I*p»| + + |P,P m | = |PP 1 ...P m | + |P 1 | + + |P M |, 

and therefore 

R R S 

where $, = RP X ... P^, will, as P becomes all 2 5 * J characteristics in turn, 
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also become all characteristics in turn; also is immediately 

r s 

seen to be 2 ? ; it is in fact the difference between the whole number of even 
and odd characteristics contained in the 2 ^ characteristics. Hence 

2*-(5--A) = 2pj^l+r + + + 1 J = 2* [(1 + aOI*-! = & +r , 

and therefore g -h = 2 * ? ~ r = 2 <y . 

This equation, with g + h = 2 9<r , when a > 0, determines g = 2 <r ” 1 (2^+1) 
and h — 2 <r_1 ( 2 * — 1 ), and when a = 0 determines <7 = 1 , h — 0. 

These results will be compared with the numbers 2 p~ j (2p + 1), 2p~* ( 2 * - 1), 
of the even and odd characteristics, which make up the 2* possible character- 
istics. 

If Pi denote every characteristic of the group (P) in turn, and P m denote 
one characteristic of the bases P,, ... , P r , and R be such a characteristic that 
the 2 r characteristics RPi are not all of the same character, at least one of 
the r quantities j R , P m j + 1 P m | is = 1 (mod. 2 ), and therefore the product 

fl {1 

m-1 

is zero. But, in virtue of the congruences, 

IP^IsIP.I + l^l, \B 9 P t \ + \R 9 P s \s\R,P i P i \, 

this product is equal to 

2 r 2” 

£ gffilPj +7 ti|/2, Pi\ or e -ni\R\ V gnURP.l 

l~l i=\ 

Now e’ ril/?p ‘ l is 1 or —1 according as RPi is an even or odd characteristic. 
Hence the system of 2 r characteristics RPi contains as many odd as even 
characteristics, and therefore 2 r ~ l of each, unless all its characteristics be of 
the same character. 

300. The 2 ** Gopel systems thus obtained, each of which consists wholly 
of characteristics having the same character, either even or odd, have a 
further analogy with the 2 ^ single characteristics. We have shewn (§ 202, 
Chap. XI.) that the 2 ^ characteristics can all be formed as sums of not more 
than p of 2p + 1 fundamental characteristics, whose sum is the zero character- 
istic; we proceed to shew that from the 2 2<r Gopel systems we can choose 
2 <r + 1 fundamental systems having a similar property for these 2 2<r systems. 

Let the * = 2 ** Gbpel systems be represented by 

(A>P), ..., (A,P), 

the first of them, in a previous notation, consisting of A l and all characteristics 
which are congruent to A x for the modulus (P), and similarly with the others. 
Then we prove that it is possible, from A lf ..., At to choose 2 <r *f 1 character- 
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istics, which we may denote by A lt ..., A^+i, such that every three of them, 
say A', A", A"\ satisfy the condition 

| A\ A”, A'" | = 1, (mod. 2); 

but it is necessary to notice that, if P be any characteristic of the group ( P ), 

| A'P, A", A"' |, = | A A", A'" | + 1 P, A" | + 1 P, A"' |, 

is = | A', A", A'" | ; for | P, A" |, = | P |, is also = | P, A'" | ; hence, if B\ B", B"' 
be any three characteristics chosen respectively from the systems (A'P), 
(AT), ( A"T ), the condition | A\ A ", A m | = 1 will involve also | F, B", F" | = 1 ; 
hence we may state our theorem by saying that it is possible, from the 
2 2<r Gopel systems, to choose 2a + 1 systems , whereof every three are azygetic. 

Before proving the theorem it is convenient to prove a lemma ; if B be 
any characteristic not contained in the group (P), in other words not 
= 0 (mod. (P)), and R become in turn all the 2 2tr characteristics A u ..., A s , 
then* 

2 e ^\R,B\- q 
R 

For let a characteristic be chosen to satisfy the r+ 1 congruences 
| X, B | = 1, | X, P, | = 0, ..., |X,P r | = 0, (mod. 2), 

and, corresponding to any characteristic R which is one of A u ..., A s , and 
therefore satisfies the r congruences |2J, P*| = |PJ, take a characteristic 
S=*RX ; then 

I ^ | — I -R, I = I I = 1| a-nd | $, P* | = | RX, P { \ = \R 9 P i \ + \X,P % \s\P i \ l 
because | X, P< | = 0 ; hence the characteristics A u A g can be divided into 
pairs, such as R and S, which satisfy the equation e* 1 ^* B 1 = — e** *1. This 
proves f that Xe ™ 1 R> Bl = 0. 

R 

We now prove the theorem enunciated. Let the characteristic A x be 
chosen arbitrarily from the s characteristics A lt ..., A a ; this is possible in 
2* ways. Let A 3 be chosen, also from among A lt ... ,A 9f other than A x \ 
this is possible in 2 19 - 1 ways. Then A a must be one of the characteristics 
A lt ...,A gt other than A u A a , andj must satisfy the congruence | A l ,A a ,X | =1. 
The number of characteristics satisfying these conditions is equal to * 

* We have proved an analogous particular proposition, that if B be not the zero characteristic, 
and R be in turn all the 2 S *> characteristics, Se™ 1 B 1 =0 (§ 295, Ex. ii.). 

t If R be all the 2*** characteristics in turn, 'Le n 1 °’ ^ 1 = 2 2p . If P be one of the group (P), 
and R be one of A x , ... , A„ so that | JR, P | = | P |, we have Se* 1 P ’ R 2*. 

X We do not exolude the possibility A^A X A V Since \A lt A a , A a |, it is a 

possibility only if |4 1( 4,|al. 
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wherein R is in turn equal to all the characteristics A u ..., A t . For a term 
of this series, in which R satisfies the conditions for A Si is equal to unity*, 
while for other values of R the terms vanish. Now, since | A u A % , R | 
= | R, A x A t j + | A u |, the series is equal to 

- £ e *i I a , , A % | JgW I R, a, a, i . 

R 

the characteristic A X A % cannot be one of the group (P), for if A X A 3 = P, then 
A % =*A X P, which is contrary to the hypothesis that A x , ..., A, are incon- 
gruent for the modulus (P); hence by the lemma just proved the sum of the 
series is 2* r ~ 1 , and -4, can be chosen in 2* r “ 1 ways. 

We consider next in how many ways A 4 can be chosen ; it must be one of 
A u ..., A, other than A Xi A a , A s and must satisfy the congruences 

| A lt A a , X\ = 1, | A lt A 8 , X\ = 1, 

which, in virtue of the congruence \ A lf A 3 , A 8 \ = 1, and the identity 
I A a , A a , Z| + | A 8 , A lt Z| + | An A it -^| = | A u A u , -4 3 1, 

involve also | A iy A 8t X | = 1. The number of characteristics which satisfy 
these conditions is equal to 

2~ 2 S (1 - «i)(l - e wllA " A " *1) 

R 

or 

2^-2 _ A *> R \ - 2~ a 2e ,H i^* A *> + 2-*2e mU " A *> *l, 

R R R 

where R is in turn equal to every one of A lt ..., A t \ hence, in virtue of the 
lemma proved, using the equations, 

\A u A 3 tR\ = \AitA 3 \ + \R, A X A U \, 

I A lt A iy R\ + \ Ait A 8t R | = | A XJ A a | + | A Jt A 8 1 q* | R |, 
the number of solutions obtained is 2 itr ~ a . But we have 
\A 1 A2A 8 tAi,A 8 \=\A x ,A 3 \+\AiA 3 A 8) A 1 A 3 \=\Ai,A 3 \’\‘\A 8 ,A 1 A 2 \=\Ai t A 3 ,A 8 \ = lt 
so that A x A 2 A 8 also satisfies the conditions. 

Now it is to be noticed that, for an odd number of characteristics 
B Xf *B*+i> the condition that every three be azygetic excludes the 
possibility of the existence of any relation connecting an even number of 
these characteristics, and for an even number of characteristics B x , ..., B&, 
the condition that every three be azygetic excludes the possibility of the 
existence of any relation connecting an even number except the relation 
BiBi.'.B+s 0. For , B being any one of B u ..., B^ other than B lt B m , 
we have, as is easy to verify, 

I B X B S .., B 7m - li Btn, B | = | B x , B m , B\ + \B % , B B | + ... 4- 1 B 3m ^ Xf B m , B |, 

* It iB immediately seen that | A, B, B | =s 0. 
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so that the left hand is — 1 ; therefore, as 1 5^, J5 2m , B | = 0, we cannot have 
Fam—ByB 2 • •• ^ 2 m— i* This holds for all values of m not greater than k, and 
proves* the statement. 

Hence, 2<r + 1 being greater than 4, wo cannot have A 4 -AyA 2 A s , for we 
are determining an odd number, 2<r + l, of characteristics. On the whole, 
then, A 4 can be chosen in 2 2M — 1 ways. 

To find the number of ways in which A s can be chosen we consider the 
congruences 

\A u A. 2> X 1 = 1, \A lt A 3i X\ = l t \A u A 4 ,X 1 = 1, 

which include such congruences as \A S , A s , X| = l, \A 2 ,A 4t X| = l, etc. 
The characteristic A t must be one of A u ..., A 8 , other than A 1} A 2 , A s , A 4 \ 
the condition that A t be not the sum of any three of A lt d 2 , A iy A 4 is 
included in these conditions. The number of ways in which A s can be 
chosen is therefore 

2-*2 (1 - *i) (l - e *i\Au a b , *i) _ e *UA lt A it b\^ 

where R is in turn equal to every one of Ay, ..., A 8 \ making use of the fact 
that AyA 2 A s A 4 is not = 0, we find the number of ways to be 2 ar ~\ 

Proceeding in this way, we find that a characteristic A^ +1 can be chosen 
in a number of ways equal to the sum of a series of the form 

X [1 - ^rf|A|,A it ill] [1 __ e m\A lf A 3 ,Il\] _ M _ $ ni\A lt Atm, It |] ? 

R 

and therefore in 2 8<r ~< 2m “ 1) ways, and that a characteristic A 2m can be chosen 
in — l ways, the value A^ -A X A 2 ... d aw _i being excluded In 

particular A& can be chosen in 2 2 — 1 ways, and A^+y in 2 ways. 

To the 2<r+l characteristics thus determined it is convenient* to add 
the characteristic A 2tr+2 = A X A 2 ... d 2<T+1 ; if Ai , Aj be any two of Ay, ...yA^+x 
we have 

I A$ff+ a» A{, Aj | = j Ai, Aj, Ay | + 4* | A{, Aj, A^+y | = 1, 

the expressions | At, Aj, Ai |, ! A x , Aj, A } | being both zero. We have then 
the result : From Hie 2-* characteristics A x , ..., A s it is possible to choose a 
set Ay, ..., d 2<r+2 , such that every three of them satisfy the condition 

|d',d // ,d / "| = l, 

in 

2” (2^-1) 2‘* r ~ I (2 2<r ~ 2 — 1) ... (2 2 — 1) 2 _ 2?*+** (2^-1) (2 2 ^ 3 - 1 ) . . . (2 3 - 1) 
|2<r 4- 2 |2<r + 2 

ways; there exists no relation connecting an even number of the characteristics 
Ay, ..., A to +2 except the prescribed condition that their sum is zero; since the 
sum of two relations each connecting an odd number is a relation connecting 

* Iu the particular case of § 202, Chap. XI., A is zero. 
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an even number, there can be at most* only one independent relation con- 
necting an odd number of the characteristics A u ..., A a<r+8 . And, as before 
remarked, to every one of the characteristics A lf ..., A^ +2 is associated a 
Gopel system of 2 r characteristics. 

301. The 2' i<r systems (AjP), ..., ( A a P ), which have been considered, 
were obtained by limiting our attention to one group (P) of 2 r pairwise 
syzygetic characteristics. We are now to limit our attention still further to 
the sets A lt ..., A 2a+2 just obtained satisfying the condition that every three 
are azygetic. 

If to any one of the characteristics A u ..., A 2(r + 2 , say A k , we add the 
characteristic X, the conditions that the resulting characteristic may still 
be a characteristic of the set A lf ..., A 8 , are (§ 298) the r congruences 
| XA ki P t | = | P t |, in which i— 1, r ; in virtue of the conditions | A ky P t | 
= | Pi | , these are equivalent to the r congruences \X, P t | = 0, which arc 
independent of these latter congruences have 2 3?> ~ r solutions, but from 
any solution we can obtain 2 r others by adding to it all the characteristics of 
the group (P). There are therefore 2^“ 2r = 2 2<r congruences X, incongruent 
with respect to the modulus (P), each of which added to the set A lt ... , A 2<r+ 2 , 
will give rise to a set A/, ..., A' 2<r+2 , also belonging to A u ..., A a . Further 
| A/, Aj , A k | = | XA iy XAj, XA k \ = | A if A Jf A k | = 1 ; and any relation con- 
necting an even number of the characteristics A x \ ..., A ' i<r+ 2 gives a relation 
connecting the corresponding characteristics of A lt ..., A 2(r+2 . Thus the 
2 2<r sets derivable from A lf ..., A^^ have the same properties as the set 
A i, ... , A. 2(|--f-2 • 

Hence all the sets A u ..., A 2<r+2 can be derived from 

2" 2 (2^ -- 1) (2^" a -1)...(2 2 -1) 

|2<r -f* 2 

root sets by adding any one of the 2 2a characteristics X to each characteristic 
of the root set 

302. Fixing attention upon one of these root sets, and selecting 
arbitrarily 2a + 1 of its characteristics, which shall be those denoted by 
Ai f ..., A 2<r+1 , we proceed to shew that of the 2 2cr characteristics X, there is 
just one such that the characteristics XA lf ..., XA 2<r+u derived from 
Aiy ..., A 2(r+1 , have all the same character, either even or odd. The 
conditions for this are 

I XAi | = | XA 2 1 = = | XA 2a+ i |, 

* If the characteristic of which nil the elements, except the t>th element of the first line, are 
zero, be denoted by E/, and E» denote the characteristic in which all the elements are zero 
except the i-th element of the second line, every possible characteristic is clearly a linear aggre- 
gate of E/, ... , E p \ Ej, . ., Ep. Thus when <r has its greatest value, —p, there is certainly one 
relation, at least, connecting any 2<r + X characteristics. 

t It is only in case all the characteristics of the group (P) are even that the values of X can 
be the characteristics A x , . , A». 
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which are equivalent to the 2 a congruences 

|X, ^1 = 14,1 + 1^1, (»- 2,3, ..., (2<r + 1)); 

if X be a solution of these congruences, and P be any characteristic of the 
group (P), we have 

| XP, 4,4i | = | X, 4,4* | + | P, 4, | + | P, 4* | = 1 4, | + 1 4* | + 2 | P |, 

so that XP is also a solution ; since the other congruences satisfied by X 
were in number r, and similarly, associated with any solution, there were 2 r 
other solutions congruent to one another in regard to the group (P), it 
follows that the total number of characteristics X satisfying all the 
conditions is 2^ > ~ r ~ 2<r ~ r — 1. Thus, as stated, from any 2cr + 1 characteristics, 

4,, ..., 4 3<r+1 , of a root set, we can derive one set of 2<r + l characteristics 

4,, ..., 4^+,, which are all of the same character, their values being of the 
form 4* =* X4*. 

Starting from the same root set, and selecting, in place of 4,, ..., 4.^+,, 
another set of 2<r+l characteristics, say 4 3 , ..., 4^+2, we can similarly 
derive a set of the form 

X 4 2 , . . . , X 4 3a+2l 

consisting of 2<r + 1 characteristics of the same character. The question 
arises whether this can be the same set as 4„ ..., 4*,+,. The answer is in 
the negative. For if the set X4 2 , ..., X'4^2 be in some order the same as 
the set X4,, ..., X4 9a+lf or the set XX'4 2) ..., XX'4a* +2 the same as the 
set 4,, ..., 4a, +1 , it follows by addition that XX4, = A v + % or XX' = 4 1 4»r+2- 
Thence the set 4,4 2 4 ar+2 , 4 1 J 3 ^4 2ff+2 , ..., 4 1 4 2ff+1 4 2<r+2 , 4, is the same as 

4,, 4 2 , ..., 4^+1, or we have 2<r equations of the form 4,4*4 aa+a ~ Aj, in 
which i = 2, ..., 2<r+ 1, y = 2, ..., 2o- + l. Since there is no relation con- 
necting an even number of the characteristics 4,, ..., 4^+a except the one 
expressing that their sum is 0, these equations are impossible*. 

Similarly the question may arise whether such a set as 4,, ..., 4.^+,, of 
2<r + 1 characteristics of the same character, azygetic in threes, subject to no 
relation connecting an even number, and incongruent. for modulus (P), can 
arise from two different root sets. The answer is again in the negative. 
For if 4„ ..., A^+u and B lf ..., B^ +x be two sets taken from different root 
sets, the 2<r+l conditions X4 l = X'P l -, for i — 1, ..., 2<r+l, to which by 
addition may be added XA^^- X'B^ 2} shew that the set P,, ..., is 
derivable from the set A u ..., 4 2<r+2 by addition of the characteristic XX' to 
every constituent. This is contrary to the definition of root sets. Conversely 
if 4/, . . . , 4^+a be any one of the 2** sets which are derivable from the root 
set 4,, ..., 4 ittr+a by equations of the form 4/ = X4*, the set of 2o“ + l 

* To the sets A lt ..., A 2(T + X and X'A 2 , A r 'W a<r+2 we may adjoin respectively their respective 
sums. The two sets of 2<r + 2 characteristics thus obtained are not necessarily the same. When 
<r is odd they cannot be the same, as will appear below (§ 303). 


32—2 
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characteristics of the same character, say A x , ..., A'<„ +1 , which are derivable 
from Ai, ..., -4'ar+i hy equations of the form A l —X'Al, will also be derived 
from A u ..., An+\ by the equations A l = XA it in which X = X'Z. 

On the whole then it follows that there are 

2' 3 (2* - 1) (2*^ - 1) ... (2 a - 1) 

~ ]2~o- + l 

different sets, A u ... , A. M+l , of 2<x+l characteristics of the same character, 
azygetic in threes, subject to no relation connecting an even number, and 
incongruent for the modulus (P). 

Of the characteristics A lt A^ x there can be formed 

(2a + 1, 1) 4- (2<r + 1, 3) + . .. + (2<r + 1, 2<x + 1) - 2 2 * 

combinations*, each consisting of an odd number; and, since there is no 
relation connecting an even number of A u ..., A*r +1 , no two of these com- 
binations can be equal. These combinations all belong to the characteristics 
A lt ..., A s> satisfying the r congruences | X, Pi | = | P x | ; for 

| A x ...A*_ x ,P t \ = \ A x , P< I + ... + 1 P,\ = \Pi\. 

And no two of them are congruent in regard to the modulus (P); for a 
relation of the form 

Ai ... Atfc—i = A m A m+J ... A m +2nP > 

wherein P is a characteristic of the group (P), would lead to a relation of the 
form A ap = A X A 2 ... A^^P, and thence give \A X ... A^_,P, A. 2fi , A^+t | = 0, 
whereas 

\A X ... A. if y^ X P , A 2 p, A%p+i I — | • * • Atp— i, A.^p, ^2p+l | d" j A 2 p, P j 4“ J A 2 p+j, P j 

= | Aj ... Afy-i, A^p, Aap+i | 

= | A X) A 2 p, A 2 p+i j 4" . . . -f- 1 A 2 p~.j, A 2 p, A 2p +i j = 1. 

Thus the 2^ combinations, each consisting of an odd number of the 
characteristics A ly ..., A*,^, are in fact the characteristics A u ..., A s . We*f 
call the set A u ..., A» +l a fundamental set. We may associate therewith 
the characteristic A w+2 = A x ... A„+ lt which is azygetic with every two of the 
set A lt ..., A ar+i ; the case in which it has the same character as these will 
appear in the next article. And it should be remarked that the argument 
establishes, for the_2 2<r Gbpeljsystems (A X P), ..., (A a P\ the existence of 
fundamental sets, (A X P), ..., (A& +1 P), which are Gopel systems, by the odd 
combinations of the constituents of which, the constituents of the systems 
(AjP), ..., ( A S P ) can be represented. 

* Where {n, k ) denotes n (n - 1).. ,(n - k + 1 )/k I 

f By Frobenius the term Fundamental Set is applied to any 2<r + 2 characteristics (incon- 
gruent mod. (P)) of which every three are azygetic. 
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303. The characteristics A l9 ..., A w+1 have been derived to have the 
same character. We proceed to shew now, in conclusion, that this character 
is the same for every one of the possible fundamental sets, and depends only 

on a. Let be the usual sign which is +1 or — 1 according as <r is a 
quadratic residue of 4 or not, in other words, = 1 when <r is = 1 or 
= 0 (mod. 4), and = — 1 when <r is = 2 or = 3 (mod. 4) ; then the character 

of the sets A u ... t A*,+ l is ^ , that is, A lf ..., A„ +i are even when ^ = 4- 1 
and are otherwise odd, and the character of the sum A 2ir+:i = A 1 ... A v + y is 
e nUr j . Or, we may say 

when <7 = 1 (mod. 4), A u ..., A WJrl are even, A w +.j is odd ; 

when a = 0, A u ... f A w + 1 are even, A w+ a is even, 
when <7 = 2 (mod. 4), A Jt ..., A are odd, A ^ + 2 is odd ; 

when <r = 3, A lf ..., A w + X are odd, A .^ 2 is even. 
For if , ..., Ay, +1 be all of character e we have 

| A X A., ... A^+i | = | A x ( + ... + I -d^+i | 4- X | Ai , Aj |, 
where A t , A } consist of every pair from A lf ..., ; also 

(2^-1)^!^, 2,1 = 212,, Aj,A h \ f 

where A{, A J} A h consist of every triad from A u ..., A&+ hence, since 
|w4i, A } , A h | = 1, and, as is easily seen, n(n — l)(w — 2)/3 ! is even or odd 
according as w is of the form 4m +1 or 4 m 4- 3, it follows that '£\A l} Aj \ is 
even or odd according as 2k 4- 1 is of the form 4m 4- ] or 4m 4- 3 ; therefore 
AxA-j ... A&+X has the character e or — e according as 2k 4-1=1 or 
= 3 (mod. 4). Thus the number of combinations of an odd number from 
A u ..., iljKr+i which have the character € is 

(2<r 4- 1, 1) 4- (2<7 4- 1, 5) 4- (2<7 4- 1, 9) 4- . .. 

= £{(14- a? ) 5kr+1 -C 1 - v)*** 1 + t(l- ix)"*' -1(14- 

= 2 2<r ~ 1 4- 2*-* sin 7r *> 

4 

this number is 2 2<r_1 4- 2 <r ~ 1 when <7 = 0 or <7=1 (mod. 4) ; otherwise it is 
2 a<r — 1 — 2 <r—1 ; now we have shewn (§ 298) that the characteristics^, ..., A g 
contain respectively 2 2<r_1 4- 2 <r ~ 1 , 2 2<r_1 - 2° r ~ 1 even and odd characteristics, and 
(§ 302) that every one of A u ...» A, can be formed as an odd combina- 
tion from A u ..., ; hence € = 4-1 when <7 = 0 or <7 = 1 (mod. 4), and 
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otherwise €=— 1 ; this agrees with the statement made. Further, by the same 
argument A X A ^ ... A * T+1 has the character e or -c according as 2<r + 1 = 1 
or = 3 (mod. 4) ; and this leads to the statement made for A^^. 

The reader will find it convenient to remember that the combinations, 
from the fundamental set A lf ..., A v+li consisting of 1, 5, 9, 13, ... of them, 
are all of the same character, and the combinations consisting of 3, 7, 11, ... 
are all of the opposite character. 

Ex\ If A ly be half-integer characteristics azygetic in pairs, and S be the 

sum of the odd ones of these, prove that a characteristic formed by adding S to a sum of 
any p+r characteristics of these is even when rsOor =1 (mod. 4), and odd when r=2 or 
=3 (mod. 4). (Stahl, Crelle , lxxxviii. (1879), p. 273.) 

304. It is desirable now to frame a connected statement of the results 
thus obtained. It is possible, in 

(2-t - 1) (2^~ a - 1) . . . (2^~ 8r+a - l)/(2 r - 1) (2 r “ l - 1) ... (2 - 1) 
ways, to form a group, 

0 ,P„P 3 P X P> p,p 2 p 3 ,... 

of 2 r characteristics, consisting of the combinations of r independent charac- 
teristics such that every two characteristics P, P' of the group 

are syzygetic, that is, satisfy the congruence | P, P' | = 0, (mod. 2). Such a 
group is denoted by (P), and two characteristics whose difference is a 
characteristic of the group are said to be congruent for the modulus (P). 

From such a group (P), by adding the same characteristic A to each 
constituent, we form a system, which we call a Gopel system, consisting of 
the combinations of an odd number of r+ 1 characteristics A, AP l} ..., AP r , 
among an even number of which there exists no relation ; this system is such 
that every three of its constituents, say L, M, N, satisfy the congruence 
| L f M, N | s 0, or, as we say, are syzygetic. Such a Gopel system is 
represented by (AP). 

It is shewn that by taking 2* p “ r different values of A and retaining the 
same group (P), we can thus divide the 2^ possible characteristics into 
2 5 ?p- r Gopel systems. Among these 2^“ r Gopel systems there are 2 ! * , “ ar 
systems of which all the elements have the same character. Putting 
2 jd — 2r = 2<r we shew further that 2 <r-1 (2 <r + l) of these Gopel systems 
consist wholly of even characteristics, and that 2 cr_1 (2 a — 1) of them consist 
wholly of odd characteristics. Putting s = 2 3<r we denote the 2^ Gopel 
systems which have a distinct character by {A x P) f ..., (A a P)\ and, still 
retaining the same group (P), we proceed to consider how to represent these 
2* r systems by means of 2<r + 1 fundamental systems. 

It appears then that from the characteristics A lf ..., A, we can choose 
2<r + l characteristics A l} ..., A*r +1 in 

(2 s * — l)(2 a<r ~ a — 1) ... (2 a — l)/|2cr + 1 
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ways, such that every three of them are azygetic, and all have the same 
character ; this character is not at our disposal but is that of ; the sum 

of A u ..., ilar+i, denoted by A^ 2 , has the character e ™ . Then all the 

combinations of 1, 5, 9, ... of A u ..., A v+i have the character , and all 

the combinations of 3, 7, 11, ... have the opposite character. These combi- 
nations in their aggregate are the characteristics A Jt ..., A,. The charac- 
teristics A lt A^+i are, like A u ..., A tf incongruent for the modulus (P). 
To each of them, say A{, corresponds a Gopel system (AiP), to any con- 
stituent of which statements may be applied analogous to those made for A t 
itself. 

The characteristic A &+* is such that every three of the set A lf ..., A^ +2 
are azygetic. This set is in fact derived, as one of 2<r + 2 such, from a set of 
2<r + 2 characteristics, here called a root set, which satisfies the condition 
that every three of its constituents are azygetic without satisfying the 
condition that 2<r + 1 of them are of the same character. There are 

2' 2 (2^ — 1) ... (2 a — l)/j2cr + 2 

such root sets. It is not possible, from any root set, to obtain another by 
adding the same characteristic to each constituent of the former set. 

The root sets are not the most general possible sets of 2<r + 2 charac- 
teristics of which every three are azygetic. Of such sets there are 

2 <rH - <r (2 a<r - 1) ... (2 2 - 1)/ 2<j + 2, 

but they break up into batches of 2 Ja , each derivable from a root set by the 
addition of a proper characteristic to all the constituents of the root set. 

305. As examples of the foregoing theory we consider now the cases or=0, a= 1, <r=2, 
t r—p. When tr-=0, the number of Gopel groups of 2 fi pairwise syzygetic characteristics is 

(2p+1)(2p-i + 1) (2 + 1); 

from any such group we can, by the addition of tho same characteristic to each of its 
constituents obtain one Gopel system consisting wholly of characteristics of the same even 
character. Those results have already been obtained in caso p—2 (§ 289, Ex. iv.), 
ami, as in that particular case, the 2 J> - 1 other systems obtainable from the Gopel group 
by tho addition of the same characteristic to each constituent, contain as many odd 
characteristics as even characteristics. 

When <r = 1 , wo can, from any Gopel group of 2"' 1 pairwise syzygetic characteristics, 
obtain 4 Gopel systems, three of them consisting of 2* ) “ l even characteristics and one of 
2* ,_1 odd characteristics. The characteristics of the latter (odd) system are obtainable as 
tho sums of three characteristics taken one from each of the three even systems. 

When cr=2, the number of fundamental sets A ly A 6 is 
24(24-1) (22- l)_ e 
j5 6 ' 
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each of them has the character , or is odd, and their sum, A 6) is odd. Among the 

2 2or = 16 characteristics A Xi .... A, there are 2 2<r “ 1 -2 <r " 1 or 6 odd characteristics; these 
clearly consist of the characteristics A u ..., A e ; the six fundamental sets are obtained by 
neglecting each of A x , ..., A e in turn. Among the characteristics A lt ...» A g there are 10 
even characteristics, obtainable by combining A lt ..., A g in threes. And, to each of the 
characteristics A v ..., A, corresponds a Gopel system of 2 r =2P -<r =2*>- 2 characteristics, 
for the constituents of which similar statements may be made. 


Of the cases for which o- - 2, the case p— 2 is the simplest. After what has boon said 
in Chap. XI., and elsewhere, we can leave that case aside here. For p — 3 the Gopel 
systems consist of two characteristics ; adopting, for instance, as the group (I J ), the pair 

} t i » th® condition for the characteristics A lt ..., A„ namely | X, P x |s| 1\ |, 

reduces to the condition that the first element of the upper row of the characteristic 
symbol of X shall be zero ; hence the 16 characteristics A x , ..., A, may be taken to be 

, /0 oj a 2 \ w jj ere t / a i a 2 \ represent j n turn all the characteristic symbols for p— 2. 
\0 a, a 2 /’ *\a x a^J 


Taking next the case cr— 3 , there are «=2 2<r — 64 Gopel systems, (A P), each consisting 
wholly either of odd characteristics or of even characteristics, there being 2 <r ~ l (2 <y — 1), = 28, 
odd systems, and 36 even systems. From the representatives, A t , ..., A tf of these systems, 
which are incongruent mod. (/*), we can choose a fundamental set of 7 characteristics 


An A r in 


2 9 (2 fl - 1) (2 4 — 1) (2 2 - 1) 

II 


ways; A lf ..., A r will be odd, and their sum, A 8 , will be even; for — (})«■- 1, 

The set A lt ..., J 7 , A % is, in accordance with the theory, derived from one 

of 288/(2<r+ 2), =36, root sets A x ,^.., A 8 (§ 301), by equations of the form A x — XA it in 
which AT is so chosen that A lt A 7 are of the same character ; from this root set we can 
similarly derive 8 fundamental sets of seven odd characteristics, according as it is A 8 or is 
one of A lt A 7 which is left aside. Now the fact is, that, in whichever of the eight 
ways we pass from the root set to the seven fundamental odd characteristics, the sum of 
these seven fundamental characteristics is the same. We see this immediately in an 
indirect way. Let A lt ..., A r be a fundamental set of odd characteristics derived from the 
root set A if ..., A 8 by the equations A i =X'A t ; putting A 8 ^A l ...A Jf consider the set 
A 8t A 8 A x A 2t A 8 A x A 7y A lt derived from A v ..., A 8 by adding A 8 A X to each ; in the first 
place it consists of one even characteristic, Z s , and seven odd characteristics ; for 


I A 8 A x A t | = 1 Ag| + 1 <d 1 j + |.d*|-f|A 8 ,.d 1 , A^| = |A 8 , A xt Aj| = l, (mod. 2), 
because A u ..., A R are azygetic in threes ; in the next place 

I Agt A tl A 8 AiAi\&\ A 8i A i} A{ |sl, 

so that every three of its constituents are azygetic. Hence the characteristics A 8 A l A 2 , 
..., A 8 A l 2 y , A X t which, as easy to see, are not congruent to A v ...» A 7 mod. (P), form, 
equally with A lf ..., Z y , a fundamental set, whose sum is likewise A 8 ; they aro derived 
from A x , ..., A 8 by adding A 8 A x X to each of these. There are clearly six other such 
fundamental sets, derived from A lf ..., A 8 by adding respectively A 8 A 2 X, ..., A 8 A 7 X. 
Hence to each of the 36 root sets there corresponds a certain even characteristic and to 
each of these even characteristics there correspond 8 fundamental sets. We can now shew 
further that the even characteristics, thus associated each with one of the 36 root sets, are 
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in fact the 36 possible 1 * even characteristics of the set A lt ..., A v This again we shew 
indirectly by shewing how to form the remaining 7 . 36 fundamental systems from the 
system A lf ..., A r . The seven characteristics A 6 A 2 A 3i A 8 A 8 A lf A 8 A 1 A 2 , A 4 , A 6) A e , A r , 
are in fact incongruent mod. (P), they arc all odd, have for sum A 1 A 2 A 3 , which is even, 
and are azygetic in threes ; for A 8 A 2 A 3 is a combination of five of A lf ..., A 7 , and 

\A 4i A b , A 8 A 2 A 3 \s\ -^8* ^4> ^ 6 \ + \A 2i A 4 , A 6 \+\A 3t A it il 6 | = l, | d 4 , A b > J 6 | = l, 

Mi* -^ 8 ^ 1 ^ 2 * ^ 8 -^ 1-^3! S MM Mi* <^ 2 * ^ 3 I s ^ 2 * b 

(the modulus in each case being 2) ; hence these seven characteristics form a fundamental 
system. There are 35 sets of three characteristics, such as A lt A 2f A 31 derivable from the 
seven A lt A 7 ; each of these corresponds to such a fundamental system as that just 
explained ; and each of these fundamental systems is associated with seven other funda- 
mental systems, derived from it by the process whereby the set A n A 4 A 8 A 2 , ..., A t A 8 A 7 
is derived from A 1} ..., A 7 . 

When <r= 7 >, a Gopel system consists of one characteristic only ; we can, in 
2P 2 (2 2p — 1) (2^ - 2 — 1) (2 2 -l)/| 2^+I 

ways, determine a set of 2p + 1 characteristics, all of character , of which every three 

are azygetic ; their sum will bo of character ; all the possible 2 2p characteristics 

can be represented as combinations of an odd number of these. 

306. We pass now to some applications of the foregoing theory to the 
theta functions. The results obtained are based upon the consideration of the 
theta function of the second order defined by 

<f>(u, a; iq) = $(u + a; iq)$(u-a; £q), 
where is a half-integer characteristic; as theta function of the second 
order this function has zero characteristic; the addition of any integers to 
the elements of the characteristic i q does not affect the value of the function. 
By means of the formulae (§ 190, Chap. X.), 

u + a ; \q + N) = e" iN( i (u + a ; %q). 

^(u + £n*; %k + %q) y 

wherein N denotes a row of integers and \(u; s) = H s (u + %Q s ) — iriss\ we 
immediately find 

* (u + ia k , a ; 5 q) = e*<"> »*> (fy <f> («, a ; frlcq), 

where \kq denotes the sum of the characteristics \k t ^q\ to save the repeti- 
tion of the this equation will in future be written in the form (cf. § 294) 

<K«+n,, «; Q) = ^<“> w (q) *(«■»; KQ)\ 

when the contrary is not stated capital letters will denote half-integer 
characteristics, and KQ will denote the reduced sum of the characteristics 
Ky Q y having for each of its elements either 0 or 

* Thus, when p = 3=<r, the result quoted in § 205, Chap. XI., is justified. 
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We shall be concerned with groups of 2 r pairwise syzygetic characteristics, 
such as have been called Gopel groups, and denoted by (P) ; corresponding 
to the r characteristics P,, ..., P r from which such a group is formed, we 
introduce r fourth roots of unity, denoted by e lt ..., e f , which are such that 
e* = e m{p ' [ , ..., e r a = 0 irtlP r i ; 

the signs of these symbols are, at starting, arbitrary, but are to be the same 
throughout unless the contrary be stated. Since the characteristics of the 
group (P) satisfy the conditions 

| Pi, P, l^o, (mod. 2), (p‘) = (£), 

we may, without ambiguity, associate with the compound characteristics of 
the group the 2 r — r symbols defined by 



Consider now the function * defined by 

(«, a ; 4) = 2 (^j e ; cf> (it, a ; -IP,), 


where A is an arbitrary half-integer characteristic, and P t denotes in turn all 
the 2 r characteristics of the group (P). Adding to a a half-period f l Pk , 
corresponding to a characteristic P k of the group (P), we obtain 

<P (u + n n , a; A) = S (J) 'V a ; Al\P k ) ; 


if then P k = P»P*, or Pi = P h P k} we have 


now, as Pi becomes in turn all the characteristics of the group ( P ), P h , = PiP k) 
also becomes all the characteristics of the group, in general in a different 
order ; thus we have 


+ A)- e k e nilp k i + u < u ' 4>(w, a; A), 

= a; A). 


# If preferred the sign 



whose value is ± 1, may be absorbed in 


tain convenience in writing it explicitly. 


«<• 


But there is a cor- 
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If 2il M be any period, we immediately find 

^ (u + 2 Hjf, a ; A) = e 2A(M; tM) <1 >(u, a ; A). 

Thus, \(u\ P k ) being a linear function of the arguments iq, u p , the 
function 4>(w, a; A) is a theta function of the second order with zero 
characteristic, having the additional property that all the partial differential 
coefficients of its logarithm, of the second order, have the 2 r sets of simul- 
taneous periods denoted by the symbols ilp k . 

Ex. i. If S be a half-iuteger characteristic which is syzygetic with every characteristic 
of the group (P), prove that 

<fr(w-M2 s , a; A)=e 2 ^ UiS) 

*(u,a+a, ; yl,S-) 

and 

*(M+a.,« + O s ; J)=e**<“ i ® +2A< *’ W+ ’ nl ®'- 11 *(u,a; A). 

Ex. ii. If l\ be any characteristic of the group ( 1 \ prove that 

* (n, a ; fp <P ( u , a ; A). 

Ex. iii. When, as in Ex. i., S is syzygetic with every characteristic of the group (/*), 
shew that 

e *t\SP k \ q ^ a . j ^ i . j /\) = e nl 151 $ (?/, a ; A) 4> (v, b ; A), 

Conversely it can be shewn that if a theta function of the second order 
with zero characteristic, II (»), which, therefore, satisfies the equation 

n(u+n m )=<p~'*'n(u\ 

for integral m, be further such that for each of the two half-periods associated 
with the characteristics = P, = Q, there exists an equation of the form 

n ( u + jn m ) = +wp n («), 

where /a, v x , . . . , v p are independent of u t then the characteristics P, Q must 

be syzygetic. Putting vu = v x u x + -f v p u pi we infer from the equation 

just written that 

II (a -f ft m ) = 0K+»(w II (// + n (h) ; 

comparing this with the equation 

n (m -f n, A ) = n (n ) — n (u) 

we infer that v — H mi fi — hrri 4- \H m n m — irimm\ where k is integral, and 
hence 

IT (U + £0,*) = ± e -Jirimm'+2A(« ; im) ft 

307. In accordance with these indications, let Q(u) denote an analytical 
integral function of the arguments u lt ..., u p which satisfies the equations 

Q(u + H m ) = e^ m) Q(u ) ; Q( w + n Pib ) = 6 Jb e^ lp * l+2A < tt ’ p t ) Q(u), 

for every integral m and every half-integer characteristic P k of the group (P). 
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We may regard the group (P) as consisting of part of a group of 2** 
pairwise syzygetic characteristics formed by all the combinations of the 
constituents of the group (P) with the constituents of auother pairwise 
syzygetic group (P) of 2?~ r characteristics. Then the 2 p characteristics of 
the compound group are obtainable in the form P t P,, wherein Pi has the 2 r 
values of the group (P), and R } has the 2^~ r values of the group ( R ). Since 
every 2^+1 theta functions of the second order and the same characteristic 
are connected by a linear equation, we have 

CQ (u) — % (u, a ; P.P,), 

where C t Gi t} are independent of u and are not all zero*. Hence, adding to 
to the half-period we have 

V'i <?<«) = S (p^) <#>(«. «; P.P*P;), 

and therefore, as €*e ,a,/ V = e" 1 , 

CQ(u) = S P,-., (^) **</> («, a ; P,P»J*,) ; 

forming this equation for each of the 2 r values of P*, and adding the results, 
we have 

2 r CQ(«)= 2 C (i , ( P * W<Mu,a; P.P*P,); 

herein put P h = P»P*, so that as, for any value of t, P* becomes in turn all 
the characteristics of the group (P), the characteristic l J h also becomes all the 
characteristics in turn, in general in a different order ; then 



and, therefore, 

2 r CQ(u) = 2 S Q ( P *) 4> («, a ; P*jy, 

= a; P*P,), 

where 

and thus 

2 r (7Q (u) = 2 (m, a ; Pj). 

Now the 2P~ r functions a; P ; ) are not in general connected by any 
linear relation with coefficients independent of u ; for such a relation would 
be of the form 

2 Hfr(u + a; AQi)^(u-a; AQi)^0, 

* It is proved below (§ SOS) that the functions $ (u, a ; P t Rj) are linearly independent, so 

that, in fact, C is not zero. 
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wherein JET< is independent of u, and Qi becomes, in turn, all the constituents 
of a group (Q) of 2? pairwise syzygetic characteristics, and we shall prove (in 
§ 308) that such a relation is impossible for general values of the arguments 
a. Hence, all theta functions of the second order , with zero characteristic , 
which satisfy the equation 

Q(u + n Pjt ) = e*<r i p k i +2A <“* Q (u) 

for every half-integer characteristic P* of the group (P), are representable 
linearly by 2 P ~ T , — 2 <r , of them , with coefficients independent of u. We have 
shewn that the functions <I> (u, a ; A ), defined by the equation 

4>(u, a; il) = 2 (^j €i^(u + a) -4P t )^(w — a; A Pi), 

where the summation includes 2 r terms, are a particular case of such theta 
functions. 


308. Suppose there exists a relation of the form 

(u+a ; AQ t )S(u + b; AQ t )=0, 

where the summation extends to all the 2>' characteristics Q % of a Gopel group (Q), and 
is independent of u. Putting for w, w + Q y a , where Q a is a characteristic of the group (<$, 
we obtain 

S//,(^'j3(u+a- AQ(<ja)3(u+b-, AQ,(J.)= 0; 

hence, if « t , ..., f p are fourth roots of unity associated with a basis Qt, Q P of the group 
(Q) f as before, and this equation be multiplied by r a , and the equations of this form 
obtained by taking Q a to be, in turn, all the 2 1 ’ characteristics of the group (#), be added 
together, we have 

AQ,Q.)3(u+b; AQ,Q.)= 0; 

now let Qj=~Q a Qt, then for any value of i, as becomes all the characteristics of the 
group (Q), Qj will become all those characteristics ; therefore, substituting 


we have 






* 


.1^)5 («+i; AQ,)=0- 


hence one at least of the expressions 

(w+<i ; AQ f ) S ( u + b ; AQ,\ 

must vanish. 


Here #j, f S , ... have auy one of 2* possible sets of values. The expression cannot 

vanish for every one of these sets ; for, multiplying by we have then 





*« 7 / 


o, 


where like «<, becomes in turn the symtwl associated with every characteristic of the 
group, and there are 2* equations of this form ; adding these equations we infer It 3 =0, 
and, therefore, as j is arbitrary, wo infer that all the coefficients are zero. 
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Hence it follows that there is at least one of the sets of values for * lt ..., for 
which 


. s«,3(tt+a; A<2,)3(«+6; AQ,)=0. 

j 

When the arguments «+«, u + b are independent, this is impossible; for putting 
u+a— (I, w+6= Vj this is an equation connecting the 2 p functions S(U; AQj) in which 
the coefficients are independent of U (cf. §§ 282, 283, Chap. XV.). 


When the arguments u+o, « + b are not independent, this equation is not impossible. 
For instance, if «*= it is easy to verify that 


*h, k $ ( u +&Q k ; QhQk) $ (u> Qk) ~ - 3 (*' + &Q k ; Qh ) -9 (u ; Qh) 

and hence the equation does hold when A = 0, a — 6=0, **.=: — 1^ for all 

the values of f u ... , f*_,, e*+i, « p . For any values of the arguments w+a, u+b 

we infer from the reasoning hero given that if the functions 3 (?/+a; A Q t ) 3 (u + b ; AQ { ) 
are connected by a linear equation with coefficients, //„ independent of u, then (i) they 
are connected by at least one equation 




for one of the 2 P sets of values of the quantities c,, « 2 , ..., and (ii) similarly, since the 2 P 
functions $(w+«; AQ t ) $ (u+b; AQ t ) do not all vanish identically, that the coefficients 
are connected by at least one equation 


2^cr l =o. 


309. The result of § 307 is of great generality; we proceed to give 
examples of its application (§§ 309 — 313). The simplest, as well as the most 
important, case is that in which or = 0, r =p, and to that we give most 
attention (§§ 309 — 311). 

When <7 = 0, any two of the functions a\ A) are connected by a 

linear equation, in which the coefficients are independent of u. If v, a, b be 
any arguments, and A, B any half-integer characteristics, introducing the 
symbol e to put in evidence the fact that <&(u, a; ^4) is formed with one 
of 2^ possible selections for the symbols e„ e p , and so writing <t> (if, a ; A, e) 
for a ; .4), we therefore have the fundamental equation 


<P(u, v; 


A x _ ® (w, b ; B, e) <£ (a, v ; A , e) 
,€) ~ <t> (a, b ; B, 7) 


By adding the 2? equations of this form* which arise by giving all the 
possible sets of values to the fourth roots of unity e,, . .., e p , bearing in mind 
that every symbol €,*, except € 0 , = 1, occurs as often with the positive as with 
the negative sign, we obtain 

2?^(w + v; A) ^ (u - A) « X 2 (u +v; Al\) 

_ y $ (u, b ; B, e) <I> (a, v ; A,j) 

4>(a, 6; B, e) ~~ * 


* Wherein it is assumed that a, b have not such special values that any one of the 2* quanti- 
ties $ (a, 6 ; B, e) vanishes. Of. § 308. 
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whereby the function <f>(u,v ; A) is expressed in terms of 2** functions 

<I> (w, b ; B, e). 

By taking, in the formula 

<f> (w, v ; A, e) <P(a,b ] B, e) = (w, 6 ; iJ, e) <l> (a, ; il, e), 

or 

? J (?) © **« * < u > • ; * («> b ; BP >) 

= 2 2 (**) (J) $ («. 6 ; PA) *(m; ^P;). 

all the 2^ possible sets of values for e,, e p , and adding the results, we 
obtain 

2 ( jjj) e« ii*,'* (u, « ; jIP,) * («, fc ; PP.) 

= PP<) *<«,*; ^Pi); 

increasing a and 5 each by the half- period Cl li} we have 
" (!i«) e ’" W ‘ l *{«.»; 4PP.) * (a, 6 ; PPP,) 

= s (ii) e " 1 ' v+ " 1 ' i ' P(l i> («■ 1 ; pp.) *(«.»; ^A) ; 

taking J? to be all the possible 2^ half-integer characteristics in turn, and 
adding the resulting equations wc deduce*, putting C — AB, 

2 p <f>(u,b ; AC) <p(a, v ; A) 

= 2->> 2 2 Gc‘) e ’ t ' RP '' RA P t )4>(a,b\ RA Pfl) 

= 2 ^ S J e’« <f> («, t> ; -S) * (a, 6 ; SO), 

where .4, 0 are arbitrary half-integer characteristics, and $ becomes all 2^ 
possible half-integer characteristics in turn ; for (Ex. ii. § 295), J £e nt]1{ ’ = 2^ 

when i\ = 0, and is otherwise zero, while, for any definite characteristic AP it 
as R becomes all possible characteristics, so does RAPi. The formula can be 
simplified by adding the half-period to the argument 6; the result is 
obtainable directly by taking (7= 0 in the formula written. 

This agrees with a result previously obtained (§ 292, Chap. XVI.) ; for a 
generalisation of it, see below, § 314. 

* This equation has been called the Riemann theta formula. Cf. Prym, Untenuchungen fiber 

die ltiemann'sche Theta formed Leipzig, 1882. 
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310. The formula just obtained may be regarded as a particular case of another which 
is immediately deducible therefrom. Let (A”) be a group of 2 M characteristics formed by 
taking all the combinations of /i independent characteristics ATj, ..., ; if A be any 

characteristic whatever, we have 

2e ir»|A, JT»|) _ ( 1 +6 «U, or 0, 

K 

according as \A, A<|s0 (for i=l, ..., /*), or not; hence, putting C=0 in the formula 
of § 309, and replacing the A of that formula by K it we deduce 

2 p- f »; So"* 1 V I („, » ; S) <f> (a, b S), 

(=1 ^ 

where $ becomes all 2 L>P characteristics, 


= 8-'‘s«' i| ‘ ,|+ ’ ri|Sl sr US,,t ' l ^(a,i>| S)<l>(a,b; S) 

X i»l 

= 2V il S«" IJSI (se ,i|ft,r ' l ^(«,*i AR)(f>(a,l-, Aft), 

where R becomes all 2 ^p characteristics, 

=2‘V riMI 2'‘Se" M/il 4>(«, i); AR)tf>(a,b; AR), 


where R extends to all the 2 Sp p characteristics for which | R, K, |=0, | R, |=0. 
Putting u+Q ]{ , a + Q B for u, a respectively, and replacing AB by ( 7 , we obtain 

2 P ■ ** 2 e” 1 1 BCK ' 1 <f> («, 6 ; Bh\)<f>(a, v, UK t ) 

i=l 

o2p — 

=«"' IM| S g ’ i|BCZ i l 0(u I CL,)<f>(a,b-, CL,)-, 


here ( K ) is any group of 2 M characteristics, (A) is an adjoint group of 2 2p ~ (l characteristics 
defined by the conditions | A, A| = 0 (mod. 2), and A, C are arbitrary half-integer 
characteristics. The formula of the previous Article is obtained by taking 0. The 
formula of the present Article may be regarded as a articular case of that given below 
in § 315. 


311. The function <f>(u, v ; A) is unaffected by the addition of integers 
to the half-integer characteristic A ; we may therefore suppose that in the 
functions <j> (u, v ; A Pi) which have frequently occurred in the preceding 
Articles, the characteristic A Pi is reduced, all its elements being either 0 or J. 
In the applications which now immediately follow (§ 311) it is convenient, to 
avoid the explicit appearance of certain fourth roots of unity (cf. Ex. vii., 
p. 469), not to use reduced characteristics. Two, or more, characteristics 
which are to be added without reduction will be placed with a comma between 
them ; thus A , Pi denotes A + P { . The characteristics P { are still supposed 
reduced. 

Taking the formula (§ 309) 


+ A)^(t4 — v; A) = 2 


3> (u, b ; A', e) O (a, v ; A, e) 
<t>(a,b; A'.ej 
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where A' replaces the B of § 309, suppose a = b, and put, for 

u — b, a + v, a — v, u + v, u — v, a + b, a — b, u + b, 
respectively, 

U, V, W, U+V, U+W , V+W, 0, U+V+W ; 

then we obtain 

2 p*(U+V; A)*(U + W ; A) 

2 2 ©( V; d'.P,-)*^; ^P^F; d,P,)&(F; d.P,) 

S (J)*»(F+ TF; d',P*)&(<>; d',P») 

adding to F and TF respectively the half-periods fl B> this becomes 
2 f[P, F; d, P] [P, TF; d, C] 

s 2 »W*A , [ U, V, TF; d', B, O , PJ [IT; d', P,] [ F; d , P, PJ [TF; d, C, PJ 
= 2 *** [F, TF; d', B, C, PJ [0; d', PJ 

flr 

wherein [P, F; A, F] denotes ^ [U + V; A + P], etc., /*»= e*, i n - e t -, 

etc., and, if B = 4 , 0 = \ , 1\ - \ j , then t it}} 8 k are fourth roots of 

unity given by U fJ = e~* iri{ P+y' ) % + V , s k = e-J*»<0'+y‘ ' ] q km 

In connexion with this formula several results may be deduced. 

(a) Putting W = — V, A + B — K y A + C — D, A' — D, the formula gives 
an expression of^[U+V; K]*b [U - V; D] in terms of the quantities 

MlTjJKTPJ, *[F; Kl\], %[U;DP t ], ^[F;DPJ, »[0; JTPJ, ^[0;PPJ; 

the expression contains in the denominator only the constants ^[0; KPi ], 
^[0; -DP t ] ; it has been shewn (§ 299) that not all the characteristics KPi, 
DPi can be odd. 

Putting further K— 0, we obtain an expression of S[£7-f F; 0] 
^[£7— F; D] in terms of 

*[U; PJ. W PJ, *[F; mi W mi *[0; PJ, aps DPJ. 

Dividing the former result by the latter we obtain an expression for 
^ [U + F; K]fo[U + F; 0] in terms of theta functions of U and F with the 
characteristics DPi , KPi , P<, the coefficients being combinations of S [0 ; PJ, 
^[0; DPJ, ^[0; ifPJ with numerical quantities. In this expression the 
characteristic D is arbitrary ; it may for instance be taken to be zero. 


B. 


33 
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The formulae are very remarkable ; replacing, on the right hand, ene wiUt 
by € if as is clearly allowable, and taking D = 0, they are both included in the 
following formula (cf. Ex. viii. § 317) 


2^[w + t/; — v; 0] 

[2 e a e-Wqa%(u; K +P.)*(m; P«)] K+P a )*(v; P a )] 


= 2 


2 e a e-W*a ^(0; K + P a ) * (0 ; P a ) 

a 

where (^j , P a = ^ ^ , and the summation in regard to a extends to 

all the 2 P characteristics, P«, of the group (P). 


It is assumed that the characteristic K is such that the denominator on 
the right hand does not vanish for any one of the 2^ sets of values for the 
quantities e a . For instance the case when K is one of the characteristics of 
the group (P), other than zero, is excluded (cf. § 308). 


Ex. i. For p=l, if P denote any one of the half-integer characteristics other than 
ro, 

[5 2 («) 5 2 (v ) + ^ (u) S 2 p (t>)] 5 2 (0) - [5 2 {u)$ 2 p (v)+e vi ' p h* p (u) 5 2 (»)] $* p (0) 


5 (tt + r)5(tt- v)= - 


a 4 (0)-e" |J,| ^(0) 


where 9 (»), 9 r (») denote 9 (m ; 0), 9 (a ; /*), etc. 


Ex. ii. By putting, in case p = 2, 

*-»®. M")- 

deduce from the formula of the text that 


45i2 (0) 5 0l (0) 5 o2 (u 4- u ) S 6 (u — u ) — 2 [ l Ci Ca ^ “ (2 B "h *(1 ^4" P] [*1 *“ * Ci ~~ (2 ^ ~ *(i 

fl I fl 

wherein ±1, f 2 == ±1» and 

A—Sfi ( u ) 3q2 (m), B=S 3 (w) 5 14 (w), (7= 5 M (w) 5^ ( u\ D — 3 J2 (w) 5 01 (w), 

.d', 2T, C\ ly denoting the same functions of the arguments v!. 

Hence obtain the formula given at the bottom of page 457 of this volume. 


(/9) Putting B = C, V= W= 0, A' = A, we obtain 

22 *M,i [V; 5, B, Pi][U; AP t ] [0 ; 2*. PJ> 

[U ; A, B] — S - 1 = F a " j d p d i ta Tdi • 

. A,B, B,P k ][0-, A, P k ] 

k 


which shews that the square of any theta function is expressible as a linear 
function of the squares of the theta functions with the characteristics forming 
the Gopel system (AP). We omit the proof that these 2 * squares, 
W(U; APi), are not in general connected* by any linear relation in which 
the coefficients are independent of U. 


* Cf. the concluding remark of § 308, § 291, Ex. iv. and § 283. 
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Ex. For p—2 obtain the formula 




where (0), etc. 

(7) There is however a biquadratic relation connecting the functions 
^ ( u ; A Pi) provided p be greater than 1. In the formula (§ 309) 

+ 4,P<)*(a + 6; A,Pi)*(a-b; A, Pi) 

= 2e ,ri,/> * l &(tt + 6 ; A y P t )^(u — b; A, P<)^(a + v; A,P*)^(a — v; A y Pi), 

supposing the characteristic A to be chosen so that all the characteristics 
APi are even, as is possible (§ 299) by taking A suitably, substitute for 
u + v, 11 —Vy a -f by a — by u + b, u — b y a + v f a — v 
respectively 


u + u + w, ti-v } a + b + w, a — by u + b + w, u — b, a + a — v; 

then, putting a = 6 = 0, we have 

2 e m|i\i*( 0; A,P t )*(w; A,Pi)*(u-v\ A,Pi)*(ii + V + w; A, P») 

= 2^*1 p ''*(u; A, P t )*(v; A t P t )^(u + w; A t P % )* (v + w; A, P t ); 

i 

herein put tu — flp lf v = u + where P lt P 2 are two of the characteristics 
belonging to the basis P„ P p of the group (P) ; then we obtain 


2 **i*i*(0; A.P.W 0; A, P„ P<)*( 0 ; A, P 2 , P<)*(2« ; -A, P„ P», P.) 

= 2 P,)&(«; P lt P,)&(«; P„ P,)*(u; P„ P 2 , P,). 


Now every characteristic of the group (P) can be given in one of the forms 
Q*> QJ\ > Q*Pj> Q*P\ Pz, where Q, becomes in turn all the characteristics of 
a group (Q) of 2 p ~* characteristics ; putting 

Q>) 

= ( P ^ >3 )e'* l «' l »(«; A,Q')*(u-, A,P lt Q.)$(u; A,P„Q ,)* («; i.P.P.Q,), 


we immediately find 

ir(u; Qg) = yfr(u ; Q 8 , P,) = yjr (u ; Q*,P 3 ) = ^(u; Q^P^Po); 
hence the equation just obtained can be written 

2 t(0; Q.) 2 y* * ( “ ; Ql) ’ 

5=1 f»s=l -**W 5=1 

where Pw has the four values 0, P lt P 8 , Pi + P 2 . 

Again, if in the formula (§ 309) 

o«cw . *xcw ^ O (t«, 6; A, e)3>(a, u; A, e) 

2^( W + „; 6 ) 


33—2 
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we add to u the half period ti Pk , we obtain, after putting u = v, a = b = 0, the 
result 

M*.; i r .) - (?) S 1 A ’ J 

- 2 -» /-PA A «) 

U/7e*4>(0,0; 4,«)’ 

where 

<D(«,0; A,*) = -zQ e &(u-,AP<)-, 4>(0, 0; 4, «) = £ (**) AP<). 

By substitution of the value of S-(2w; A , P*) given by this formula, in 
the formula above, there results the biquadratic relation* connecting the 
functions ^ ( w ; A Pi). 

(8) As an indication of another set of formulae, which are interesting as 
direct generalizations of the formulae for the elliptic function p(u), the 
following may also be given. Let 

8 = \ I l + ... + x® 

vVp 

where X„ ..., \ are undetermined quantities, 8?V (v) = (v), 8*$ ( v ) — (v), 

and let 

#>(«; A) = -&\og*(v; A) = -[%(v, A)%"(v; A)-*'*(v y A); 

then, differentiating the formula 

2^(u + v; A)^(u- v, ) = v * i u : h 'lAiS\ 5 (?-•. v ) A > e ) 

« <P (a, b; A, e) 

twice in regard to v, and afterwards putting v = 0 and b = 0, we obtain 

<■<"> 

wherein 

r - ( p *\ v (^) fjS>S(a; APi) V ( - a ’ A1 ^ 

AP l ) 

2^*(a; 4P,)#>(a; 4i>,) 

= f e<i S«,*(a; ZPJ ’ 

the 2* quantities being independent of u and of a. By this formula the 
function fp(u; A) is expressed linearly by the squares of 2 p theta quotients 
(cf. Chap. XI. § 217). 

* Frobenius, Crelle, lxxxix. (1880), p. 204. The general Gopel biquadratic relation has also 
been obtained algebraically (for Riemann theta functions) by Bnoschi, Annul, d. Mat., 2* Ser. , 
t. x. (1880—1882). 
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312. These propositions (§§ 309 — 311) are corollaries from the fact that 
the functions <I>(w, a; A, e) are linearly expressible by 2P~ r of them; we 
have considered the case r=p at great length, on account of its importance. 

Passing now to the case r = p — 1, there is a linear relation connecting 
any three of the functions 

(u, a ; A, e) = 2 (^) €<^r (m + a ; — a; AP t ). 

There is one case in which we can immediately determine the coefficients in 
this relation ; we have a =*p — r = 1, 2 2<r = 4 ; there are thus four character- 
istics A y whereof three are even and one odd, which are such that all the 
2* > ~ 1 characteristics (AP) are of the same character. Taking the single case 
in which these are all odd, we have 

(Uy a ; A, e) = — (a, u ; A, e), and <1> (a, a ; A, e) — 0 ; 

hence, if, in the existing relation 

(?/, a ; A, e) + (u, b ; A, e) + v<t> (u, c ; A, e) = 0, 

wherein p t v are independent of v , we put n — a, we infer 
p : v = (c, a ; A, e) : <I> (a, b; A, e ) ; 

thus the relation is 

<l> (b t c ; A, e) ( u , a ; A, e) + <l> (c, a ; A, e) <1> (m, b ; A, e) 

+ 4> (a, b ; A, e) <P (u t c ; A, e) = 0, 
or 

2P- 1 

v 

i-i 

where 

i/r (i t j) — & (« + a ; J.P,) ^ (m — a ; 4Pi) ^ (6 + c ; AP } ) ^ (6 - c ; i4P ; ) 

+ ^ (u + b ; APi ) ^ (m - b ; ^P t ) ^ (c + a ; AP } ) ^ (c — a ; ^4Pj) 

+ ^(u+c; .AP,) ^ (w - c ; AP t )S-(a + 6; AP,)S(a-5; AP^). 

Adding together all the equations thus obtainable, by taking all the 2 p ~ l 

possible sets of values for the fourth roots of unity e„ ..., we obtain 

0 = 0 . 

1=1 

For instance, when 1, this is the so-eallcd equation of three terms, from which all 
relations connecting the elliptic functions can be derived. When p=2, it is an equation 
of six terms and there are fifteen such equations, all expressed by 

2 $(u+a; A)3(u-a; A)$(b+c\ A)$(b-c;A) 

«-o” UB| 2 9{u+a-,B)9(u-a-,B)9(b+c;B)9{b-c;B), 

a. b, e 

A and B being any two odd characteristics*. 

* Cf. Frobenius, CreUe % xovi. (1884), p. 107. 


I(5)(5W<‘j>- <*■ 
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313. Taking next the case r = p — 2, every 2 9 + l, or o, functions 
(u, a ; A, e) are connected by a linear relation. In this case there are 
sixteen characteristics A such that all the 2 p_9 characteristics (AP) are of 
the same character, six of them being odd. Denoting the six odd character- 
istics in any order by A 1} ..., A 9) and an even characteristic by A, there is an 
equation of the form 

(u, a ; A u e) + ( u , a ; A 2) e) + (n, a ; A 3 , e) 

= ( u , a ; At, e) + (u, a ; il, e) ; 

putting herein u — a, this equation reduces to a; A, e) = 0, so that 

X = 0. The other coefficients can also be determined ; for, if C = A a A st we 
have (§ 306, Ex. i.), 

<t> (■« + ft 0 , a ; 4, *) = <D («, a ; e) ; 


putting therefore for u, in the equation above, the value a + n c> where 
0 = A 3 A 9y and recalling (§ 303) that A^A 3 A 3i ^L 4 ^l a ^4 a are even characteristics, 
we infer 


x, (^j 4> (a, a ; A,A,A„ <•) = * (a, a ; A t A,A„ e). 


Proceeding similarly with the characteristics A 3 A U AjA 3 in turn, instead of 
A 2 A 3 , we finally obtain 


u£)* (fl,a; il 4 ^l 8 )^(w,a; ^) + (a, a ; A^l,) <D ( 11 , a ; A t ) 

+ C* 1 ^ 2 ) ^( a> a ’ ^AjAJ&fa a; A 3 ) = <P(a,a; A X A 3 A 3 ) 4> (u, a ; ^1 4 ), 


where, for greater brevity, the e is omitted in the sign of the function 4> 
(cf. Ex. viii., § 289). 


Ex. For p = 2, deduce the result 

^34^34 (2y) $Q2 ( U + V ) -9q 2 (w-t>) -^03^03(2 v ) + ^24 ( W “ y ) + ^23^23 ( 2y ) ^04 ( M + v ) ^04 ( U ~~ V ) 

= Vs ( 2v ) -®1 ( W + V ) $1 & - *>), 

where ^ 34 = ^ (0), etc. When «>=0 this is an equation connecting the squares of # 0<2 (w), 
$24 i U \ ^04 ( tt )» ^1 ( U )' 

314. The results of §§ 309, 310 are capable of a generalization, obtainable by a repeti- 
tion of the argument there employed. 

A group of 2* pairwise syzygetic characteristics may be considered as arising by the 

composition of two such groups. Take k,—r+s, characteristics Pl, Pr, Ql Q„ 

every two of which are syzygetic ; form the groups 

(P) =0, P u ..., i> r , PjPa, ..., ... 

(Q) =0, Q lt ..., Q tt QiQ$f ...» QiQiQs, ••• 

respectively of 2'' and 2* characteristics ; the 2 r+f combinations R it j=P i Q j form a group 
(/t) of 2 r+ * pairwise syzygetic characteristics ; for distinctness the fourth roots of unity 
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associated respectively with P lt P r , Q x , Q„ may be denoted by #„ ..., f r , £, • 

then with Pi, tl , Q } ,j 1 , Rij will be associated the respective quantities 


«*-«•(&)• 

thus if A be any characteristic 

Therefore, using the symbol ¥ for a sum extending to the whole group (PQ), 

*(u,a; A, E)= JS ul $(u+a; AR tt ,)$(u-a\ AR, J) 

= 2 (J) C, S (f£) *.9(u+a ; AQ,/\)9(u-a ; AQ,P,) 

-*(J) £,*(»,«; 4%,.), 

where * denotes a sum extending to the 2 r terms corresponding to the characteristics of 
the group (P). 

By the theorem of § 307 the functions obtainable from ^ (n y a ; A> E) by taking 
different values of a and A, and the same group (PQ), arc linearly expressible by 
< 2 jp — r - * < 2 <r — « G f them, if <r =p — r, with coefficients independent of u. The 2* functions 

(w, a ; AQ Jf *), obtained by varying a and Q,, are thernselvos expressible by 2 a of them. 

Thus, taking r+8=p, or s = a, wc have 

*(w, v ; A, i?) ¥ (a, & ; A, E) = *(u 1 b ; A, A’) ¥ («, y ; A, i?) 




«) 0 


* S ( 5) (f) U, *(«.&; 4ft, «) *(«,»; -ift,. •) ; 


taking for £ t , ...» C« all the possible 2* values, and adding the 2" equations of this form, 
we obtain 

4ft, «)*(a, b J ^,«)=s« ,il4l *(»,ii 4ft, «)*(«,»; 4ft, .)• 

/—I _/=l 

Supposo now that A lf ...,A K are the 2 2<r characteristics satisfying the r relations 
| AT, i\|s| /\|, (mod. 2), and let C m —A x A m ; then |(7, n , Z\|sO; hence, by the formulae of 
§ 306, Ex. i., adding the half period Slc m to u and 6, and dividing by the factor e"*' 0 " 1 ’ A \ 
we havo 

1 *(«,»; 46;, ft, ,)*(a, 6; 4C m ft, 0 

• =2 e' r ’ l ®; l+ ' ri|<7 '»’ ^ 6 ; 4ft,«)*(a,»; 4ft, <); 

1 

taking, here, all the 2 2<r values of (?,„ in tuni, and adding the equations, noticing that 

2 e** ^ ^ — g™ I Ai * Qj i g I A m , Qj I ^ 
rn-l m-l 

is zero because Qj is not a characteristic of the group (P), except for the special value 
Qj =0, when its value is 2 2tr (§ 300), we derive the formula 

2 2<r $ («, b ; A, «)*(et, v; A, e)= 2 e 1 *' 0 ™ 9 ' 1 4> (u, v ; A c) 4» (a, b ; *) ; 

j - 1 m»i 
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now, as already remarked (§ 298, Ex.), if a characteristic S which is syzygetic with 
every characteristic of the group (P) be added to each of the 2 2<r characteristics A v „.,A Kt 
the result is another set of 2 2<r characteristics satisfying the same congruences, | X> P x | = |f\|, 
as the set A ly ..., 4 X , and incongruent mod. (P) ; thus, taking a fixed value of y, we have 
C m Q } =C n Piy where, as C m takes its 2 2<r values, C n also takes the same values in another 
order, and P { varies with m. Hence (Ex. iii. § 306) we have 

«” I Mr 1 4 > (M, v ; AC m Qj, t) 4> (a, b ; A C m Q, , i)=e’ ric « P > (u, v ; A CJ'i, ,) 4> (a, 6 ; A CJ’i, »)■ 

= e ’" tc V<i.(,V i) ; AC„.)*(a,b-, AC,,,), 

and 

sTg-'MI*^ v; AC m Q„ .)*(«, b; AC m Q jt ,) 

TO- 1 

= v; AC my €)4>(a,b ; AC mi «), 


and therefore, finally, dividing by a factor 2* (there being 2 or characteristics in (Q)) } we 
have 

2° <b(u y b\ A y t) <b(a y v; A y e)= 2 (u y v ; AA x A my e) * (a, b ; AA x A mi «). 

TO“1 

When <r=p y this becomes the formula of § 309. We infer that the functions 
$ (Uj a ; A y e) are connected by the same relations as' the functions of the form 
$(u+a; A)S(u-a; A) when the number of variables (in the latter functions) is a. 

Ex. Prove that, with the notation of the text, 


2 v *(u y v, A y «)«2 


*{Uy b ; A y E) *( tt, v\ Ay E ) 

{ *(«, 6; Ay E) 


315. The formula of the last Article is capablo of a further generalization. Let (R) be 
a group of 2 m characteristics, formed with R ly ..., R^ as basis, which satisfy the conditions 

\RyP l \=0y... ) \Ry | B 0 

Thus (P) is a sub-group of (R ) ; the group (R) consists of (P), together with groups (RP) y 
whereof the characteristics R form a group of 2^~ r characteristics, whose constituents are 
incongruent for the modulus (P). The basis of this sub-group of 2 m-' 1 characteristics will 
be denoted by R ly ... , The total number of characteristics satisfying the prescribed 

conditions is 2 2 * ) ~ r ; thus fi^2p-r y and, when p<2 p-r the given conditions are not 
enough to ensure that a characteristic belongs to the group (72). 

Then, if F y G be arbitrary characteristics, and R t become in turn all the characteristics 
of a group of 2 M_r characteristics of the group (R) which are incongruent mod. (P), we 
have 

2 •>- I**V e” ! 1 F0Bi 1 * («, b ; Gil,, ,) *{a,v, OR,, ,) 

i-1 

-V*— 2 niPOR, s e* 1 1 '" '*(»,»; GRfi m , .)*(a,6; UR,C m , ,), 

1 to -1 


where C m —A x A m . Since | R it P |==0, the constituents of the set RiC m , where R t is a fixed 
characteristic and m=l, 2, ..., 2 2<r , are in some order congruent (mod. (P)) to the con- 
stituents of the set C m ; hence (§ 306, Ex. iii.) the series is equal to 


7 'aV 1 +,rtl 4 . (u, v ; oc n ,,)*(p,b-, ac m , ,), 


TO“ 1 


(Te" 1 F0 °r»’ R i ') *(«,»; GC m , ,)*(a,b; GC m , e) ; 
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now 2 R{ is .zero, unless |Z, Lit |s0 (mod. 2) for every characteristic /?„ in which 
case its value is 2^~ r ; thus the series is equal to 

2 e «i\FQ\+m\FGS m \ * (w> v . FSmt f) * ft. € ), 

whore satisfies the conditions involved in | S m , | s 0, FOC m =S mi namely the con- 
ditions 

I $w» 1=0, •••> |^m> | FGS m , P ! | = 0, | FGS mi P r 1=0; 

the number of characteristics satisfying these /x conditions is ; the number of these 
which are incongruent for the modulus (P) is 2 2 P“^“ r =2 2<r+r “ M . 

Suppose now that | FO t I\ | = 0 , ..., | FQ % P r | = 0; then the characteristics S m con- 
stitute a group satisfying the conditions | S m , i-i | = 0, where R becomes in turn all the 2** 
characteristics of the group (R). The group (S) of the characteristics S m may be obtained 
by combining the characteristics of the group ( P ) with the characteristics of a group of 
2 ‘ 2 «r-M+r characteristics which also, satisfy those conditions and are incongruent for the 
modulus (P) ; putting p=r+p, we have therefore* 

2 <’-<■?«" I TOii < l *(«,i ; GR it .)*(«,»; G/t„,) 

t*l 

= e ’ i|TO|S TV |roS »' *(«,.; FS mt . )•(*,»; 

m=l 

In this equation each of R t , S in represents the characteristics, respectively of the 
groups (/£), (#Sf), which are incongruent mod. (/*). But it is easy to see (§ 306, Ex. lii.) 
that we may also regard R„ S m as becoming equal to all the characteristics, respectively, 
of the groups (R), (S). 

316. We have shewn in Chap. XV. (§ 286, Ex. i.) that a certain addition 
formula can be obtained for the cases p = 1 , 2, 3 by the application of one 
rule. We give now a generalization of that rule, which furnishes results for 
any value of p. 

Suppose that among the 2 2<r characteristics A lf A it ..., A K which, for any 
Gopel system (P) of 2 r characteristics, satisfy the conditions 

\X,P l \ S \P l \,...,\X,P r \ = \Pr\, 

we have k + 1 = 2°”+ 1 characteristics B u B, of which B is even, which 

are such that, when t is not equal to j } BB % Bj is an odd characteristic ; as 
follows from § 302 of this chapter, and § 286, Ex. i., Chap. XV., this is 
certainly possible when <r = 1, or 2, or 3 ; and, since 

\BB x B ji P\ = \B t P\ + \B it P\^\B jt P\ = \T\ i 

* The formula is given by Frobenius, Crellc, xcvi. p. 95, being there obtained from the 
formula of § 310, whioh is a particular case of it. The formula is generalised by Braunmiihl to 
theta functions whose characteristics are n-th parts of integers in Math. Annul . xxxvn. (1890), 
p. 98. The formula indudes previous formulae of this chapter. 
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the characteristics BB x Bj will be among the set A lt ,. u , A K , so that all 
characteristics congruent to BB X B } (mod. (P)) are also odd. Then by § 307 
there exists an equation of the form* 

k 

\<P(u, c; B,e)= 2 a ; B m> e), 

w-l 

wherein the coefficients X, X^ ..., X A , are independent of u. Put in this 
equation « = a + > then we infer (§ 306, Ex. i.) 

\4> (i a , c ; B u e) * X*<l> (a, a ; 2?, t) ; 

hence we have 

<£(a, a; i?, 6)4 >(m, c; B t e)— 2 e "* 1 BBm * <b(a, c; e)<J>(M, o; e), 

m=l 

which is the formula in question f. 

Adding the 2 r equations obtainable from this formula by taking the 
different sets of values for the fourth roots of unity e lf ..., e rt there results 

2 e"*My/r 0 (BPi)= 2 2 f(B m Pi), 

i=l m=l i=L 

where 

f o (BPi) = & (0 ; BPi) * (2o ; BP { ) * (u + c ; BP { ) ^ (« - c ; BPi), 
i'(B m Pi)='b(a + c; B m Pi) ^(a-c; B m Pi) ^(u + a; B m P,)^(u-a; B m P,). 
Herein we may replace the arguments 

2a, u -f c, u — c, a 4- c, a — c, a + a, a — a 
respectively by 

F, F,*(tf+F- W), i(U+V+W), M-U+V+W), 

and thence, in case p = 2, or p = 3, obtain the formula of Ex. xi., § 286, 
Chap. XV. . 

Or we may put a = 0, and so obtain 
2e*UM^(0; BPi)*(u + c', BPi)*(u-c; BP { ) 

i=i 

= | I bp , l^( M; 5 m p t ) ^ (c . B„Pi). 

I» = l »— 1 

Other developments are clearly po&sible, as in § 286, Chap. XV. 

Ex. When or*=l there are three even Gopel systems, and one odd; let (BP), (B l P), 
(B 2 P) be the three even Gopel systems; then we have 

* (a, a ; B , «) ♦ (m, o.; B , c) 

/(„«)*(«, a; B 1 >< )+c' ,|£fl,l 'l'(a,c; £„ «) <t («, a; it„ «), 

* We may, if we wish, take, instead of the characteristic J9 on the left hand, any characteristic 
A such that | A, (isl,..., V). 

t For similar results, cf. Frobenius*, Grtlle, lxxxix. (1880), pp. 219, 220, and Noether, Math 
Annul, xvi. (1880), p. 327. 
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whore $ (u, a ; B, t\ consists of 2 p ~ l terms ; for instance when p— 1 we obtain 
3(0; B)$(2a; B)S(u+c- f B)9(u-c; B) 

_ e *t\BB x l^^ a+c . B x )S(a-c\ j5,)S(tt+a; B^9(u-a\ B x ) 
+ e n\BB,\ $( a + c . B 2 )S(a-c; B 2 ) 9 (u + a; B 2 )S (u — a; B 2 ). 

317. Ex. i. If P bo a fixed characteristic and {u\ A) denote the function 
9{u\ A)9(u\ A+P ), prove that 

+ yl)s=ei’ rt l' P * +2A ^ w; (a; A), 
and 

-<* +<?)/*(#; £+$)• 

Hence, if 2? n Z?be ^+1 = 2 P ~ 1 + 1 characteristics each satisfying the condition 

| X t 7*1 = | P |, such that, when i is not equal to j\ BB X B 3 is odd, we have (§ 307) an 
equation 

2^—1 

2 X„*(«; B m ), 

»n=l 

where A is any other even characteristic such that | A, P|s| P | ; putting a=Q«+Qp t , we 
obtain 

x(^)*(°; A + B + B,)-=\<*(0; B + 2B,)~\,(£Jlr(0; B ) ; 

therefore 

2p-i /BB \ / P \ 

♦ (0; B)*(u ; \ABj \B„J * »,„)• 

Ex. ii. Obtain applications of the formula of Ex. i. when p= 2, 3, 4; in these cases 
<r, = /> - 1 , =1, 2, 3 respectively, so that we know how to choose the characteristics 
Z?i, ..., /?*, B (Ex. i., § 286, Chap XV., and § 302 of this Chap.). 

Ex, iii. From the formula (§ 309) 

3(« + 6; A)9(u-b; A)9(a + v; A)9(a-v; A) 

= 4 2e,nMjR1 S(u+tr, R)9(u-v; R)9(a + b; R)9(a~b; R) } 

2) h 

by putting a-f Oj» for a, and b—v~0, we deduce 

3 8 («; A) 3 2 (a ; ,1 /') = 2 - k 2 e" 1 1 (^) 9‘‘ (it ; It) 3- {a ; PH), 

where A, P are any half- integer characteristics and R becomes all the 2^ half-integer 
characteristics in turn ; putting RP for R we also have, from this equation, 

3 S («; A) 3* (a; AP)=2-"Se wiiAB ^^e niuIt ' 1 ‘ i ^ («; RP)S‘(a; It)-, 
therefore 

[ 1+<I WM,P|+W|P!] 3a (0; AP) 

= 2 -„j e .i|^i!l^^[ 1+e »i|P|+ , rilJ!,P|] S 2(0; fl)32(0; PR). 

The values of R may be divided into two sets, according as | R, P| + | P| = l (mod. 2), 
or s0; for the values of the former set the corresponding terms vanish; the values of R 
for which | jR, P\ + | P|s0 (mod. 2) may be either odd or even; for the odd values the 
zero values of the corresponding theta functions are zero ; there remain then (§ 299) only 
2 . 2 p “ 2 (2 p_1 + 1) terms on the right hand corresponding to values of R which satisfy the 
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conditions |/f | = |^P|==0 (mod. 2); these values are divisible into pairs denoted by 
R=E, R—EP\ for such values 1 +«*!*■ p l + "l pi = 2, and 
e *i\AE\( r\ +e *iuiiP i ( i' \ 

a \ae) + \aep) 

thus, provided | A, i*| + |P|sO (mod. 2), 

3 a (; J)a 2 (; AP)= 2-(i'-*)S«' ri l jl *l(^3*(; E)3‘{-, EP), (i), 

wherein J) denotes S 2 (0 ; J), etc., and, oil tho right hand there are 2' ) “ 2 (2i , ~ 1 + l) 
terms corresponding to values of E for which 1 E | s | EP | = 0 (mod. 2), only one of the two 
values, E, EP, satisfying these conditions being taken. 

Putting P=0, u=a , in the second equation of this example, we deduce in order 

3*(n; J)=2-02«" ,mb| 5 < («; *)! -3*(«; J/’) = 2‘"2«" Mrai 3 4 (»; It)-, 

R It 

so that, by addition, 

$<(«; A) + e ntlA ' Pl S i (u; .-10 = 2-^2e ,rl| ^ /i| [l+e’ rt|/> l +,r, l /? * /> l]^(ie; R) ; 
thus, as before, 

$•(; A)+e H,J ’ p, 3*(; AP)=2-(P-»Se’ nlA£l {3* (; E)+c’ i,A - PI S* (; E/% (li). 

Ex. iv. Taking p- 2, let (P)=0, P x , P 2 , P X P., lie a Oopel group of even charac- 
teristics*; let B x , B 2 , B x B 2 be such characteristics (§ 297) that the ( lopel systems 
(P), (B l P), (B 2 P), ( B x B 2 P ) constitute all the sixteen characteristics; each of the systems 
( B l P) i (B 2 P), (B l B. i P) contains two odd characteristics and two even characteristics. 
Then, in the formulae (i), (n) of Ex. ni., if P denote any one of the three characteristics 
P x , P 2 , P x / 2 , the conditions for the characteristics E are | E, 7* | = | | = 0, | /? | = 0; the 

2. 2p~ 2 (2 p “ 1 + 1), =6, solutions of these conditions must consist of 0, Q, B and P, QP, BP, 
where Q is defined by the condition that the characteristics 0, Q, P, QP constitute tho 
group (/*), and B is a certain even characteristic chosen from one of tho systems (B x I*), 
(B 2 P), (B x B 2 P). Hence, when P=P X , wo may, without loss of generality, take for the 
2P-* (2^ _I + 1)=3 values of E which give rise to different terms in the senes (i), (u), the 
values 0, P 2 , B x ; similarly, when P—P 2 , wo have, for the values of E, E— 0, /*,, B t ; and 
when P=P X P 2 , E- 0, P t , B x B t \ taking A to 1x5 respectively t B lf B 2 , B X B 2 in theso 
cases, we obtain the six equations 

(£')s*(; 0 )3*(; 1\)+°”' B,P '' (fj.) V (i A)^(i ^)3 2 (; A /* 1 )=0, 

3*(; o)+3 4 (; PJ+3'U P,l\)]-[3*(.-, ^)+5'(; V’,)]=o, 

°P 2 (; J‘i)+e m ' B ’ Pl 1 (^/.J W-^(; AW; V.)=o, 

S 4 (; 0)+5*(i yy +e -lfi.'M[34(. y- l)+ ^(; /*,/'„)]- [3 ' (; /? a )+3*(; iS a /’ a )]=0, 

0)S2(: -5 2 (; /',)«»(; /'„) 

-3 2 (; B v B t l\Pj>~ 0, 

$ 4 (;0)+3<(; / J 1 / > a )+e' ,|fl " B ’ p ' l [3 t (: /’,)+a 4 (; -[!*(; fi 1 Zf J )+3 4 ( i 2J, 

* There are six such groups (Ex. iv. § 289). 

t We easily find | B l B i P l | s | B X B 2 P 2 1 s - 1 B X B 2 j . Thus the case when B X B % is odd is 
mcluded by writing B X P X in place of B x . 
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wherein e * 1 ' -® 1 p * ' =6** ' BlPl \=r e ni ^ BlB7Pl = - 1. These formulae express the zero values of 
all the even theta functions in terms of the four S ( ; 0), £ ( ; P t ) t 3 ( ; P 2 ), 3 ( ; P X P£). 
Thus for instance they can be expressed in terms of ^6> ^34> ^12> ; the equations Have 

been given in Ex. iii., § 289, Chap. XV. 

Ex. v. We have in Chap. XVI. (§ 291) obtained the formula 
3(u-v; q)3(u+v\ J 3 + v ; 

where t represents a set of p integers, each either 0 or 1, and has therefore 2P values. 

Suppose now that q % r represent the same half-integer characteristic, =£ + i > 

= C'+A a , say; then we immediately find 

*.[*• *.•]• 

where fV denotes the row of p intcgi rs, each either 0 or 1, which are given by (i'^),s* l '+c l ' 

(mod. 2); herein the factor e nlcc '$ l ^ J is independent of k a . For K a we take now, in 
turn, the constituents 

0, A n A 2 , ..., K p , E l R 2t ..., h l A i h. li ... 
of a Go pel set of 2'* characteristics, in which 

/ 0 , 0 , 0 , ..A _ / 0 , 0 , 0 , ...\ _ /o, ..., 0 , 0 \ . 

Al “Hi,o,o >,.J’ A2 “Ho, 1,0, ..J’"’ A ^Ho,...,o,ij’ 

then denoting 3 [a + r ; CA'J 3 [u - v ; CATJ by [CA'J, we obtain 2 p equations which are all 
included in the equation 

([CA',1 . , [CA'J)-./( e ’" w '3 1 [»; **], .... **•*]), 

whereiu «=2 p , r/, represent the different values of e', and J is a matrix wherein the 

/3-tli element of the a-th row is 3 l [■■n- 

The 2 p various values of c ' for an assigned value of c\ are, in general in a different 
order, the same as the various values of ; wo may suppose the order of the columns of 
J to be so altered that the various values of t^c' become the values of in an assigned 

order , the order of the elements e wicc ' 3 t , ..., ^ J being correspond- 

ingly altered. When this is done the matrix J is independent of the characteristic C. 
Now it is possible to choose 2 p characteristics C, say C,, ..., C, such that the Gopel 
systems (C t K) give, together, all the 2 p possible characteristics ; then the 2 p equations 
obtainable from that just written by replacing C in turn by ..., C ti are all included, 
using the notation of matrices, in the one equation* 

j ■»[«+*; C.A'„] 9 [« - „ ; C, A',] | - < .***•'• 3,[® ; j> | S, [# j *£] j , 

wherein C a denotes a row of p integers, each either 0 or 1, and has 2 p values. In each 
matrix the element written down is the /9-th element of the a-th row’. 


* We can obviously obtain a more general equation by taking 2 *p different sets of arguments, 
the general element of the matrix on the left hand being £ [u w +v {B) ; C*Kp] ^ [u (a * - r ^ ; C*Kp], 
Cf. Chap. XV. §291, Ex. v., and Caspary, Crelle, xcvi. (1884), pp. 182, 324; Frobenius, Crelle > 
xcvi. (1884), p. 100. AIbo WeiorstraHs, Sitzungsher. tier Ah. d. Wise, zit /ter/in, 1882, i. — xxvi. 
p. 506. 
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Ex. vi. If in Ex. v., 2, and the group (A’) consists of the characteristics 

*©.*©!*©.*©• 

while the characteristics G consist of 

and the values of C are, in order, 

( 0 , 0 ), ( 0 , 1 ), ( 1 , 0 ), ( 1 , 1 ), 

shew that the sixteen equations expressed by the final equation of Ex. v. are equivalent to 


‘ K). EH?£m 

)-( 

«4> «3> “ a 2» a l ) ( ft* ~ft> ft* ft) 

-H' [“]• [»]■ PI] 


I ~ fl 3* w 4> a l» fl 2 ft» ft» ft* “ ft 

ron rin rooi rioi 
[00]* LnJ* LoiJ 2 L10J 


fl li n 2> °3» “ fl 4 ~ft» ft* ft* ft 

rni ron rioi rooi 
L10J' Lou’ Liu* L°oJ 

1 

a 2* ~ a l» a 4» a 3 ^4* ft* ~ ft* ft 

i 

wherein, on the left hand, denotes 5 + 0 ; J (jJ) J ^ - v ; $ ) J > etc -> a °d on 

the right hand, 


*©]• a *= 9 '[ v; *©]• *©]• a, ~ $l [ u; *(»)]• 

0 l5 0 2 , 0 3 , 0 4 being respectively the same theta functions with the argument v. 

Nowif A, B denote respectively the first and second matrices on the right hand, the 
linear equations 

(yi» y%> !h» 2 / 4 ) = A ( X 1> *2* - r 3. ( J i » r 2»‘- r 3» x i) = B(z lf z 3 , z v z 4 ) 
are immediately seen to lead to the results 

y \ + Vl +V* +^4* « («1 2 + «2 2 + a 3 2 + V) W + *2 2 + *s* + V)» 

*,*W+ («i 2 +^+«3 8 +*4 2 ) ; 

hence if they-th element of the *-th row of the compound matrix AB, which is the matrix 
on the left-hand side of the equation, be denoted by y. Jf we have 

• r?*, r » ,sss l» 2, 3, 4), 

and these equations lead to 

Denoting |H^J * fooj’ » [ a i c i], etc., as in the table of § 204, and inter- 

changing the second aud third rows of the matrix on the left-hand side, we may express 
the result by saying that the matrix 



K«i]. 

-K«] . 

w 

[a,cj, 

E a « c i J > 

[a,c], 


-w . 

[«J , 

M , 


-w * 

-[<*>] . 

-[«!««]. 

[0] 


gives an orthogonal linear substitution of four variables*. 

# An algebraie proof may be given ; cf. Brioschi, Ann. tl. Mat. xiv. 
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Ex. vii. Deduce from § 309 that 
®Hu+v\ AP { )S(u-v; AP ,)<*2 . 


•r l [s«.3*(ttj AP. ) faWw, AP . ) 


where P { , P. are characteristics of a GSpel group (/>), of 2* characteristics. Infer that, if 
n be any positive integer, and AP, be an even characteristic, 3 (nv ; AP,) is expressible as an 
integral polynomial of order n a in the 2P functions $ (v ; APJ. 

Ex. viii. If P.=i , deduce from § 309, putting 

a=b=u- V=v-V=\a„, 

that 

where X{U+V ’ V ~ n * ( °’° )!=x((/ ’ 0)xW-n 

x(u, j( M; K+P,)3(r- />.). 
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CHAPTER. XVIII. 

Transformation of Periods, especially Linear Transformation. 

318. In the foregoing portion* of the present volume, the fundamental 
algebraic equation has been studied with the help of a Riemann surface. 
Much of the definiteness of the theory depends upon the adoption of a 
specific mode of dissecting the surface by means of period loops ; for instance 
this is the case for the normal integrals, and their periods, and consequently 
also for the theta functions, which were defined in terms of the periods 
nj of the normal integrals of the first kind ; it is also the case for the 
places of § 179 (Chap. X.), upon which the theory of the 

vanishing of the theta functions depends. The question then arises; if we 
adopt a different .set of period loops as fundamental, how is the theory 
modified, and, in particular, what is the relation between the new theta 
functions obtained, and the original functions ? We have given a geometrical 
method (§ 183, Chap. X.) of determining the places m u . . . , m p from the 
place m, from which it appears that they cannot have more than a finite 
number of positions when m is given, and coresidual places are reckoned 
equivalent; the enquiry then suggests itself; can they take all these possible 
positions by a suitable choice of period loops, or is one of these essentially 
different from the others ? The answers to such questions as these are to be 
sought from the theory of the present chapter. 

There is another enquiry, not directly related to the Riemann surface, 
but arising in connexion with the analytical theory of the theta functions. 
Taking p independent variables u u ..., u p , and associating with them, in 
accordance with the suggestion of §§ 138 — 140 (cf. § 284), the matrices 
2 (o , 2 o> f 2 tj, 2 tj\ we are thence able, with the help of the resulting equations 

2 h<o — iri } 2 h(o' = b, 77 = 2ao>, 77' = 2aa>' — h, 

to formulate a theta function. But it is manifest that this procedure makes 
an unsym metrical use of the columns of periods arising respectively from 
the matrices <0 and <0 ; and it becomes a problem to enquire whether this 

* References to the literature dealing with transformation are given at the beginning of 
Chap. XX. 
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want of symmetry can be removed; and more generally to enquire what 
general linear functions of the original 2 p columns of periods, with integral 
coefficients, can be formed to replace the original columns of periods; and, if 
theta functions be formed with the new periods, as with the original ones, 
to investigate the expression of the new theta functions in terms of the 
original ones. 

So far as the theta functions are concerned, it will appear that the 
theory of the transformation of periods, and of characteristics, includes the 
consideration of the effect of a modification of the period loops of a Riemann 
surface; for that reason we give in this chapter the fundamental equations 
for the transformation of the periods and characteristic of a theta function, 
when the coefficients of transformation are integers; but the main object 
of this chapter is to deal with the transformation of the period loops on a 
Riemann surface. The analytical theory of the expression of the transformed 
theta functions in terms of the original functions is considered in the two 
following chapters. 

In virtue of the algebraical representation which is possible for quotients 
of Riemann theta functions (as exemplified in Chap. XI.), the theory of 
the expression of the transformed theta functions in terms of the original 
functions, includes a theory of the algebraical transformation of the funda- 
mental algebraical equation associated with a Riemann surface ; it is known 
what success was achieved by Jacobi, from this point of view, in the case of 
elliptic functions; and some of the earliest contributions to the general 
theory of transformation of theta functions approach the matter from that 
side*. We deal briefly with particular results of this algebraical theory in 
Chap. XXII. 

319. Take any undissected Riemann surface associated with a funda- 
mental algebraic equation of deficiency p. The most general set of 2 p 
period loops may be constructed as follows : 

Draw on the surface any closed curve whatever, not intersecting itself, 
which is such that if the surface were cut along this curve it would not be 
divided into two pieces; of the two possible directions in which this curve 
can be described, choose either, and call it the positive direction ; call the 
side of the curve which is on the left hand when the curve is described 
positively, the left side; this curve is the period loop (-40; starting now 
from any point on the left side of (.4.!), a curve can be drawn on the surface, 
which, without cutting itself, or the curve (-40, and without dividing the 
surface, ends at the point of the curve (.dj) at which it began, but on the 
right side of (ill); this is the loop (R,), and the direction in which it has 

* See, in particular, Richelot, CreUe , xvi. (1837), De tran8formatione...integralium Abelian- 
orum primi ordinis; in the papers of Kdnigsberger, CreUe , lxiv., lxv., lxvii., some of the 
algebraical results of Richelot are obtained by means of the transformation of theta functions. 

34 


B. 
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been described is its positive direction ; its left side is that on the left hand 
in the positive description of it. The period associated with the loop (A), 
of any Abelian integral, is the constant whereby the value of the integral 
on the left side of (A!) exceeds the value on the right side, and is equal to 
the value obtained by taking the integral along the loop (5,) in the negative 
direction, from the end of the loop (Bj) to its beginning. The period 
associated with the loop (B x ) is similarly the excess of the value of the 
integral on the left side of the loop (B t ) over its value on the right side, and 
may be obtained by taking the integral round the loop (A x ) in the positive 
direction, from the right side of the loop (B } ) to the left side. These periods 
may be denoted respectively by Hj and O/. 

320. It is useful further to remark that there is no essential reason why what we have 
called the loops (B x ) should not be called respectively the loops [2?J and [JJ. If 
this be done, and the positive direction of the (original) loop (J5,) be preserved, the 
convention as to the relation of the directions of the loops [Jj, [2?J will necessitate a 
reversal of the convention as to the positive direction of the (original) loop (Aj). If the 
periods associated with the (new) loops [dj, [2^] be respectively denoted by [fl] and [O'], 
we have, therefore, the equations 

[O] = O', [Q']=-0. 

These equations represent a process— of interchange of the loops (d x ), (J^), with retention 
of the direction of (Z?j) — which may be repeated. The repetition gives equations which we 
may denote by 

{0}=[0']=-0, {O'} = — [O] = — O', 

and the two processes are together equivalent to reversing the direction of loop (dj), and 
(therefore) of the loop (Z? x ). The convention that the loop (BJ shall begin from the left 
side of the loop (d x ) is not necessary for the purpose of the dissection of the surface into a 
simply connected surface; but it affords a convenient way of specifying the necessary 
condition for the convergence of the series defining the theta functions. 

321. The pair of loops (A^, (B x ) being drawn, the successive pairs 
(A a ), (R a ), ..., (A p ), (B p ) are then to be drawn in accordance with precisely 
similar conventions — the additional convention being made that neither 
loop of any pair is to cross any one of the previously drawn loops. If 
the Riemann surface be cut along these 2p loops it will become a p-ply 
connected surface, with p closed boundary curves. It may be further 
dissected into a simply connected surface by means of (p — 1) further cuts 
(C7,), ..., (C p - j), taken so as to reduce the boundary to one continuous closed 
curve. 

Upon the p-ply connected surface formed by cutting the original surface 
along the loops (AO, (H), ..., (A p ) y (B p ), the Riemann integrals of the first 
and second kind are single- valued. In particular if W lf ..., W p be a set of 
linearly independent integrals of the first kind defined by the conditions 
that the periods of W r at the loops (A,), ..., (A p ) are all zero, except that at 
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(A r ), which is 1, and if T r>9 be the period of W r at the loop (B 9 ), the imaginary 
part of the quadratic form 

Tutt! 3 + + 2T M n 1 Wa + + TppTll 

is necessarily positive * for real values of n l9 ..., n p . This statement remains 
true when, for each of the p pairs, the loops (A r ), (B r ) are interchanged, 
with e.g. the retention of the direction of (B r ) and a consequent change in the 
sign of the period associated with ( A r ), as explained above (§ 320); if the 
loops (A r ), (B r ) be interchanged without the change in the sign of the period 
associated with ( A r ), the imaginary part of the corresponding quadratic 
form is negative 

322. In addition now to such a general system of period loops as has 
been described, imagine another system of loops, which for distinctness we 
shall call the original system ; the loops of the original system may be 
denoted by (a r ), (b r ) and the periods of any integral, u iy associated therewith, 
by 2 <Oi tT) 2 <o\ r ; the general system of period loops is denoted by ( A r ), ( B r ), 
and the periods associated therewith by [2 © ijr ], [2co\ t r ]. For the values of 
the integral Ui, the circuit of the loop (B r ), in the negative direction, from 
the right to the left side of the loop (A r ), is equivalent to a certain number, 
sayj to a Jt r, of circuits of the loop (bj) in the negative direction, together 
with a certain number, say a'^ r , of circuits of the loop (a ; ) in the positive 
direction (r,j = 1, 2, ..., p); hence we have 

[*>>, r ] - I (<»,•, ,«* r + a'l r), (r = 1, 2, 

similarly we have equations which we write in the form 

[Vi, r] = i (a>i, iPt, r + r)> (r = 1, 2, ... , p), 

3=1 

the interpretation of the integers r , y 3'j , r being similar to that of the 
integers a J>r , a! Jt r . 

Thus, if u ly u p denote p linearly independent integrals of the first 
kind, and the matrices of their periods for the original system of period 
loops be denoted by 2o>, 2 &>', and for the general system of period loops by 
[2©], [2 ©'], we have 

[g>] = wa + ©V, [©"] = + aft', 

where a, a', ft, ft' denote matrices whose elements are integers. 

* And not zero, since n l W l + ... + n r W p eannot be a constant. Gf. for instance, Neumann, 
Riemann’s Theorie der AbeVschen Integrals (Leipzig, 1884), p. 247, or Forsyth, Theory of 
Functiom (1898), p. 447. (Riemann, Werke, 1876, p. 124.) 

t As previously remarked, p. 247, note. 

J A circuit of ( b ,) in the positive direction furnishing a contribution of - 1 to a ;>r . 

34—2 
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If L u ..., L p be a set of p integrals of the second kind associated with 
Wj, u pt as in § 138, Chap. VII., and satisfying, therefore, the condition 

l[D x ^D t Lr-D z uVBX' a } = D x [(,. •) *] - D, [(*, *) *?] . 

and the period matrices of L u .,.yL p at the original and general period 
loops be denoted respectively by — 2 77 , — 2t)' and — [ 2 77 ], — [ 2 77 '], we have, 
similarly, for the same values of a, a!, 0, 0' i 

[ 17 ] = 97 a + v*’> W] = V@ + i)'P . 

We have used the notation fl P for the row of P quantities 2o>P + 2 ft/P, 
where P, P' each denotes a row of p quantities ; we extend this notation to 
the matrix 2 ©a + 2 ©'a', where a, o' each denotes a matrix of p rows and 
columns, and denote this matrix by Q tt ; similarly we denote the matrix 
2170 -f 2vj'a by H * ; then the four equations just obtained may be written 
[2co] = n a , [2*/] = n„, [2rf] = H ai [2rj f ] = Hp. (I.) 

Noticing now that the matrices [ 2 »], [ 2 to], [2rj], [ 2 77 '] must satisfy the 
relations obtained in § 140, we have 

*7 n = M [«] - [©] [V] = i (HA - ftjl,) 

= (av + aV ) (©£ + co'0') — (aa> + aV) (t) 0 + rj'0') 

— a (rjco — COT)) 0 + a (rj'a) — wtj) 0 -f a (77©' — ©77') 0 ' + a (rj'co' — ©'77') 

= (a^ - a'/9) ^th, 

in virtue of the relations satisfied by the matrices 2 o>, 2 ©', 277 , 277 '; and 
similarly 

0 - [ 77 ] [©] - [©] [ 77 ] = i (HA - O JV a ) = ( 00 ' - a'a) \m t 
and _ 

0 = [?] M - [S'] [,'] = i = ($/¥- P/3) ; 

thus we have 

= 1 = - 0a\ da! — d!a = 0, 00'-0'0~O, (II.) 

namely, the matrices a, /3, o', /S' satisfy relations precisely similar to those 
respectively satisfied by the matrices ©, ©', 77 , 77 ', the ^ 7 rf which occurs 
for the latter case being, in the case of the matrices o, 0, o', 0' } replaced 
by — 1 ; therefore also, as in § 141, the relations satisfied by o, 0, a', 0' can be 
given in the form 

a0'-0d' = l=0'd-a'0, a0-0d = O, a'0'-0'd' = O. (III.) 

In virtue of these equations, if 



denote the matrix of 2 p rows and columns formed with the elements of the matrices a, 0, 
a, p y we have (cf., for notation, Appendix ii.) 

/a, 0\ / »0\ /aj8'-/3a', /3a-a£\ (\ 0\ 

V«', P) \- a', a) \a’P-pa’y pa-a'Pj = \0 l)> 
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and therefore 



and the original periods can be expressed in terms of the general periods in the form 

»=[«] j8'-(y] a', -[«] !+[«'] a, 

if— -[ij]^+h r ]a. 


If 0 denote the matrix of p rows and columns whereof every element is zero, and 
1 denote the matrix of p rows and columns whereof every element is zero except those in 
the diagonal, which are all equal to 1, and if e denote the matrix of 2 p rows and columns 


given by 


•C -Ci 


then it is immediately proved that the relations (II.), (III.) are respectively equivalent to 
the two equations 


where 



and it will be noticod that the equations (III.) are obtained from the equations (II.) by 
changing the elements of J into the corresponding elements of J. 

It follows* from the equation JtJ—i that the determinant of the matrix J is equal to 
+ 1 or to - 1. It will subsequently (§ 333) appear that the determinant is equal to +1. 


Ex. Verify, for the case p— 2, that the matrices 

/ 4, -20\ , /-29, 124\ 

a ~{ 4, 1/ ’ -6/’ 

/-3, 20\ / 22, -124\ 

°"l-8, -l)' 56, 43/ 

satisfy the conditions (III.) (Weber, Crelle , lxxiv. (1872), p. 72). 


323. It is often convenient, simultaneously with the change of period 
loops which has been described, to make a linear transformation of the 
fundamental integrals of the first kind, u li ..., u p . Suppose that we intro- 
duce, in place of u lt other p integrals w u such that 

v>i = Mi t -f* ...... + M itP w pj (i = 1, 2, ..., p), 

or, as we shall write it, u = Mw, M being a matrix whose elements are 
constants and of which the determinant is not zero. We enquire then what 
are the integrals of the second kind associated with w lt . . . , w p . We have 
(§ 138) denoted Du*' a by and the matrix of the quantities ^(c,) by ft ; 

* For another proof of the relations (II.), (III.) of the text, the reader may compare Thomae, 
Crelle, lxxv. (1878), p. 224. A proof directly on the lines followed here may of course be 
constructed with the employment only of Riemann’s normal elementary integrals of the first 
and second kind. Of. § 142. 
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denote now, also, Dwf a by pi (a?), and the matrix of the quantities pi (cj) by p ; 
then we immediately find p, = pM y and the equation (§ 138) 


gives 


» = p~ l H x > * - 2 au x > a 
ML*> a = p - 1 H*' a - 2 MaMvfi ' a ; 


thus the integrals of the second kind associated with w u ..., w p are the p 
integrals given by ML X> a , and, corresponding to the matrix a for the 
integrals L*' a t Lp a , we have, for the integrals ML*' a , the matrix 
a. = MaM. If 2v, 2 v' denote the matrices of the periods of the integrals w, 
and — 2f, — 2$" denote the matrices of the periods of the integrals ML*' a , so 
that (§ 139) 

f = 2av, % = 2at/ — J p^A, 


we therefore have a > = Mv, g>' = Mv and 

f = 2 MaMv = M v , f ' = 2ifailfi/ - £ = M v ' ; (IV.) 


it is immediately apparent from these equations that the matrices v, v', f, 
satisfy the equations of § 140, 

vv' - v'v = 0, {f - 0, t/f - < = iTTi = 


324. The preceding Articles have sufficiently shewn how the equations 
of transformation of the periods arise by the consideration of the Abelian 
integrals. It is of importance to see that equations of the same character, 
but of more general significance, arise in connexion with the analytical 
theory of the theta functions. 

Let 0 ), ft)', 7 j , rj' be any four matrices of p rows and columns satisfying 
the conditions (i) that the determinant of g> does not vanish, (ii) that or 1 g>' 
is a symmetrical matrix, (iii) that the quadratic form a r l a>n* has its 
imaginary part positive when n lf ..., n p are real, (iv) that vjar 1 is a sym- 
metrical matrix, (v) that tj = tjotW — \ 7 riw~ 1 . The conditions (i), (ii), (iv), 
(v) Are equivalent to equations of the form of (B) and (C), § 140, and, 
taking matrices a, 6 , h such that a = h — ^ Trioo” 1 , b — irito-'to', or 

2 h<o = 7 ri, 2 ha> ~b, rj — 2aco } rj' — 2aa>' — h, the condition (iii) ensures the 
existence of the function defined by 

; V) - %^u*+2hu(n+Q)+b(n+Q)*+2niQ(n+Qf) , 

wherein Q, O' are any constants (cf. § 174). 

Introduce now two other matrices [g>], [a)'], also of p rows and columns, 
defined by the equations 

[o>] = a>a + a a', = £12*, say, [c o ] = ci>/3 + a)'/3', = £12^, say, 
where a, a', /3, fi', are matrices of p rows and columns whose elements are 
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integers*, it being supposed + that the determinant of the matrix [<w] does 
not vanish ; and introduce p other variables w lt w p defined by 

u i = Mi t 1 w l + + M itP w p , (i m 1, 2, ...,p) 

or u *55 Mw, where if is a matrix of constants, whose determinant does not 
vanish; let the simultaneous increments of w lt ..., w p when u lf ... } u p are 
simultaneously increased by the constituents of the y-th column of [«] be 
denoted by v lt j, ..., v p j, and the simultaneous increments of w lf ..., w p 
when Ux, ..., are simultaneously increased by the elements of the y-th 
column of [a)'] be denoted by v\j, ...» i/ p j) then we have the equations 
2Mv = 2 [o>] = fl a , 2Mv' = 2 [©'] = fip, where v, v' denote the matrices of 
which respectively the (i, j) elements are Vij and v\ y 

The function ^ (u ; is a function of w lf ..., w p ; we proceed now to 
investigate whether it is possible to choose the matrices a, a', fi, fi' and the 
matrix M, so that the function may be regarded as a theta function in 
w u ...» Wp of order r (cf. Chap. XV. § 284). 

Let the arguments w u ...,w p be simultaneously increased by the con- 
stituents of the y-th column of the matrix 2v\ thereby Mj, ..., u p will be 
increased by the constituents of the 7-th column of the matrix [2o>], and, 
since a, a, ft, ft' consist of integers, the function ^ (u ; will (Chap. X. 
§ 190) be multiplied by a factor & where 

L 3 = [u + £ (O tt )0)] - t ri (ayi) («')<* + 2t n [( a )0» Q' - (a')°> Q], 

(a) {J) denoting the row of p elements forming the y-th column of the matrix 
a, and (H a )& denoting, similarly, the y-th columns of the matrices 

2eoa + 2 to a, 2ya + 217V respectively ; this expression L Jy is linear in w u . . . , w Pi 
and can be put into the form 

Lj = r( 2?,.,, .... 2 ? p j)[(w, WpJ + Kj. •••. v Plj )] + MK;, 

where (w lf ..., w p ) denotes the row letter whose elements are w u ..., w p , and 
similarly (v lt j, ..., v p j) is the row letter formed by the elements of the y-th 
column of the matrix v, r is a positive integer which is provisionally 
arbitrary, K/ and 2£ hJ , ..., 2f p j are properly chosen constants, and 
(2 fjj, ..., 2fp i? ) is the row letter formed of the last of these. Similarly, if 
the arguments w lt ...,w p be simultaneously increased by 2v' l%j , ..., 2 v' p j, the 
function %(u; takes a factor e^, where 

L/ - (W [w+i (n^] - 7 n <J 3 )* (try* + 2™ q - (fty* qi 

and, with the same value of r, this can be put into the form 

L;=rW>,i 2?',. ,)[(«*. w p ) + (v' u , v' pJ )]-2 \mK„' 

* The ease when a, a', p, p' are not integers is briefly considered in ehapter XX. 
t We have vt&r 1 [w ] = xia + &a' ; we suppose that the determinant of xia + 6a' does not 
vanish. 
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where Kj, ^ ltfi ..., £' p j are properly chosen constants. In these equations 
we suppose j to be taken in turn equal to 1, 2, ..., p. 

Comparing the two forms of Lj we have 

(£.)<* Jfi u, or M(H a y»w, = r(2f u , 2 Z Ptj )(w u ..., w p ), 

so that the (i, y )th element of the matrix MH a is 2rf t> jj hence if ?, ?' denote 
respectively the matrices of the quantities and we have 

MH a = 2r£ MHfi = 2r J' ; (V.) 

from these we deduce, in virtue of the equations 2ilfu = 2Mv = {Ip, 
iffatoa - . 2Mv = 2v\v, ' . 24fi/ = 2rf ' «/, 

and therefore, in particular, comparing the (j, j ) th elements on the two sides 
of these equations, 

= 2r(f) 0) (y) (J) , J(J5r # )W(n,)0» _ 2r(O ( ' , 0'') a, > 

where, as before, (v) iJ) is the row letter formed by the elements of the y-th 
column of the matrix v, etc.; therefore the only remaining conditions 
necessary for the identification of the two forms of Lj and Lf, are 

K{ « («)o» q - (<*')<* Q-* («)W («0* , - - 0S) W O' - W Q~b (P) ij) m U) > 

and the p pairs of equations of this form are included in the two 

K' = aQ'-a'Q-±d(aa'), -K-W (VI) 

where K\ K are row letters of p elements and d (aa'), d (00?) are respectively 
the row letters of p elements constituted by the diagonal elements of the 
matrices aa', 00'. 

The equations (VI.) arise by identifying the two forms of Lj and L/\ it is 
effectively sufficient to identify the two forms of e L J and eV ; thus it is 
sufficient to regard the equations (VI.) as congruences , to the modulus 1. 

We now impose upon the matrices v, v, £ ?' the conditions 

fV - vX, W - v? = ini, (VII.) 

which, as will be proved immediately, are equivalent to certain conditions 
for the matrices a, 0, a', 0'; then, denoting Sr (u ; by <j>(w u ..., w p ) or 
it can be verified* that the 2 p equations 

^(...,w r + 2v r ,j,...) = e L t4>(w), </>(.. .,w, + 2v' f ,i,...) = eW = 

where Lj, L, have the specified forms, lead to the equation 

<f)(w + 2vm + 2vW) = e r(a ^ m+2 < m ') (ta+vm+ v'm') -nrimm'+ihrf (mK'-m'K ) ^ 

wherein m, m' are row letters consisting of any p integers ; and this is the 
* The verification is included in a more general piece of work which occurs in Chap. XIX. 
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characteristic equation for a theta function of order r with the associated 
constants 2u, 2t/, 2f, 2f' (§ 284, p. 448). 

The equations (VII.) are equivalent to conditions for the matrices v , v, 
f*, entirely analogous to the conditions (ii), (iv), (v) of § 324 for the 
matrices w, w', 17, 1 The condition analogous to (i) of § 324, namely that the 
determinant of the matrix v do not vanish, is involved in the hypothesis 
that the determinant of 7 ria + ba! do not vanish. It will be proved below 
(§ 325) that the remaining condition involved in the definition of a theta 
function, viz. that the quadratic form 1 rVn* has its imaginary part positive 
for real values of n lf ..., rip, is a consequence of the corresponding condition 
for the matrices w, w'. We consider first the conditions for the equations 

(vn-). 

In virtue of equations (V.), the equations (VII.) require 

H&t — tl a Hp = 2H a Mv' — 2vMHp — 4 r (£ 1 / — v%') = 2r7rt, 
and, similarly, 

H*Vl a ~ — 0 , HpQp — flfiHfi = 0 ; 

but 

l {HJlfi - ^aHp)y = (afj + a’rf) (off + off') - (aw -f aw') (riff + yfft), 

— a (rjo — orj) ff + a (rjo' — or]) ff' + a' (rj' w — orj) ff + a (rj' w' — «V) ff', 

and this, by the equations (B), § 140, is equal to 

*7 ri(aff'-a'ff); 

thus 

aff' - aff = ff'a - ffa' = r, (VIII.) 

and, similarly, 

aa' — a'a = 0, ffff'-ff'ff^O) 

and as before (§ 322) these three equations can be replaced by the three 

aff^ffa, a! ff' = ff'a , aff 1 - ffa 1 = r = ff'a - a% (IX.) 


the relations satisfied by the matrices a, ff, a', ff ' respectively being similar to 
those satisfied by w, w', 17, 17', with the change of the J 7 rt, which occurs in the 
latter case , into — r. 

The number r which occurs in these equations is called the order of the 
transformation; when it is equal to 1 the transformation is called a linear 
transformation. 


Ex. i. Prove that, with matrices of 2 p rows and 2 p columns, 


The determinant of the matrix will be subsequently proved to be 
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Ex. ii. Prove that the equations (V.) of § 324 are equivalent to 



Ex. iii. If x, y, x lf y x be any row letters of p elements, and X, Y, A\, Y t be other 
such row letters, such that 


« r)-(j J) (*, y), or 


X=ax+Py, 
Y— ax +py, 


X 1 —aX l +Py l , 

Y 1 *=ax l +py l , 


then the equations (VIII.) are the conditions for the self- transformation of the bilinear 
form xy x - x x y, which is expressed by the equation 

XY l — X x Y=r (xy x - x x y). 


325. Conversely when the matrices a, a ', 0, 0? satisfy the equations 
(VIII.), the function ^ (u ; g) satisfies the determining equation for a theta 
function in w lf ...,w p , of order r, with the characteristic ( K , K'), and with 
the associated constants 2v, 2v, 2f, 2f'; and in virtue of the equations (VII.), 
the determinant of v not vanishing, matrices a, b, h, of which the first two 
are symmetrical, can be taken such that 

a = Jfu -1 , h = b = 7m>~ 1 i/; 

we proceed now to shew* that the real part of the quadratic form b/i 2 is 
negative for real values of n u ...,n p> r being positive, as was supposed. 

The quantity, or matrix, obtainable from any complex quantity, or 
matrix of complex quantities, by changing the sign of the imaginary part 
of that quantity, or of the imaginary parts of every constituent of that 
matrix, will be denoted by the suffix 0 ; and a similar notation will be used 
for row letters ; further the symmetrical matrices ar l (o' i v~ l v will be denoted 
respectively by t and t ', so that b = n rir, b = irir ; also t , t ' will be written, 
respectively, in the fonns r l + ir 2 , t / + ir 9 , where t u t 3 , t /, t 3 ' are matrices 
of real quantities. Then, putting 

x — vMa)~ l x, and therefore x 0 ' = i5 0 Af 0 a> 0 ~ 1 # 0 , 

where x', x denote rows of p complex quantities, and x 9 \ x 0 the rows of the 
corresponding conjugate complex quantities, and recalling that 

t ' = t ' = v v~ x , a-'Mv = a + ra, oo~ l Mv — 0 + T0' t 
we have _ _ _ _ 

tx'xJ = t'vMxT 1 x . v 0 M 0 (d 0 ~ x x 0 = v'Ma-'x . v 0 M^ l x 0 

= ($ + 0't)x . (a + d'T 0 )x 0 ; 

and, if x = x x + ix 9 , x 0 = x l — ix 9 , where x l9 x 9 are real, this is equal to 

(0 + 0'ti + ijtr 3 ) (x l + ix 7 ) . (a + aVj - id'r 9 ) (a?, - ix 9 ) 
or _ _ 

\fiP + 0'P + i (0Q + 0'Q)] [SP + *'F - » (5 Q + o'Q')], 


* Hermite, Comjpt, Rendu*, xl. (1856), Weber, Ann. d. Mat., Ser. 2, t. ix. (1878—9). 
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where P, P', Q, Q' are row letters of p real quantities given by 
P = X U P = - Ta# 2 > Q = X*, + 

so that 

PQ' — P'Q = (^?i a + x *) ; 

thus the coefficient of t in t'xxJ is 

(fiP + aP f ) (ftQ + £'Q') - (j9P + £'P) (*Q + «V), 

which, in virtue of the equations (IX.), is equal to r ( PQ f - P'Q) or 
rr a (a?i s + a? 8 8 ) ; thus the coefficient of i in r V# 0 ' is equal to the coefficient 
of i in rT## 0 . Since a?' may be regarded as arbitrarily assigned this proves 
that the imaginary part of tx'x 0 is necessarily positive; and this includes 
the proposition we desired to establish. 

Ex. Prove that the equation obtained is equivalent to 
M 0 v 0 T 2 vF=ra 0 r 2 i5. 

326. Of the general formulae thus obtained for the transformation of 
theta functions, the case of a linear transformation, for which r = 1, is of 
great importance; and we limit ourselves mainly to that case in the 
following parts of this chapter. We have shewn that a theta function of the 
first order, with assigned characteristic and associated constants, is unique, 
save for a factor independent of the argument ; we have therefore, for r = 1, 
as a result of the theory here given, the equation 

2®, 2a.', 2ij, 2ij'; 2», 2,', 2?, 2?'; £). 

We suppose a, ft, a, ft ' to be any arbitrarily assigned matrices of integers 
satisfying the equations (VIII.) or (IX.); then there remains a certain 
redundancy of disposable quantities ; we may for instance suppose co, &/, rj, rf 
and M to be given, and choose v, v, £' in accordance with these equations ; 
or we may suppose &>, &>', v, ? and f ' to be prescribed and use these equations 
to determine M , v , tj and ? It is convenient to specify the results in two 
cases. We replace u, w respectively by U, W. 

(i) 2<u = 1, 2ft>' = r , tj = a, t) — ar — iri, h — 7n, b = tHt, 

2v — 1, 2v =t\ f = 0, = — 7ri , a = 0 , h — 7ri, b = irir', 

U = M W, M « a + Ta', (a + ra') t' = ft + rft', 

so that, as immediately follows from equations (IX.), 

(a + t«') {ft'- ra') ==r = (ft'-a'r ) (a + a r), U = (a + ra') W , ~ (ft'-ra') U, 

and, because tj' — tjt - iri and f = 0, 

a — r} = 7 riot' (a + Ta ') -1 = ~ a' (/§' — r'a), 

from which we get 
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aU* = -a! OS'-tS') U* = iria' WU= Trtfi' (a 4* to!) W\ 
r 

These equations satisfy the necessary conditions, and lead, when r = 1, to 

= (X.) 

where A is independent of U lf ..., U p , and the characteristic (K, K') is deter- 
mined from (Q, Q ') by the equations (§ 324) 

K = aQ ’ - a'Q - \d (aa'), - K - - 0'Q - id 

The appearance of the exponential factor outside the ©-function, in equation (X.), 
would of itself be sufficient reason for using, as we have done, the ^-function, in place of 
the ©-function, in all general algebraic investigations*. 

If in § 324 we put 

u=2oil/ i r=o>” l w', w=%v W y r' = u ~ 1 1 / 

we easily find 

irta (a + ra') W 2 = £ rjn " — fr r(v ~ ; 

thus (§ 189, p. 283) equation (X.) includes the initial equation of this Article. 

In general the function occurring on the left side of equation (X.) is 
a theta function in W of order r with associated constants 2 u = 1, 2v = r', 
2f=0, 2?'=-2 tti, and characteristic (if, K'). 

(ii) A particular case of (i), when the matrix a' consists of zeros, is given 
by the formulae 

2co = 1, 2o >' = r , 7) = 0, r[ = — in, a = 0, h = in, b — 7 rtT , 

2v = 1, 2t/ = t, f = 0, f' = - t rt, a = 0, h = tti, b = 7 riV, 

U = aW, r = a -1 (£ -f t£'), t == ~ (ar - £) a, 

(a'?') = (of«->)> "hereafi-fil 

Then the function ©(17; r; g) or 0[aTT; i(ar' — /8)S; is a theta 

function in If, of order r, with associated constants 2v — 1, 2v' = r', 2f = 0, 
2£" = — 2iri t and characteristic (if, if') given by 

K' = &Q?, -K = f3Q-rtr'Q-bd (r/§«->), 
and, in particular, when r = 1 we have 

O(O';T;«)=40(lf;T';f), (XI.) 

where A is independent of ITj, ..., 

* Cf. S 189 (Chap. X.); and for the case p=l, Cayley, Liouville , x. (1845), or Collected 
Works , Vol. i., p. 156 (1889). 
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327. It is clear that the results just obtained, for the linear trans- 
formation of theta functions, contain the answer to the enquiry as to the 
changes in the Rieir theta functions which arise in virtue of a change in 
the fundamental system of period loops. Before considering the results in 
further detail, it is desirable to be in possession of certain results as to the 
transformation of the characteristics of the theta function, which we now 
give ; the reader who desires may omit the demonstrations, noticing only the 
results, and proceed at once to § 332. We retain the general value r for the 
order of the transformation, though the applications of greatest importance 
are those for which r = 1. 

As before let d(y) denote the row of p quantities constituted by the 
diagonal elements of any matrix 7 of p rows and columns ; in all cases here 
arising 7 is a symmetrical matrix ; then we have 


a d (ftff) + /3d (art) = rd(a/3 ), ffd (a/3) + /3d (a/3') = rd (/ 3/3') 
a'd (]3P) -f /3'd (aa') = rd («'>§'), a'd (a£) + ad (a '/3') = rd ( aot ') 


and 


d (aa') d 09/3') = (r + 1) td (/9a ) = (r + 1) td (/3'a) 
d(a$)d (a'fr) = (r + 1) 2d (aff) = (r + 1) td (/3a') 


so that, when r = 1 or is any odd integer, 

d (aa ) . d (#8') = d (a/3) . d (a'/3') = 0 (mod. 2). 


The last result contains the statement that the linear transformation of 
the zero theta-characteristic is always an even characteristic. 


For the equations 
give 

and therefore 


/3'a - a'/ 3 = r, a/3 = /3a, 
a/3/ 3'a — 0aa'0 = ra/3, 
Pftz 2 - ady 2 — ra/3# 2 , 


where x is any row letter of p integers, and z=ax, y=\ 3x-, but if y be a symmetrical 
matrix of integers and t be any row letter of p integers yt 2 , =y 11 fi 2 +...+2y 12 f l J 2 +..., is 
syu<i 8 +...+y P p^ 2 , and therefore syn* 1 +...+y M ,fp, or =d(y). t, for modulus 2 ; hence 

d (/S/S') z-d (ad) yazrd (a/3) x (mod. 2) 

or 

[ad (0/ S') + 0d (ad) - rd (a0)] x 5 0 (mod 2) ; 


and as this is true for any row letter of integers, x , the first of the given equations follows 
at once. The second of the equations also follows from /3'a - a'0 = r, in the same way, and 
the third and fourth follow similarly from ffa-fid=r. 

To prove the fifth equation, we have, since 0 a -a'0=r, 

0/3' ad — 0a'0a' + rftd 
or 
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where a— ad, c**&d ; hence, equating the sums of the diagonal elements on the two 

sides of the equation, we have 

p p _ p p p 

2 2 2 2 ^ 2 ; 

1 t-1 i-l i-l <-i 

therefore, as, unless i—j, because a, b are symmetrical matrices, and as 

we obtain 

p p p 

2 2 (c 2 <,<4-rc t< )s(r+l) 2 c iti . 

<-i t-i <— l 

The sixth equation is obtained iu a similar way, starting from f3'a-(3a’=r. 

Of the results thus derived we make, now, application to the case when r is odd, limiting 
ourselves to the case when the characteristic (Q, Qf) consists of half-integers ; we put then 
Q=\q, Q'—Wi so that q, q' each consist of p integers ; then K , K! are also half-integers, 
respectively equal to \k, \k’ , say, where 

1<? z=aq’ -a'q-d (ad), - k=ftq' -fi'q-d (/80'). 

In most cases of these formulae, it is convenient to regard them as congruences, to 
modulus 2. This is equivalent to neglecting additive integral characteristics. 

From these equations we derive immediately, in virtue of the equations of the present 
Article 

q=ak+pv+d(ap), q f =dk+pk'+d (dff) (mod. 2) 
and 

qq'—kkf (mod. 2). 

Further if p, p be row letters of p integers, and 

v—ap -ap-d (ad), -v=0p -&p-d (jiff), 

we find, also in virtue of the equations of the present Article, 

kv - Vv=i qp - q f p + (p + qf) d (aji) + (p+q)d (dfi), (mod. 2) ; 
therefore, if also 

c r'=ap' -ap-d (ad), - o-=(3p -(3'p-d (/9/9'), 

we have 

kv -Jcfp+va-' — v'a+o-y — crk^qp' — qfp+pp' - p’p+pqf — p'q (mod. 2). 


Denoting the half-integer characteristics by A, B, C, 

and the characteristics \ , £ {^) , £ ^ ) , which we call the transformed 

characteristics, by A’ , F, C', we have therefore the results (§ 294) 

\A\ = \A'\, \A,B,C\^\A\ F, C'\, (mod. 2) 


or, in words, in a linear transformation of a theta function with half-integer 
characteristic , and in any transformation of odd order, an odd (or even) 
characteristic transforms into an odd (or even) characteristic, and three 
syzygetic (or azygetic) characteristics transform into three syzygetic (or 
azygetic) characteristics. 


Of these the first result is immediately obvious when r=l from the equation of 
transformation (§ 326), by changing w into -w. 
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Hence also it is obvious that if A be an even characteristic for which 
^(0 ; A) vanishes, then the transformed characteristic A' is also an even 
characteristic for which the transformed function S (0 ; A') vanishes. 

328. If in the formula of linear transformation of theta functions with 
half-integer characteristic, which we may write 

*[ a; *C?)]’ =jl& [ w; *(*)]■ 

we replace u by u + = u + com + wW, where m , m' denote rows of 

integers, and, therefore, since ai = M (v/3' — v'a'), co' = M (— v/3 + v'a), (cf. Ex. i., 
§ 324), replace w by w + vn + vn', where 

n' — am' - a'm , — n — &m! — ffm, 

we obtain (§ 189, formula (L)) 

*h*(jnD]-«h *("«')]■ 

where A' is independent of u u and Aj' + n', Jc + n are obtainable from 

q' + m, q + m by the same formulae whereby k\ k are obtained from q, q, 
namely 

k' + m' = a ( q ' + m') - a' (q + m)- d (aa'), 

-0 k + m)=j3(q' + m')-0'(q + m)-d(j30 '); 
these formulae are different from those whereby n' y n are obtained from 
m', m ; for this reason it is sometimes convenient to speak of J ^ j as a theta 

characteristic, and of ^ ^ j as a period characteristic ; as it arises here the 

difference lies in the formulae of transformation ; but other differences will 
appear subsequently; these differences are mainly consequences of the 
obvious fact that, when half-integer characteristics which differ by integer 
characteristics are regarded as identical, the sum of any odd number of 
theta characteristics is transformed as a theta characteristic, while the 
sum of any even number of theta characteristics is transformed as a 
period characteristic. In other words, a period characteristic is to be 
regarded as the (sum or) difference of two theta characteristics. 

It will appear for instance that the characteristics associated in §§ 244, 245, 
Chap. XIII. with radical functions of the form J X &v+1) are to be regarded as 
theta characteristics — and the characteristics associated in § 245 with radical 
functions of the form JX^, which are defined as sums of characteristics 
associated with functions V /X ( *' +1 >, are to be regarded as period characteristics. 
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We may regard the distinction* thus explained somewhat differently, by taking as the 
fundamental formula of linear transformation that which expresses $ jjt ; J J in terms 
of S JL J , where 

r' * d (da'), r-d (jiff), 

and 

l' —if +d(aa') — aq' - a'q, -l— — k+d (&(?)*= f3q' —fig. 

In the following pages we shall always understand by * characteristic/ a 
theta characteristic ; when it is necessary to call attention to the fact that a 
characteristic is a period characteristic this will be done. 

329. It is clear that the formula of linear transformation of a theta 
function with any half-integer characteristic is obtainable from the particular 
case 

*(«) = .d& jw; 

where r' = d (aa'), r - d (ft ft), by the addition of half periods to the argu- 
ments. It is therefore of interest to shew that matrices a, ft, a\ ft can be 
chosen, satisfying the equations 

aft = fta, aft = fta, aft — ft a — I, 


which will make the characteristic equal to any even half-integer 

characteristic. 

Any even half-integer characteristic, being denoted by 

(k'\ 

we may, momentarily, call J column of the characteristic ; then 

the columns may be of four sorts, 

o- ©• a (!)• 

but the number of columns of the last sort must be even ; we build now a 
matrix 


* Theta characteristics have also been named eigentliche Charakteristiken and Primcharak- 
teriatiken; they consist of 2* , ~ i (2^-1) odd and 2*>' 1 (2^ + 1) even characteristics. The period 
characteristics have been called Gruppencharakteristiken and Elementaroharaktenstiken or 
sometimes relative Charakteristiken. For them the distinction of odd and even is unimportant— 
while the distinction between the zero characteristic — which cannot be written as the sum of two 
different theta characteristics — and the remaining 2^-1 characteristics, is of great importance. 
The distinction between theta characteristics and period characteristics has been insisted 
on by Noether, in connection with the theory of radioal forms— Cf. Noether, Math. Annal. 
xxviii. (1887), p. 878, Klein, Math. Annal. xxxvi. (1890), p. 86, Sohottky, Crelle, on. (1888), 
p. 808. The distinction is in fact observed in the AbeUtche Functionen of Clebsoh and Gordan, 
in the manner indicated in the text. 
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of 2 p rows and columns by the following rule* — Corresponding to a column 
of the characteristic of the first sort, say the t-th column, we take 
but take every other element of the i-th row and t-th column of a and 0', 
and every element of the i‘-th row and %• th column of 0 and a! to be zero ; 
corresponding to a column of the characteristic of the second sort, say the 
j- th column, we take otjj — 0'jj — a'jj - 1, but take every other element of 
the j-th row and y-th column of a, 0', a', and every element of the j- th row 
and column of 0, to be zero ; corresponding to a column of the characteristic 
of the third sort, say the ra-th column, we take a m>m = 0 m>m — 0' m>m = 1, but 
take every other element of the m-th row and column of a, 0, 0' and every 
element of the m-th row and column of ol to be zero ; corresponding to a pair 
of columns of the characteristic of the fourth sort, say the p-th and <r-th, we 
take a Pt p -0 PtP ~ 0' Pi p = 1, a ai(r = a'*, = 0'^ » = 1, a,, p = 1, 0 ?t v = — 1, a'*, ? = 1, 
/Sp i<r = — 1, and take every other element of the p-th row and column and of 
the <r-th row and column, of each of the four matrices a, a', 0> 0\ to be zero. 
Then it can be shewn that the matrix thus obtained satisfies all the 
necessary conditions and gives k' = d (act), k = d (00). 

Consider for instance the case p= 5, and the characteristic 

/0 1 ° 1 1\ 

4 \o o 1 1 1; ’ 

the matrix formed by the rules from this characteristic is 


1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

-I 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-1 

0 

0 

0 

1 

, 

1 

0 

0 

0 

0 

1 


and it is immediately verified that this satisfies the equations for a linear transformation 
(§ 324 (IX.), for r« 1), and gives, for the diagonal elements of da', jiff, respectively, the 
elements 01011 and 00111. 

Since we can transform the zero characteristic into any even characteristic, we can of 
course transform any even characteristic into the zero characteristic ; for instance, when 
there is an even theta function which vanishes for zero values of the arguments, we can, 
by making a linear transformation, take for this function the theta function with zero 
characteristic. 


B. 


Clebach and (Iordan, Abel. Fctnen (Leipzig, 1866), p. 318. 


35 
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Ex. For the hyperelliptic case, when 3, the period loops being taken as in § 200, 
the theta-function whose characteristic is J J vanishes for zero arguments (§ 203) ; 
prove that the transformation given by 


,=( 

; ioo 

i, 0=< 

i 

o 

o 

), a=(0 0-1 

), /*=( 

10 1), 


0 1 0 


0-10 

ioo 0 


0 1 0 


-1 0 1 


1 0 0 

1 0 0 — 1 


0 0 1 


is a linear transformation and gives an equation of the form 

*[»; *(i 1 })]=^K°l 

where A is independent of u x , ..., u p . 

330. We have proved (§ 327) that if three half-integer theta character- 
istics be syzygetic (or azygetic) the characteristics arising from them by any 
linear transformation are also syzygetic (or azygetic). It follows therefore 
that a Gopel system of 2 r characteristics, syzygetic in threes (§ 297, Chap. 
XVII.), transforms into such a Gopel system. Also the 2 2<r Gopel systems of 
§ 293, having a definite character, that of being all odd or all even, transform 
into systems having the same character. And the 2<r + 1 fundamental Gopel 
systems (§ 300), which satisfy the condition that any three characteristics 
chosen from different systems of these are azygetic, transform into such 
systems ; moreover since the linear transformation of a characteristic which 
is the sum of an odd number of other characteristics is the sum of the 
transformations of these characteristics, the transformations of these 2a + 1 
systems possess the property belonging to the original systems, that all the 
2 2<r Gopel systems having a definite character are representable by the 
combinations of an odd number of them. It follows therefore that the 
theta relations obtained in Chap. XVII., based on the properties of the 
Gopel systems, persist after any linear transformation. 

331. But questions are then immediately suggested, such as these : What are the 
simplest Gopel systems from which all others are obtainable* by linear transformation? 
Is it possible to derive the 2 2er Gopel systems of § 298, having a definite character, by 
linear transformation, from systems based upon the 2 2<r characteristics obtainable by taking 
all possible half-integer characteristics in which p - <r columns consist of zeros ? Are the 
fundamental sets of 2p+l three- wise azygetic characteristics, by the odd combinations of 
which all the 2 2p half-integer characteristics can be represented (§ 300), all derivable by 
linear transformation from one such Bet ? 

We deal here only with the answer to the last question— and prove the following 
result: Let D, D t , be omy 2p+2 half -integer characteristics, such that, for i<j , 

* An obvious Gopel group of 2 p characteristics is formed by all the characteristics in which 
the upper row of elements are all zeros, and the lower row of elements each =0 or 
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issl, 2 p, 2, 2p+l, we have \D, Dj\ — l ; then it is possible to choose a half- 

integer characteristic E t and a linear transformation , such that the characteristics 

ED y ED ly ..., ED 2p+ i 

transform into 

0, Xj, Aap+n 

where X 1# . . . , X 2P + \ are certain characteristics to be specified \ of which {by § 327) every two are 
azygetic. It will follow that if D 1 , D Xi Zy 2 P + i b® an Y other set of 2p+2 characteristics 
of which every three are azygetic, a characteristic E\ and a linear transformation, can be 
found such that, with a proper characteristic E, the set ED, ED X , ..., ED tp + x transforms 
into E'Dy E'D Xy E'D W + x . It will be shewn that the characteristics X lf , X 2P+1 
can be written down by means of the hyperelliptic half-periods denoted (§ 200) by u a ' Cl , 
u a ' °‘, u a,e \ ...yU a,<h t u a,e ; it has already been remarked (§ 294, Ex.) that the charac- 
teristics associated with these half-periods are azygetic in pairs. The proof which is to be 
given establishes an interesting connexion between the conditions for a linear transforma- 
tion and the investigation of § 300, Chap. XVII. 

Taking an Abelian matrix, 



for which 

aa - aa—0, @ft - ftfi = 0, aft — a@= 1, 

define characteristics of integers by means of the equations 


/ a ' l.r» a \ ,n •• 

•» °» r Y 

b (&,,'< Pi." ■■ 

•> f*P.r\ 

\ a l.r» a&rj •• 

•» a p,r) 

' \P h r, Plr, - 

*> & P,r) 


where d,, r is the r-th element of the a-th row of the matrix a, etc. and r«l, 2, ..., p\ then 
the symbol which, in accordance with the notation of § 294, Chap. XVII., we define by the 
equation 

I A ri B t | = a lit .£ !,* + ••• + a p,r ft p,» ° 1 , r ft , • • • “ a p,rft,a 

is the (r, *)-th element of the matrix aft -a ft and may be denoted by (aft -a' fj) rt9 \ thus 
the conditions for the matrices a, a', ft ft are equivalent to the p (2p-l) equations 

I A rf B r |*a 1, | A ri 5 # |=0, | A r , A t |== 0, \B ri J3 # |=0, r, s=*l, 2, ..., p\ 

whereof the first gives p conditions, the second p(p-\) conditions, and the third and 
fourth each \p (jo — 1) conditions. It is convenient also to notice, what are corollaries 
from these, the equations 

I A r | — — | A rf -6*1— 0, | B rt A r | = — | A ri B r | — — 1, | B r} A r r |~ — | A r , 5 r | = |^4 r , B r \ = 1. 

Consider now the 2jt?+l characteristics, of integers, given by 
®i> ^i> a x b x a 2 b 2 a 2i a x b x a 2 bf>§ y ..., a x b x ,,.bp m . x bp 1 a x b x ,,,apbp y 

whereof the first 2 p are pairs of the type 

a l '6 1 ...a' r -i6r_ia r > Q’ib x , tt a' r - x b r - x b ri 

for r » 1, 2, ..., jo, and a x b x a 2 means the sum, without reduction, of the characteristics a/, 
&i, ag, and so in general. The sum of these characteristics is a characteristic consisting 
wholly of even integers. If these characteristics be denoted, in order, by c x , c 2 , ..., c 2p+l , 
it immediately follows, from the fundamental equations connecting a lf ..., bp, that 

J.;;; g +l ). 


35—2 
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Thus the (2 jp+ 1) half-integer characteristics derivable from c,, c 2 , c 2p+1 , namely 

*= 4 <? 2 p+i> are azygetio in pairs. 

Conversely let D y D lt ..., Z) 2P + 1 be any half-integer characteristics such that, for i<j, 
i=l, 2 p, j= 2, 2jo+l, wo have |Z), Z>„ D } \ = 1, so that (§ 300, p. 496) there exist 

connecting them only two relations (i) that their sum is a characteristic of integers, and 
(ii) a relation connecting an odd number of them ; putting C t =D'D l (i= 1, ..., 2p), whero 
D — — D, we obtain a set of independent characteristics C lf ..., C. 2P , such that for i<j, 



taking C 2P + 1 = C x C t C z 'C^. . C 2P - X C 2V , where - C^.j, we have also the 2 p equa- 

tions 

I ^»»» ^2p + iI = ^» (wi = l, 2, ..., 2 p). 

Thus putting C\=\c x , ..., C 2p+1 =^c 2p+1 , we can obtain an Abelian matrix by means of 
the equations, previously given, 

c 2r _|=cti b 1 ...a r _ 1 6 r _ 1 a r , c 2r = cq b x ...a r _ 1 6 r _ 1 6 r , c 2 |,+ ,..(t p b p , 

the i-th column of this matrix consisting of the elements of the lower and upper rows of 
the integer characteristic «, or 6,, according as i<p + 1 or i >p. We proceed now to find 
the result of applying the linear transformation, given by this Abelian matrix, to the 
half-integer characteristics Cl, .... C 2 , +1 . 

The equations for the transformation of the characteristic \ to the characteristic 

t (fy , which are (§ 324, VI.), 

k' — dq' — a'q - d (a a'), - k = &(/ — ftq — d (ft ft), 
are equivalent, in the notation here employed, to 

k;=\A x ,Q\-[d{ad)l, -L\=\B it Q\-[d(Pft)l, (i=l,2, ...,/>), 
where At=Ja t , Q=\q ; taking 

^=^a 1 / 6 l ...aV-i^r-i«r> =*\a‘ib l ...a , r~xb r _ l b r , and =ia l / b l ...a p b p , 


in turn, we immediately find that the transformations of the characteristics C 2r ~ x , C\ n 
C 2P+l , are given, omitting integer characteristics, by 



respectively. 

Now let the characteristics 



be respectively denoted by 

Ai, X 2 , ..., A^.j, X 2r , ..., X 2P + 1 ; 

then we have proved that the half-integer characteristic DD t transforms, save for an 
integer characteristic, into At+i^V where r=d(fift), r'—d(ad ) ; since the transforma- 
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tion of the sum of two characteristics is the sum of their transformations added to £ (^j , 
and since the characteristic where s'— d (a! ft), 8—d(a§) } transforms into the zero 

characteristic (§ 327), it follows that the transformation of the characteristic \ (^J+DDi 
is the characteristic \ t ; hence, putting E=j^^+D, and omitting integer characteristics, 


the characteristics 
transform, respectively, into 


ED, EDi , ..., EDft+i 


0, Xj, ..., A«}p+i ; 

and this is the result we desired to prove. 

The number of matrices of integers, of the form 



in which ad — da = 0, jS/3' - =» 0, a/3 / -d'/3=l, is infinite; but it follows from the 

investigation just given that if all the elements of these matrices be replaced by their 
smallest positive residues for modulus 2, the number of different matrices then arising is 
finite, being equal to the number of sets of 2jo-f 1 half-integer characteristics, with integral 
sum, of which every two characteristics are azygetic. As in § 300, Chap. XVII., this 
number is 

(2 2 p- 1) 2 2p-1 (2 2 p - 2 - 1) 2 2j3 ” 3 (2 2 — 1) 2 ; 


we may call this the number of incongruent Abelian matrices, for modulus 2. Similarly 
the number* of incongruent Abelian matrices for modulus n is 


{n 2p - 1) n 2p ~ 1 (?i 2p “ 2 - 1) ra 5 *" 3 (n 2 - 1) n. 


Ex. By adding suitable integers to the characteristics denoted by 1, 2, 3, 4, 5, 6, 7 in 
the table of § 205, for p = 3, we obtain respectively 

Km -j). *(?:?)= 

denoting these respectively by C l , C 2 , ..., C 7 , we find, for i<j, that 

(i-l, ...,6; j=2,...,7). 


The equations of the text 


give 


c 2r-l~~ a l^l i®r» c 2 r — a l^i 

<^r~ c \^2 c 2r-3^2r-2^2»— 1) == •• 


and therefore, in this case, we find 


tyr-s^ 2r-2^2n 



Another proof is given by Jordan, Traiti des Substitutions (Paris, 1870), p. 176. 
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hence the linear substitution, of the text, for transforming the fundamental set of 
characteristics C u ..., C 7 is 

(- 1-1 0 j 0-1 0 ) 


0 1 0 

-1 2 1 

0 1 -1 

0 l 0 

1 I 
>— • . 

1 

t— 1 

o 

o 

pH 

i 

0 0 0 

-1 1 1 

0 1-1 

l 

o 


From this we find i =■£ (cj(ojij) = ^(l 2 l) ’ s * nce 8Um ^i> 18 an 

integral characteristic, it follows by the general theorem, that if the characteristic 
^ (l <m) k ac ^ ec ^ t0 ea °h °f c i> •••> °i> a11 ^ then the linear transformation given by the 

matrix be applied , they will be transformed respectively into the characteristics A,, ..., A r . 

A further result should be mentioned. On the hyperelliptic Riemann surface suppose 
the period loops drawn as in the figure (12) ; 



then the characteristics associated with the half-periods u a> c \ u a ' a> , ... , u a> c r, u a ’ 
u a ' 6 will be, save for integer characteristics, respectively A x , X 2 , ..., X 2P , X 3P+1 • this the 
reader can immediately verify by means of the rule given at the bottom of page 297 of the 
present volume. 

Ex. Prove that if the characteristics 0, X x , ...» X 2P+1 be subjected to the transforma- 
tion given by the Abelian matrix of 2 p rows and columns which is denoted by Q* ~ , 

then, save for integer characteristics, X< is changed to where 

IV' 1 /ON /0 \p~r . /lV-i/iN /n\p-r 


, (r»l,2,...,p), 
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are the characteristics which arise in § 200, Chap. XI. as associated with the half-periods 
u a,Cr , u a,ar , u a,e respectively. The characteristics 2 2p+1 satisfy the p (2p— 1) 

conditions 1 2 it 2/|=l, for %<j. 

332. We proceed now to shew how any linear transformation may be 
regarded as the result of certain very simple linear transformations performed 
in succession. As a corollary from the investigation we shall be able to infer 
that every linear transformation may be associated with a change in the 
method of taking the period loops on a Riemann surface ; we have already 
proved the converse result, that every change in the period loops is associated 
with matrices, a, a', /8, ft', belonging to a linear substitution (§ 322). 

It is convenient to give first the fundamental equations for a composition 
of two transformations of any order. It has been shewn (§ 324) that the 
equations for the transformation of a theta function of the first order, in the 
arguments u, with characteristic (Q, Q') and associated constants 2©, 2©', 
2 rj, 2*7', to a theta function of order r, in the arguments w, where u = Mw , 
with characteristic (K, K') and associated constants 2v, 2t/, 2f, 2f', are 

K' = *Q' - *'Q - id (aa'), - K = JSQ - PQ - id {$?), 

/ M , 0 \ /2v, 2tA _ /2a>, 2©'\ /a , \ 

VO, rM-'J V2?, 2 *f) W, PJ' 

and from the last equation, writing it in the form p\J = ftA, it follows, in 
virtue of the equations Hell = - iirie, UeO' = — iirie (§ 140, Chap. VII.), and 
the easily verifiable equation JLep. = re, where the matrix e is given by 



that also AeA = re, as in Ex. i., § 324. And, just as in § 324, it can be proved 
that equations for the transformation of a theta function of order r in the 
arguments w, with characteristic {K, K'), and associated constants 2v, 2v', 2f, 
2f', to a theta-function of order rs, in the arguments u^, given by w = iVw,, 
with characteristic (Q lt Q,')» and associated constants 2©!, 2©/, 2 rj lf 2^', are 

Qi = W - y'K - ird (yy'h "Qi= - W (»), 

(N, 0 \ /2©x, 2©,'\ __ (2v, 2v'\(y, 

V 0, sff-'J \2 Vl , 2 Vl 'J \2f, 2?7 v, 87 * 

and writing the last equation in the form i/fl, = UV, we infer as before that 
VeV = S€. 

Now from the equations fiU=flA, i>ft,=UV, we obtain /*vftj=/iUV=nAV, 
or, if Ai =a AV, 

(MN, 0 \ /2©i, 2®A _ /2©, 2©'\ . 

\ 0 , rsMN"" 1 1 \ 2 i 7 ,, 2if/J \2i/, 2rj') 1 ’ 
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from this equation we find as before that the matrix given by 


Aj = AV 


f a y + ft y , cc 8 + ft 8 X \ __ /oh , f$\ \ 

Jy + ffy\ M + ffVj-W'K ) 9 


say, 


satisfies the equation A^A l = rse. Similarly from the two sets of equations 
transforming the characteristics, by making use of the equations 

d (a&i) = yd (fia x ) + yd + rd (yy’)> 
d (M') = (aa x ) + S'd ( 0 &) + rd (W), (mod. 2), 

which can be proved by the methods of § 327, we immediately find 

ft' = - *i’Q - id (eW), - ft s M - PiQ - W (AA'X (mod. 2). 

Hence any transformation of order rs may be regarded as compounded of 
two transformations, of which the first transforms a theta-function of the 
first order into a theta function of the r-th order, and the second transforms 
it further into a theta function of order rs. 

It follows therefore that the most general transformation may be con- 
sidered as the result of successive transformations of prime order. It is 
convenient to remember that the matrix of integers, A lf associated with 
the compound transformation, is equal to AV, the matrix A, associated 
with the transformation which is first carried out, being the left-hand 
factor. 


One important case should be referred to. The matrix 



is easily seen to be that of a transformation of order r ; putting it in place of y, the final 
equations for the compound transformation Vi may be taken to be 

iq = rw, 2eo l = 2co, 2<b 1 ' = 2o>', 2i/ 1 = 2»7, 2rj 1 , =2y'. 

The transformation r A “ 1 is called supplementary to A (cf. Chap. XVII., § 317, Ex. vii.). 


333. Limiting ourselves now to the case of linear transformation, let 
Ajt (k = 2, 3, . . . , p) denote the matrix of 2 p rows and columns indicated by 

Ak = ( y>k> 0 ), 

^ o , /i k I 

where has unities in the diagonal except in the first and &-th places, in 
which there are zeros, and has elsewhere zeros, except in the &-th place of 
the first row, and the A?-th place of the first column, where there are unities ; 
let B denote the matrix of 2 p rows and columns indicated by 



333] 


FOUR ELEMENTARY LINEAR TRANSFORMATIONS. 


553 


B = ( 0 -1 ), 

1 0 

1 0 

1 0 

1 0 
0 1 

0 1 

0 1 

which has unities in the diagonal, except in the first and ( p + l)-th places, 
where there are zeros, and has elsewhere zeros except in the ( p + l)-th place 
of the first row, where there is — 1, and the ( p + l)-th place of the first 
column, where there is *f 1 ; let C denote the matrix of 2 p rows and columns 
indicated by 

C-( 1 -1 ). 

1 0 

1 0 

1 0 I 

0 1 

0 1 

0 1 

0 1 

which has unities everywhere in the diagonal and has elsewhere zeros, 
except in the ( p + l)-th place of the first row, where it has — 1 ; let D denote 
the matrix of 2 p rows and columns indicated by 

D = ( 1 0-1 ), 

1 -10 

1 0 

1 0 

0 1 

0 1 

0 1 

0 1 

which has unities everywhere in the diagonal and has elsewhere zeros, except 
in the ( p + 2)-th place of the first row and the (p + l)-th place of the second 
row, in each of which there is — 1. It is easy to see that each of these 
matrices satisfies the conditions (IX.) of § 324, for r = 1. 

Then it can be proved that every matrix of 2 p rows and columns of 
integers, 
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for which off = ffa, a!]}' = ft a , aff' — ffct = 1, can be written* as a product of 
positive integral powers of the (p + 2) matrices A a , ..., A p , B, C \ D. The 
proof of this statement is given in the Appendix (II) to this volume. 

We shall therefore obtain a better understanding of the changes effected 
by a linear transformation by considering these transformations in turn. We 
have seen that any linear transformation may be considered as made up of 
two processes, (i) the change of the fundamental system of periods, effected 
by the equations 

[o>] = (ool + (o'a\ [«'] = (off + (o'ff ', 

M = v a + v' a \ [v] - vP + 

(ii) the change of the arguments, effected by the equation u = Mw, and 
leading to _ 

H = M-if* 

of these we consider here the first process. Applying the equations *(• 

[CO] = (DO. + (OOL , [©'] = (off + (off\ 

respectively for the transformations A k , B, C, D } we obtain the following results : 
For the matrix ( A k ) we have 

[®r,i] = [^ r.i] = w r,kt [® r,k\ — ® r,i> (** = ^ » 2, . . . , p) \ 

or, in words, if 2a> rfi , 2 be called the i - th pair of periods for the argument 
u r , the change effected by the substitution A k is an interchange of the first 
and &-th pairs of periods — no other change whatever being made. 

When we are dealing with p quantities, the interchange of the first and Mh of these 
quantities can be effected by a composition of the two processes (i) an interchange of the 
first and second, (ii) a cyclical change whereby the second becomes the first, the third 
becomes the second, ..., the p-th. becomes the (p - 1 )-th, and the first becomes the p- th. 
Such a cyclical change is easily seen to be effected by the matrix 



* Other sets of elementary matrices, by the multiplication of which any Abelian matrix can 
be formed, can easily be chosen. One other obvious set consists of the matrices obtained by 
interchanging the rows and columns of the matrioes A k , B, C, D. 

t We may state the meaning of the matrioes A hi B,C t J) somewhat differently in accordance 
with the property remarked in Ex. iii , § 824. 
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which verifies the equations (IX.) § 324, for r=l. Hence the matrioes A 3i ..., A p can 
each be represented by a product of positive powers of the matrices E and A % . Thereby 
the Qt?+2) elementary matrices A 2 , ..., A p , B , < 7 , D can be replaced by only 5 matrices E % 
A % ,B,C,D* 

Considering next the matrix B we obtain 

[<»,,,] = 0>V,1, [w'r.i] — «*ni» [®r,<] = <»,,<, (^~ 1 ’ g ^)> 

so that this transformation has the effect of interchanging o> r>1 and ®' f|1> 
changing the sign of one of them ; no other change is introduced. 

The matrix C gives the equation 

Wr, i] = tor, 1 - (Or, 1 , (f = 1, 2, ...» p), 

but makes no other change. 

The matrix D makes only the changes expressed by the equations 
[aj'r, J = to V, 1 “ (Or, a , [(o'r, a] = w'r, a - «r, i . 

In applying these transformations to the case of the theta functions we 
notice immediately that A k , C and D all belong to the case considered in 
§ 326 (ii), in which the matrix a' = 0. 

Thus in the case of the transformation A k we have 

®(«; = 

where w differs from u only in the interchange of u x and u k , r differs from r 
only in the interchange of the suffixes 1 and k in the constituents t T i9 of the 
matrix r, and K, K differ from Q , O' only in the interchange of the first and 
A?-th elements both in Q and Q'. Thus in this case the constant A is equal 
to 1. 

In the case of the matrix ( C ), the equations of § 326 (2) give 
®(«; r||) = 40( W ; 

where 


u-w, t —t save that 1, and K' = Q', K-Qs&ve that K^Qx+Qi — 

now the general term of the left-hand side, or 

g2irfu(n+ OO+iirr (n+Q0 a +2iriQ(»+Q') 


is equal to 

e l*iw{n+K , )+i*r' (n+JDHtir (»:+ (n+X')-2ttr (Q/-*) (», + (?/) 

_ e -i« (Q,*- Q,') #wiw {n+K’)+inr'(n+Ky+2niK ( n+K ') . 

thus in the case of the transformation ( G ) the constant A is equal to 
er j when Q x is a half-integer, this is an eighth root of unity. 


* See Krazer, Ann. d . Mat., Ser. u., t. xii. (1884). The number of elementary matrices is 
stated by Burkhardt to be further reducible to 3, or, in oase p=2, to 2 ; Odtting. Nachrichten, 
1890, p. 381. 
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In the case of the matrix (D), the equations of § 326 (ii) lead to 

® ( w > O=40( W ; t'|£), 

where u = w, r = r save that r 1>2 = t 1|9 — 1, t ^ = r 2>1 - 1, and K = Q 7 , K =Q 
save that Ifi = Q, + Q a ', K 2 ~ Q 2 -\- Qj ; now we have 

02*** (»+ O') +tirr (»+ Q / )* * +2iuQ (»+ O') — $ 2in (»,n 3 - Q/Qj') q (»+JH +i*r / (n+A , ) a +2ir<X’(n+J5: / ) . 

thus, in the case of the matrix (D) the constant A is equal to e~ 2H Q i 'Q*. 

We consider now the transformation (B ) — which falls under that con- 
sidered in (i) § 326. In this case mi' (a +ra ')w a is equal to 7 nr ltl / w 1 a ) and 
the equation (a + ra') r = + rff' leads to the equations 

T 1,1 = V T M> T i,r 888 T i,r/ T i,n T r,s — Tr,8 T i,/* T l > */ T i l i» 

or, the equivalent equations (r, s — 2, 3, . . . , p), 

T I,1 = “ I/ T l,l> = T r>8 = T r ,a — T 1>r Tj^/Tj^; 

also Wj — T lfl Wj, v r = T hr w l + so that = — w r — u r — t\ iT u u and 

Tl l iu* = - t'i,! W j a ; further we find 

K' = O' save that JT/ = — Q lt and if = Q save that K x - Q x ' ; 

with these values we have the equation 

girltj, , «?, 9 @ j r | = A% (w; T | * ). 

334. To determine the constant A in the final equation of the last 
Article we proceed as follows*: — We have 

(i) f e 2irimw dw = 0 or 1, 

J 0 

according as m is an integer other than zero, or is zero ; 

(ii) if a be a positive real quantity other than zero, and fi, y, $ be real 
quantities, 

fr*’ ¥ *' 4 -v5' 

where for the square root is to be taken that value of which the real part is 
positive f; 

* For indications of another method consult Clebsch u. Gordon, Abel. Fund . , § 90; Thomae, 

Crelle , lxxv. (1873), p. 224. 

t By the symbol yfii, where fi is any constant quantity, is to be understood that square root 
whose real part is positive, or, if the real part be zero, that square root whose imaginary 
part is positive. 
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(iii) with the relations connecting u , w and t, t' given in the previous 
Article, 

un = {wn\ + (t m n x 4- + T hp n p )w Xi 

where {wn) x denotes w 2 n 2 + + w p n p ; 

(iv) the series representing the function @ ( w , t') is uniformly con- 
vergent for all finite values of w u ..., w p , and therefore, between finite limits, 
the integral of the function is the sum of the integrals of its terms. 

Therefore, taking the case when (^) and therefore (k) are O' and 
integrating the equation 

gtrir,. , w , 3 @ (y ; T ) = A 0 ® (W J t), 

in regard to w 1} each from 0 to 1, we have 

A 0 — 2 2°° P ... [ 1 e™i’' w '* +2m < wn )* +2m ( T '’' n ' + ’-+ T t'P n p) w i+ t ™ a dw 1 ...dw p , 

11,= -oo Wa, , n p J U •/ 0 

where, on the right hand, the integral is zero except for Wa = 0, ...,7^ = 0; 
thus 

* ri 

A 0 = 2 I g^i. 1 

«,= - 30 J o 
oo rl 

= S I e ,rt ' T >' i ( w i+ n i) 2 

m— - oo J o 



girt'T,, i&dx', 


hence since the real part of n roV, fl is negative (§ 174), we have 


Ao = a/ "t = > 

V —7TIT!,! V T ltl 


where the square root is to be taken of which the real part is positive. 
Hence 


girtTuf^a 0 


(*i t)=*/^- 0( W ; r'), 

v T lfl 


and from this equation, by increasing w by K + t'JST, we deduce that 
e -rfr„.«, J ® ( M ; r | q) = sj ~ @ («* 


Hence, when the decomposition of any linear transformation into trans- 
formations of the form A k , B } C, D is known, the value of the constant 
factor, A, can be determined. 


335. But, save for an eighth root of unity, we can immediately specify the value in 
the general case ; for when Q, Q are zero, the value of the constant A has been found to 
be unity for each of the transformations A ki C> D , and for the transformation B to have a 
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value which is in fact equal to \fij\M\, \M\ denoting the determinant of the matrix M. 
Hence for a transformation which can be put into the form 

(o' = 

if the values of the matrix M for these component transformations be respectively 
the value of the constant A, when Q, Q 1 are zero, for the complete transformation, will be 

•••(\4fei)’ ‘W\ rk\) ' : 

but if the complete transformation give u = Mw, we have M— . . .M 2 M 1 . . . ; thus, for any 
transformation we have the formula 


e( «. r) = ^e[ W> r'li 

where M—a+ra\ u—Mw, and c is an eighth root of unity, r, r' being as in § 328, p. 544. 
Putting 2<»w, 2 vw for w, w, as in § 326, this equation is the same as 

~S(u;2 a , 2»', 2,, 2,')= ~Lf=f S \ w < 2v ’ 2u '> 2 £> 2 f' I i I 

vl«l vM^TW L 

where \a\ is the determinant of the matrix «, etc. 

Of such composite transformations there is one which is of some importance, that, 
namely, for which 


so that 
Then 




[®r, = fa *-l, 2, p). 

M=t } TT r = — 1, u— tw, nia (a -f ra') w l = rrirW 2 = niuw*= — itiru\ 


We may suppose this transformation obtained from the formula given above for the 
simple transformation B — thus— Apply first the transformation B which interchanges 
« r ,i, »V,i with a certain change of sign of one of them ; then apply the transformation 
A % BA % which effects a similar chauge for the pair a >' r>2 ; then the transformation 
A$BA Z) and so on. Thence we eventually obtain the formula 


where 


ir “*e(»; -I Vri e 2 ' i<e ' ft,+ ' + ^^0(»; 


T 2» 2 r 2t 2 "* 


r I,l 


fi _ / T 2. 3 

3, 3~ r 3,3 ~ J •••> 


and, save for an eighth root of unity, 


v^.,, vC ia VR1’ 

where |r| is the determinant of the matrix r. 
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The result can also be obtained immediately, and the constant obtained by an integra- 
tion as in the simple case of the transformation B ; we thus find, for the value of the 

constant here denoted by -- -f— the integral* 

J°° ... J°° e niTX *d*i---dXp- 

Ex. i. Prove that another way of expressing the value of this integral is 


£ tan-'X. 


where, if the matrix r be written |tt 0 | is the determinant of the matrix p 2 +<r 2 , 

which is equal to the square of the modulus of the determinant of the matrix r, also 
X n \ p are the (real) roots of the determinantal equation | p — Atr | =0, and tan -1 A r lies 
between - ir/2 and it 12. Of the fourth root the positive real value is to be taken. 

Ex. ii. For the case p= 1, the constant for any linear transformation is given by 


e tria'(a+ra , )to 8 0 


* 


r li( . ) r) = 


L 2 e 

M=0 


FGH+0* 


=L\/d 4 or L\/d(^je i [a+(a 1)(a ^ 

according as a or d is odd ; where d is positivo, and 

as — as = aa\ , _ j i 

p8'-p's=pp, ~ e VT^W)’ 


336. Returning now to consider the theory more particularly in con- 
nexion with the Riemann surface, we prove first that every linear trans- 
formation of periods such as 

[©] = m -f (o'ol , [«'] -a )/3 + (off, 

where 

aj§-/9«=: 0, a'ff — ffa' = 0, a£'-/3a' = l, 

can be effected by a change in the manner in which the period loops are 
taken. For this it is sufficient to prove that each of the four elementary 
types of transformation, A k , B, C , D, from which, as we have seen, every 
such transformation can be constructed, can itself be effected by a change in 
the period loops. 

The change of periods due to substitutions A k can clearly be effected 
without drawing the period loops differently, by merely numbering them 

* Weber has given a determination of the constant A for a general linear transformation by 
means of suoh an integral, and thenee, by means of multiple-Gaussian series. See Crelle, lxxiv. 
(1872), pp. 57 and 69. 
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differently — attaching the numbers 1, k to the period-loop-pairs which were 
formerly numbered k and 1. No further remark is therefore necessary in 
regard to this case. 

The substitution B, which makes only the change given by 

[*>,, J = ft/,, ! , [ft)',, J = - <»r, i , 

can be effected, as in § 320, by regarding the loop (b x ) as an [aj loop, with 
retention of its positive direction ; thus the direction of the (old) loop (a x ), 
which now becomes the [6,] loop, will be altered ; the change is shewn by 
comparing the figure of § 18 (p. 21) with the annexed figure (13). 



Fig. 13. 


The change, due to the substitution C, which is given by 

[«' r,i] = «'r,l - &>r,l, 

is to be effected by drawing the loop [aj in such a way that a circuit of it 
(which gives rise to the value [2g/,, J for the integral u r ) is equivalent to a 
circuit of the original loop (c^) taken with a circuit of the loop (b x ) from the 
positive to the negative side of the original loop (Oj). 

This may be effected by taking the loop [aj as in the annexed figure (14) 
(cf. § 331). 



For the transformation D the only change introduced is that given by 

Wr, l] = a/r,i - Mr,2> [w'r, 2] = - ft ), fl , 

and this is effected by drawing the loops [dj], [aj, so that a circuit of 
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[aj is equivalent to a circuit of the (original) loop (g^) together with a 
circuit of ( b 3 ), in a certain direction, and similarly for [oj. This may be 
done as in the annexed diagram (Fig. 15). 



For instance the now loop [a 2 ] in this diagram (Fig. 15) is a deformation of a loop 
which may be drawn as here (Fig. 16) ; 



since the integrand of the Abelian integral u r is single-valued on the Riemann surface, 
independently of the loops, the doubled portion from L to M is self-destructive ; and 
a circuit of this new loop [a 2 ] gives ©' r , 2 - «r, i > as desired. 

Hence the general transformation can be effected by a composition of the 
changes here given. It is immediately seen, for any of the linear transform- 
ations of § 326, that if the arguments there denoted by U u ..., Up be a set 
of normal integrals of the first kind for the original system of period loops, 
then W lt ..., W p are a normal set for the new loops associated with the 
transformation. 

337. Coming next to the question of how the theory of the vanishing of 
the Riemann theta function, which has been given in Chap. X., is modified 
B. 36 
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by the adoption of a different series of period loops, we prove first that when 
a change is made equivalent to the linear transformation 

[a>] s= eoa + a a , [&)'] = (o/3 + w'/S 7 , 

the places Wj, of § 179, Chap. X., derived from any place m, upon 

which the theory of the vanishing of the theta function depends, become 
changed into places m/, . . . , m p which satisfy the p equations 

mp = i [d fojSft + ir it l [d (a'P)] l +... + ir itP [d(a'j3')] p , 

wherein u lt ..., Up denote the normal integrals of the first kind for the 
original system of period loops. 

For let w lf ...,w p be the normal integrals of the first kind for the new 
period loops, and let m/, m p be the places derived from the place m, in 
connexion with the new system of period loops, just as m lt were 

derived from the original system. In the equation of transformation 

e ni * (a+Ta ' ) w2 f H ) ; t =-4,0 (w; t), 

put 

w = — w x " w '' — ... — vfp’^'p, 

so that the right-hand side of the equation vanishes when x is at any one of 
the places m/, ...» m p \ then we also have 

U = U x,m — It*"™ 1 ' — ... — ll x P> in P • 

hence the function 

© — — ... — w**’*"*'; r 

vanishes when x is at any one of the places x lf x p \ therefore, by a 
proposition previously given (Chap. X., § 184 (X.)), the places m/, ..., m p 
satisfy the equivalence stated above. 

It is easy to see that this equivalence may be stated in the form 

^ = J [d {jSfffr + Km [d (aa% + . . . + *T' t . , [d (a« 7 )] p , 

(»- 1 > 2 > --’JP)- 

It may be noticed also that, of the elementary transformations associated 
with the matrices Ajc, B, C, D, of § 333, only the transformation associated 
with the matrix C gives rise to a change in the places m u ..., 7 n p \ for each 
of the others the characteristic [£d (a/3), (a'/3')] vanishes. 

338. From the investigation of § 329 it follows, by interchanging the 
rows and columns of the matrix of transformation, that a linear trans- 
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formation can be taken for which the characteristic \ d (of^ 7 )] 

represents any specified even characteristic; thus all the 2*~ 1 (2* , + 1) sets*, 

..., m p> which arise by taking the characteristic i(^j * n the equivalence 


ii m ii w w'jj , m p — 

to be in turn all the even characteristics, can arise for the places w/, . . . , m p . 
In particular, if be an even half-period for which <R> ^ vanishes, 

we may obtain for m/, ...» m p a set consisting of the place m and p — 1 
places 7 ?/, ..., w' p _ 1 , in which w,', ..., are one set of a co-residual lot of 
sets of places in each of which a ^-polynomial vanishes to the second order 
(cf. Chap. X., § 185). 

Ex. If in the hyperelliptic case, with p— 3, the period loops be altered from those 
adopted in Chap. XI., m a manner equivalent to the linear transformation given in the 
Example of § 329, the function 0 ( w ; r), defined by means of the new loops, will vanish 
for w = 0; and the places mj 9 m 3 ', arising from the place a (§ 203, Chap. XI.), as 
m u ...fTrip arise from m in § 179, Chap. X., will consist t of the place a itself and two 
arbitrary conjugate places, z and z. 

339. We have, on page 379 of the present volume, explained a method 
of attaching characteristics to root forms VF (3) ; we enquire now how 

these characteristics are modified when the period loops are changed. It will 
be sufficient to consider the case of V F (8) ; the case of VX (1) arises (§ 244) by 
taking in place of VF< 3) . Altering the notation of § 244, slightly, to 

make it uniform with that of this chapter, the results there obtained are as 
follows; the form X {3) is a polynomial of the third degree in the fundamental 
^-polynomials, which vanishes to the second order in each of the places 
A u ..., 3 , m Xi ..., m py where A ly ..., A 2p - 3 are, with the place m, the 

zeros of a ^-polynomial <f > 0 ; the form F (3) is a polynomial, also of* the third 
degree in the fundamental ^-polynomials, which vanishes to the second order 
in each of the places A u ..., Aap_ 3 , p p ; if 

u* x,mi + ...+v!i P,mp = b(qi + qiT itl + -~ + qpT itP ), (i = 1, 2, ...,2>), 

where u u ..., u p are the Riemann normal integrals of the first kind, the 

characteristic associated with the form F <8) is that denoted by an< *+ 

it may be defined by the fact that the function VF (8) /VA w , which is single- 
valued on the dissected Riemann surface, takes the factors (— 1 ) 9 *, (— l) 9 * 
respectively at the i-th period loops of the first and second kind. 

Take now another set of period loops; let m/, ..., m p be the places 


* Or lot of sets, when the equivalence has not an unique solution, 
t Cf. the concluding remark of § 185. 

$ Integer characteristics being omitted. 


36—2 
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which, for these loops, arise as ..., m p arise for the original set of period 
loops; let Z m be the form which, for the new loops, has the same character 
as has the form X {S) for the original loops, so that Z {3) vanishes to the second 
order in each of A 1} ..., A ip - 3 , ra/, ..., mf; then from the equivalences 
(§337) 

w ‘ + • • • + <*” ,Wp = i l d (M)]i + Km i d (M)l + -+ K.* l d (**%> 

(»-l. •••» jp)l 

where w,, ...,w p are the normal integrals of the first kind, it follows, as in 
§ 244, that the function *JZ {S) is single- valued on the Riemann surface 
dissected by the new system of period loops, and at the r-th new loops, 
respectively of the first and second kind, has the factors 

e - iri[(l (!•') ]r giri [d ififi ') ] r> 

The equations of transformation, 

[o>] = wa + co'a', [&>'] = m/3 4- &>'$', 
of which one particular equation is that given by 

== ®»,i®i,r + + Mn, p&p,r + © n, i a \,r + • • • "h 0) n,p&p,r) ( n > r = 1, . .. , p) t 

express the fact (cf. § 322) that a negative circuit of the new loop [6 r ] is 
equivalent to a itT negative circuits of the original loop (&») and a' t|T . positive 
circuits of the original loop (a t ) ; thus a function which has the factors e~ rriq i i 
e^i at the i-th original loops, will at the r-th new loop [a r ] have the factor 
g-iri/,.', w here // is an integer which is given by 

-l r ’= I [- qi'cti r + qi (mod. 2) ; 

i = 1 

thus the factors of /VX (s) at the new period loops are given by e~ ntl \ 
where l, V are rows of integers such that 

V = aq' - a 'q, - 1 s ^q' - p'q, (mod. 2). 

Therefore the factors of Vyw/VZ® = (VF»/VZ»)/(^»/VJw) f at the 
new period loops, are given by e _Tri *', e 7 ™*, where 

k' = aq' -a'q-d (««'), -k = 0q'-0'q-d (j3p), (mod. 2) ; 

now the characteristic associated with corresponding to the original 
system of period loops may be defined by the factors of \TY® !*JX® at those 
loops ; similarly the characteristic which belongs to */Y w for the new system 

of loops is defined by the factors of /*/Z w , and is therefore ^ {^j ; the 

equations just obtained prove therefore that the characteristic associated with 
is transformed precisely as a theta characteristic, 
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The same result may be obtained thus ; the p equations of the form 

+ (?,+ ftr,, J + ...+ q p T hP ), 

are immediately seen, by means of the equation (a -fra') (3'-r a') = l to lead top equations 
expressible by 

^ • w ‘ + . . . + = i @q-h)+VW- 5 fq ) ; 

subtracting from these the equations 

+ + + (*'=1 ,->?), 

we obtain equations from which (as in § 244 ) the characteristic of \ZTP), for the new 
loops, is immediately deducible. 

Similar reasoning applies obviously to the characteristics of the forms 
V X iiv+1) considered on page 380 (§ 245). But the characteristic for a form 
•JXW (p. 381), which is obtained by consideration of the single-valued 
function \/jw/<I)W — into which the form VX (3) , depending on the places 
mi, , m p , does not enter — is transformed in accordance with the equations 

Jc' = aq — dtq, ~k = flq — /3'q, (mod. 2), 
and may be described as a period* characteristic, as in § 328. 

340. Having thus investigated the dependence of the characteristics 
assigned to radical forms upon the method of dissection of the Riemann 
surface, it is proper to explain, somewhat further, how these characteristics 
may be actually specified for a given radical form. The case of a form 
V X M differs essentially from that of a form VZ (2 *' +1) . When the zeros of a 
form y/X m are known, and the Riemann surface is given with a specified 
system of period loops, the factors of a function at these loops 

may be determined by following the value of the function over the surface, 
noticing the places at which the values of the function branch — which places 
are in general only the fixed branch places of the Riemann surface; the 
process is analogous to that whereby, in the case of elliptic functions, the 
values of Vp {u + 2®!) — e l / Vjp (u) — e u (u + 2m a ) - tfi/Vjp ( u ) — e x may be 
determined, by following the values of Vfp(u) — e x over the parallelogram of 
periods. But it is a different problem to ascertain the factors of the function 
s/Y® !*JX® at the period loops, because the form VX (3) depends upon the 
places m lf ..., m p , and we have given no elementary method of determining 
these places ; the geometrical interpretation of these places which is given in 
§ 183 (Chap. X.), and the algebraic process resulting therefrom, does not 
distinguish them from other sets of places satisfying the same conditions; 
the distinction in fact, as follows from § 338, cannot be made algebraically 
unless the period loops are given by algebraical equations. Nevertheless we 
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may determine the characteristic of a form F (8) , and the places m p , 

by the following considerations*: — It is easily proved, by an argument like 
that of § 245 (Chap. XIII.), that if there be a form having the same 
characteristic as V V <*>, there exists an equation of the form VX W V F (8) = d> (8) ; 
and conversely, if g + 1 linearly independent polynomials, of the second 
degree in the p fundamental ^-polynomials, vanish in the zeros of and 
denote the sum of these q + 1 polynomials, each multiplied by an 
arbitrary constant, that we have an equation V F (1) V F (8) = M* 9) , where V F (1) is 
a linear aggregate of q + 1 radical forms like V X ll \ all having the same 
characteristic as VF (8) ; in general, since a form > F a) can contain at most 
3(p — 1) linearly independent terms (§ 111, Chap. VI.), and the number of 
zeros of V F (8) is 3 (p - 1), we have q + 1 = 0 ; in any case the value of q + 1 
is capable of an algebraic determination, being the number of forms 4> (J) 
which vanish in assigned places. Now the number of linearly independent 
forms VX (1) with the same characteristic is even or odd according as the 
characteristic is even or odd (§§ 185, 186, Chap. X.) ; hence, without deter- 
mining the characteristic of V F (3) we can beforehand ascertain whether it is 
even or odd by finding whether q + 1 is even or odd. Suppose now that 
Pi, ..., pp and /*/, ..., p p ' are two sets of places such that 

(rn 3 , A u ..., ..., p p 3 ) = (/ a / 3 , ..., tip' 3 ), 

m being an arbitrary place, and m, A u ..., being the zeros of any 

^-polynomial </> 0 ; so that p lt ...,p p and pf, . . . , Pp' are two sets arbitrarily 
selected from 2 2p sets which can be determined geometrically as in § 183, 
Chap. X. (cf. § 244, Chap. XIII.) ; let F (s) vanish to the second order in each 
of pi, ..., p p , A ls ..., Ay ,- 3 and F^* vanish to the second order in each of 
Pit Pp', A lt ..., riap_ 3 ; by following the values of the single-valued 
function V F, w / V F (8) on the Riemann surface, we can determine its factors at 
the period loops; at the r-th period loops of the first and second kind let 
these factors be (— l)* r ', (— l)* r respectively; then if £ (q lt ..., q p ') and 
i (On , Q p ) be respectively the characteristics of V Y M and V Yf*\ which we 
wish to determine, we have (§ 244) 

V = Qr - qA k r = Q r - q r , (mod. 2). 

Take now, in turn, for p{, ..., p p ' t all the possible 2^ sets which, as in § 183, 
are geometrically determinable from the place m; and, for the same form 
VF< 8 >, determine the 2^ characteristics of all the functions *J Y^/ V F (8) arising 


* Noether, Jahresbericht der Deutschen Mathematiker Vereinigung, Bd. iii. (1894), p. 494, 
where the reference is to FuchB, Crelle, lxxiii. (1871) ; of. Prym, Zur Theorie der Funetionen in 
einer xweibldttrigen Fldche (Zorich, 1866). 
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by the change of the forms then there exists one, and only one, 

characteristic, j , satisfying the condition that the characteristic 

is even when V Yfi has an even characteristic and odd when V Fj {8) has an odd 
characteristic ; for, clearly, the characteristic £ ^ j is a value for which 

satisfies the condition, and if i ^ ) were another possible value for i ^ ) 
we should have 

(k + a) ( k f + a) = (k + q) ( k + q) (mod. 2), 
or 

k (a — q') + k' (<r — q) = qq' - <ra 


for all the 2^ possible values of i ^ j 5 and this is impossible (Chap. XVII., 
§ 295). 

Hence we have the following rule : — Investigate the factors of V F^/V F s) 
for an arbitrary fotm V F (3) and all 2 ^ forms V Yj* ] ; corresponding to each 
form VFj w determine , by the method explained in the earlier part of this 
Article , whether its characteristic is even or odd ; then t denoting the factors of 
any function V Fj (s) /V F (s) respectively at the first and second kinds of period 


loops by quantities of the form (— 1)*, (- 1 )*, determine the characteristic \ j , 

(o' + k'\ ^ 

satisfying the condition that the charactei'istic £ ^ + ^ J is, for every form 
Jm even or odd according as the characteristic of that form , V F x (3) , is even or 


odd ; then i 15 charactei'istic of the form V F <8) ; this being determined 

the characteristic of every form V Y x {3) is known ; the particular form V F^ 8 * /or 
w/iic/i the characteristic , arising , is actually zero , is the form previously 

denoted by VX (8) — namely the form vanishing in the places m 1} ...,mp which are 
to be associated (as in § 179, CTiap. X.) witfc particular system of period 
loops of the Riemann surface which has been adopted . 

Thus the method determines the places m lt ,.,,m p and determines the 
characteristic of every form *J F (8) ; the characteristic of any other form 
/yte'+I) is then algebraically determinable by the theorems of § 245 (p. 380). 


341. For the hypereiliptic case we have shewn, in Chap. XI., how to 
express the ratios of the 2^ Riemann theta functions with half-integer 
characteristics by means of algebraic functions ; the necessary modification 
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of these formulae when the period loops are taken otherwise than in 
Chap. XL, follows immediately from the results of this chapter. If the 
change in the period loops be that leading to the linear transformation 
which is associated with the Abelian matrix formed with the integer 
matrices a, ft, a', /S', we have (§ 324) 

where 

k' = aq' -*'q-d (Set'), -k = j3q' — j8'q - d 

If now, considering as sufficient example the formula of § 208 (Chap. XI.), we 
have 

a - + . . • + 3 <pCOr t p + <j[i M r, i + • • • + Qp (o'r tP , 

then we have 

a = li v r> i 4* • • ■ *4* v r, p ”1" I'l v'r, i “h . . . 4" Ip Vr, p > 

where 

V = 5q -a'q — k'+d (a<x'), — l = — /3'q = -Jc + d (fi/3 ') ; 

therefore, if the characteristic J (d (fift), d (aa')) be denoted by fi, the function 

is a constant multiple of + ; and we may 

denote the latter function by ^ [w\w h > a + p]. Thus the formula of § 208 is 
equivalent to 

V(6- *)...<& - *) = C X ( J'* |/t | ** , 

where G is independent of the arguments w u and, as in § 206, 

^r = < 1,a ‘ + ... + < p,ap , (r = 1, 2, ...,p). 

Similar remarks apply to the formula of §§ 209, 210. It follows from 
§ 337 that the characteristic is that associated with the half-periods 

w m '' n '+...+w m »' a \ 

where m/, . . . , m p are the places which, for the new system of period loops, 
play the part of the places m u ..., m p of § 179, Chap. X. It has already 
(§ 337) been noticed that for the elementary linear substitutions A *, B, D the 
characteristic /4 is zero. 


342. In case the roots Ci, a lf Cj, a 2 , ..., c, in the equation associated with 
the hyperelliptic case 

y a * 4 (x — Ca) (x - ttj) ( x - c 3 ) (x - a 2 )...(x - c p ) (x - a p ) (x — c), 

be real and in ascending order of magnitude, we may usefully modify the 
notation- of § 200, Chap. XI. Denote these roots, in order, by b w , b^ lt ... y b 0 , 
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so that btf, b af-j are respectively Cp_i +1 , a p ^ +l and b 0 is c, and interchange 
the period loops (aj), (6»), with retention of the direction of (&<), as in the 
figure annexed (Fig. 17). 



Fig. 17. 


Then if U*' a y . . . , a are linearly independent integrals of the first kind, 
such that dUl^/dx^yfrr/y, where yjr r is an integral polynomial in x> of degree 
p - 1 at most, with only real coefficients, the half-periods 

M r , »=o), 


are respectively real and purely imaginary, so that [&/ r ,t] is also purely 
imaginary ; if now w*' ’ a , . . . , w*' a be the normal integrals, so that 

U r = [2w, t j] W 1 + . . • + [2&) r> p] Wp, W, = Lr,l U\ + . .. + Is r , p U pf 


then the second set of periods of iv x,a y ..., w* ,a , which are given by 
rV f t = ^i-,i[2G)'i,J + ... +Z,,_p[2<»p fl ], (r,s= 1, 2, ...,p), 

are also purely imaginary* ; forming with these the theta function ® («/; t'), 
the theta function of Chap. XI. is given (§ 335) by 

@ ( w . T | Q ) = Ae>**W ®(w ;t' J 

where K, K' are obtainable from Q, Q' respectively by reversing the order 
of the p elements, and A is the constant ^‘/Aj ViAj/Aj ViA 2 /A 3 ..., in which 
A = t m , A , 2 - T^jTg.a — t 2 1)2 , etc. We find immediately that 


l,a — • • • — [«r, p] + [« r, i] » f7* ai,a — — [a> r ,j + i] — ... — [ft) r> p ] -j- [<w' r ,i]» 


(i = o, 1, p), and may hence associate with b^-i, b. 2i the respective odd and 

even characteristics 



o i o... o\ ,/o y- 1 / 1W OV^ 

0 -l Ul/Ul/ ’ 

.01 o... o\ A /oy -* 1 /i\ / o\^ 

.o o -i...-i;~* Vo; VoA-1/ ’ 


# The quantities r u , of Chap. XI. (of which the matrix is given in terms of the r \ t , of § 842 
by rr'= - 1) are also purely imaginary when c lt a lt ..., Cp, a p , e are real and in asoending order 
of magnitude. 



570 


WEIERSTRASS's RULE. 


[342 

and may denote the theta functions with these characteristics respectively by 
0*-, (w; t), 0 a (w; r'); if b k> b h b m} be any of the places b w , ..., 5 0 , not 
more than p in number, and if, with 0 > < 2, 0 > q{ < 2, we have 

Ur*’ a + Ur l ' a + ... = — qi [av,i] — ... — q p [o> r , j>] + q{ [© r,J 4* ... + q p [©'»-, 

then the function whose characteristic is ma y denoted by 

t'). 

This function is equal to, or equal to the negative of, the function with 
characteristic i ^ » according as the characteristic is even or odd. 

We have thus a number notation for the 2 ni half-integer characteristics*, 
equally whether the surface be hyperelliptic or not ; this notation is under- 
stood to be that of Weierstrass (Konigsberger, Crelle, LXiv. (1865), p. 20). 
For the numerical definition of the half-periods, which are given by the rule 
at the bottom of p. 297, precise conventions are necessary as to the allocation 
of the signs of the single valued functions *Jx — b r on the Riemann surface 
(cf. Chap. XXII.). 


In the hyperelliptic case jo = 2, the characteristics of the theta functions given in the 
table of § 204 are supposed to consist of positive elements less than unity ; when Q v Q. it 
Q\t Qi are each either 0 or the formula of the present article gives 


„ Trine 3 


0 [“ t r'| 


the number notations for the transformed characteristics are then immediately given by 
the table of § 204. The result is that tho numbers 


02, 24, 04, 1, 13, 3, 5, 23, 12, 2, 01, 0, 14, 4, 34, 03 
are respectively replaced by 

3, 1, 13, 24, 04, 02, 5, 0, 4, 2, 34, 23, 14, 12, 01, 03. 


* For convenience in the comparison of results in the analytical theory of theta functions, it 
appears better to regard it as a notation for the characteristics rather than for the functions. 
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CHAPTER XIX. 

On systems of periods and on general Jacobian functions. 

343. The present chapter contains a brief account of some general ideas 
which it is desirable to have in mind in dealing with theta functions in 
general and more especially in dealing with the theory of transformation. 

Starting with the theta functions it is possible to build up functions 
of p variables which have 2 p sets of simultaneous periods — as for instance 
by forming quotients of integral polynomials of theta functions (Chap. XI., 
§ 207), or by taking the second differential coefficients of the logarithm of 
a single theta function (Chap. XI., § 216, Chap. XVII., § 311 (3)). Thereby 
is suggested, as a matter for enquiry, along with other questions belonging to 
the general theory of functions of several independent variables, the question 
whether every such multiply-periodic function can be expressed by means of 
theta functions*. Leaving aside this general theory, we consider in this 
chapter, in the barest outline, (i) the theory of the periods of an analytical 
multiply-periodic function, (ii) the expression of the most general single 
valued analytical integral function of which the second logarithmic dif- 
ferential coefficients are periodic functions. 

344. If an uniform analytical function of p independent complex 

variables u u ..., tip be such that, for every set of values of u lt ...,u p> it 
is unaltered by the addition, respectively to of the constants 

Pj, ..., P p , then P,, ...» P p are said to constitute a period column for the 
function. Such a column will be denoted by a single letter, P, and P* will 
denote any one of P u ..., P p . It is clear that if each of P, Q, P, ... be 
period columns for the function, and A, p, v % ... be any definite integers, 
independent of k , then the column of quantities AP* + /*<?* + iP* + . . . is 
also a period column for the function; we shall denote this column by 
AP + /aQ + vR+ ..., and say that it is a linear function of the columns 
P, Q, P, ..., the coefficients A, p, v, ..., in this case, but not necessarily 


Cf. Weierstrass, Crelle, lxxxix. (1880), p. 8. 
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always, being integers. The real parts of the new column are the same 
linear functions of the real parts of the component columns, as also are the 
imaginary parts. More generally, when the p quantities \P k + fiQ k + vR k + •■• 
are zero for the same values of X, p, v , ... , we say that the columns P, Q, R, . .. 
are connected by a linear equation; it must be noticed, for the sake of 
definiteuess, that it does not thence follow that, for instance, P is a linear 
function of the other columns, unless it is known that X is not zero. 

It is clear moreover that any 2p + 1, or more, columns of periods are 
connected by at least one linear equation with real coefficients (that is, an 
equation for each of the p positions in the column — p equations in all, with 
the same coefficients) ; for, in order to such an equation, the separation of 
real and imaginary gives 2 p linear equations to be satisfied by the 2p + 1 
real coefficients ; allowing possible zero values for coefficients these equations 
can always be satisfied. 

For instance the periods Q — flj-f <’Q 2 > »=s®i+i® 2 , a>'=a> 1 '+ are connected by an 
equation 

tQ 4- xa> -\-yoa — 0, 

in which however, if 0, also t= 0. 

Thus, for any periodic function, there exists a least number, r, of period 
columns, with r lying between 1 and 2 p *f 1, which are themselves not 
connected by any linear equation with real coefficients, but are such that 
every other period column is a linear function of these columns with real 
finite coefficients. Denoting such a set* of r period columns by P (1) , P (r) , 
and denoting any other period column by Q, we have therefore the p 
equations 

Q[ ] = \ P? 1 + 4- X r P<\ (k * 1, 2, . . . , p), 

wherein \ lt ..., X r are independent of k, and are real and not infinite. It is 
the purpose of whatf follows to shew , in the case of an uniform analytical 
function of the independent complex variables n u ..., u p , (I.) that unless the 
function can be expressed in terms of less than p variables which are linear 
functions of the arguments u lr , u p , the coefficients X,, . . . , \ r are rational 
numbers, (II.) that , X n ..., X r being rational numbers , sets of r columns of 
periods exist in terms of which every existing period column can be linearly 
expressed with integral coefficients. 

Two lemmas are employed which may be enunciated thus : — 

(a) If an uniform analytical function of the variables u 1} ..., u p have a 
column of infinitesimal periods, it is expressible as a function of less than 
p variables which are linear functions of u u And conversely, if such 

* It will appear that the number of such sets is infinite ; it is the number r which is unique. 

f These propositions are given by Weierstrass. Abhandlungen am der Functionenlehre 
(Berlin, 1886), p. 166 (or Berlin. MonaUber. 1876). 
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uniform analytical function of u u ...,u p be expressible as a function of less 
than p variables which are linear functions of u^, ..., u p , it has columns of 
infinitesimal periods. 

(ff) Of periods of an uniform analytical function of the variables 
W!, ...,Wp, which does not possess any columns of infinitesimal periods, 
there is only a finite number of columns of which every period is finite. 

345. To prove the first part of lemma (a) it is sufficient to prove that 
when the function f(u x , ..., u p ) is not expressible as a function of less than 
p linear functions of u u ...,u p , then it has not any columns of infinitesimal 
periods. 

We define as an ordinary set of values of the variables u u ...,u p a set 
u x , . . . , u p> such that, for absolute values of the differences u x - u x , ...,u p ~u p 
which are within sufficient (not vanishing) nearness to zero, the function, 
f(u x , ..., u p ), can be represented by a converging series of positive integral 
powers of these differences — the possibility of such representation being the 
distinguishing mark of an analytical function ; other sets of values of the 
variables are distinguished as singular sets of values*. 

Then if the function be not expressible by less than p linear functions of 
Hi, Up, there can exist no set of constants c„ c p such that the 
function 

d/ 

1 du x p du p 

vanishes for all ordinary sets of values of the variables; for this would 
require / to be a function of the p— 1 variables c t u x — c x Ui (i — 2, ..., p). 
Hence there exist sets of ordinary values such that not all the differential 
coefficients df/du l} ... ,df/du p are zero; let u x \ be such an ordinary 

set of values; for all values of u x , ...,u p in the immediate neighbourhoods 
respectively of u { j ] , ..., u l p , the statement remains true that not all the partial 
differential coefficients are zero. 

Then, similarly, the determinants of two rows and columns formed from 
the array 

0/ df 0/ 

du { r 0t4 u duf 

V df df 

du^ * 0w a ’ dup 

do not all vanish for every ordinary set of values of the variables; let 
uf, ... , u { p be an ordinary set for which they do not vanish ; for all values of 

# The ordinary sets of values constitute a continuum of 2 p dimensions, which is necessarily 
limited; the limiting sets of values are the singular sets. Cf, Weierstrass, Crelle , lxxxix, 
(1880), p. 8, 
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u l} ...,u p in the immediate neighbourhoods respectively of uf t ..., u p \ the 
statement remains true that not all these determinants are zero. 

Proceeding step by step in the way thus indicated we infer that there exist 
sets of ordinary values of the variables, (ui\ ..., u ( p ), ..., (u[ p \ ..., u { p ] ) f such 
that the determinant, A, of p rows and columns in which the A?-th element of 
the r-th row is df (mJ*, ..., u { p) /du k \ does not vanish; and since these are 
ordinary sets of values of the arguments, this determinant will remain 
different from zero if (for r = 1, p) the set u ( [\ ..., u l p be replaced 
by •••> ^p\ where v { k is a value in the immediate neighbourhood of 

4 r) . 

This fact is however inconsistent with the existence of a column of 
infinitesimal periods. For if ff lt ..., H p be such a column, of which the 
constituents are not all zero, we have 

0=/(«r + H x u" + H„) -/(«!', <’), (r = 1, 

= i <’ + dpHrl 

k = 1 O u k 

where 0 lf ..., 6 P are quantities whose absolute values are ^1, and the 
bracket indicates that, after forming df/d u k , we are (for m— 1, p) to 
substitute + 6 tn H m for ; these p equations, by elimination of H lt . . . , H p 
give zero as the value of a determinant which is obtainable from A by slight 
changes of the sets u x \ ..., ; we have seen above that such a determinant 

is not zero. 

To prove the converse part of lemma (a) we may proceed as follows. 
Suppose that the function is expressible by m arguments v X) ... y v m given by 

v k ^a ktl u 1 + ... + a ktP u py (lc = 1, 

wherein m<p. The conditions that v lt . . . , v m remain unaltered when 
u ly ....Up are replaced respectively by u x -f tQ x , ..., u p + tQ p are satisfied by 
taking Q lf ..., Q p so that 

a k, i Qi + + ®k, p Qp “ 0, (k = 1, . . . , m), 

and since m < p these conditions can.be satisfied by finite values of Q ly ... , Q p 
which are not all zero. iThe additions of the quantities tQ ly ...,tQ p to 
Ui , ...,u p , not altering v lt ..., v my will not alter the value of the function /. 
Hence by supposing t taken infinitesimally small, the function has a column 
of infinitesimal periods. 

346. As to lemma (£), let P k - p k -\- icr k be one period of any column of 
periods, (k = 1, ..., p) t wherein />*, <r* are real, so that, in accordance with the 
condition that the function has no column of infinitesimal periods, there 
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is an assignable real positive quantity e such that not all the 2 p quantities 
phi o’k ^ less than e. Then if p k , v k be 2 p specified positive integers, 
there is at most one column of periods satisfying the conditions 

^ | pk I < (/** + 1) e, v k €^\a k \< (»k + 1) <?> (A? = 1, ... , p) ; 

wherein |p*|, |<r*| are the numerical values of pk, <r k ; for if pk 4- i<r k were 
one period of another column also satisfying these conditions, the quantities 
Pk — pk 4* i {<r k — crjs) would form a period column wherein every one of the 
2 p quantities p k ' — p k) <r k — a k was numerically less than e. 

Hence, since, if g be any assigned real positive quantity, there is only a 
finite number of sets of 2 p positive integers fi k , v k such that each of the 
2 p quantities fi k e, r k e is within the limits (— g, g), it follows that there 
is only a finite number of columns of periods P k ~ p k + ia ki such that each of 
p k) <r k is numerically less than g. And this is the meaning of the lemma. 

347. We return now to the expression (§ 344) of the most general 
period column of the function f by real linear functions of r period columns, 
of finite periods, in the form 

Q = \ 1 P^ + +VP (r >; 

here the suffix is omitted, and we make the hypothesis that the function 
is not expressible by fewer than p linear combinations of u lt ..., u p . 

Consider, first, the period columns Q from which Xj = \ 3 = ... as \ r = 0 
and 0 < Xj ^ 1. Since there are no columns of infinitesimal periods, there 
is a lower limit to the values of \ corresponding to existing period columns 
Q satisfying these conditions; and since there is only a finite number of 
period columns of wholly finite periods, there is an existing period for which 
Xj is equal to this lower limit. Let X ltl be this least value of X 1; and Q (1) 
be the corresponding period column Q. 

Consider, next, the period columns Q for which X 3 = X 4 - ... ==X y = 0, 
and 0 ^ X x ^ 1, 0 < Xa ^ 1. As before there are period columns of this 
character in which X 3 has a least value, which we denote by \ 2 . If there 
exist several corresponding values of let X 1|5J denote one of these, and 
denote X 1>a P< 1) q-Xa^P^ by Q (a) . 

In general consider the period columns of the form 

X*P« + ’ + X m Pw i (m*r), 

wherein 

O^X^l, , 0 * X w _ a *1, 0<X, W ^1. 

Since there are no infinitesimal periods, there is a lower limit to the values 
of Xm corresponding to existing period columns satisfying these conditions ; 
since there is only a finite number of period columns of wholly finite periods, 
there is at least one existing column Q for which X™ is equal to this lower 
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limit; denote this value of X, n by \ n ,m, and denote by X 1|W , ...» X^.^ values 
arising in an actual period column Q {m) given by 

Q (m) = \ m pw +\mP W + ... + J 

there may exist more than one period column in which the coefficient of 
P (m) is X*, w . 

Thus, taking m = 1, 2, r, we obtain r period columns Q (1) , Q< r) , 

In terms of these any period column Q, = + ... + X r P (r >, in which 

Xj, ..., Xr are real, can be uniquely written in the form 

NiQ m + ... + W + Mi P« + ... + MrP (r) , 
wherein N u ..., I\T r are integers, and /*,, fi r are real quantities which are 
zero or positive and respectively less than X M , X r>r . For, putting X r into 
the form JV’ r X r , r + fi r , where N r is an integer and p r , if not zero, is positive 
and less than X,, r , we have 

Q = XjP (1) + ... 4- \rP (r) 

= X/P< 1 > + ... + XV-jP^ 1 * + iVrQ (r> +/i r P (r> , 

where 

Xi = Xj rXi jr , . , X /•_] = X r _ 1 rX r _i >r ; 

and herein the column O' = X 1 'P (1> + ... + X' r _ 1 P (r "~ 1) can quite similarly be 
expressed in the form 

Q' = X 1 "P U> + ... + X /, r _ i P ,r - a) + +/^_ 1 P (r - 1 >, 

and so on. 

But now, if AT,Q a) + ... + N r Q {r) + p 1 P {l) + ... + p r P [r) be a period column, 
it follows, as J\T„ N r are integers, that also ^P (1) -f ... + fjL r P {r) is a period 
column; and this in fact is only possible when each of p lt ..., p r is zero. 
For, by our definition of Q (r} , the coefficient p r is zero ; then, by the definition 
of the coefficient /A r _ x is zero ; and so on. 

On the whole we have the proposition (II., § 344 ) — if 

Q im> =\mP {1) + ... +V.PW, (m-1, ..., r), 

be that real linear combination of the first m columns from P (1) , ..., P (r) in 
which the m-th coefficient X WiW has the least existing value greater than zero 
and not greater than unity , or be one such combination for which X m>m satisfies 
the same condition , then every period column is expressible as a linear combina- 
tion of the columns Q (1) , ..., Q {r) with integral coefficients. 

It should be noticed that Q< 1 \ $ r ) are not connected by any linear equation with 

real coefficients, or the same would be true of P 1 ), ..., PM. And it should be borne 
in mind that the expression of any period column by means of integral coefficients, 
in terms of $*), ..., (jfr\ is a consequence of the fact that the function f{u u ..., u p ) 
has only a limited number of period columns which consist wholly of finite periods. 
Conversely the period columns, of finite periods, obtainable with such integral coefficients, 
are limited in number. 
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Another result (I., § 344) is thence obvious — The coefficients in the linear 
expression of any period column in terms of P (1) , ..., P (r) are rational 
numbers. 

For by the demonstration of the last result it follows that the period 
columns P (1) , P (r) can be expressed with integral coefficients in terms of 
Q {1) , •••> Q (r) in the form 

pm = N<?"Qm + ... + N';'Qm > ( TO = 1, 

from these equations, since the columns P (1) , ..., P (r) are not connected by 
any linear relation with real coefficients, the columns Q (1) , Q (r) can be 
expressed as linear combinations of P (1) , ..., P (r) with only rational numbers 
as coefficients; hence any linear combinations of Q (1) f ..., Q (r) with integral 
coefficients is a linear combination of P (1) , P (r) with rational-number 
coefficients. 

It needs scarcely* to be remarked that the set of period columns 
Q (1) , Q lr) , in terms of which any other column can be expressed with 

integral coefficients, is not the only set having this property. 

348. We consider briefly the application of the foregoing theory to the case of uniform 
analytical functions of a single variable which do not possess any infinitesimal periods. It 
will be sufficient to take the case when the function has two periods which have not a real 
ratio ; this is equivalent to excluding singly periodic functions. 

If 2ft)! , 2® 2 be two periods of the function, whose ratio is not real, and 2Q be any other 
period, it is possible to find two real quantities X 1} X 2 such that 

U = X 1 ft) 1 +X 2 ft) 2 ; 

then of periods of the form 2X 1 w 1 , in which 0<X,^>1, of which form periods do exist, 2co l 
itself being one, there is one in which Xj has a least value, other than zero — as follows 
because the function has only a finite number of finite periods. Denote this least value 
by (A ly and put Q 1 =/i 1 ft» 1 . Of periods of the form 2X 1 ft> 1 + 2X 2 ft> 2 in which O^X! ^1, 0<X 2 ^>1, 
there is a finite number, and therefore one, in which X 2 has the least value arising, say /* 2 ; 
let one of the corresponding values of X! be X ; put Q 2 =X« l +^i. 2 ft) 2 . Then any period 
2u = 2X 1 ft> 1 + 2X 2 <o 2 is of the form 2W 1 0 1 4-2W 2 0 2 +2i/ 1 ft) 1 + 2i/ 2 ft) 2 , where p lt v 2 are (zero or) 
positive and respectively less than and jx 2 , and N u N 2 are integers, such that X 2 =iV 2 fi 2 4- v 2 , 
Xj — iV 2 X = iVj/uq + . But the existence of a period Q - 2^0! - 2jV s Q 2 = 2v l a > l + 2v 2 a> 2 with 
v i<l x it I s contrary to the definition of /q and /*,, unless v l and v 2 be both zero. 

Hence every period is expressible in tho form 

0 = 2^0! +2JV&, 

where N l% N 2 are integers. 

In other words, a uniform analytical function of a single variable without infinitesimal 
periods cannot be more than doubly periodic^. 

* For the argument oompare Weierstraas (1. c., § 344), Jacobi, Oes. Werke, t. ii., p. 27, 
Hermite, Crelle, xl. (1860), p. 310, Riemann, Crelle , lxxi. (1869) or Werke (1876), p. 276. See 
also Kroneoker, "Die Periodensysteme von Funotionen reeller Variabeln,” Sitzungsber . der 
Berl. Akad. t 1884, (Jun. bis Deo.), p. 1071. 

t Cf. Forsyth, Theory of Functions (1893), §§ 108, 107. It follows from these Articles, in 
this order, that any three periods of a uniform funotion of one variable can be expressed, with 

B. 37 
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It follows also that every period is expressible by 2<o 1 , 2a> s with only rational-number 
coefficients. 


349. Ex. i. If r quantities be connected by k homogeneous linear equations with 
integral coefficients (r>k), it is possible to find r-k other quantities, themselves expressible 
as linear functions of the r quantities with integral coefficients, in terms of which the r 
quantities can be linearly expressed with integral coefficients. 

Ex. ii. If jPW, ... , Plr) be r columns of real quantities, each containing r - 1 constituents, 
a column iV lJ P( I )+...+ N r W can be formed, in which N u ..., N r are integers, whose r - 1 
constituents are within assigned nearness of any r— 1 assigned real quantities (cf. 
Chap. IX., § 166, and Clebsch u. Gordan, Abels. Funct., p. 135). 

Ex. iii. An uniform analytical function of p variables, having r period columns P^\ 
..., W, each of p constituents, and having a further period column expressible in the 
form X 1 P( 1 )+ ... -f X r W, wherein X 1# ..., X r are real, will necessarily have a column of 
infinitesimal periods if even one of the coefficients X lf ...» X r be irrational. 

From this result, taken with Ex. i., another demonstration of the proposition of the 
text (§ 347) can be obtained. The result is itself a corollary from the reasoning of the 
text. 

Ex. iv. If «j’ a , ..., ° be linearly independent integrals of the first kind, on a 

Riemann surface, and the periods, 2a> r , f , 2a/ r ,„ of the integral u*' a be written p r .i+^r.«» 
p' r .#+iV r ,„ shew that the vanishing of the determinant of 2p rows and columns which is 
denoted by 

I Pr.u •••> Pr.py P’r.u •••> P'r.p 

i 

^r.i, ...» Vr.pi •••) 

would involve* the equation 

(Jfj-iiYj)**’ a +...+(M p -iN J} )u x p ' a = constant, 

where Jf lf A^, ..., M p , N v are the minors of the elements of the first column of this 
determinant and are supposed not all zero. 

The vanishing of this determinant is the condition that the period columns of the 
integrals should be connected by a homogeneous linear relation with real coefficients. 

350. The argument of the text has important bearings on the theory of the Inversion 
Problem discussed in Chap. IX. The functions by which the solution of that problem is 
expressed have 2 \p columns of periods in terms of which all other period columns can be 
expressed linearly with integral coefficients ; these 2 p columns are not connected by any 
linear equation with integral coefficients (§ 165), and, therefore, are not connected by any 
linear equation with real coefficients. 

• It has been remarked (§ 174, Chap. X.) that the Riemann theta functions whereby the 
2jo-fold periodic functions expressing the solution of the Inversion Problem can bo built 
up, are not the most general theta functions possible. The same is therefore presumably 
true of the 2p-i old periodic functions themselves. Woierstrass has stated a theorem t 

integral coefficients, in terms of two periods. These two periods, and any fourth period of the 
function, can, in their turn, be expressed integrally by two other periods — and so on. The 
reasoning of the text shews that when the function has no infinitesimal periods, the successive 
processes are finite in number, and every period can be expressed, with integral coefficients, 
in terms of two periods. 

# Forsyth, Theory of Functions (1893), p. 440, Cor. ii 

f Berlin , Monatsber. Deo. 2, 1869, Crelle, lxxxix. (1880). For an application to integrals 
of radical functions, Cf. Wirtinger, Untersuehungen Uber Thetafunctionen (Leipzig, 1895), p. 77. 
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whereby it appears that the most general 2p-fold periodic functions that are possible can 
be supposed to arise in the solution of a generalised Inversion Problem ; this Inversion 
Problem differs from that of Jacobi in that the solution involves multiform periodic 
functions*; the theorems of the text possess therefore an interest, so far as they 
hold, in the case of such multiform functions. The reader is referred to Weierstrass, 
Abhandlungen aus der Functionenlehre (Berlin, 1886), p. 177, and to Casorati, Acta 
Mathematical t. viii. (1886). 

351. We pass now to a brief account of a different theory which is 
necessary to make clear the position occupied by the theory of theta 
functions. Considering, a priori , uniform integral analytical functions 
which, like the theta functions, are such that their partial logarithmic 
differential coefficients of the second order are periodic functions, we in- 
vestigate certain relations which must necessarily hold among the periods, 
and we prove that all such functions can be expressed by means of theta 
functions. 

Suppose that to the p variables Uj, ..., u p there correspond a columns of 
quantities aP ] (i = 1 , ..., p,j = 1 , ..., <r) and a columns of quantities b [ j) — 
according to the scheme 


«i i 


! 

b\\. 

b? 

u, 2 

<4'\ 


c, . 

, r 

U P 


...«r 

e- 



and suppose to be an uniform, analytical function of u Xy ..., u p which 
for finite values of w,, ..., u p is finite and continuous — which further has the 
property expressed by the equations 

(f> (u + aU>) = e 2 * tb(J) L" + t a(J> l+ 2iru ' (J) $ (u), (j = 1, . . . , a), (I.) 

wherein &d> is a symbol for a column Vp, ..., b ^ and c {J) is a single quantity 
depending only on j. The aggregate of d l) , ..., c {v) will be called the 
characteristic or the parameter of (f>(u ) ; will finally be denoted by 
We suppose that the columns a are independent, in the sense that there 
exists no linear equation connecting them of which the coefficients are 
rational numbers; but it is not assumed that the columns a w constitute all 
the independent columns for which the function <f> satisfies an equation of 
the form (I.). Also we suppose that the equation (I.) is not satisfied for 
any column of wholly infinitesimal quantities put in place of a The 
reason for this last supposition is that in such case it is possible to express 
<f> as the product of an exponential of a quadric function of ...,t «*,, 

multiplied into a function of less than p variables, these fewer variables 
being linear functions of u u ..., Up. The function <j>(u) in the most general 

* With a finite number of values. 


37—2 
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case is a generalisation of a theta function ; it will be distinguished by the 
name of a Jacobian function ; but, for example, it may be a theta function, 
for which, when a< 2 p, the columns a w are a of the 2 p columns of quasi- 
periods, 2a>M. 

A consequence of the two suppositions is that in the matrix of cr 
columns and 2p rows, of which the (2i — l)th and 2i-th rows are formed 
respectively by the real and imaginary parts of the row a* 1 *, . . . , a^, not 
every determinant of <r rows and columns can vanish. For if with a arbitrary 
real variables x lt x a we form 2 p linear functions, the (2i - l)th and 
2t-th of these having for coefficients the (2 i — l)th and 2t-th rows of the 
matrix of <r columns and 2 p rows 'just described, the condition that every 
determinant from this matrix with cr rows and columns should vanish, is 
that all these 2 p linear functions should be expressible as linear functions of 
at most <r — 1 of them. Now it is possible to choose rational integer values 
of x ly . . . , x 9 to make all of these <7 — 1 linear functions infinitesimally 
small*; they cannot be made simultaneously zero since the <r columns of 
periods are independent. Therefore every one of the 2 p linear functions 
would be infinitesimally small for the same integer values of x l} ..., x a . 
Thus there would exist a column of infinitesimal quantities expressible in 
the form x x a w + ... + ava (<r) - Now it will be shewn to be a consequence of 
the coexistence of equations (I.) that also an equation of the form (I.) exists 
when flW is replaced by an expression x x a (1) -f ... + x a a {<r) , wherein x u ...,x a 
are integers. This however is contrary to our second supposition above. 

Hence also the matrix of a columns and 2 p rows, wherein the (2 i — l)th 
and 2i-th rows consist of ..., and the quantities which are the 
conjugate complexes of these respectively, is such that not every determinant 
of <r rows and columns formed therefrom is zero. 

And also, by the slightest modification of the argument, <7 cannot be 
> 2 \p. The case when <7 is equal to 2 p is of especial importance ; in fact 
the case a < 2p can be reduced to thisf case. 

352. Consider now the equations (I.). We proceed to shew that in 
order that they should be consistent with the condition that <f>(u) is an 
uniform- function, it is necessary, if a, b denote the matrices of p rows and cr 
columns which occur in the scheme of § 351, that the matrix of <r rows and 
columnsj, expressed by 

ab - ba, (A), 

should be a skew symmetrical one of which each element is a rational 

* Chap, xx., § 166. 

t When <r=2p, the hypothesis of no infinitesimal periods is a consequence of the other 
conditions (cf. § 345). 

+ The notation already used for square matrices can be extended to rectangular matrioes. 
See, for example, Appendix ii., at the end of this volume (§ 406). 
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integer. Denote it by k, so that k aa — 0, k^ = — k^ a . But further also we 
shew that it is necessary, if x denote a column of <r quantities and x 1 denote 
the column whose elements are the conjugate complexes of those of x, that 
for all values, other than zero, satisfying the p equations 

dx = 0, (B), 

the expression ikxx 1 should be positive. We shew that ikxx x cannot be zero 
unless, beside ax, also ax x be zero : a condition only fulfilled by putting each 
of the elements of x = 0 (as follows because the <r columns of periods are 
independent and there are no infinitesimal periods). The condition (B) is in 
general inoperative when <r < p + 1. 


353; Before giving the proof it may be well to illustrate these results by shewing that 
they hold for the particular case of the theta functions for which (cf. § 284, Chap. XV.) 

i r~2p , a = 1 2a), 2a/ 1 , 2nib = | 2i/, 2rj' | , 

and therefore 

a#=2coX+2a>'X'==G*, bx=-^.II Xi 

Z'TT'l 

\X i 

where AT is a column of p quantities, X' a column of p quantities, and x = . Let 

I y I 

y — yA , where, similarly, each of Y and Y' is a column of p quantities ; then* 

XT' - X’ Y= (II x Q Y - II y Q A ) = ay • bx - ax . by = (db - ba) xy - kxy , 

but 

XI ' — X' 2 \X % Y{ - X/Jj]= 2 (x t yi+p— Xj +py,)= 2 

». } hj Ul 

where f l+Ptt = + 1= - and f t> , = 0 when i~j is not equal to p ; thus wo may write 


kxy=XY'~X'Y=*xy, 

namely, the matrix k is in the case of the theta functions the matrix e, of 2 p rows and 
columns, which has already been employed (Chap. XVIII., § 322). 

It can be similarly shewn that in the case of theta functions of order r, k—n. 

Next if a, b, h denote the matrices occurring in the exponents of the exponential in the 
theta series, we havet 

hO x = t riX 4-bX', 

namely h.ax=iriX+hX\ Hence the equations ax<= 0 give X= — —.hX\ If *1, 

iri 

denote the conjugate complexes of X, X we have therefore Xj= — ; bjX/. 

m 

Hence ite, - uxx 1 = i(XX{ - X'X,) = - i [bX'Z,' + b^'-T] = - -(b+b,) JT'Z/.Bince 

It It 

b=b and Thus if b=sc-B‘d, b^c- id, the quantity - cX'X/ is positive unless 

each element of X' is zero, namely, the real part of bX'Xj' is negative for all values of X ' 
(except zero). If X'=m-\-in, b (m 2 4- n 2 ) is equal to bm 2 +bn 2 ; and the condition that this 
be negative is just the condition that the theta series converge. 


* For the notation see Appendix ii. 
t Chap. x. § 190, Chap. vn. § 140. 
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354. Passing from this case to the proof of equations (A), (B) of § 352, 
we have, from equation (I.), 

4> [u + a (u + a«] = + a< 2 >) 

_ e 2wib^[u + a® + £a (1) ] + 2ric m + 2rib^{u + £a (2) ] + 2 tj 
_ e 2n [6«> + 6®][ it + *a«» + Jo«] + 2wi [c<« + ^ 


where Z 13 =7ri [6 {1) a w - 6 (8) a^], = — Z 31 . Since the left-hand side of the 
equation is symmetrical in regard to and a a> e Li * must be = e and 
hence Z ia /7n is a rational integer, = & 21 say, such that A* ia — — k^. 

Obviously, in k u — a ll) b {s) — a {2) b {1) > the part a {1) b {2) is formed by compound- 
ing the first column of the matrix a (of <r columns and p rows) with the 
second column of the matrix b. Similarly with a (2) 6 (1) . Namely k n ik the 
(1, 2)th element of k = ab — la. Since similar reasoning holds for every 
element, it follows that the matrix A; is a skew symmetrical matrix of 
integers. Conversely, if this be so, it is easy to prove by successive steps 
the equation 

<j> (u ■+ a {l) m t *f a IJ) m. 2 + . . . + a (<r) ?n <r )/<£ ( u ) 

_ ^2iri[b n hn 1 + ,.. + b {<r) m<r]^ii + a W - 1+ J + 2ti (c ,1) »t 1 + . +cWm <r ) + iriL (II) 

where 

a.<P 

L— 2 k a p m a mp , 

a=l, , or 
/5 = 2, , or 

and wiy, ..., m* are integers; this equation may be represented* by 


<f) (u + am) — <f>(u)e 


2tribm 


L u+ tJ 


a</3 

+ 27r<cm + iri 2 it 




In fact, assuming the equation (II.) to be true for one set m X) ..., m 9) we 
have, by the equations (I), 


<f> [u + am + flW] = e 2Tt^[tt+aw + ^>] + 2ri C «> ^ ( u + am ), 

o</3 

s [w + £am] + 2iri&w [u + aw + £a (1) ] + 27ricm + 2wic m + tri 2 m a ^ 

a</3 

= g2irt [6m + 6^] [m + £ am + £aW] + 2ri [cm + c' 1 *] + irt 2 A a/3 m a vip + viR ^ ^ ^ 


* For the notation see Appendix n.— or thus— 

6m . «== 2 [&,!»»! + . . . . + u t 

— (26^^) mj + ...... + (26^«v) m a 

t < 

= (2»i ll u j )m,+ +(Zfti'l« i )m. 

= 6 (,, u . wij + + 6 (<r, u . m 9 

= 6 (1, mj .«+ +6 (<r, m <r .«. 
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where R is equal to 6 (1) . am — hn . a (1) , namely equal to 

4- ... 4- a^iria] - 2 [&j l) 4* . . . 4- b\ 9) raj a }'* ==k 21 ?n. 2 -h ... + k in m a> 

so that 


a</3 

R + 2 ka^m a mfi 

= k n m 2 4- ... 4- k^m 9 4- 4- ... 4- k l9 mjm 9 4- k^m 2 m^ 4- ... 4- k^m^m* 4- ...„ 

= 2 (^ 21 m 2 + ... 4- fc^raj + & ]3 (ra, 4- l)ra 2 4- ... 4- ^(wij 4- 1) ra„ 4- k^rtyn^ 4- ... ; 
hence 

+ wi 2 &o jjW a Wfl »i 2 k aB m a 'niQ 

e a<p ** * P = e a<(i P p , 

[m,' rnj] = [JM! + 1, m,, ..., m„] ; 


where 

therefore 


*[» + am'] = e 2T.W[K+ 2r,cm'+ (m) 

Similarly we can take the case <f> (u + am — a (,> ), noticing that equation 
(I.) can be written 

$ (v - a0) = </>(u)e' 2 * ihU) t v ~ S™"’, 

where v = u + a ( ->K 


355. The theorem (A) is thus proved. The theorem (B) is of a different 
character, and may be made to depend on the fact that a one-valued 
function of a single complex variable cannot remain finite for all values of 
the variable. 

Consider the expression 

L (£ ) = e~^ <»+*«*) ~ 2Tru * <f> (v 4- af), 

wherein fj, ..., £* are real quantities. 

Then Z (£ 4- ra)/Z (f), wherein m u ..., m* are rational integers, is equal 
.<*<0 

to g irl * m *+ 7rl s as immediately follows from equation (I.), and is 

therefore a quantity whose modulus is unity. Now when £ lf ..., £„ are each 
between 0 and 1 and v is finite, Z (£) is finite. Its modulus is therefore 
finite for all real values of £ ; let G be an upper limit to the modulus of Z (f) ; 
G can be determined by considering values of £ between 0 and 1. Let now 
x lt x 9 be such that ax — O, and let x x denote the column of quantities 
which are the conjugate complexes of the elements of the column x . Put 
f « x 4- x u so that a£ = ax x . 

Then 

<f>(v 4- axx) = (f> (v 4- a£) = e Hb t- “t+Bwi (e+bv) t Z (£), 

wherein an upper limit of the modulus of Z (£) is a positive quantity G whose 
value may be taken large enough to be unaffected by replacing x by any 
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other solution of ax = 0 ; it is necessary in fact only to consider the modulus 
of L (f) when f is between 0 and 1. 

~Ve have 


. af = b (x + x x ) . a (x + x x ) = bx . ax x + bx x . ax^ 

— bx.ax 1 — bx 1 .ax + bx x . ax x = kxx x + aba*, 
(c + bv) f, = w (x 4* #i), say, = wx -f w x x x + (w-w 1 )x li , 

where w=zc + bv; therefore 

^iri6f.of+airt(c+6t>) £ jr — giirJ^+tVrt^Hairi (t«— w t ) a;, g3irt (uw+Wi*,) ^ (£) j 

this equation is the same as 

g-tirate^-airi (to-w,) a:, 0 q. gm^) = e p if, 


where 

K, = L (£) e 2 ™ (“w+wi*!*, 

has the same modulus as L (f ), less than 0 , and where 
p — iirkxx x 


~~ n T^Lkij \Xj — 17 r 


y» + t*„ Vi-izx 


■ 2iirHkiji 


Vv ~ z i 

Vi, -9t 


= 2irXkij (yjZi — 2 /i^) = 27 rkyz, is a real quantity (a? being equal to y+ i$). 


Now if x be any solution of the equations ax — 0, then p x x is also a 
solution, p being any arbitrary complex quantity and p x its conjugate 
complex. Replace x throughout by p x x, and therefore f by p x x -f px x . Then 
the equation just written becomes 

{w ~ w ^ w <j>(v + pax \) = e p ^' . K, 

K having also its modulus < G. 

Herein the left side, if not independent of p, is, for definite constant 
values of v and x, a one-valued continuous (analytical) function of p which is 
finite for all finite values of p. Hence it must be infinite for infinite values 
of p. Hence p must be positive, viz., values of x such that ax= 0 are such 
that the real qua/ntity ikxx x is necessarily positive provided only the ex- 
pression 

Q-fjSnabX^rnti (w-w,) *^^4. 

is not independent of p. 

Now if this expression be independent of p, it is equal to <j> ( v ), the value 
obtained when p = 0, and therefore 


g-iitiiHbzf 4* ( v ~b Mfl dq) (mh-w,) a, . 

<l>(v) 

here the left side is a function of v provided ax x be not zero; when ax x 
is zero its value is unity ; we take these possibilities in turn : 

(i) Suppose first ax x is not zero, 
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then 

(w — w x ) x x — (bv - b x v x ) x x *= bx x . v — 6^! . 
must, like the left side, be a function of v and therefore a linear function, say 
(Bv + G) } so that 

<f> (v 4- pax x ) = <j> ( v ) where = iwabxf ; 

hence pax x represents a column of periods* for the function <f> (v ) — and this 
for arbitrary values of p. 

In this case however 0 (v) would be capable of a column of infinitesimal 
periods, contrary to our hypothesis. 

Hence p must be positive for values of x such that ax — 0, ax x =4= 0. 

(ii) But in fact as there are a columns of independent periods we cannot 
simultaneously have ax — 0, ax x — 0. For the last is equivalent to OyX — 0; 
and ax = 0 , a 1 x = 0, together, involve that every determinant of a rows and 

columns in the matrix a is zero — and thence involve the existence of 

Oi 

infinitesimal periods (§ 351). 

Hence ikxx x is necessarily positive for values of x, other than zero, 
satisfying ax — 0 ; and this is the theorem (B). 

R&mark i. From the existence of two matrices a, b of p rows and or columns, for 
which fib -ba is a skew symmetrical matrix of integers k such that ikxx x is positive 
for values of x other than zero satisfying ax=O i can be inferred that in the matrix 

of a columns and 2 p rows, a I , not every determinant of a rows and columns can 

I a i I 

vanish — and also that the <r columns of quantities which form the matrix a are inde- 
pendent, namely that we cannot have the p equations a u xM + ...+ «,*#<»)=() satisfied 
by rational integers x< l ) t ..., at*). For then, also, a x x — 0, since x=x x . 

Remark ii. In the matrix k, if a- be not less than p, all determinants of 2 (or -p) rows 
and columns cannot be zero. In the matrix a, not all determinants of £<r or £(cr+l) rows 
and columns can be zero. In particular when cr=2jt?, for the matrix k, the determinant is 
not zero ; for the matrix a, not all determinants of p rows and columns can be zero. 

Let £, rf be columns each of cr quantities. Then the coexistence of the 3 sets of 
equations 

0, a x r)=0, k($+r))=0 

is inconsistent with the conditions ( A ) and ( B ) (§ 352), except for zero values of £ and rj. 
The second of them obviously gives also at) x =0. 

For from these equations we infer that kq x ^—a( .brj l -b^. arj x is zero, and also 

* (f + v) • m ~ ■ krii (g + n) = hii + hth 

and therefore also krj x r) is zero. But by condition (B) the vanishing of kr} x r) when, as here, 
ar) x =0, enables us to infer »?=0. 


We use the word period for the quantities atf) occurring in our original equation (I.). 
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Similarly 

I’^ft^ftf^Cft + flt)* £ — ^£“^(£ 1 + 7i)‘ ^ — (ft+7i)* £— (d5-5®)ft/i 

*=£ (ft +»h) • £ - Hi • H - & *7i • 

is zero when k (£ + ,j 1 )=0, c%=0, a£=0. Thence by condition (B), since a£— 0, £ is zero. 

Suppose now that the number of the js linear functions a£ which are linearly inde- 
pendent is Vy so that all determinants of (i>4 1) rows and columns of the matrix a are zero, 
but not all determinants of v rows and columns ; and that the number of the <r linear 
functions k£ which are linearly independent is 2**, so that in the matrix k all determinants 
of 2k +1 rows and columns vanish, but not all of 2k rows and columns. Then we can 
choose 2 v+2k linearly independent linear functions from the 2 p+<r functions a£, cqij, 
^ (£+i?). if this number, 2* +2*, of independent functions, were less than the number 2<r 
of variables £, 17, the chosen independent functions could be made to vanish simultaneously 
for other than zero values of the variables, and then all the linear functions dependent on 
these must also vanish. 

Hence 

2 v 4- 2k > 2<r or v 4 k > <r. 

Now 

2k < <r ; hence v > \<r, 2k > 2 ( a - p ). 

Remark iii. It follows from (li) that if £=0, thon v=<r and Also that a function 

of p variables which is everywhere finite, continuous and one- valued for finite values of the 
variables and has no infinitesimal periods cannot be properly periodic (without exponential 
factors) for more than p columns of independent periods ; in every sot of cr independent 
periods of such a function the determinants of cr rows and columns are not all zero. The 
proof is left to the reador. 

Remark iv. When cr=2 p we can put a = |2o>, 2a>'|, wherein the square matrix 2<u is 
chosen so that its determinant is not zero. When wo write a— 1 2o>, 2a/ 1 we shall always 
suppose this done. 

356. Ex. i. Prove that the exponential of any quadric function of tq, ..., u v is a 
Jacobian function of the kind here considered, for which the matrix k is zero. 

Ex. ii. Prove that the product of any two or more Jacobian functions, $, with the 
same number of variables and the same value for cr, is a function of the same character, 
and that the matrix k of the product is the sum of the matrices k of the separate factors. 

Ex. iii. If 0 be considered as a function of other variables v than u, obtained from 
them by linear equations of the form u=}j,+cv (p being any column of p quantities, and c 
any matrix of p rows and columns), prove that the matrix k of the function <f> , regarded 
as a function of v, is unaltered. 

Obtain the transformed values of a, 6, c and bm (u 4 i am) 4m. (Cf. Ex. i., § 190, 
Chap. X.) 

Ex. iv. If instead of the periods a we use a' = ag } where g is a matrix of integers with 
<r rows and columns, prove that 0 (2/ 4 a'm) is of the form e iTrib m ( w +I < * /w »)+ 2 ’ r < w « ^ an( j 
that V*=gkg ; and also that kxy becomes changed to by the linear equations x=gx f > 
y—gy'- In such case the form ivy is said to be contained in kxy. When the relation is 
reciprocal, or g 2 - 1 , the forms are said to be equivalent. Thus to any function <f> there 
corresponds a class of equivalent forms k. (Cf. Chap. XVIII., § 324, Ex. i.) 

Examples iii. and iv. contain an important result which may briefly be summarised by 

* That the number muBt be even is a known proposition, Frobenius, Crelte, lxxxii. (1877), 

p. 242. 



OF THE THETA FUNCTIONS. 


587 


356] 

saying that for Jacobian functions, qua Jacobian functions, there is no theory of transfor- 
mation of periods such as arises for the theta functions. A transformed theta function is 
a Jacobian function ; the equations of Chap. XVIII. (§ 324) are those which are necessary 
in order that, for this Jacobian function, the matrix k should be the matrix e, or re 
(cf. § 353). 

Ex. v. If A be a matrix of 2 p rows and <r columns of which the first p rows are the 
rows of a and the second p rows those of 6, prove that 

AeA — k. 

In fact if £=Ax, g=Aa/ y then 

kx' x = ax . bx > — ax' . bx = 2 £ i + p ^ +■ p] = 

= f A x . Ax' = At A . x'x. 

Hence also when a- = 2/? the determinant of A is the square root of the determinant of k, 
which in that case, being a skew symmetrical determinant of even order, is a perfect 
square. 

Ex. vi. Shew that when a- = 2 p and with the notation a = |2a>, 2a>'|, 2nib = \2vf y 2iy' | , 
that 

A(A = — . wn-na, a 5n'-nw' I, 
arj — rj'to, H'tj — rf'u> j 

the notation being an abbreviated one for a matrix of 2 p rows and columns. Thus in the 
case when k=e, the equation of Ex. v. expresses the Weierstrass equations for the periods 
(Chap. VII., § 140). 

Ex. vii. In the case of the theta functions wo shewed (§ 140, and p. 533) that the 
relations connecting the periods could be written in two different ways, one of which was 
associated with the name of Weierstrass, the other with that of Riemann. We can give a 
corresponding transformation of the equations (A), (B) (§ 352) in this case, provided <r=2p, 
the determinant of the matrix k not being zero. 

As to the equation (A), writing it in the equivalent form given in Ex. v., we 
immediately deduce _ 

Ak-iA=e, (A'), 

which is the transformation of equation (A). 

As to the equation (B), let x be a column of <r=2p arbitrary quantities, and determine 
the column z, of cr—2p elements, so that the 2 p equations expressed by az~ 0, bz=x } are 
Satisfied. Then 

ax=dbz=z(ab-ba)z—kz, =/z, say; so that k~ 1 n=z y k" 1 p l —z i ; 

thus 

ikzz l = i (ab — ba) zz l — i {az l ,bz-az. bz l ) = iaz l . bz— iaZyX — iaxz l = ipz x 
—ik~ l Hifj. — ik~ 1 a l x l . dx—iak~ l d l x 1 x ; 
therefore, the form 

iak~ l a l x 1 x (B'), 

is positivo for all values of the column .r, other than zero. This is the transformed form 
of equations (B). 

Ex. viii. When a~|26>, 2«' j , * .|2»/, 2i/J, <r=2p, we have 

2ni 


A*A = 

2o>, 

2 a>' 

0 -1 

2 s, 

irt 

— 4 (cow' - a> «), 



a 

ni ’ 

!L 

ni 

1 0 

2=', t 

’ m 

!(■»»- -IS'). 
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Hence when k=t, the equation (A') of Ex. vii., equivalent to A*A*= -t, expresses the 
Riemann equations for the periods (Chap. VII., § 140). In the same case the equation 
(B')» of Ex. vii., expresses that 

I*1*= 5 S [(«i)., ,\,+p- “a,. „ + „R(*i>« 

is negative for all values of x other than zero. 

Ex \ ix. When jo=l, the two conditions (B), (B'), or 

uxx i = positive for cuc—0, iatCiyX^x ~ negative for arbitrary x, 

become, for a = 1 2«, 2«'|, if the elements of x be denoted by x and x\ and the conjugate 
imaginaries by x u a?/, respectively, 

i (awi) -1 (oxa/ - co'cij) x r x l ' — positives, i (©pu - oxu/) xx x — negativo, 

and if <o=p+i<r, a> l =p-i(r, a>' ~p + iV, these conditions are equivalent to 

po-'-p'o-> 0, 

and express that the real part of i®'/» is negative. 

357. Suppose now that a « 2p ; we proceed (§ 359) to consider how to 
express the Jacobian function. Two arithmetical results, (i) and (ii), will be 
utilised, and these may be stated at once : (i) if k be a skew symmetrical 
matrix whose elements are integei's, with 2 p rows and columns , and e have the 
signification previously attached to it, it is possible to find a matrix g, of 2 p 
rows and columns , whose elements are integers , such that * k — geg. For 
instance when p — 1, we can find a matrix such that 

j 0 k n — g u g 2l 0—1 g n g l2 = g^gn ~ ffnSfii ~ Owg^z > 

I — Ar 12 0 g 12 g ?2 l 0 gn g t2 g^gw ~ g^g-n g^gn — g^g# 

namely, such that k n = g 2l g l2 — g n g a ; for this we can in fact take g n , g l2 

arbitrarily. In general the 4p 2 integers contained in g are to satisfy 
p (2 p — 1) conditions. 

Ex. i. If a be a matrix of integers, of p rows and columns, and X be an integer, and 

k— 0, — Xa , 

Xa, 0 

g may have either of the two following forms 


X, 0 , 

y 2 = Xa, 0 X, 0 a, 0 

> say, 

0, a 

0, 1 | 0, a 0, a-i 



for we immediately find pkp=1c. 

* For a proof see Frobenius, Crelle , lxxxvi. (1879), p. 165, Crelle, lxxxviii. (1880), p. 114. 
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Ex. ii. If fi be any matrix of integers, with 2 p rows and columns, such that £*/*=* 
(cf. § 322, Chap. XVIII.), we have, if h=geg, also and instead of g we may 

take the matrix yr l g. 


(ii) If g be a given matrix of integers, of 2p rows and columns, and x be 
a column of 2 p elements, the conditions, for x, that the 2 p elements gx 
should be prescribed integers cannot always be satisfied, however the elements 
of x (which are necessarily rational numerical fractions) are chosen. If for 
any rational values of x, integral or not, gx be a row of integers, and we put 
x = y + L, where y has all its elements positive (or zero) and less than unity, 
and L is a row of integers (including zero), then gx — gy + gL - gy + M, 
where if is a row of integers ; in this case the row gx will be said to be con- 
gruent to gy for modulus g. The result to be utilised* is, that the number 
of incongruent rows gx, namely , the number of integers which can be repre- 
sented in the form gx while each element of x is zero or positive and less than 
unity , is finite. It is in fact equal to the absolute value of the determinant of 
g. For instance when g is g n g 12 there are g u g^ - g V2 g^ integer pairs 

#21 #22 

which can be written g n x x + #i a # 2 , # 21^1 + #22 #2 > for (rational) values of x u x 2 

I 6 3 | 

less than unity. The reader may verify, for instance, that when g = 
the 9 ways are given (cf. p. 637, Footnote) by 


1 2 I 


1234 5 6789 


&’l, X.J, 

0 , 0 

i 1 

i i 

h i 

h f 

h i 


f> 1 

1. $ 

6»Pi 3^, X\ “I - 2<r, 

0 , 0 

2, 1 

4, 1 

3, 1 

i 

4, 2 

5, 1 

5,2 

6, 2 

7, 2 


To prove the statement in general let t be the number required, of integers 
representable in the form gx, when x < 1. Consider how many integers 
could be obtained in the form gX when X is restricted only to have all its 
elements less than (a positive number) N. Corresponding to any one of the 
t integers obtained in the former case we can now obtain N — 1 others by 
increasing only one of the elements of x in turn by 1, 2, ..., iV— 1. This 
can be done independently for each element of x. Hence the number 
of integers gX is tN" where a, here to be taken = 2 p, is the number of 


X hf 

elements in x. Let one of these integers be called M. Then # ^ = ^ or say 
M 

g x ~X’ w ^ ere ^ n x * s ^ ess than unity. Now when N is very great, the 


* Cf. Appendix ii, § 418, and the references there given, and Frobenius, Crelle , xovii. (1884), 
p. 189. 
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M 

variation of z = ^ , as M changes, approaches to that of a continuous quan- 


tity, and the number of its values, being the same as the number of values 
of M t is 


jj...(Ndz,)...(Ndz.), 


where z lf vary from zero to all values which give to x t in the equations 
gx — z, a value less than unity. Now this integral is 


X* If- ■■ ■■ ■ dx> .. .. . <kv = ff’ I, g\ • ff ■ .. •< dxr .. .< dx. - N'\ l g\ . 

Since this is equal to tN", it follows that t is equal to \g\, as was stated. 


358. Supposing then that the matrix g , with 2 p rows and columns each 
consisting of integers, has been determined so that k = ab — ba = geg, we 
consider the expression of the Jacobian function when <r = 2p. The deter- 
minant of k not being zero, the determinant of g is not zero. 

Put K — ag~ l , so that if is a matrix of p rows and 2 p columns, and 
a = Kg ; put similarly b~Lg\ also, take a row of 2 p quantities denoted by 
0, such that c = gG + £ [g] 9 where c is the parameter (§ 351) of the Jacobian 
function, and [ g ] is a row of 2p quantities of which one element is 

[g]. = sf g.,.g r +,,., (a = 1 2 p)\ 

* = 1 

take x, x', X, X', rows of 2 p quantities such that 

X = gx, X ' -gx\ so that ax = Kgx — KX, bx — LX, ax’ = KX\ bx = LX ' ; 


then as 

is also equal to 
we have 
so that 


kxx, ~ ax . bx — ax ' . bx, = (KL — LK) X'X, 
gegx'x = egzf . gx = eX'X, 

KL - LK = e, 


(C), 


i, . . p . 


KxLx' — KxLx = (XX — ZX) — e#'a? = 2 (xix' i+p — xj x J+p ) ; 

further, as ifet^ is positive for a# = 0, we have 

ieZZ, = positive when KX = 0, (D) ; 

K | 

thus, if X denote the matrix ^ , we have, from the equation (C), 

AeA = — = £, (E), 

and, if s be a row of p arbitrary quantities, and X be a row of 2 p quantities 
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such that KX == 0, LX = z, so that Kz = KLX = (ZZ - ZZ) Z = eZ, and 
therefore eKz = - Z, Z^ = eZ^ we have 

iK 1 eKzz l = positive, for arbitrary s other than zero, (F) ; 
for 

iK l eKzz 1 = — iK x Xz x = - %K x z x X = - ieX x X = ieXX 1 . 

If we now change the notation by writing Z= |2g>, 2 g> / |, 27tiZ = | 2 t/, 2 t/'|, 
and introduce the matrices a, b, h of p rows and columns defined by 

a = ^gT" 1 , h = j7ri€D -1 , b = 7n’a)“' 1 G> / , 

# assumed, in accordance with Remark iv. (§ 355) £/*«£ the determinant 
of the matrix g> w not zero , then the equation (E) shews (cf. Ex. viii., § 356) 
that the matrices a, b are symmetrical, and that rj' =7](o~ l a) — ^7 nar\ so that 
we can also write 

7} ~ 2a to, i) = 2aG>' — h', 2ho) = 7 ri, 2ho>' = b ; 
also, by actual expansion, 

iK x eK — 4ti(a x [g^g),' — w'w -1 ] gj = — — [b x + b] w = — — &>! [b x -f b] &> 

7T 7 r 

2 

= GjjCw, if b as c -f id ; 

7 r 

thus 

2 

iK x eKzz x = — - ct\t, where t = (oz,z and £ being rows of arbitrary quantities ; 

and therefore, by the equation (F), for real values of n lf ..., n p other than 
zero, the quadratic form bn a has its real part essentially negative. 

Hence we can define a theta function by the equation 

^ ^ “ Se a “ s+2hw(M+v ' )+b («+y) 2 -2«X»+y') > 

wherein 7, 7' are rows of p quantities given by G — (y\ 7), that is, G r = 7/, 
Cp +r = 7 r , for r<p+ 1. Denoting this function by G) and taking p for 

a row of 2 p integers, the function is immediately seen (§ 190, Chap. X.) to 
satisfy the equation 

*<£ 

*(u + Kp-, C) = e 2riLlx (u + **# + 2t,XV + " & (a ; G), 

which is the definition equation for a Jacobian function of periods K, L and 
parameter G , for which the matrix k is e. 

Further, if p be a matrix of integers with 2 p rows and columns, such that 
pep=*e, and (Ex. ii., § 357) we replace g by p~ l g, the matrices K, L are 
replaced by Kp and Lp, Thus instead of the theta function Sr (u\ G) 
we obtain a linear transformation of this theta function (cf. § 322, Chap. 
XVIII.). 
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359. Proceeding further to obtain the expression for the general value 
of the Jacobian function <f> , let <j> (u ; v) denote 

<j) (u + Kv) e~ 2wiLv -2rriCV+2Trinn' } 

where Vi = n if v i+p — n/, for i<p + l. Then, since a = Kg , and therefore 
aN — KgN ", we have 

4>(u + aN, v)-<j> (u + KgN, v) = (j> (u + Kfi, v), (1), 

where p denotes the row gN, so that aN=Kp, N being a column of 2p 
integers and therefore p a column of integers ; thus (u + aN, v) is equal to 

<j> (V + aN+ Kv) e~ 2niLv (*+**+* Kv) -2* nCv+ninn’ ^ e * 

where 

R = 2mbN (u + Kv + ±aN) + 2 iricN+ iri'z k afi N a Np 

— 2iriLv (u + Kp + $Kv) — 2'rriGv -f n rinn', 

by the properties of <f>, N being a column of integers ; thus <f> (u + aN, v) is 
equal to 

$ (U, v) e 2iribN ^ + ^ + 2iri cM+*i a N a N p + 2iri (bN .Kv-Lv. A» 

Now bN =s LgN = Lp , therefore 

. Kv — Lv . Kp = (/fZ — ZiQ pv — epv = m/i' — m'ra, 

where /*» = m*, = m/, etc. for i <jp + 1. If then we take v , as well as p , 

to consist of integers, it will follow that 

<l>(u + aN, v) = <t>(u, v ), e 2 ^^+^N) + 2ricN+ v i a t\ afi N a N Pf 

and therefore that 

4>(u + flN) __ ft (tt + y ) __ e 2irifcN (u + ±aN) + 2?rtcN+ k a pN a Ng 
<t> ( u ) ft (u, v) 

Next 

ft (u, P + v) = ft (u + Kp + Kv) (Lh+Lv) (u 4A>+|A»0--2iri (Cin+Cty+irTlm+ro') (n+n') ^2), 

and this 

=* ft (u 4- Kp, v) e M , 

where 

M = 2ttiZi/ (w + Kp 4* £/?*/) + 2mCv — irinri - 2tti (Z/i 4 * Zp) (w + %Kp 4- JZTi/) 

. „ - 2t r» (C/a 4- CV) 4- 7ri (m 4- m') (n 4- n ') ; 

therefore 

0 (l/ 4“ Kp, v) ^ — C»n-iX-#x (u+JXfi) + 2 irir , l u— rrimTn'] 

— £prriLn (\Kv)-totiLv ()Kn) +rwm'-f Trtnn'-rri (wH-m') (n+n') 



593 


35!$] 


BY MEANS OP THETA FUNCTIONS. 


of which the exponent of the right side is 

7 ri [(KL — LK) gv — mri — mri] — iri [mri — mn — (mri -f mri)] = — 2n rim'n, 

so that, since g, v consist of integers, the right side is unity. 

Hence we have 

< t > S U + ^g, v ) __ griLvlu+iKrt+toriCn-irimm' 

<f> (u t g + v) 

It is to be carefully noticed that this equation does not require g=0 (mod. g). 

a<B 

We suppose now that /x=0(mod. g). Then t h^NaN^Cg-^mm 1 

(mod. unity) and Lg = bN , Kg, = aN, as will be proved immediately (§ 360) ; 
thus 

ftC U+aN ) __ 4>(u+aN,v) _ <f>(u + aN, v ) 2 icibN (u + $aN) + 2™?# + iri° l*** aj3 N a No 

(j) ( U ) (j) (u, v) <f> (u, g + v) ’ 

and therefore <j> ( n , g + v) — <f> ( u , v) for integer values v and any integer 
values g that can be written in the form gN , for integer iV; namely <f>(u, v) 
is unaltered by adding to v any set of integers congruent to zero for the 
matrix modulus g. 

The set of | | integers gr, wherein r has all rational fractional values less 
than unity will now be denoted by v, each value of v denoting a column of 
2 p integers — in particular r = 0 corresponds to a set of integers = g (mod. g). 
And v shall denote a special one of the sets of integers which are similarly a 
representative incongruent system for the transposed matrix modulus g t such 
that v ~gr' } the quantities / being a set of fractions less than 1. With the 
assigned values for v , let 

yfr ( u ) = %e~ 2nir v <j) (u, v ) ; 

then 


y/r (u + K\) = %e- 2lrir ' v (f) (u +K\ v) = 2e 2 ’ rtrV e^ LX MK*+**iCk-*w ^ ( Uf \ + v ) 


for any set of integers X, as has been shewn (X being such that, for 
i < p + 1, Xi = l lf X i+P = l x f ). 

If now v + X = p, so that p also describes, with v, a set of integers 
incongruent in regard to modulus g, those for which the necessary fractions 
s, in p=gs, are >1 being replaced, by the theorem proved*, by others for 
which the necessary fractions are <1, so that the range of values for p is 
precisely that for v, then we have 


yfr (u + K\) = e * nLK (u+JJCA) +2 *i‘CA ntM' ^ ^ 

V 

_ g2irir / A+2rriI«A (w+JJ!CA)+2irtClA— iri'ZZ' Shrt r'v £ 

v 

_ e <tnir'K+toriL\ (u+JAA) +2iriC , A-irtZZ' ^ 


B. 


That <f>(u, v) is unaltered when to v is added a eolumn =0 (mod. g). 


38 
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Hence, by the result of § 284, Chap. XV., we have 
^(m) = 4„'&(m, 0+r'), 

the theta function depending on the a, b, h derived in this chapter (§ 358). 
Now let v describe a set of incongruent values for the modulus g ; then 

24 ( u , C + r') = %y/r (u) = 2 te~* nr ' v <j> (u, v) ; 

v' v v' 

and since v — gr, we have v'r = gr'r = grr' = vr ; thus 

Vg-2T ir'v _ £ (g-2 irirv'} = £ (g-27m- 3 y' a . 

i>' v' |/' 

this sum can be evaluated : 

when z/ = 0 (mod. g), or the numbers ?* are zero, its value is equal to the 
number of incongruent columns for modulus g t =|^|. Since k = geg, we 
have |*| = (|y|) a , so that \g\ = J\k\. 

when v^O (mod. g\ so that some of r Xi ..., r <2p are fractional, its value is 
zero, as is easy to prove (see below, § 360). 

Hence we have the following fundamental equation : 

V[*[$(«)«S4,*(tf, C + !/'), 

v' 

which was the expression sought. 

Thus between V|A?j + 1 functions <j> with the same periods and parameters 
there exists a homogeneous linear relation with constant coefficients *. 

Ex. l. Prove that a product of n functions 0 is a function 0 for which Vl^’l is changed 
into n p I- In fact the periods are na, nb. 

Ex. ii. Prove that the number of homogeneous products of n factors selected from 
p-f 2 functions $ of the same periods and parameters is greater than n p *J\k\ when n 
is large enough. And infer that there exists a homogeneous polynomial relation con- 
necting any p 4- 2 functions (j> of the same periods and parameters. (Cf. Chap. XV., § 284, 
Ex. v.) 


360. We now prove the two results assumed. 

(a) If ft = 0 (mod. g) or ft = gN, where N are integers, then 

a<0 

cN + \ 2 KpNaNf, = Cft - \mm' (mod. unity). 
For 


_ __ p 

*«* = (9 € 9U = 2 (9)ay(eg)yp = 2 (g) ay 2 Ka^a,* + €y,\+ P 9*+P,fii 

y y=l A=1 

J op p p 

= ^ 9ya 2 [fyA0A0 + €y, K+p9^+P,p] + 2 9y+p,a 2 fo+p, A0A,0 + € J+P, *+p9*+P,p] 

y=l A=1 y = 1 A = 1 


K /» P 

= 2 9v} a 9i+Pt& + ^ 9v+p,«9y>P = 2 l9v+p,*9y,P ~~ 9y,*9y+p,fij 

y =1 y— 1 y— 1 


- ^ [9y+P,*9y,P ~ 9y,*9y+p,fi] 5 


* Weierstrass, Berl. Monatsber 1869; Frobeniua, Crelle, xevn. (1884); Picard, Poincare, 
Compt. Rendus, xevu. (1888), p. 1284. 
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therefore 

a<P p a</3 

2 = 2 S \S!v+p ,*^ * • 9y>P ^ r P < 77 ,«AT a • gy p] 

V =1 

= X X [^V+p.a^a • 9y,P-Np + 0y t aN a . 9y+p,fiN fi\ t (mod. 2), 

7=1 

^ (*<P a</3 'J 

%=i| S 9'* + P'* Xa -9v’* N ‘ i + S 

= i 2,2g y+P '*N..gy, II Ni > , (mod. 2), 

y=i 

where the XX indicates that the summation extends to every pair a, 0 
except those for which a — 0; thus 

Xk a pN a Np + X X gy+ Pt aN a . g yta Na 

7 = 1 a = 1 

p 

= 2 [ffy^N i + + ffy, ap ^ap] [^7+^,1 d* d" 9 y+p,qp^*p] 

7=1 

p 

fly. fiy +p = mm', (mod. 2) ; 

7=1 

therefore, since = %N a (mod. unity), and therefore 
^ ^ 9y+p,a -^ a • 9y,*^ a S ^ 0] ^ » 

we have 

ciVT -f £ 2 = cA r + - £[>] AT = {j^d- £[>]} A r +im/?i / - £[#] AT, 

(mod. 1), 

s (7 + %mm! = fiC -f Jm/ ~ Cp — \ mm', as required. 

(6) If r 1# , ?* 2 p be any set of rational fractions all less than unity 

and not all zero and such that the row gr — v consists of integers, and 

(v\ v w ), — v, be every integer row in turn which can be represented in 

the form gr ' for values of r' less than unity, then 

X (e~ 2irir 'Y' . (e~ 2mr *y* (g- 2 irir, P y' tP 

v' 

is zero. Since, as remarked (§ 359), the sum can also be written 
X (e~ 2irtVi Y i (e~ Sm 

r' 

wherein v lt ..., v w are integers, the sum is unaffected by the addition of any 
integers to any one or more of the representants r\, ..., namely it has 
the same value for all sets, v , of incongruent columns (for the modulus g). 
If to each of any set of incongruent columns v we add the column 
(0, ...,0, \i, 0, ...,0), all of whose elements are zero except that occupying 
the i-th place, which is an integer, we shall obtain another set of in- 
congruent columns. 


38—2 
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Suppose then in the above sum r* is fractional. Add to every one of 
the incongruent sets v the column (0, 0, 1, 0, of which every 

element except the i-th is zero. In the summation everything is unaffected 
except the powers of e~ 2wir *, which are multiplied by e~ lldr i. Hence the 
sum is unaffected when multiplied by e~ 2 *' r u and must therefore be zero. 

We put down the figures for a simple case given by 

. I 4 6 I 
P- 1 ' 9-1 1 2 | * 

then ^r=(4r 1 +5r 2 , r x -f 2r 2 ) and the equations gr-v givo 

4?*i + f>/* 2 — i^i 1 , (3r 1 = 2v 1 -5v 2 

r l + 2r 2 = v J ’ ‘ (3r a =4i/ a — v x ; 
thus the values of r lt r 2 and v lf v t are given by the table 


*1. *2 

0, 0 

h i 

h 1 

V U *2 

0, 0 

3, 1 

C, 2 


Similarly gr' — (4r\ + r'# 5r\ + 2r' a ), and the equations gr'=v give 

4/ j + . J3/J = 2v\ — i/ 2 

5 j + 2r # 2 — i /.J (3r a — 4i/ a — t ; 

thus the values of r\, r\ and v\, v\ are given by the table 


•'v 4 

0, 0 

1 , i 

i. i 

^'2 

0, 0 

2, 3 

3, 4 


Thus the sum in question is 

( e -*n>,)« ( e -2«> a )0 + ( e -2 W tr l )2 + 8 ( e ~*rir 2 y 

=(e~* rivi )° (e~* Triv *) 0 + (e~ 2iriVi )* («- 2 ^»)3 + (<r 9,r,v, )3 

2irt 

= 1 +<r- 2>rt ^ 1 + 3 ^ 2 ) + er*ri l3/-,+4r i ) asl+c'T <*'‘+ 2 *'d + e 8“ 

For r 1 =r 2 —u l = v 2 —0 } these terms are each unity ; for 

('„ r*M J, i), (*» «*)-(3, 1) 


these terms are 


1 +*-2*1 (§) +e-2»rt (\) - \+ e 8 W + * S W 


or zero. 

For (r lf r 2 )=(3, jj), (»/,, v 2 ) — (6, 2), these terms are 

2 iri ... 2tri ( 

1 4.^— a*ri (§> « 1 » l, +«~s 


361. We give now an example of the expression of <f> functions. 
Take the case in which p = 1, and 

10 -3! 


k = 


3 0 
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the conditions db — ba = k , and geg = k, if a = (a, a'), b = (6, 6'), become 
ab’ -a'b = - 3 , - g n g* = - 3 ; 

taking for instance 

0 = 1 


4 5 
1 2 ! 


we have, if x — (x, x), — (x ly a?/), and ax + aV = 0, the equation 

ikxx 1 — 3 i (xxi — xx x ) - - ^ (a'c^ - aa/) = (a#' — a'/9), 

owtj aci\ 

where a = a + t/3, a' = a' + i£'. Thus, beside a6' — a'6 = - 3, we must have 
a#' > ct/3. The quantities a, 6, a y 6' are otherwise arbitrary. 

The equations a — Kg y 6 = Lg give (a, a') — (4 K -t- K\ 5 K + 2 K ') ; there- 
fore 

3 K =2 a - a', 3Z = 26 - 6' , 

3if ' = 4a' — 5a, 3Z' = 46' — 56 ; 

further the equation c = gC + £ [#] gives 


so that 


( 0 , 0 - 4 1 
5 2 


(0, (7) + i (4, 10) = (4(7 + (7' + 2, 5(7 4* 2(7' + 5), 


3(7 = 2c - c' + 1, 3(7' = 4c' - 5c - 10. 

Also, from K = j 2 «w, 2©'|, 27ri’Z = | 2rj y 2y ' |, with 

a = 7 ■ h = r . b=2h®', 

2&> 2od 

we obtain 

a = 7rc* (26 — b')/(2a — a), b = 7ri (4a — oa)/(2a — a'), h == t Siri/(2a — a'). 

If then ^ (u ; (7) denote the theta function, with characteristic ^ , 
given by 

C)==Xe &u3+2hll ^ l+C)+h{n+C)1 ' 2irlC ' {n+C) , 

then the Jacobian function, with a, 6 as periods, and c as parameter, is given 

by 

3 <^(a)=SA,^(a; (7 + /), 

v' 

where, in the three terms of the right-hand, r' is in turn equal to 

(V*\ /2/3N 

V 2 / 3 J' vw* 

The function <f> (u) may in fact be considered as a theta function of the 
third order ; its various expressions, obtainable by taking different forms for 
the matrix g , are transformations of one another, in the sense of Chap. XVIII. 
and XX. 
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362. The theory of the expression of a Jacobian function which has 
been given is for the case when a = 2 p. Suppose a < 2 p, and that we have 
two matrices a, b, each of p rows and a columns, such that ab — ba , = k, is a 
skew symmetrical matrix of integers, for which ikxx Y is a positive form for 
all values satisfying ax = 0 , other than those for which also a x x — 0 , or x = 0 ; 
then it is possible* to determine other 2p~<r columns of quantities, and 
thence to construct matrices, A, B, of 2 p columns (whereof the first <r 
columns are those of a, b), such that AB - BA = K is a skew symmetrical 
matrix of integers for which %Kxx x is positive when Ax = 0, except when 
x = 0 or A x x = 0. 

There will then correspond to the set A, B a function <£, involving *J\K\ 
arbitrary coefficients, such that, for integral n, 

4> (« + An) = $ (u y 

The function <l>(u) t which is subject only to the condition that 

<j>(u + an) = an)+2rkn 0 („), 

is then obtained by regarding 0 (w) as a particular case of (u), in which 
the added columns in A, B are arbitrary except that they must be such that 
the necessary conditions for A, B are satisfied. 

For further development the reader should consult Frobenius, Crelle , 
XCVii. (1884), pp. 16, 188, and Crelle , CV. (1889), p. 35. 


Frobenius, Crelle, xcvii. (1884), p. 24. 
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CHAPTER XX. 


Transformation of Thkta Functions. 


363. It has been shewn in Chapter XVIII. that a theta function of the 
first order, in the arguments u, with characteristic ( Q , Q'), say ^ ( u , Q), may 
be regarded as a theta function of the r-th order in the arguments w, with 
characteristic ( K , K'\ provided certain relations, (I), (II), of § 322, p. 532, are 
satisfied. Let this theta function in w be denoted by II (w> K). We confine 
ourselves in this chapter, unless the contrary be stated, to the case when 
( Q, Q') is a half-integer characteristic. Then the function Sr(w, Q) is odd or 
even ; therefore, since u = Mw, the function II (to, K) is an odd or even 
function of the arguments w. Now we have shewn, in Chap. XV. (§ 287), 
that every such odd, or even, theta function of order r, is expressible as a 
linear function of functions of the form 


f r (w ; K, K' + H) = a f rw ; 2v, 2 rv’, 2 f/r, 2?' j {K ' + /t)/r 
L I K 

+ €& j^- to ; 2v, 2 rv', 2 f/r, 2?' I ^ 


where e is + 1, according as the function is even or odd. The most important 
result of the present chapter is that the functions yjr r (w ; K, K' 4- fi) which 
occur can be expressed as integral polynomials of the r-th degree in 2* theta 

functions ^ ; 2v, 2i/, 2f, 2f / 1 ^ ^ , whose characteristics 


are those of a 


Gdpei system of half-integer characteristics (Chap. XVII., § 297); the earlier 
part (§§ 364 — 370) of the chapter is devoted to proving this theorem. 

The theory is different according as r is odd or even. When r is odd, 
e is and we have shewn (§ 327 Chap. XVIII.) that, for odd* values of r, 
| Q | = | K | , (mod. 2) ; the theory deals then only with functions 


fr (w ; K,K' + n) 
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in which When r is even, e, though still equal to may or 

may not be equal to e"* 1 K] , according to the integer matrix which determines 
the transformation ; but in this case, also, the value of c in the functions 
yjr r (w ; K, K' + ji) which occur is determinate. 

The proof of the theorem is furnished by obtaining actual expressions for 
the functions >jr r (w ; K, K ' + fi) as integral polynomials of the r-th degree in 


the 2 p 


functions ^ 


[w ; 2v, 2v\ 



the coefficients arising in these 


polynomials are theta functions whoso arguments are r-th parts of periods, 
of the form (2v?n + 2i/w')/?\ The completion of the theory of the trans- 
formation requires that these coefficients should be expressed in terms of 
constants depending on theta functions with half integer characteristics 
(§ 373). 


Further the theory requires that the coefficients in the expression of the 
function II (w; K) by the functions yfr r (w ; K, K '-f fi) should be assigned 
in general. In simple cases this is often an easy matter. The general case 
is reduced to simpler cases by regarding the general transformation of the r-th 
order as arising from certain standard transformations for which there is no 
difficulty as to the coefficients, by the juxtaposition of linear transformations 
(§§371-2)*. 

364. It follows from § 332, Chap. XVIII. that any transformation may 
be obtained by composition of transformations for which the order r is a 
prime number. It is therefore sufficient theoretically to consider the two 
cases when r = 2, and when r is an odd prime number. We begin with the 
former case, and shew that the transformed theta function can be expressed 
as a quadric polynomial in 2? theta functions belonging to a special Gopel 
system. A more general expression is given later (§ 370). 


* For the transformation of theta functions, and of Abelian functions, the following may be 
consulted, Jacobi, Crelle, , vm. (1832), p. 416 ; Richelot, Crelle, xn. (1834), p. 181, and C relic, 
xvi. (1837), p. 221 ; Rosenhain, Crelle, xl. (1850), p. 338, and M6m. par divers Savants , t. xi. 
(1851), pp. 396, 402 ; Hermite, Liouville, Ser. 2, t. in. (1858), p. 26, and Comptes Bendus , t. xl. 
(1855); Konigsberger, Crelle , lxiv. (1865), p. 17, Crelle , lxv. (1866), p. 335, Crelle , lxvii. (1867), 
p. 58; Weber, Crelle , lxxiv. (1872), p. 69, and Annali di Mat. Ser. 2, t. ix, (1878); Thomae, 
Ztschr. f. Math. u. Phys ., t. xii. (1867), and Crelle , lxxv. (1872), p. 224; Kronecker, Berlin . 
Monatsber., 1880, pp. 686, 854 ; H. J. S. Smith, Report on the Theory of Numbers , British Astoria* 
tion Reports, 1865, Part vi., § 125 (cf. Weber, Acta Math., vi. (1885), p. 842; Weber, Elliptische 
Functionen (1891), p. 103; Dirichlet, in Riemann’s Werke (1876), p. 438; Cauchy, Liouville, v. 
(1841), and Exer. de Math., n., p. 118; Gauss, Werke (1863), t. ii., p. 11 (1808), etc.; Kronecker, 
Berlin. Sitzungsber. 1883 ; Frobenius, Crelle, lxxxix. (1880), p. 40, Crelle , xcvii. (1884), pp. 16, 
188, Crelle, cy. (1889), p. 35 ; WiltheiBS, Crelle, xcvi. (1884), p. 21 ; the books of Krause, Die 
Transformation der Hyperelliptischen Functionen (1886), (and the bibliography there given), 
Theorie der Doppeltpenodischen Functionen (1895) ; Prym u. Krazer, Neue Grundlagen einer 
Theorie der aUgemeinen Thetafunctionen (1892), Zweiter Teil. See also references given in 
Chap. XXI., of the present volume, and in Appendix u. 
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By means of the equations u = Mw, a function ^ (^u ; 2o>, 2k/, 2 rj, 2rj' j ^ , 

with half-integer characteristic becomes a theta function in w, 

II (w ; K, if'), of order 2, with the associated constants 2v, 2v, 2f, 2f' and 
the characteristic (if, If'), where (§ 324, Chap. XVIII.) 

2 Mv = 2aa + 2&)V, 2ilft/ = 2co/3 4- 2ft//9', 2M(rja + rj'a) = 4f, 

2^(i ? /3 + V/9 , ) = 4r, Z'=5(2'-a'Q-id(da'), - K = 8Q' - PQ-idiM), 

and 

aa^a'a, 0/3' = ff/3, a/3' - a'£ = 0'a - £a' « 2 ; 

this theta function in w, II (w ; if, If'), can by § 287, p. 463, be expressed as 
a linear aggregate of terms of the form 


ifr r (w ; If, if ' + /a) = ^ ; 2v, 2n/, 2£/r, 2f' ^ 

+ ; 2i>, 2ri/, 2 f/r, 2f' j ^ 


r being equal to 2 ; here €, = i s + 1, according as the original function, 

that is, according as the function II (w ; K, If'), is even or odd. For brevity 
we put w — 2 vW, vt — v, and denoting by 0 (TV, t) the series '£e 2iriWn+iirrn ‘ l , 
we consider the function 


V r {W\K,K' + p) = ®[rW; rr'\( K ' + K ^ ,r +60 -rW; rr'j ( - K ' + ^l r , 


which is equal to ; If, if' + /a). Throughout the chapter the 

symbols ^ ^ | ^ ® ( W | ^ ) denote respectively 

a \w; 2v, 2v\ 2f, 2f' j *'] , ®(V; r'j*'). 

Taking the final formula of § 291, p. 472, replacing ft), g>', tj, rj\ ^ 

respectively by u, v \ f, f', iQ) > iQ j + ^ ) , multiplying both sides of the 

equation by e nia - (jl ^ K: ~ tL '\ where p is a row of integers each either 0 or 1, and 
adding the 2P equations obtainable by giving a all values in which each of its 
elements is 0 or 1, we obtain 
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T 1 , ©M r+ff;T 'K«) + ff)] 

= £«"*■(«'+>•' 2 © j^2V; 2t' |* (< ’ + © ^2t7; 2 t ' j^ € + f + “ , 

and hence, replacing V, U respectively by W, 0, 

2*0 jW; 2^5^^*’^© jo ; 2r' j + a ')J 

This may be regarded as the fundamental equation for quadric transformation ; 
we consider various cases of it. 

(i) When (K, K') is the zero characteristic we obtain 

©|W; 2r j^j = jj ; T ' j £ / 0 jo ; 2r' j *^ 0 + a) j , 

the right-hand side being independent of a', which for simplicity may be 
put = 0. 

We can infer that in any quadric transformation, when the transformed 
function has zero characteristic, it can he expressed as a linear aggregate of the 

2* squares (w | J ^ ^ , in which a! is an arbitrary row of integers ( each 0 

or 1) and a has all possible values in which its elements are either 0 or 1. 

(ii) When K' = 0, K — ^n is not zero, we obtain 

e [ 2 ^*1C)M 0!V l*(T)] 

= 2'*2e’"” , *(l + «*>»<»+•')) 0 j^F ; r'jlQ’jj ® [V; T ' i( a + n 

where on the right side only 2* ~ 1 terms are to be taken in the summation in 
regard to a, two values of a whose difference is a row of elements congruent 

(mod. 2) to the elements of n not being both admitted. When h(^j is an 

even characteristic we may put a! = 0 ; when £ ^ is an odd characteristic we 
may put a = p. 

In this case, as before, only 2 p theta functions enter on the right hand, 
and their characteristics form a special Gopel system. 

The cases (i) and (ii) give the transformation of any theta function when 
the matrix, of 2 p rows and columns, associated with the transformation * is 



For the notation, cf. Chap. XVIII., §§ 822, 824. 
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36tf] 



It can be shewn that by adjunction of linear transformations every 


quadric transformation is reducible to this case (cf. § 415 below); so that 
theoretically no further formulae are required. As it may often be a matter 
of difficulty to obtain the linear transformations necessary to reduce any given 
quadric transformation to this one, it is proper to give the formulae for the 
functions 


^(TT; K,K' + n)=-®\zW\ 2r' Km + Ol + e @ L . 2t ' i0* + *')"|. 

K K 


by this means the problem is reduced to finding the coefficients in the 
expression of any theta function in w, of the second order, in terms of 
functions SP 9 {W\ K , K' + /*) (see § 372 below). Hence we add the following 
case. 


(iii) When K' is not zero, we deduce, by changing the sign of W in the 
fundamental formula, the equation 

2*8 [o ; 2 t' ! * (fl + f + a ) j V, ( W ; K, K' + /*) 

o.»[w^ |*C)] e [if; V| *0 +£)] ■ 

where, putting K= \k, K' = %k\ we have C a = 1 + ee* ik{k ’ +a ' ) +" wJt ' . When e is 
+ 1, there are 2 /, ~ 1 values of a for which ak' = k (k’ + a ) + 1 (§ 295, Chap. XVII.) ; 
for these values Ca = 0; when e = - 1, there are 2 values of a for which 
ale = k (k' + a') ; for these values C a = 0. In either case it follows that the 
right side of the equation contains only 2 P ~ 1 terms, and contains only 2P 
theta functions whose characteristics are a special Gopel system. 

It is easy to see that the results of cases (ii) and (iii) can be summarised 
as follows: when the characteristic (K, K') is not zero the transformed function 
is a linear aggregate of 2^~ 1 products of the form ^ [w ; A, PJ ^ [w ; A, K } PJ 

wherein the 2 v ~ l characteristics P t are of the form £ ^ , K = ^ K , cmd 

A y K are such that* e wi]Kl+irilA ’ Kl = e. 

These results are in accordance with § 288, Chap. XV.; there being 
2^ -1 (1 + e) linearly independent theta functions of the second order with 
zero characteristic and of character e, namely 2* such even functions and no 
odd functions, and there being linearly independent theta functions of 
the second order with characteristic other than zero. 


365. Ex. i. When p=l, the results of case (i), if wo put ( W ; r) for 
0 £ W ; r | $ ^ » as * s usua h are 

eJo(W; 0 + 00! (W; o e? 0 (W ; O+eJ^W; O 
2000(20 ■ " “ 20 lo (~2O 


0oo(2TY; 20 = 


For the notation, see Chap. XVII., § 294. 
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n O-eJ.OF; V) 

0,0 (2 ’ ’ 2T } 26^(2?) 2©^j > 

where 0 (2 t) denotes © (0 ; 2r'). If then we introduce the notations 

,j 0jo(2r’) ■/^ = gw( r ') 

v ©oo(2r')’ V * ©oo (2V) vx ©oo (O VX ©oo(0’ 

JJ_JL SuiiElM JZ- „ If ©I«(2W '; M .--*,(» IF; 2r') 
V VI e».(2^; 2r')’ Vy “ V I © 0,(2 IF; 2r')’ V ‘~ Vi 0 w (2lV; 2r')’ 

Vo-* A e “ (,Ki - r,) V?-Vv e “ (,r: r ’> 

^"VAeo^^^)’ V,_ V X© 01 (Jf;r')’ Vf ~ VX ©o^TF; V)’ 

we find by multiplying the equations above that 

©«(»’; /)-©;,( IF; r') = ©; 0 (IF; t')-©;,(IF; r'), 

and therefore that 


so that also 


X^+X'*=l, 

*a+***l; 


while, comparing the two forms for 0 W (2 IK; 2r'), putting IK=0, we obtain 

,, X . 1-X' . . . 2^/k 

VA=_,°ri=— , giving A = 1+/t ; 

further the equations for ©^ (2 IK; 2r') and e 10 (2 W ; 2r') give the results 


from which we find 


£f£,=l+X', f x ' =i-x-, 

7 + x £ 


T) = 1 - £, C= 1 - X'£ ; thus also y=l -*t‘, z—\- k 2 x. 

Ex. ii. The equations of case (ii), also for p— 1, give 
©01 (2 IF; 2O= 0 ^ : ~ )0 ^i^, ©n (2 IF; 20=^^' ) ^ ) ( -- ! - T ->. 
From these we have by division 

V;=a + xAj& 

Vi -x s f 

whilo from these and the results of Ex. 1, we find 

VMi-o+xosi/vr^, v?=[i-(i-x')f]/vr-x»f 

Ex. iii. When /?= 1, by considering the change in the value of the function 


q» ( w \ Rii ( w )~l 

** lw) d* Ia»J 


when w is increased by a period, we immediately find that it is a theta function in w of 

the second order with characteristic J ; hence by the result of case (iii) above, the 

function is a constant multiple of «9 10 (w) S w (w ) ; determining the constant by putting 
wtm 0, we obtain the equation 

e oo (O e 10 (/) [e’ n ( IK; r) © 01 ( W \ r ) - ©' 01 ( W ; r) © u ( W; rO] 

= ©u (O ©oi ( r ) ©io ( w ; r ') ©oo ( *■')> 
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which is immediately seen to be equivalent to 

e ; n (r') 000 (r ) wr== ft d$ 

4f(i— f) (l -x a i)* 

[We may obtain .the theta relation, here deduced, from the addition formula of Ex. i., 
§ 286, p. 467 ; taking therein a t =i (_ j), w=0, ? = i(o) > 


r~p= 


, we immediately derive 


•^io ( w )^oo( w ) (2*0 ^oi (0)—$oo(v) ^io ( v ) [^oi { u ~~ v ) (w + v)— *^oi ( w + v ) , ^]i(' M “ v )] » 

if, for small values of v, this equation be expanded in powers of v, and the coefficients of v 
on the two sides be put equal, there results the equation in question.] 


Ex. iv. By differentiating the second result of Ex. ii., putting IF=0, and putting 
IF=0 in the first result of the same example and in the second value for 0^(2 IF; 2r) in 
Ex. i., we obtain 

e'u(2r) _ e'n(rO 

©oo (2r # ) 0 O1 (80 ©io W) ©oo (O ©oi (0 0 1O (r') ’ 

so that the socond of these functions is unaltered by replacing r by 2 w r', n being as large 
as we please. Hence we immediately find from the series for the functions, by putting 
r = oo , that each of these fractious is equal to n. Hence if the integral occurring in the 
last example be denoted by J we have ,/= 7 r0^ o (r) TF. In precisely the same way we find 
/= 27 t0^ o (2t ) IF, where I is an integral differing only from J by the substitution of x for | 
and k for X. Hence 

1/ J= sej, (Sr')/ ej, (r'), =1+V, 
as follows from the first result of Ex. 1. 

From these results we are justified in writing the formula of Ex. ii. in the form 

fln n, , vw . l-n (1 +V) an ( J , X) cn ( J , X) . 

L 1+ X)^,i+VJ - " dn («/, X) 

and this is Landen’s first transformation for Elliptic functions. 


Ex. v. The preceding examples deal, in the case p — 1, with the quadric transformation 
associated with the matrix ^ ^ . Prove when p = 1 that for any matrix of quadric 

transformation tho transformed theta function is expressible linearly in terms of one or 
more of the eight functions 

0 — ©oo (2 IF ; 2r'), 0 2 -0 lo (2TF; 2/), 0 O = 0 O1 (2IF; 2r'), 0 1 = 0 n (2lF; 2r'), 

e 4 =e(W; 2 /j 1 ( ( 4 ) + e^2lfi2r'| -1 ^, e 6 =e^2iri2r'j^ 4 )- e^2IK;2r'| -1 ^, 

e a =e(2W ; 2r'| jg)+ie(2W; 2r' |~ Jjj). 8r'| • 

Prove in particular that the functions arising for the transformation associated with 
the matrix Q ^ are expressed as follows : 

©oo(^; W«©+©2» ©oi(^; ir')=©-© s , ©io(^; ©n(^; ir') =-*©&; 
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and that the functions arising for the transformation associated with the matrix ^ ^ are 
expressed as follows : 

e w (W ; 4 T'-i)=e-te 2 , e 0 i (W; ir'-i)=0+i0 2 , 

Sri m 

Oio( W ‘> ir’-i)=e~ 8 e fl , e n (W; Jr'-*)*« 8 0 7 . 

Obtain from the formulae of the text the expressions of the functions 0 4 , 0 6 , 6 fl , © 7 of 
the form 

e 4 =c 4 e oo( ^)0io( w )> e 4= f 6 e oi( ,y ) e n( , 0> e 8 =c 6 e 01 (r)e 10 (n 
where C« c 6 , c e , c, are constants. 


,re selected m Ex. v. will 


Ex. vi. The reason why the matrices Q ^ , ^92)* (0 2) are se ^ ecte< ^ m ® x - v * 
appear subsequently (§ 415) ; the matrix ^ gives the transformation which is supple- 
mentary to that given by ^ ; it gives results leading to the equation 

sn[(l +k)u, 2*/k/(l+k)]={l+k) sn (w, £)/[l+£sn 2 (u, A)]; 
by combination of these results with those for the matrix ^ ^ w r e obtain the multiplica- 


tion formula 

e u (21f; r)=Ae u (W; 1*') ©01 ( T')Qio( Tr i T)e^(W; r) y 

where A is a constant (cf. Ex. vii., § 317, Chap. XVII. and § 332, Chap. XVIII.). 
The matrix associated with any quadric transformation can be put into the form 


■GO* 


where Q, fl' are matrices of linear transformations ; for instance wo ha\ o 

G-0G0(-?0*G0 

with the corresponding equations 

U^rW^y W x = 2 FF 2 , W 2 = — r., ; r t — — 1 /r, r 2 a!a! r|/2, r 3 =*— 1 /t 2 , 

from which we have, for instance, 

-niU* -n%U* /. 

®lo(^3> ^ T 3) == ®lo(^' > T )~ e 7 r l)~ e T ^ “®0l(^^2» ^ 2 ) 

- nilP 

~ e T ^®Oo(^2J t 2) e 01 ( ^2 > T 2) “ » r 3 )®lo(^ 3 » T s)» 

(Ey F being constants) whereby the transformation formula for 0 1O ( 1F 3 ; £r 3 ) is obtained 
from those for 0 1O (2 W; 2 r'), with the help of those arising for linear transformation. 


366. We pass now to the case when the order of transformation is any 
odd number, dealing with the matter in a general way. Simplifications that 
can theoretically be always introduced by means of linear transformations are 
considered later (§ 372). 
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We first investigate a general formula* whereby the function 
& | ~rw ; 2v, 2rv', 2 f/r, 2 J' j 

can be expressed in terms of products of functions with associated constants 
2v, 2v, 2f, 2£". We shall then afterwards employ the formulae developed in 
Chap. XVII., to express these products in the required form. 

Let <r, a be two matrices each of p rows and m columns, whose constitu- 
ents are any constants ; let the jj'-th columns of these be denoted respectively 
by <r^ and so that the values of j are 1, 2, ..., m\ let T a denote the 
matrix 2va + 2 vV, which hasp rows and m columns, and let thej-th column 
of this matrix, which is given by 2 v<r {i) + 2i/cr'tf>, be denoted by T* * ; also, 
K , K' being rows of any p real rational elements, let T*, Zy denote the 
rows 2vK + 2v'K\ 2 £K + 2 £'K ' ; and use the abbreviation 

1 v(w; K, K') = Z K (w + £T*) - iriKK ’ ; 

finally, let s = (s {l) , be a column of m integers whose squares have 

the sum r, so that 

2[5^] 2 = r; 

i 

then, using always ^ (w) for ^ ( w ; 2v, 2v, 2f, 2f')> the function 

is, in w, a theta function of ordei " r with associated constants 2u, 2v' } 2f, 2f / and 
characteristic (K, K'). 

For when the arguments w are increased by the elements of the row Ty, 
where N, N' are rows of p integers, the function 

& £»<•» (w + r - K ~ r ’ s 'j + T^J 

is multiplied by a factor e*i, where is equal to 
[2fy*w + 2 r«w (w + T?; T * ) + T, 1 + vNt* + «'#'»<*] 
that is 

[««p \z* (w + + *r,) - wonr j + z/r“ .<* : 

the sum of the m values of fa is given by 

1 irj = r {Z N (w + £Ty) - t riNN'} + Z iV T* - Zft 9 s + Z N T 9 s 
= m(w; N,N’) + Z/t K ; 

* Ktinigsberger, CreUe, lxxv. (1865), p. 28. See Rosenhain, Crelle, xl. (1850), p. 838, and 
Mini, par divert Savants, t. xi. (1851), p. 402. 
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also, when w is increased by Ty, the function — nr \w ; Kjr y K'jr) is increased 
by — ZtfTV; thus the complete resulting factor of II (w) is 

N, N') + SA-Vi 

of which (§ 190, p. 285) the exponent is equal to 

rw(w;N 9 N') + 2 t ri (NK' - N'K ) ; 

thus (§ 284, p. 448) II ( w ) is a theta function in w y of the r-th order with 
( K t K') as characteristic. 

Therefore (§ 284, p. 452) we have an equation 

n(w) = 24 M ^ Jrw ; 2v, 2 In/, 2 ?/r, 2?' j (K ' , 

where /t is a row of p integers each positive (including zero) and less than r, 
and the coefficients A^ are independent of w. The coefficients are inde- 
pendent of K, K' y as we see immediately by first proving the equation which 
arises from this equation by putting K and K' zero, and then, in that equation, 
replacing w by w 4- 2 vK/r + 2 v'K'/r. 

In this equation, replace K by K + h y where h is a row of p integers, each 
positive (including zero) and less than r ; then, using the equation previously 
written (§ 190, p. 286), for integral M y in the form 

^(m; q + M) = e 2iriM « { b(u; q), 

we find 

e -rw[w, (K+h)lr, A"/r]-2Ti(jr + «)fc/r ^ & ^ + 2t>/l + Ty - T.S j + T 0) 

M 

where € is taken to be any row of p integers each positive (or zero) and less 
than r; ascribing now to h all the possible r** values, and using the fact that 

r -p'Z e 2nifr-')h/r =z l' or Q, 
h 

according asya-e = 0or^0, (mod. r), we infer, by addition, the equation 
jm; 2v, 2 rv, 2 J/r, 2£' | ^ 

=2e* n a + _ 

where 

f = -rw[w;(K + h)/r, K’/r] - 2m (K’ + p) h/r, 
and On, = r*A„ is independent of w and of the characteristic ( K , K’). 


rw ; 2v, 2 rv, 2 f/r, 2f ' 


| (k' + n)lr~\ 



TRANSFORMATION OF ODD ORDER. 


609 


367. We put down now two cases of this very general formula : — 

(a) if each of the matrices <r, or' consist of zeros, and each of the m 
integers s (l) , ..., 8 m be unity, so that m = r, we obtain 

; 2v, 2 In/, 2{/r, 2?' | ^ )/r j 

= Se - rnr [» ; (K+h)/r, K'/r] - 2*i (*'+*) h/r ^ + 2vA + Tjrj 

In using this equation we shall make the simplification which arises by 
putting w » 2u W, i/“V — r', and 

@ ( W, T) = e-M- 1 ” 3 $ (w) = 2£riWn+*n'*. 

n 

then the equation can be transformed without loss of generality, by means of 
the relations connecting the matrices v , v, f, f' (cf. § 284, p. 447), to the form 


g--2iriK' [1V+ Jr'JSf'/r] —2iriKK’/r 0 (rW; VT j ^ 

= te~ 2 ^ r S r [ W+ h -^- 

h L ^ 


h + K + r'K' 


; t'] , (i) 


where is independent of IT and of K and K\ 

This equation is of frequent application in this chapter; it is of a different 
character from the multiplication formula given Chap. XVII., § 317, Ex. vii., 
whereby the function %(rW, r) was expressed by functions 0(IF, t) with 
different characteristics but the same period, r. 

Ex. i. When r — 2, p = 2, we have 

f' 0 e (2 W t 2r') — 0 2 ( H r j, ir 2 ; T ') + 0 2 (ff 1+ i, IF 2 ; r / ) + e 2 (ff|, rr 2 +i; r') 

+©«(IF 1 + 4, W 2 +$; r'). 

Ex. ii. If X, p, h be rows of p integers each less than r, prove that the ratio 

^.^,r e r\^ v+ h | V' - J^ Se -arv*,r e r |V + ?j 

is independent of IF. 

{ft) if the matrix a consist of zeros, and if each of the m integers 
s (l) , ..., s {m) be unity, so that m = r, and if the matrix <r, of p rows and r 
columns, have, for the constituents of every one of its rows, the elements 

0 i 2 t^- 1 

r r r 

then the matrix T„ will have, for the constituents of its t-th row, the 
elements 

A 2a< (r- 1)H. 


B. 
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where fl t is the sum of the elements of the i-th row of the matrix 2v, 
so that 

n< = 2 i I 


also the *-th of the p elements denoted by - T 9 s will be 


) _ t — 1 n 


and therefore the i-th of the elements of will be 

. r 

Thus, denoting the row (n if fl^) by O, the theorem is 
j rw, 2v, 2 In/, 2 ?/r, 2?' j ^ ^ )/r J 

where y/r has the same value as in § 366. And as before this result can be 
written without loss of generality in the form 


C e -2"iK'[W+lT'K'/r]-2mKK'/r ® \ r jy ( K + / A )/ r l 

M L ’ * J 


= le-W/' <j>(u+ - + K ^- T - K ) . (II) 

where U = W — (r — l)/2r and, for any value of u, 

^(tt) = 0( it; r')0^u+i; rj 0^«+ r -— ; t'); 

the number of different terms on the right side of this equation is rf" 1 ; 
for if m be a positive integer less than r, the two values of h expressed by 
A = (A,, h p ) and A = (A/, ..., hp), in which A,' = A, + ra, hp=h p + m, 

(mod. r), give the same value for <j> ^ U + — — ^ . 


Ex. i. Forp=2, r=2, we obtain 

Ko 0 (2 W, 2r') = © ( W t -i; r ')©(^+i, W 2 +i ; r') 

+e(ff 1 +i, WW; r')©(J*W, ^2+1; T )‘ 

Ex. ii. For p=% r=3, we obtain, omitting the period r on the right side, 

4^00(3^; 3 0-0(0^, WJQW-I, w 2 -i)e(W t +i f w 2 + j) 

+®("k. "W) 0 ("i+i, ^)e(HW, m+D 

+ 0(Tf 1 + J, ^©(TFj, TF 2 +i). 
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368. We consider now the expression of the function 
¥,(F; K,K' + ix) = ®\vW\ rr' ( ir ' + /*)/ r J +e 0 ^. r W ; rr ' + 
in terms of functions ® J^TT; r'j , in the case when r is odd. W< 


in the case when r is odd. We 


suppose as before (K, K') to be a half-integer characteristic, and we suppose 
e = e** 1 *!, so that e is ± 1 according as the characteristic (K t K') is even or 
odd*. It follows from § 327, Chap. XVIII., if (K, K') has arisen by trans- 
formation of order r from a characteristic (Q, Q'), that e is also equal to e vi 1 Q 1 
and is + 1 according as the function is even or odd. 

It is immediately seen that equation (I) (§ 367) can be put into the form 




jrff; + J l)lr 


= *"(* + f)' t <hk jV + h -(r-D{K + TK ') | * 'J . 

from this equation by changing the sign of W, we deduce the result 

C lt e*’ ,r ~ 1 *' L *~ (r ~ 1! T ' A ' 72J % [ W ; K, K' + p] 

= 2e' 2rt ( x+ r) * je-*" *■ ik 0r j^ + a j * + g sw ( >-ii jrr©r £ w _ a j * _ 

where we have replaced ee~ 4nirKK ', = ee ~ nirlK ‘, by unity, and a denotes the 
expression [h — (r — 1) (K + rK'Jj/r, which is an r-th part of a period. We 
proceed to shew that the function 

e -*ri(r-l>jr'W@r jV +a | *'J + e ini V -\)K'\V®r jV _ a ' 

can be expressed as an integral polynomial of the r-th degree in 2 }> functions 
@ r [W; t | A Pi], where A Pi are the characteristics of any Gopel system of 
half-integer characteristics whereof (K, K') is one characteristic. 

From the formula of § 311, p. 513, putting G = 0, A' = A, B = P = » 

and replacing U, V> W, e,*, €j respectively by W, a , 5, e,-, e 3 we 
obtain, if P. = *(£'), 

* Thus, when 2(JT+fi)=m, m being integral, 

e = e iviK ( rm “2m)_ e MKm _ e ** iK*'"* 

as in § 287, Chap. XV., and 

* r (IF; K, K + fx) reduces to 20 [rW, W | . 
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[368 


2*-©(F+a; 4 + P)®(F+&; A) 


g x(g,6; P,e) 

. x( a +b 0; P, e) 


2e.<r*'tf«.©(F+a + &; A + P + P.)©(F; A + P.), 


where 


%(«,»; P, e)=2e.e~ i ” <, ’ ! '«©(«; A +P+ P.) ©[«»; -4+PJ; 

a 


the function %(w, v; .4, P, e) may be immediately shewn to be unaltered by 
the addition of an integral characteristic to the characteristic P* of one of its 
terms; we may therefore suppose all these characteristics to be reduced 
characteristics, each element being 0 or 

Hence we get 

2»-©*(F + a; ,l) = 2^|^ O ^ ) S e .0(F+2 a ; A + P.)®(W; A + P a ), 

and hence 2^0 S ( JP+a; A) is equal to 

il+P a )SiT 2 2€/e-^«^0(F+3a; ^ + P a +P,)0(F;;1+P /I ), 

« a «' 0 

where 

TT X ( a> a 6 ) IT _ y & , Pq , 0 ) , 

J3l - X (2a,0;0,e)’ "•“x (3a, 0 ; P«, O’ 

proceeding in this way we obtain 2 (r “ 1) ^ 0 r ( TT -f a ; .4) 

= $#20,217,20, ... S H r _ lX (TT+ra, TT; P^ + ...+P^,; O, (HI) 

«I «I ** Vt 

where each of P. t , P ai , ... becomes in turn all the characteristics of the 
group (P), and e lf e 2 , ... relate respectively to the groups described by 
P #l , Pa,, ...» and further 

= “i P., + ... +p...,, e m ]-h X [( m + 1 ) a ’ °; P.,+ ... +P._,, e m ], 

(m = 1, .. , r — 1), 

©« = «.„e A -0(F; 4 + P.J, 

(m = 1, ..., r — 2). 

The equation (III) expresses 0 r (TT + a; A) as an integral polynomial 
which is of the (r - l)th degree in functions 0 ( W ; A + P a ), whose charac- 
teristics belong to the Gbpel system {AP\ and is of the first degree in 
functions 0[TF + ra; A + PJ. But it does not thence follow when a is an 
r-th part of a period, that 0 r (TT + a; A) can be expressed as an integral 
polynomial of the r-th degree in functions 0[TF; ,4+PJ; for instance 
if the Gopel system be taken to be one of which all the characteristics are 
even (§ 299, Chap. XVII.), it is not the case that the function 0*(F' + J), 
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368] 


which is neither odd nor even, or the function @ 3 (TT+ £)- J), which 

is odd, can be expressed as an integral polynomial of the third degree in the 
functions of this Gopel system ; differential coefficients of these functions 
will enter into the expression. The reason is found in the fact noticed in 
§ 308, p. 510 ; the denominator of i/ r -i may vanish. 

Noticing however, when P is any characteristic of the Gopel group 
(P), that x(~ u > P, e) = e" ilPl+niiA > Pl x(u, v; P, e), so that the co- 
efficients H m are unaltered by change of the sign of a, and putting the 


characteristic A 



, we infer, from the equation (III), that 


2 (r-i)p[ e -2 J r<(r-i,jr'Tr@r(^ +a; A) + tf*Ur-vK'W®r (tfT _ a . A)] 


is equal to 

[e-^r-DK'Wx ( W + ra,W;P , €„) 

+ 4*+-vk'w x (W- ra,W;P, e^)], 

where P denotes P tti + . . . + P a 2 ; and it can be shewn that when a becomes 
equal to [h — (r - 1) ( K + r K')]/r, the limit of the expression 

W; P, e r _ a ) + p*v-**'* x {W -ra,a\ P,e r -,)], 

if it is not a quadratic polynomial in functions ©(IT; AP a ) y is zero. The 
consequence of this will be that [ W ; if, K' 4- /*] is expressible as a 
polynomial involving only the functions © ( W ; AP a ). 

For the fundamental formula of § 309, p. 510, immediately gives*, for 
any values of a, b, 

X(W+a> F + 5; P,6) x (a + &,0; P, *) = %(«, b; P,e) X (W + a + b, W; P,e), 
and hence, replacing € r _-x simply by e, the expression U is equal to 

{ e -^(r-DA'ir@ ( W 4 a ; A + P.) © [ W + (r - 1) a ; A + P + PJ 

+ ( ft*Ur-i)K W®( W _ a . a -i- P a ) © [ TF — (r — 1) a ; 4+P + PJ}, 

where P, is used for P ai + + P« r „ a an< * ^ or 

(€ r _i) a , .... Replacing ra in this expression by the period h-{r -l)(K K') y 
and omitting an exponential factor depending only on r, h, K, K' and P , it 
becomes 

+ 4+PJ©[lF-a; 4+P + PJ 

+ @[IF-a; il + PJ © [ IP + a ; A + P + PJ}, 


* We take the oase when the characteristics B, A of § 309 are equal. It is immediately 

obvious from the equation here given that in the expressions here denoted by H m the value of the 
half-integer characteristic A is immaterial. 
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A being as before taken = an< ^ ?« ** e a <r-1) K ~^ 4 a +,ri ( r ~ J > K 'u • and this 
is immediately shewn to be the same as 

(l + & (p) e-*- 1 * 1 ) 2&0-Wfee (W+a; A+P*)®(W-a ; ^ + P + P«), 

where e P is the fourth root of unity associated with the characteristic P of 
the Gbpel group (P), which is to be taken equal to 1 in case P = 0. Thus 

the expression vanishes when f p = — e Jwt|p| (^p) • Hence, in order to prove 

that when the expression U is not a quadratic polynomial in functions 
0 ( W ; AP a ), it is zero, it is sufficient to prove that the only case in which 

U is not such a quadratic polynomial is when f P = - e* ni I p > (^j . 

Now the denominator of H r _ x is 

^e a e~^q a @ [ra ; A + P + PJ @ [0 ; A 4- P«], 


where P still denotes P tti + ... + P« r a and € a has the set of values of e,_ 2 ; 
save for a non-vanishing exponential factor this is equal to 

2£«© a (0 ; ^lP a ), 

a 

or (l + r,. (p) e-wm) S&e-W-f, 0 [0 ; A + P + P„] 0 [0 ; A + P,], 


according as P = 0 or not, where, in the second form, P fi is to describe a 
group of 2 P ~ 1 characteristics such that the combination of this group with 
the group (0, P) gives the Gopel group (P). We shall assume that, when 

Jp is not equal to — 1 p 1 ^p^ , neither of these expressions vanishes for 

general values of the periods r'. 

Since the function ( W ; K, K' + p) is certainly finite, we do not 
examine the finiteness of the coefficients H m when m is less than r — 1, 
these coefficients being independent of W ; further, in a Gopel system (ilP), 
any one of the characteristics AP a may be taken as the characteristic A ; 
the change being only equivalent to adding the characteristic P a to each 
characteristic of the group (P); hence (§ 327, Chap. XVIII.), our investigation 

gives the following result : — Let any 2? functions ^ 

whose (Jmlf integer) characteristics form a Gopel system, syzygetic in threes, he 
transformed by any transformatim of odd order ; let (AP) be the Gopel 

system formed by the transformed characteristics ^ j ; then every one of the 


[u ; 2®, 2 to', 2 rj, 2r{ ^ , 
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original functions is an integral polynomial of order r in the 2? fmctims* 
§(w ; 2v, 2t/, 2J, 2f' | AP) : as follows from § 288, Chap. XV., the number of 
terms in the polynomial is at most, and in general, \ (r* + 1). 

For the cases p = 1, 2, 3, and for any hyperelliptic case, it is not necessary 
to use the addition formula developed in Chap. XVIII. We may use instead 
the addition formula of § 286, Chap. XV. It is however then further to be 
shewn that only 2? theta functions enter in the final formula. For the case 
p = 3 the reader may consult Weber, Ann. d. Mat. 2 a Ser., t. IX. (1878), 

p. 126. 


369. We give an example of the application of the method here followed. 

Suppose p= 1, r- 3, and that the transformation is that associated with the matrix 

^ ; then (§ 324, Chap. XVIII.) taking M~ 3, the function 

2», 2a)', 2 7 , 

°r ^oi M, is equal to $ 01 (3w; 2v, 6v, 2f/3, 2£') or ^"^¥3 (If; -1,0). Now we havo, 
with a=(A+ 1)/3, 

( W; - i, 0)-2 K ( Jf+a) + 0 O 3 , ( If- a )] ; 

also ©Jj ( W +«) is equal to 


x Ka; °» «) 

X (2a,0; 0, t) 


2e.0(lf; 4+P«)2 


x(2a, a; P„ «') 




; x (3a,0;A,Op 


' w * } oe()F+3fl; 4+P.+Pri0(!fi J+P*); 


if wo take the Gopel system to be J ^ J ^ , so that 1\=\ Q , this is equal to 

i s _ ._ e L (a)+e i e “( a) _ e / W) v ©oi (*») e 01 (a ) Wgio (2a) 0 1O (a) . 

« % (2aj ©oi 4* < i ©io (2®) ©io 01 «' ©oi (3a) ©oi 4 * ( i ©io (3a) ©io ° 

,15 ^( fl )+«i4w B m 5 ©JO (2a)e 0 i(a)-tf/e 0 i (2a) 0,0 (a) 

« ©oi (2®) ©oi 4-«i ©io (2a) ©io 1 10 «' ©io (*I a ) ©oi “ lf i ©oi (3a) ©io 11 


where 0 O1 denotes © 0 i(0), etc., and 


^-©oi( W +*“) © 01 ( If )+ f/0 lo (lf+3a) 0 1O ( If), 
^i*©io( lf+3a)0 ol ( If)— iif/0 ol ( II +3«)0 iq( II ). 


Now, in accordance with the general rules, the denominator of the fraction 


©IP (2*0 ©pi (a)- ©pi (2a) 0 lo ja) 

©io(3a)©oi-»V©oi(3a)©io 

vanishes when •/“-^"(p)^ 1 *'^ 1 '*’®*'* 1 , namoly, as when 

f/= -te ,r<(fc+1) , and a=(A+l)/3 ; in fact, putting a=(A+l +#)/3, 

©io (3a) ©oi~ ^/©oi(3a) ©io = ^^ ^©ioW © oi ^ l ©oi fa) ©io> 

=K i( * +1) [e;;e 01 -e;;ej^, 


* The expression of the transformed theta function in terms of 2*>=4 theta functions is given 
by Hermite, Cmpt. Rendut , t. xl. (1865), for the case p=2. For the general hyperelliptic case 
of. Kdnigsberger, Crelle, l xiv. (1866), p. 32. 
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for small values of .r, when because the differential coefficients of the even 

functions, being odd functions, vanish for zero argument j thus the denominator of the 
fraction vanishes to the second order. We find similarly, for a* J (A-f 1 +«)» 

that the numerator of this fraction is equal to 

in the same case also we find that the expression E x is equal to 

e" ( * +1) [e'io ( W) e 01 ( W) - e' 01 ( w ) e 10 ( W)] x, 
while the expression e 10 ( IF- 3a) e 01 ( W)~ i€/0 ol ( If ~ 3a) 6 10 ( IF) is equal to the negative 
of this. Thus the function ©Jj ( W+ a) can be expressed by the functions 8 10 ( IF), © 0l ( IF), 
and their differential coefficients of the first order ; but the function ©Jj ( JF-fa)-}-©^ ( W—a) 
can bo expressed by the functions 0 1O ( W), e 01 ( TF) only. 

In the function 0^ ( W+a) +0*, ( W- a) the part 

2 ©1 0 (2a) 8 01 (a) - iVi'Qqi (2a) 8 10 (a) ^ 

•' ©io (3®) ©oi — lf i ©oi (3°0 ©io 

furnishes only the single term for which ir/* -e Tri(7l+l) , namely, 

\ ! / \ i J. % ( IP) 9.1 W). 

©01 ©10 


Ex. i. Prove that the final result is that J(7 0 -9 01 (u) is equal to 


- [®io (1) %l - %i (J) e io] \i (") ("» 


e io(l) 0 Ol(i)[ 0 lO^) 0 Ol + e Ol(i) 0 lol n , \q2 , v . , n3 / v 

where e 01) e M denoto e w (0) and e 10 (0) respectively. 


Ex. ii. Prove that 

Qoi ( w ~ i) e,o (W+i)- e 10 ( w- i) e 01 ( W+ j) 

®oi (i) -®m(1)®i«(1) 

— 2 Tt Tt 


C e oi ( w ) ©10 ( W) - ©; o ( W) 0 O1 ( W)l 


370. General formulae for the quadric transformation are also obtainable. 
The results are different, as has been seen, according as the characteristic 
(K y K r ) of the transformed function is zero (including integral) or not. The 
results are as follows : — 

When (K, K') is zero, the transformed function can be expressed as a 
linear aggregate of the 2* functions W (w | A, Pi), whose characteristics are 
those of any Gopel system. 
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When (K, K') is not zero, the transformed function can be expressed as a 
linear aggregate of the 2 *~ l products & (w | A, Pi) ^ (w | A, K, Pi), in which 
the characteristics Pi are those of any Gopel group whereof the charac- 
teristic K, = (K, K'), is one constituent, and A is a characteristic such that 
| A, K | = | K |, or | A, K | = | K | + 1 (mod. 2 ), according as the function to be 
expressed is even or odd*. 

When ( K , K') is zero, the equation (I), § 367, putting K = K’ = /x = 0, 
and then increasing W by £/xr', where /x is a row of quantities each either 
0 or 1 , gives 

00 (zw ; 2r' | = 2e-*^0’ (lT+ t' | ; 

hence, from the fundamental formula of § 309 (p. 510), writing therein 
» = 0,«=F+a,6 = a = A/2, A (§) , P< = , and ( 4 ) 6 . 

we obtain 


2xO0 (2 W -, 2 t ' 


W 2\ 
0 ) 


;0 rt w(o 


where (7 is independent of /x. It is assumed that the sum 2fi@ a (0; t '| APi) 

i 

is different from zero for each of the 2 ^ sets of values of the fourth roots f t *. 
This formula suffices to express any theta function of the second order with 
zero characteristic. 


When ( K , K') is other than zero, by putting in the equation (I), § 367, 
r = 2 , ft = 0 , adding £t'A' to F, where h' is a row of quantities each either 
0 or 1 , and then changing the sign of F, we obtain 

Ce-nmK+w y 2 (W-, K'K' + h')^ [e 2 *^© 2 ( F + a) + ee" 2 ^© 2 ( F - a)], 

h 

where \ = K + A, X' = K ' + K, and C is the same constant as before, indepen- 
dent of F, K , K\ K , and a = + Jt V, the period r being omitted on the 

right side. Hence, taking the fundamental formula of § 309 (p. 510), putting 
therein v-0, tx=F+a, b=a, A—0,B=Ay and then writing a= 
where a? is a row of p equal quantities, we find, provided | K, Pi | = 0, (mod. 2), 


* When (if, if') is zero, the function is necessarily even (§ 288, p. 463), and therefore |JT|=|Q|. 
We have seen (§ 327, Chap. XVIII.) that this is always true when r is odd. When r is 2, it is not 
always so, as is obvious by considering the transformation, for p=l, in which a =2, /9=0, a'=0, 
j9'=l, and {Q, Q')=($, *); then we find (if, /f') = (i, 1) ; thus |Q1=1, |if|=2. 
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and that 2^ ( IF ; K , K' + h’) is equal to the limit, 

when x vanishes, of the expression 


e*K'(K + vK') (W; A, Pi){®(W + x\ A, K, Pi) 

+ ®(W-x\A > K,P i )}, 


where e wi{h ^*"~ h,<ll i ) € i , and 




^ a . + ^k+^t'K' i Q + Pi) 

‘ (« ; JJT, Pi) 0(0; A, P<) ' 


It can easily be proved (cf. § 308, p. 510) that the denominator of 
vanishes, for x — 0, for the 2^ _1 sets of values of the fourth roots & in which 
the fourth root corresponding to the characteristic K of the group ( P ) has 

the value — e^ K \ and that the corresponding expressions 
Uf-EcStit-wiiBiW; A, Pi) {®(W+x\A, K , p { ) + ®{W-x\A t K, P,)} 
have the limit zero ; the summation £ is therefore to be taken only to extend 

to the 2P -1 sets of values in which this fourth root =+ ebdl*l. It may 

however happen that the denominator of Ef vanishes for other sets of values 
of the fourth roots ft, when a?= 0. We assume that for such sets of values 
the sum multiplying E{ in the expression 17^ does not vanish for # = 0; by 
recurring to the proof of the formula of § 308, it is immediately seen that 
this is equivalent to assuming that the expression 


P % ) 


is not zero for general values of the arguments U for any set of values of the 
fourth roots €< (cf. (fi) t p. 514). That being so, the value of E$ when its 
denominator vanishes for x = 0 } can always be obtained from the limiting 
expression given, by expanding its numerator and denominator in powers 
of x. 


Ex. Applying the formula of this page for the case jo<= 1 to the function 
©n(2 W; 2r')=i%(W; -J, 1), 

for which (A, JT)«( - J, 0) and k'—l, we immediately find that the QOpel system in terms 
of which the function can be expressed is (A, AP X ), where A =£ i we 

are to exclude the value of the expression U( in which ( x — - = 1 ; the value of for 

Ci®* - 1 is easily found to be 
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[ej 0 (ia7-i)-ej 0 (i^+i)]-re n (^) e 10 (o) 

of which both numerator and denominator vanish for x=0. The final result of the 
formula is 

Ce u (2JT ; 2r')=-4e 10 (i; r')e; 0 (J; r')e u (lf; r')e i(J (tf; rO/e^O; O©,„(0 ; r'). 
Prove this result, and also 

Cre M (2frj 2r')-2eJ 0 (ii r)e m (W-, r')e m (W-, O/e^O; r')e M (Oj r'), 
and (cf. § 365) obtain the formulae 

©10 (i; r')e w a; r')= -|©io(0 ; r'), 

©»(i; T')e 01 (Oj r')[e^(o ; r')+e^(o ; T ')], 

©«(<>; 2r')=H©«(0; 0+©oi(° : ’■')]. 

C= V 2 [ejo (0 ; r') + e‘ M (0 ; r')]. 


371. The preceding investigations of this chapter enable us to specify in 
all cases the form of the function & ^ u ; 2g>, 2o>', 2rj, 2V | ^ or & j ^ ^ 

when expressed in terms of functions ^ ^0 ; 2u, 2v, 2f, 2f ' j ^ or ^ | ^ . 


In many particular cases it is convenient to start from this form and 
determine the coefficients in the expression by particular methods. But it 
is proper to give a general method. For this purpose we should consider 
two stages, (i) the determination of the coefficients in the expression of the 

function ^ | ^ J by means of functions yfr r (w ; K, K f + fi), (ii) the determi- 

nation of the coefficients in the expression of the functions ^r r (w ; K, K' + fi) 


by 


means of functions ^ 


Iw 


)• 


The preceding formulae of this chapter 


enable us to give a complete determination of the latter coefficients in a 
particular form, namely, in terms of theta functions whose arguments are 
fractional parts of the periods 2v f 2v ' ; but this is by no means to be regarded 
as the final form. 


372. Dealing first with the coefficients in the expression of the function 
^( W | q) ^ ^ UQC ^ ons (w ; K,K' + fA) t there is one case in which no 
difficulty arises, namely, when the transformation is that associated with the 
matrix ^ ; then ^ 

the row K' being in fact equal to rQ\ namely ^ is (w; K, K f ). 


| ^ is equal to S (rw ; 2v, 2rv, 2 f/r, 2f' K ^ , 
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[37*2 


Now it can be shewn*, that if ft r be the matrix associated with any 
transformation of order r, and r be a prime number, or a number without 
square factors, then linear transformations, ft, ft', can be determined such 

that ft r = ft ^ ^ ft'. Hence, in cases in which the matrices ft, ft' have been 

calculated, it is sufficient, first to carry out the transformation ft upon the 

given function (u J ^ ; then to use the formulae for the transformation 


(o l) ’ whereb y or igi na l function appears as an integral polynomial of 

order r in 2** theta functions ; and finally to apply the transformation ft' to 
these 2^ theta functions. All cases in which the order of transformation is 
not a prime number may be reduced to successive transformations of prime 
order (§ 332, Chap. XVIII.). 

We can however make a statement of greater practical use, as follows. It 
is shewn in the Appendix II. (§§ 415, 416) that the matrix associated with 


any transformation of order r can be put into the form ft 



, where ft 


is the matrix of a linear transformation, and that, in whichever of the possible 
ways this is done, the determinant of the matrix B' is the same for all. In 
all cases in which this has been done the required coefficients are given by 
the equation 


--LjMw; 2co,2<o',2 v , 2 v '\^) 

v|®| I e / 

r* p e f a a < ow . 1 w |(a-'+/4)/j-1 

ViJflHWl ? /" J. 


wherein, (Q, Q') being a half-integer characteristic, € is an eighth root of unity, 
u = Mw, | if | is the determinant of the matrix M, etc., fi is in turn every 
row of integers each positive (or zero) and less than r, which satisfies the 

condition that the p quantities ^ Rfi are integral, and, finally, y denotes the 

symmetrical matrix BB\ while d denotes the row of integers formed by the 
diagonal elements of y. It is shewn in the Appendix II., that the resulting 
range of values for ft is independent of how the original matrix is resolved 
into the form in question. For any specified form of the linear transformation 
ft the value of e can be calculated (as in Chap. XVIII., §§ 333—4); if e 0 


* Cf. Appendix II.; and for details in regard to the case p=3, Weber, Ann. d. Mat., Ser. 2*, 

t. xx. (1978 — 9). We have shewn (Chap. XVIII., g 324, Ex. i.) that the determinant of the 
matrix of transformation is ±r*>. From the result quoted here it follows that that determinant 
is +ri*. 
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denote its value when the characteristic (Q, Q') is zero, its value for any other 
characteristic is given by 

e/e 0 = e-H W/+1 W)J Wi+i<W)]+*w 

where ft = ^,^‘, and Qx=pQ-p' Q~bd(pp'), - Qx=& Q’ - a Q-\d (?*'). 

To prove this formula, we have first (§ 335 , Chap. XVIII.), if ft = ^ , 

the equation 

2®, 2®', 2i?, 2V I Q ) = -7== * * («i ; 2®„ 2®,', 2%, 2%' I M , 

v|®| I <2 / V | if, | | ®, | lOi/ 

where , Mx(o x = top 4* a/p', e ^ c * Writing ^ == 2(o 1 U 1 , ©/ = g> 1 t 1 , we 

have 

& (a, ; 2®,, 2®/, 2?/,, 2 ij,' j ^ = e H "‘ *' © (Pi ; T i | ^ ) , 

and the equations Ux = il/ 2 w, M 2 v = ovi, ilf a i/ = + a>xB\ give, if w = 2vW, 

v * ut, and in virtue of A S' — r , the equations 17 ^ = IT, rT x = — 2?A, 

while, by the equation rf = M^A, we find vjxa>~ l Ui ** rjir 1 **/ 3 . Now it is 

immediately seen that the exponent of the general term of 0 T i | ^ ) 
gives 

Kirill {a + vttt-jP — 2irir W + wwr' ^ + 7nd [m + 

— i7r (ym* + dwi) - 27 rtJ 5 m — ~ 7/x 2 , 

wherein 7 = 2W, and c? denotes the row of diagonal elements of 7, and m, p 
are obtained by putting An = m + p y m being a row of integers, and p a row 
of integers each less than r and positive (including zero) ; this equation is 

equivalent to n — B'm = - B'p ; corresponding to every n it determines an 

TV 

unique m and an unique p for which -- is integral ; corresponding to any 

TV 

assigned p for which is integral, and an assigned m, the equation 
determines an unique n. Since then 7m 3 + dm is an even integer, and, for 

TV 

the terms which occur, B — - m is an integer, we have 

e(Oi, n) = Se '^"^e [rW; rr'jj^ . 

Increasing, in this equation, U x by Qx + TjQ/, we hence deduce 

e(0i; r,| rf | ^ ^> /r ] , 
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where E'-A#, - if = BQi - B'Q X - (BE'), so that (K, K') is the 

characteristic of the final theta function of w. Since now the matrix 
MvB' = M 1 M i vB / = , and therefore | M 1 1 v 1 1 B' | = t* | M l \ | cdj | , 

we have, by multiplying the last obtained equation by = e^ v ~ lw2 , the 

formula which was given above. 

Ex. i. When jo=l, the transformation associated with the matrix ^ gives rise to 
the function © ( TP ; Jr) ; we have 

e‘(JF; ir ')-e(3IT; 3r') + e^3Fj 3r' j *£) + 6 (3 W ; 3r'|~* /3 ). 

Other simple examples have already occurred for the quadric transformations (§ 365). 

Ex. ii. Prove when p— 2, by considering the transformation of order r (r odd) for 
which 

-ft 7). Hd’ 

that 

© | u x - fiu 2 , ru % ; 1 (r u - 2 /ir 12 + /4*r a “ 2X), 2r 12 - 2 ^ , rr.#] 

i(r- 1) 

=J^(0, 0)+ 2 e r yj,(n, -nn), 

n= 1 

where ^ (n 1} n 2 ) denotes © (ru ; rr | n ^ r ^ n ‘^ r ^ + 0 . Tr j n *^. (Wiltheiss, 

xcvi. (1884), pp. 21, 22.) 


^ . (Wiltheiss, 


373. In regard now to the question of the coefficients which enter in the 

expression of the functions yfr r (w ; K, K' + p) by means of functions ^ j ^ j > 

the problem that arises is that of the determination of these coefficients in 
terms of given constants, as for instance the zero values of the original theta 
functions. The theory of this determination must be omitted from the 
present volume. In the case when the order of the transformation is odd 


these coefficients arise in this chapter expressed in terms of theta functions, 
^ (2vun + 2t/W \ 

a" ( ~ > 2 v, 2i/, 2f, 2 f' ) , whose arguments are r-th parts of the 


periods 2v, 2v. By means of two supplementary transformations, A, r A -1 , 
(as indicated § 332, Chap. XVIII.), or by means of the formulae of Chap. XVII. 
(as indicated in Ex. vii., § 317, Chap. XVII.), we can obtain equations for 
functions ^(rw; 2v, 2v, 2f, 2£") as integral polynomials of degree r 3 in 
functions & (w ; 2v, 2v', 2f, 2?'). By means of these equations the functions 


(2 vm -f 2vm' 


; 2v, 2v'. 2f, 2{') 


are determined in terms of functions 


& (0 ; 2u, 2v, 2f, 2£') ; or this determination may arise by elimination from 
the original equations of transformation, without use of the multiplication 
equations. There remains then further the theory of the relations connecting 
the functions *(0; 2v, 2v, 2f, 2{") and the functions &(0; 2o>, 2©', 2% 2i/), 
which is itself a matter of complexity. 
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3^] IN THE EXPRESSION OF THE CONSTANT COEFFICIENTS. 


For the caaep= I, the reader may consult, for instance, Weber, Elliptiscke Functionen 
(Braunschweig, 1891), Krause, Theorie der doppeltperiodischen Functionen (Era ter Band, 
Leipzig, 1895). For the case p=* 2 , Krause, Hyperdliptische Functionen (Leipzig, 1886), 
Kttnigsberger, Crelle, lxiv., lxv., lxvii. For the form of the general results, the chapter, 
Die Tkeilung, of Olebsch u. Gordan, AbeVache Functionen (Leipzig, 1866), which deals with 
the theta functions arising on a Riemann surface, may be consulted. For the hyper- 
elliptic case, see also Jordan, TraiU dee Substitutions (Paris, 1870), p. 365, and Burkhardt, 
Math. Annal. xxxv., xxxvi., xxxvm. (1890—1). 

In particular cases, knowing the form of the expression of the functions 

S ( u ; 2 g >, 2a 2 rjj 2 rj') 

in terms of functions 3 (w ; 2 v, 2 t/, 2 £, 2 ("), we are able to determine the coefficients by the 
substitution of half-periods coupled with expansion of the functions in powers of the 
arguments. See, for instance, the book of Krause {Hyperdliptische Functionen) and 
KOnigsberger, as above. 


Ex. i. In case p= 2 , r=3, the function 0 5 (3TP, 3r') is a cubic polynomial of the 
functions 0 6 ( W, t), 0 m ( TP, r ), ©j ( IP, r ), 0 O2 ( TP, r ), of which the characteristics are 

respectively $ (“> °), iQ _°), _°), °) ; these form a GSpel system. 

The only products of these functions which are theta functions of the third order and of 
zero characteristic are those contained in the equation 

e 6 (3ir, 30 = A <fil + + C ^\ + + E'PvWv , 

where fa = © 6 ( TP, /), etc.; this equation contains the right number J^+l) =5 of terms 
on the right side. Putting instead of the arguments TP 1? TP 2 respectively 

W 2~b+i r 2i ; ^ 2 +i r 2 i» 

we obtain in turn 

e M (3IK, 3r')= -I < + B<M>* + + E^^, 

e, (3 IT, 30 = -Bc^^+Cty, 4>i + * 

0^(3 tr, 30= - A <t>l - . 

whereby the Gopel system of functions 0 6 (3 If, 3r), 034 (3 W } 3r ), 0 X (3 TP, 3r), 0 ^ (3 TP, 3r') 
is expressed by means of the Gbpel system $ s , fa 4, fa , fa 2 . 

From the first two equations, by putting the arguments zero, we obtain 

^ ®34 e 34 ft __ f ) 340 o " 0 5 e 34 ^ 

~ ®34 0 6 0 34 ( 0 f» “ 0 34^ 


where e 6 = 0 6 (O; 3 r), etc., and 0 6 = 0 6 (O; t), etc. ; by the addition of other even half- 
periods to the arguments, for instance, those associated with the characteristics 


tftiOCUM-iS). 


we can obtain expressions for ( 7 , Z>, E\ these substitutions give respectively 

e a (3»V; 30=^4,- + OM& -D<p a <Pl+ ^ 


0 , (3W ; 30 =^’ -CWl+D^-Et,^, 

0 ia (3ir ; 30 +W> a <l>l,+Et 0 



624 


PARTICULAR EXAMPLE. 


[373 


putting herein W** 0 we obtain in succession the values of Z>, C and E, expressed in terms 
of the constants previously used, © 6 , @34, 0 5 , 634 and the constants @33, S 4 , © 12 > ©33, 633) 
© 4 , © 14 , © ia , © 0 , © 2 , © 01 . Thus the zero values of each of the ten even functions © ( W ; r) 
enter in the expression of the coefficients A, B, C, D, E ; there remains then the question 
of the expression of the zero values of the ten even functions in terms of four independent 
quantities (cf. Ex. iv., § 317, Chap. XVII.), and the question of the relations connecting 
the constants @ 6 , ©34, etc., and the constants © 6 , ©34, etc. (cf. the following example). 

Ex. ii. Denoting © 0l (0 ; 3r') © 01 (0 ; r') by <7 0l , etc., shew that when p =2 the result of 
Ex. iii., § 292 (p. 477) gives the equations 

C01 + C3 =65 + 634 — Cjj— C q, 

64 +633 = 65 — 634+612 — 63, 

623 + 6'u = 65 - 634 - 612 + 63, 

these being the only equations derivable from that result. By these equations, in virtue of 
the relations connecting the ten constants © (0 ; r'), and the relations connecting the ten 
constants © (0 ; 3 r), (for the various even characteristics), the three ratios 

©34(0; 3t')/©5 ( 0 , 3 r'), © 12 ( 0 ; 3 r')/© 6 ( 0 ; 3 r'), © 0 ( 0 ; 3 r')/© 6 (<>; 3 +) 
are determinable in terms of the three 


©34 (0 ; 0/0 6 (° ; O, ©12 (0, r')/e 6 (0 ; r'), © 0 ( 0 ; r')/© 6 (0 ; r'). 

By addition of these equations we obtain 

631 + 63 + 64 + C 03 + 6^ + C14 + C34 + 6^2 + Cq = 36 f 6 . 

Obtain similarly from the result of Ex. iii., § 292, for any value of p, the equation 

2e[o; 3r'|i(f)]e[o; r'|j(^)]=(2»-l)e(0; 3r')e(0; r'), 

where the summation on the left extends to all even characteristics except the zero 
characteristic ; for instance, when p = l, this is the equation 

©01 ( 0 ; 3 r # ) © 01 (0 ; t # ) + 0 1O (0 ; 3 +) © 10 (0 ; r') = ©00 (0 ; 3 +) ©«, (0 ; r'), 

namely (cf. Ex. i., § 365 of this chapter) it is the modular equation for transformation of 
the third order which is generally written in the form (Cayley, Elliptic Functions , 1876, 
p. 188), __ 


As here in the case y>=2, so for any value of jo, we obtain, from the result of Ex. iii., 
§ 292, 2 P - 1 modular equations for the cubic transformation. 

Ex. iii. From the formula of § 364 we obtain modular equations for the quadric 
transformation, in the form 


* e l 0i * l*®M 0: e [ 0; T,|i C)M 0; 'IK*".)]’ 

where s is a row of p quantities each either 0 or 1, so that the right side contains 2* terms, 
and kfVytf are any rows of p quantities each either 0 or 1. 


374. In the fundamental equations of transformation we have considered 
only the case when the matrices a, a', fi, fi' are matrices of integers; the 
analytical theory can be formulated in a more general way, as follows ; the 
argument is an application of the results of Chap. XIX. 
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Suppose we have the relations expressed (cf. Ex. ii., § 324, Chap. XVIII.) 
by 

( M , 0 ) ( 2i/, 2i/ ) = ( 2 <w, 2 to )( a, 0 ), 

I 0, rtf-' I I 2fc 2?' 2 V , 2,' | | a', ff | 

where r is a positive rational number, M is any matrix of p rows and columns, 
whose determinant does not vanish, a, 0, a\ 0' are matrices of p rows and 
columns whose elements are rational numbers not necessarily integers , co, to', 
y, y' are matrices of p rows and columns satisfying the equations (B), § 140 
(Chap. VII.), and v , v, f, ?' are similar matrices satisfying similar conditions ; 
then, as necessarily follows, the matrices a, 0 , a', 0' satisfy the relation 
(viii) of § 324 (Chap. XVIII.). 

If now x , y be any matrices of p rows and columns, the relations supposed 
are immediately seen to be equivalent to 

(if, 0 ) ( 2vx, 2t t'y ) = ( 2w, 2to' ) ( ax, 0y ); 

j o , rtf-' I | 2fo 2 Xy I I %V, *V I 1 OLX, &y I 

we suppose that x, y are such matrices of integers that ax, 0y, ax, 0'y are 
matrices of integers, and, at the same time, such that rx is a matrix of integers ; 
such matrices x, y can be determined in an infinite number of ways. 

Let u, w be two rows of p arguments connected by the equations u = Mw ; 
when the arguments w are simultaneously increased by the elements of the 
row of quantities denoted by 2 vxm -f 2 v'ym', in which m, m are rows of p 
integers, the arguments u are increased by the elements of the row 2 g>w+ 2®V, 
where n — axm 4- 0ym, n' = axm -f 0'ym are rows of integers. The resulting 
factor of the function &(m; 2&>, 2 <o, 2rj, 2y) is e R , where, if H* — 2ya + 2y'a', 
etc., (cf. (v), § 324, Chap. XVIII.), R is given by 

R = H n (a + £ H n ) — irinn' 

= (HaOcm + Hpym') (Mw + M vxm + Mvym) — i rinri 
= (MH a xm -f MHpym) (w + vxm + v'ym') — irinn 
= r (2%xm + 2%'ym) (w + vxm + v'ym!) — irinn ' ; 

now, since 0'a = r* 4- 0a', and because ax, 0y, a'x, 0'y, rx are matrices of 
integers, we have 

nn' = xa'axm 2 4* (y0a'x + y0> ax) mm' 4* y0'0ym ' a 
= fm + f'm' + ryxmm' (mod. 2), 

where f, f' denote respectively the rows of integers formed by the diagonal 
elements of the symmetrical matrices xa'ax, y0'0y (cf. § 327, Chap. XVIII.). 

Thus, if we denote & (u ; 2<u, 2o>', 2y, 2y) by <f> (w), we have 

(j) (w + 2 VXm + 2 v'ym') — e r < a C mn + a Ct/ m ') (v+vvm+v'ym'l+"i<fm+/'m')+trH— rj/x)mm' Q ( 111 } 

»• 40 
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Further if a, 1 denote the matrices of 2 p columns and p rows, given 
respectively by 

a = (2vx, 2v'y), 2irib = (2r fa?, 2rf ’y) t 

we have 

i~(ab-ba)^(xv )(?#, ft /)-(«? )(«*» ”'y) 

= ( ?v)y ) 

I y (*'t- ?'”) *, y("T-?V)y I 

= |7ri( .0, -% ); 

Ip, o | 

so that ab — ba = k> say, is a skew symmetrical matrix of integers given by 
ah — ba = k = ( 0 , — rxy ), 

I ryx, 0 | 

and we have 

«</3 _ 

2 ka^7n a r)ift' = 2 (- ?%) a> pm a mp = - ryxmm', (a, 0 - 1, . . . , p). 

a,fi 

Finally, let X, p be rows of p quantities, the rows of conjugate complex 
quantities being denoted by X a , p lt and let X, p be taken so that the row of 
quantities a (X, p) consists of zeros, or 

a (X, p) — 2vx\ + 2i /yp = 0, 

so that x\ = — ryp, where* r — v~ l v, is a symmetrical matrix, = p + iV, say, 
p' and </ being matrices of real quantities ; then by 

x\ = - r 1 'yp l = - (p' - ia) yp u 

we have 

ik (X, p) (Xj , fr) = - tr (icy/x, - yx\) (X, , /x a ) = - ir (yx\p - yx\p x ) 

= iry (jiypiP - T'yppx) = trp [(p' - tV) - (p' + tV)] ypp x 

= 2 rya'yppi = 2ra / w 1 , 

in which v = yp, v x = yp x \ as in § 325, Chap. XVIIL, since r is positive, the 
form ra'wi is necessarily positive except for zero values of p. 

On the whole, comparing formula (II), § 354, Chap. XIX., the function 
<f>(w) satisfies the conditions of §§ 351 — 2, Chap. XIX., necessary for a 
Jacobian function of w in which the periods and characteristic are given f by 

a = (2vx, 2 vy), 2mb = (2 rfr, 2r£'y), c = (if if'). 

* The determinant of the matrix v is supposed other than zero, as in Chap. XVIII., § 824. 

+ In § 351, Chap. XIX., the row letters have <r elements ; in the present ease <r is equal to 2jp, 
and it is convenient to represent the corresponding row letters by two constituents, each of p 
elements ; and similarly for the matrices of 2 p columns and p rows. 
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37i] IS A CASE OF THE EXPRESSION OF JACOBIAN FUNCTIONS. 


To this function we now apply the result of § 359, Chap. XIX., in order to 
express it by theta functions of w. The condition for the matrix of integers 


there denoted by g , namely geg = k , is 


satisfied by g - ^ , for 


( rx, 0 ) ( 0, - 1 ) ( rx, 0 ) = ( rx, 0 ) ( 0, -y ) = ( 0 , -rxy ); 
I 0, y j | 1, 0 | | 0, y | | 0, y | | rx, 0 | | ryx, 0 | 

hence, with the notation of § 358, Chap. XIX., 


K = ag~ l — (2vx, 2 v'y) 


- r «r\ 0 )=(2u/r, 2i/)> 
0 , y~ l | 


2-rriL = 2iribg~ l = {2r%x, 2r£'y)( ~ ar l , 0 ^=(2f, 2 r£'). 

I o . y~ l I 

Hence, as our final result, by § 359, Chap. XIX., the function <f> (to), or 
^ ( u ; 2oy, 2 a)', 2y, 2y[\ can he eocpressed as a sum of constant multiples of 
functions * ^ (w ; 2vjr, 2v, 2f, 2^) with different characteristics , the number of 
such terms being at most *J\K \ = rv\x\ \y\, where \x\, \y\ denote the 
determinants of the matrices x, y. This is an extension of the result 
obtained when the matrices a, ft, a', ft' are formed with integers ; as in that 
case there will be a reduction in the number of terms, from i# \x \ \y\, owing 
to the fact that the function <f> (w) is even. A similar result holds whatever 
be the characteristic of the function ^ (u ; 2o>, 2 o>', 2 rj, 2rj'). The generalisa- 
tion is obtained quite differently by Prym and Krazer, Neue Grundlagen 
einer Theorie der allgemeinen Thetafunctionen (Leipzig, 1892), Zweiter Theil , 
which should be consulted. 


Ex. Denoting by E the matrix of p rows and columns of which the elements are zero, 
other than those in the diagonal, which are each unity, and taking for the matrices a, ft 


a, ft respectively ™ E, 0, 0, ^ E, where m, n are integers without common factor, we have 
the formula 


mP0(« ; r)=220 
r s 




msjn\ 
nr hi) * 


wherein r, 8 are rows of p positive integers, in which every element of r is 0 or numerically 
less than m, and every element of a is 0 or numerically less than n. This formula includes 
that of § 284, Ex. iii. (Chap. XV.) ; it is a particular case of a formula given by Prym and 
Krazer ( loc . cit., p. 77). 

To obtain a verification — the general term of the right side is e*, w llPr o 
yfr ~ 2 niu A+ sj + iirr A-f sj + 2rrfr^£ A+ s^j ; 


That is, functions $ (rtc, 2u, 2 ru', 2 f/r, 2£ / ) ; of. § 284, p. 448. 


40-2 
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hence Je*=0 unless Njm is integral j when N/m is integral, =M, say, then 2 e*<=mP»*, 
r r 

where 

<j) =a 2iriuK + wrK^y 

Kj sanM+ty obtaining all integral values when M takes all integral values and s takes all 
integral values (including zero) which are numerically less than n. 

375. The theory of the transformation of theta functions may be said to 
have arisen in the problem of the algebraical transformation of the hyper- 
elliptic theta quotients considered in Chap. XI. of this volume. To practically 
utilise the results of this chapter. for that problem it is necessary to adopt 
conventions sufficient to determine the constant factors occurring in the 
algebraic expression of these theta quotients (cf. §§ 212, 213), and to define 
the arguments of the theta functions in an algebraical way. The reader is 
referred* to the forthcoming volumes of Weierstrass’s lectures. 

It has already (§ 174, p. 248) been remarked that when p>3 the most 
general theta function cannot be regarded as arising from a Riemann 
surface; for the algebraical problems then arising the reader is referred 
to the recent papers of Schottky and Frobenius ( Crelle , OIL (1888), and 
following) and to the book of Wirtinger, Untersuchungen uber Thetafunctionen 
(Leipzig, 1895). 

* Cf. Bosenhain, Mtm. p. divers Savants, xi. (1851), p. 410 ff.; Konigsberger, Crelle , lxiv. 
(1865), etc. 
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CHAPTER XXL 


Complex Multiplication of Theta Functions. Correspondence of 
Points on a Riemann Surface. 


376. In the present chapter some account is given of two theories; the 
former is a particular case of the theory of transformation of theta functions ; 
the latter is intimately related with the theory of transformation of Riemann 
theta functions. Not much more of the results of these theories is given 
than is necessary to classify the references which are given to the literature. 


377. In the transformation of the function ® ( u ; t), to a function of the 
arguments w , with period r (§ 324, Chap. XVIII.), the following equations 
have arisen 

u — Mw t M = a + to!, Mr — ft + t$' ; 


there* are cases, for special values of t, in which t is equal to t. We 
investigate necessary conditions for this to be so; and we prove, under a 
certain hypothesis, that they are sufficient. The results are stated in terms 
of the matrix of integers associated with the transformation ; we do not enter 
into the investigation of the values of r to which the results lead. We limit 
ourselves throughout to the function 0 (u ; t) ; the change to the function 
^ ( u ; 2w, 2ft)', 2^, 217') can easily be made. 

Suppose that, corresponding to a matrix A = Q, ^ , of 2 p rows and 
columns, for which 

= a? - fr' = r = pa-a'fr 


where r is a positive integer, there exists a matrix t satisfying the equation 
(a + til) t = £ + t $ , 

which is such that, for real values of n it . .., n p , the imaginary part of the 
quadratic form m a is positive. 


* References to the literature for the case p=l are given below (§ 383). For higher values of 
jp, see Kronecker, Berlin . MonaUber. 1866, p. 597, or Werke , Bd. 1 . (Leipzig, 1895), p. 146; 
Weber, Ann. d. Mat., Ser. 2, t. ix. (1878 — 9), p. 140; Frobenius, Crelle , xcv. (1883), p. 281, 
where other references are given; Wiltheiss, Bestimmung Abeltcher Funktionen mit zwei 
Argumenten u. s. w. Habilitationsschrift, Halle, 1881 (E. Karras), and Math. Annal. xxvi. 

(1886), p. 180. 
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STATEMENT AND PROOF OF THE NECESSARY 


[377 

In that case, as follows from Chap. XX., the function 0 [(a 4- ra') w ; t], 
when multiplied by a certain exponential of the form ev wi , is expressible as an 
integral polynomial of the r-th degree in 2* functions 0[w; t] ; on this 
account we say that there exists a complex multiplication *, or a special 
transformation , belonging to the matrix A. The equation (a 4- ra') r = $4- rff* 
is equivalent to (/S' — to!) t = — j3 + ra ; this arises from the supplementary 
matrix 



just as the former equation arises from A ; we put M— a -f ra, N = ft — ra ; 
we denote by | A — X | the determinant of the matrix A — Xi£, where E is the 
matrix unity of 2 p rows and columns, and X is a single quantity ; similarly we 
denote by | M — X | the determinant of the matrix M — \E\ where E ' is the 
matrix unity of p rows and columns. 

Then we prove first, that when there exists such a complex multiplication, 
to every root of the equation in X of order p given by | ilf — X | = 0, there 
corresponds a conjugate complex root of the equation | N — X | = 0 ; that the 2 p 
roots of the equation (A — X | == 0 are constituted by the roots of the two equations 
\M — X | = 0, | JV" — X | = 0, or | A — X | = | M — X | | iV" — X | ; and that all these 
roots are of modulus •Jr. Hence when r = 1, they can be shewn to be all 
roots of unity. 

378. The equations of the general transformation, of order r, and its supplementary 
transformation, namely 

A/=a + ra', Mt' - rV, a Vt~ + 

give 

(a 4 - ra,') t 4 * rff ; 

hence, if r=r 1 + ir 2 , where and t, l are matrices of rail quantities, and similarly r -= r/ 4- ir/, 
we have by equating imaginary parts 

(a + Tja') r 2 '=r 2 - dr/) ; 

therefore the two matrices 

Mr/ — (a 4- Tj o ) r/ + ir 2 dr/j r 2 N = r 2 (ft - dr /) - ir 2 dr,/ 
are conjugate imaginaries, —f+ig and f-ig, say. 

Now suppose r'—r ; then from 

Mr^f+ig, r 2 N=f- ig, 

we have, if X be any single quantity, and M 0 bo the matrix whoso elements are tho 
conjugate complexes of the elements of M, 

Wo ~ M T i~f iff ~~ (N— X), 

and hence, as | r 2 j is not zero, 

* The name principal* Transformation has been need (Frobenius, CreUe, xov.). 
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which shews that to any root of the equation | M- X j=0 there corresponds a conjugate 
complex root of the equation | N - \ |=0. Further we have, if r^rj — ir 2 , 


/lr\/o J3\ (M Mr \ (M 0 \ /I r\ 
\1 rj\a f ^oJ"VO Mj 1,1 rJ J 

and writing this equation in the form 


where 






it easily follows that the determinant of the matrix t is not zero, and that, if X be any 
single quantity, we have 

t(& ~\) ty 

so that 

|A — Xj = |/A-X| = |J/’-X| |l/o~X 1 = | AT— X 1 | N-\ . 


Thus the roots of the equation | A - X ! =0 are constituted by the roots of the equations 


I j/-x != o, jiV-xl=o. 

Further, from a result previously obtained (Chap. XVIII., § 325, Ex.), when, as 
here, t'—t and 2<u=l, 2t/=l, we have 

M 0 T 2 M—rr 2 or Mt 2 M q = rr 2 ; 

also as, for real values of ?i p n p , the form t 2 ti 2 is a positive form, it can be put into the 

shape 4- + m p> — Em 2 , say, E being the matrix unity of p rows and columns, and 

m being a row of quantities given by m—Sn, where S is a matrix of real elements ; the 
equation r 2 a a = JS. Sn . Sn gives r t =SES=SS ; for distinctness we shall write 

K—K 0 —S being conjugate complex matrices. Take now a matrix R — KM K~ 1 ; then 


RRr* K- 'MKK 0 M 0 K ' 1 -=K~ 'Mr ^K~ l =rK~ \K~ l ^r ; 

thus if X be a root of j M- \ |=0, and therefore, as R—\=K (J/-X) AT -1 , also a root of 
i R-\ j =0, and if z, — #+ty, be a row of p quantities such that Rz—\z=E\z 1 where E is 
the matrix unity of p rows and columns, we have 

RqZq . Rz — E\qZq . EXs—Wq • Ezq£ 
or 

(AA 0 -r) Ez 0 z=0. 


Therefore as Ez Q z, which is equal to 2 (.rJ H is not zero, it follows that XA 0 =r ; in 

m=»l 

other words, all tho roots of the equations | if — X ; — 0, j A - X | =0, are of modulus s fr. 

Suppose now that r =* 1, so that the roots of the equation | A - X | = 0 are all of modulus 
unity ; then we prove for au equation 

+ + +-iV=0, 


of any order, wherein the coefficients J, N are rational integers, and the coefficient 

of the highest power of x is unity, that if all the roots be of modulus unity, they are also 
roots of unity* ; so that, for instance, there is no root of the form e iV2 . 


Kronecker, Crete, Lin. (1857), p. 178; Wtrkty Bd. l (1895), p. 103. 
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Let the roots be e 1 *, e 1 ^, ..., so that 

A= -(coSa+cos/3 + ...), 2?«cos(a+/S) + cos(a+y) + ..., 

then A lies between - n and n, and B lies between (n- 1), etc. ; hence there can only 
be a finite number, say 1c, of equations of the above form, whereof all the roots are roots of 
unity. Thus, if x lt ..., x n be the roots of our equation, so that, for any positive integer ft, 
the roots of the equation 

(x) = (*-*£) =0, 

are also roots of unity, it follows that, of the equations 

*\(*)=0, F t ..., /» +1 (*)= 0, 

there must be two at least which arc identical. Hence, supposing (a?)**0, F v (x) = 0 to 
be identical, we have n equations of the form 

! ”*>,» *!***>*» — * 

Choosing from these equations the cycle given by 


<=v 


X S = # , 

r, «,* 


.l/* = .7 


consisting, suppose, of o- equations, we infer that 


<=<> 


and, hence, that x x is a (ft*— O-th root of unity. 

Ex. Prove that, when M=a+rd, Mr = 0 + rff, 

GoejHfaca- 

and deduce* if ^ and 

'<:)cr : x ’ hs .'±>> 


that 


&Hb=rH'. 


Hence, when r'=r, if z be a row of 2p elements, and x=Az, we have 

HxP—rllz 2 , 

which expresses a self-transformation of the quadratic form Hz 2 , which has real coefficients. 
Cf. Hermite, Compt. Rendus , xl. (1855), p. 785 ; Laguerre, Joum. de Vtfc. pol., t. xxv., 
cah. xlii. (1867), p. 215 ; Frobenius, Crelle , xcv. (1883), p. 285. 


379. Conversely, let 



be a matrix of integers of 2 p rows and columns, such that 

aa' = a'a, a£' - = r « £'a - 0a', 


Of. Chap. XVIH. g 825, Ex. 
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334] SUFFICIENT CONDITIONS FOR A COMPLEX MULTIPLICATION. 

where r is a positive integer ; and suppose that the roots of the equation 
| A — \ | = 0 are all complex and of modulus yV- Under the special 
hypothesis* that the roots of | A — \ | = 0 are all different , we prove now that 
a matrix r can be determined such that (i) t is a symmetrical matrix , (ii) for 
real values of n^, ..., n p the imaginary part of the quadratic form rn 3 is 
positive, (iii) the equation 

(a + to') t = /3 + t/9' 

is satisfied . Thus every such matrix A gives rise to a complex multiplication. 

380. We utilise the following lemma, of which we give the proof at once. — If A be a 
matrix of n rows and columns, such that the determinant |A+A|, wherein A is a single 
quantity, vanishes to the first order when A vanishes, and if x, y be rows of n quantities 
other than zero, such that 

hx=* 0, Ay= 0, 

then the quantity xy, =# 1 yi+ +# H y n , is not zero. 

Denoting the row a? by its elements being £ n , ..., £ ]n , determine other n(n- 1) 
quantities (i=2, ..., n\ j— 1, ..., n) such that the determinant |£| does not vanish ; 
similarly, denoting y by rj lt determine n(w-l) further quantities such that the 
determinant | rj | does not vanish. Then consider the determinant of the matrix tj (A-f-A) £ ; 
the (r, «)-th element of this matrix is 

2 T) r , *2 +A 2i; r> |£,, » = 2 £ $iJ 2 »+A 2iy r(1 ^ rt <, 

i j i i i t 

(i=l, 1, ...» n), and when r=l we have 

* K i’/r, i = ^i, j 7l. 1 + + j 7l, ** ** (ty)j = 0, 

while when «=1, we have 

= + +Kn$i,n = (tir) i = 0; 

thus the (1, l)-th element of this matrix is A xy, and every other element in the first row 
and column has the factor A ; thus the determinant of the matrix is of the form A \Axy+\B\ 
But the determinant of the matrix is equal to|A+A||£||«;|, and therefore by hypothesis 
vanishes only to the first order when A vanishes. Thus xy is not zero. 

381. Suppose now that A, Aq, fi , ... are the roots of the equation | A— A |=0, where 

A and A 0 , and fi and p 0i etc. are conjugate complexes. It is possible to find two rows x, x', 
each of p quantities, to satisfy the equations 

ax+(3x'=*\x, a'x -f ft d = Xx', or, say, (A- A)(a\ x') = 0, (i), 

and similarly two rows z, /, each of p quantities, to satisfy the equations 

az+(3t—pz, a'-e+jSV (ii) ; 

.from equations (i), if x 0 be the conjugate imaginary to x, etc., it follows, since AA 0 =r, that 

r r 

ar 0 + i^o'=^^oj a'Xo+Pxo^iXo', 

and hence, in virtue of the relations satisfied by the matrices a, /3, a, ft, we have 

^ 0 - 88 ^*^ 0 ) “ o'Xq 4 " OXq — \Xq , 

* For the general case, see Frobenius, CrelU , xcv. (1888). 
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which belong to the supplementary matrix rA -1 just as the equations (i) belong to the 
matrix A ; for our purpose however they are more conveniently stated by saying that 
t = x Q \ t— —x Qi satisfy the equations 

(A-X)fc 0*0; 

hence as x, sd satisfy the equations 

(A-X)(.r,y)=0, 

it follows from the lemma just proved, putting n~2p, that tx+t'x' is not zero ; in other 
words the quantity 

xxj—afx, o 

is not zero. Further from the equations (i), (ii) we infer 

Xp (xd — afz)=(ax-\r(3x') (dz+ftzf) - (a!x + fix?) (az+j&O ; 

and by the equations satisfied by the matrices a, a\ ft this is easily found to be the 
same as 

(X/i-r) (xz’-x'z)—Q ; 

thus, as the equation \p=r would be the same as X=X 0 , we have 

xd - x'z = 0. 

Also we have 

a^o + ftz{ —l*o z O) a z q + ft z o —Po z q i 
thus we deduce, as in the case just taken, that 
(Xmo ~ r ) (**o 

and hence as X/zq - r, -r (i \/p - 1), is not zero, we have 

xz Q ' -x , z Q = 0. 

If we put x~x t + ix if x 0 =x l -iv 2i x’—x^+ix^ x 0 ' -x^ -ix 2 \ the quantity 

XXq - X?X Q = - 2 * (^.Zg' — 

is seen to be a pure imaginary ; if in equations (i) X be replaced by X 0 , the sign of xx 0 '-x’x 0 
is changed, but the quantity is otherwise unaltered ; since then the equations (i) de- 
termine only the ratios of the constituents of the rows x, of, tee may suppose the sign of 
the imaginary part o/X in equations (i), and the resulting values of the constituents of x and 
of, to be so taken that 

xx 0 '-x'Xq~ -2 i; 

this we shall suppose to be done ; and we shall suppose that the conditions for the ( p - 1) 
similar equations, such as 

zZq — dz§— -2 1, 

are also satisfied. With this convention, let the constituents of x and ri be denoted by 
i» •••» £i.p> fu> •••> 

similarly let the constituents of the rows z , 2 ', which are taken corresponding to tho root p, 
be denoted by 

& 1 > •••» € 2 , Pi &2,li •••» £ % Pi 

and so on for all the p roots X, .... Then the equations xx$ - x'x Q — - 2t, zz q '—z'zq— - 2*, 
etc., are all expressed by the statement that the diagonal elements of the matrix 

ilo'-fi. 

are each equal to - 2t. When r is not equal to s (r, s<p + 1), the (l, 2)-th element of this 
matrix is 


xz 0 '-x , z 0 , 
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CORRESPONDING TO A GIVEN MATRIX OF PROPER FORM. 


which we have shewn to be zero ; similarly every element of the matrix, other than a 
diagonal element, is zero ; we may therefore write 

fio -2*-. 


Take now a row of p quantities, t, and define the rows AT, X' by the equations 


so that 
then 


X=(t, X’-I’t, 

X 0 ^ lo > Xq = £ 0 ' h » 

— 2it Q t — & t 0 t — (■ £ 0 t 0 t = X Xq — X'X ; 


hence it follows that the determinant of the matrix £' is not zero, since otherwise it would 
be possible to determine t, with constituents other than zero, so that AT'=0, and therefore 
also Xq — 0 ; as this would involve -2i? 0 £=O, it is impossible. 


382. If now the matrix t be determined from the equations 
x + tx ' = 0, z + tz — 0, . . . , 

where x, x are determined, as explained, from a proper value of \, etc., or, 
what is the same thing, if r be defined by 

f + fr = 0, 

then 

ff-ff“f T f-f T ? = nT-T)F; 

but the equations of the form xz — xz = 0 are equivalent to 

fr-r?=o ; 

now, since the determinant | f' | does not vanish, a row of quantities t can be 
determined so that X' = gt, for an arbitrary value of X' ; thus for this 
arbitrary value we have 

(r — t ) X'* = 0, 

and therefore 

r = f, 

or the matrix t is symmetrical. 

Further, from the equation f + {V = 0, we have 

- rfe = && - r (*•. - t> 

and hence, if t = p + i<r, since £f 0 ' — f % = — 2i, we have 
1 = fVfo', or t Q t = o-XqX', 

• where t is a row of any p quantities and X' = ; hence, since the determi- 

nant | (f'| does not vanish, it follows, if AT 7 be any row of p quantities, that 
<tXqX' is positive; in particular when n u ...,n v are real, the imaginary part 
of the quadratic form r?i a is positive. 

Finally from the equations 

ax 4- fix' — Xx, a'x + fix = \x\ 
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putting x = — Tx' y we infer 

(/3 — ar) x' = — \tx\ (ft — olt) x ' — Xx\ 

and therefore 

T (ft - OLT) x’ -I- (ft ~ GLt) x’ ass 0, 

or 

[£ + t#' — (a + t«') t] = 0, 

and hence 

[£ + T$' - (a + to!) t] £ = 0, 

from which, as | £ ' 1 is not zero, we obtain 

/ 3 + rft — * (a + ra') t = 0. 

We have therefore completely proved the theorem stated. 

It may be noticed, as follows from the equation £ + £V — 0, that we may form a theta 
function with associated constants given by 

2&> — 2£ , 2(o = — 2£ j 

these will then satisfy the equations 

a H — aw' = 0, ok5 0 ' — u'uq = —2 i ; 

the former equation always holds ; the matrix o> can bo determined so that the latter 
holds, as is easy to see. 

Ex. Prove that by cogredient linear substitutions of the form 
u'—cu, vf—cw, 

we can reduce the equations u=Mw to the form 

...» V=/ip<, 

where . .. , are the roots of | - A | =0. 

383. For an example we may take the case p=l ; suppose that a, 0, a', 0' are such 
integers that a$ - a! fi=r, a positive integer, and that the roots of the oquation 

(a+ru')T=0 + r0' 

are imaginary ; if a =0, the condition that t should not be a rational fraction requires that 



where a 2 =r, and then the equation for r is satisfied by all values of r ; this case is that of 
a multiplication by the rational number a, and we may omit it here ; when a is not zero 
we have 

2a'r= - (a-0 r ) ± V(a+0') 2 - 4r, 

and therefore (a+0 / ) s <4r; this of itself is sufficient to ensure that the roots of the 
equation 

(°«" x / x )- x *- x < a+ ^ +r=0 

are unequal, conjugate imaginaries, of modulus <Jr. 



FOR THE ELLIPTIC FUNCTIONS. 
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If then r be any given positive integer and A be a positive or negative integer 
numerically less than 2 Jr, and a , o ' be any integers such that (a 8 - ha+r)/ a* is integral, 
** - 0, we obtain a special transformation corresponding to the matrix 


for a value of r given by 



A -2a , .V4r-A 2 

TS= -<r7--H oTirr 


where | a' | is the absolute value of o', and the square root is to be taken positively ; the 
corresponding value of M is a + ra. Hence by the results of Chap. XX., the function 


e[i<A±,V4r-AV; ]. 

when multiplied by a certain exponential of the form e kv,i , is expressible as an integral 

polynomial of order r in two functions 0 ; - — — with different character- 

istics. 


The expression for the elliptic functions is obtainable independently as in the general 
case of transformation. When 


Mv = coa + a»'a', Mv — cofi + <*>'ft, aft — a'(3 = r i U = M W, 

if to any two integers m, m! we make correspond two integers n, n and two integers k, Jd, 
each positive (or zero) and less than r, by means of the equations 

m+k= mft - m'ft m'+k'= - ma 4- m'a, 
or the equivalent equations 

m=wa+» , /3 + i(a£+j3£'), m f =na+n'ft+ ^ (a'k+ftk'), 

then we immediately infer from the equation 

fP {u) = u~ 2 -f 2 S' [(w + 2 mu + 2mV) “ 8 - (2 nua + 2 mV) ~ 2 ], 

m m’ 

by using n n\ instead of m, m\ as summation letters, that 

V) + 2 2' [ (w + j 2 U) 2v')-y( 2 ^^ 2t ' - ' -)], 

wherein the summation refers to the r - 1 sets k t k' other than k—1d^ 0, for which (§ 367, 
p. 689) the congruences 

ak + $k' — 0, ak+ftk's * 0 (mod. r) 

are satisfied* 

This formula is immediately applicable to the case when there is a complex multiplica- 
tion ; we may then put 

2&>=2v= 1, 2«'s=2«/=r, ft — A — a, — /9 = (a 8 — Aa+r)/a', r = ( A — 2« + z \/4r — A 8 )/2a', 


* When these congruences have a solution (A 0 , fc 0 '), in which ft 0 , k Q ' have no common faotor, 
i.e. (Appendix n., § 418) when a, a', ft ft have no common factor, the remaining solutions are of 
the form (Xft 0 , where \ <r ; in that oase taking integers x t x f such that k^:'- * 0 'x= 1, it is 
convenient to take 2vk 0 +2v'k 0 ' and 2vx + 2v'x' as the periods of the functions £> on the right side. 
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EXAMPLE OP THE ELLIPTIC CASE. 


and M— (k±i*j4r-h?) /'2, as above, where A 2 <4r. The application of the resulting 
equation is sufficiently exemplified by the case of r=2 given below (Exx. ii., iii.). 

In the particular case where r=l, the condition A 2 <4r shews that h can have only the 
values 0 or + 1 or - 1 ; in this case the values n, n' given by 


.a 2 — Aa+r , # , / /» \ 

rn—na-n , m, ~na +n (A — a) 

a 

are integral when m and m' are integral; hence as — * — ^i- r +(A-o)r«J/r, we 

o 

immediately find 

5",= 6° 2 2 - G+iVi-^) ?*’ 5,3-140 »» (m+mV)« _ (/ i+1 V4_Aii) 9v 


Thus when h=0 we have ^ 3 =0, and if a, a be any integers such that (a 2 + 1 )/a is integral, 
we have T—{±i-a)Ja\ the upper or lower sign being taken according as a is positive or 
negative. In this case the function §> (u) satisfies the equation 

(Puy=4{ipuy-ff$(u), 

where 

- 6 ° 2 2 j- TO + n(±i- a)fa! ] 4 * 

When h~\ we have # 2 =0, and if a, a be any integers such that (a 2 -a+ l)/n' is 
integral, we have r=(l-2«±i v^3)/a' ; in this case 


(P«)*«4(f>l0»-*. 

When h = - 1, we have g. 2 = 0, and, if (a 2 + a -f 1 )/«' be integral, then r = ( - 1 - 2« ± i \^3)/a . 

Ex. i. Denoting the general function §hi by (p (u ; g 2) g z \ it is easy to prove that the 
arc of the lemniscate r t =a i cos 29 is given by a 2 lr 2 —jp(sfa; 4, 0); when n is any prime 
number of the form 4/- + 1 the problem of dividing the perimeter of the curve into n equal 
parts is reducible to the solution of an equation of order k — when n is a prime number 
of the form 2 A +1, the problem can be solved by the ruler and compass only. (Fagnano, 
Produzioni Matematiche , (1716), Vol. II. ; Abel, (Euvres, 1881, t. 1 ., p. 362, etc.) It is 
also easy to prove that the arc of the curve r 3 - a 3 cos 30 is given by a 2 /r 2 =jf >(#/a; 0, 4); 
when n is a prime number of the form 6/fc+l, the problem of dividing the perimeter of 
this curve into n equal parts is reducible to the solution of an equation of order k (Kiepert, 
Crette, lxxiv. (1872), etc.). These facts are consequences of the linear special transforma- 
tions of the theta functions connected with the curves. 

Ex. ii. In case r = 2, taking a = 4, d — 9, h = 0, we have r = ( - 4 + i V2)/9, and 


- 2fp (.Vi 2 .») = $>« + (? (w+0 - jf> (r/2). 


By expanding this equation in powers of w, and equating the coefficients of tr 2 , we 
find easily that, if 0>(r/2)=e, then g^tye 2 , and ^ 3 = - Je 3 ; hence we infer that by means 
of the transformation 


we obtain 


- 2£=x+ 


9 

8(**-l) 


1: 


di 


V8f s -15{+7 




dx 


* V& 0 8 - l&r+7 , 


which can be directly verified. It it manifest that when r-2, A* 0, we are led to this 
equation for all values of a and a'. 
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Ex. iii. Prove that if m = J (A + tV 8 - A 2 ), the substitution 


m 2 £=x+- 


t 4 + 4 x-l 


gives the equation 

Ji \/(*» 4 +4)£ 3 - 15£-(m 4 -ll) J * V0» 4 +4)**-1&f— ( m 4 -ll) 

This includes all such equations obtainable when r=2. Complex multiplication arises 
for the five cases h— 0, k= ±1, h= ±2. 

Ex. iv. When r=3 and p= 1, we see by considering the matrix 

<}0 : G>C3G-{>CS) 

that the function ©i,i[(l+* V2) ur, t\/2] is expressible as a cubic polynomial in the 
functions 0 Qjl (w; 1 V 2 ), 0 ia (w ; i\/ 2). The actual form of this polynomial is calculable 
by the formulae of Chap. XXI. (§§ 366, 372), by applying in order the linear substitutions 

(o l) * (l o) aiM * ^ en cu h^ c transformation Q ^ . Hence deduce that h — \/2 - 1 
and 

an [(1 + *Vi) IT] = (1 + »V2) sn W [1 - sn 2 W fan 2 y]/[l — k 2 sn 2 W. sn 2 y], 
where y=2 (A" - iK') / 3, K being (§ 365, Chap. XXI.) =7rejj 0 , and itC^rK. 

For the complex multiplication of elliptic functions the following may be consulted : 
Abel, (Euvres, t. I. (1881), p. 379 ; Jacobi, Werke, Bd. I., p. 491 ; Sohnke, Crelle, xvi. 
(1837), p. 97 ; Jordan, Cours d’ Analyse, t. n. (1894), p. 531 ; Weber, Elliptiscke Functional 
(1891), Dritter Theil ; Smith, Report on the Theory of Numbers, British Assoc. Reports, 
1865, Part vi. ; Hermite, Th/orie des equations modulaires (1859) ; Kronecker, Berlin. 
Sitzungsber. (1857, 1862, 1863, 1883, etc.), Crelle , lvii. (1860) ; Joubert, Compt. Rendus , 
t. L. (1860), p. 774; Pick, Math. Annal. xxv., xxvi. ; Kiepert, Math. Annal. xxvi. (1886), 
xxxti. (1888), xxxvn., xxxix.; Greenhill, Proc. Camb. Phil. Soc. iv., v. (1882—3), Quart. 
Journal, XXII. (1887), Proc. Land. Math. Soc. xix. (1888), xxi. (1890) ; Halphen, LiouvMe , 
(1888); Weber, Acta Math. xi. (1887), Math. Annal. xxiii., xxxiii (1889), xliii. (1893); 
Etc. 


384. We come now to a different theory*, leading however in one phase 
of it, to the fundamental equations which arise for the transformation of 
theta functions, that namely of the correspondence of places on a Riemann 
surface. The theory has a geometrical origin; we shall therefore speak 
either of a Riemann surface, or of the plane curve which may be supposed to 
be represented by the equation associated with the Riemann surface, accord- 
ing to convenience. The nature of the points under consideration may 
be illustrated by a simple example. If at a point x of a curve the tangent 
be drawn, intersecting the curve again in z u z % , ..., Zn-%> we may say that to 
the point x, regarded as a variable point, there correspond the n - 2 points 

* For references to the literature of the geometrical theory, see below, § 387, Ex. iv., p. 647. 
The theory is considered from the point of view of the theory of functions by Hurwitz, Math. 
Annal. xxvm. (1887), p. 561; Math. Annal. xxxix. (1888), p. 290; Math. Annal. xli. (1893), 
p. 403. See also, Klein-Fricke, Modulfunctionen , Bd. n. (Leipzig, 1892), p. 518, and Klein, Ueber 
Riemann" s Theorie (Leipzig, 1882), p. 67. For (1, 1) correspondence in particular see the re* 
ferences given in $ 398, p. 654, 
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z lf ..., %n—%' To any point z of the curve, regarded as arising as one of a set 
*n_ a , there will reciprocally correspond all the points, x u x it 
which are points of contact of tangents drawn to the curve from z. Such a 
correspondence is described as an (n — 2, m — 2) correspondence. A point of 
the curve for which x coincides with one of the points z u .... * n _ a correspond- 
ing to it, is called a coincidence ; such points are for instance the inflexions 
of the curve. 

In general an (r, s) correspondence on a Riemann surface involves that 
any place x determines uniquely r places z lt ..., z r , while any place z , 
regarded as arising as one of a set z lt ..., z r , determines uniquely 8 places 
x lt ..., x t . The investigation of the possible methods of this determination is 
part of the problem. 

385. Suppose such an (r, s) correspondence to exist ; let the positions of 
z that correspond to any variable position of x be denoted by z lt . z r> and 
the positions of x that correspond to any variable position of z be denoted by 
x u ...» Xg\ and denote by c u ...» c r the positions of z lt ..., z r when x is at the 
particular place a, and by a lf ...,a 8 the positions of x u ..., x 8 when z is at 
the particular place c ; denoting linearly independent Riemann normal inte- 
grals of the first kind by v u ..., v pf consider the sum 

v\ lt c ' + + v ? Cr 

as a function of x ; since it is necessarily finite we clearly have equations of 
the form 

M i%1 v x + +M itV v p =Vi + + v t - , (i = l, 

where M itl} M itP are constants. On the dissected surface the omitted 
aggregate of periods of the integral v t indicated by the sign = is self-deter- 
minative; if the paths of integration be not restricted from crossing the 
period loops the sign = can be replaced by the sign of equality (cf. 
Chap. VIII. §§ 153, 158). 

If now x describe the &th period loop of the second kind, from the right 
to the left side of the kth period loop of the first kind, the places z u ..., z r 
will describe corresponding curves and eventually resume, in some order, the 
places they originally occupied; since, on the dissected Riemann surface 

Vi’ Cl + V?’ 09 = v?’ , we may suppose each of them actually to resume 
its original position ; hence we have an equation . 

Mi t h = ai t k + T{ t i a\ t jc + -I- r i, p a' Pt k, 

wherein a a^,*, ... are integers; similarly by taking x round the Mi period 
loop of the first kind we obtain 

t, ( * + + Mi tP r Pt if — + Ti tX + + t i tP ff Pt k ; 
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385] FOR AN (r, 8) CORRESPONDENCE, 

we have therefore 2p* equations expressible iu the form 

tcl', Mr = & 4 - rft } 

wherein a, a', /3, ft are matrices of integers, of p rows and columns. 

Consider next, as a function of x, the integral 

Svl a d[ n:;, c a + + u%% r ] , 

wherein z, c are, primarily, arbitrary positions, independent of oc, and IlJ| * C| 
is the Riemann normal integral of the third kind. The subject of integration 
becomes infinite when any one of the places z lt ..., z r coincides with z, or, in 
other words, when z is among the places corresponding to a?, and this happens 
when x is at any one of the places x u which correspond to z\ the 

subject of integration similarly becomes infinite when x is at any one of the 
places Oj, ..., a„, which correspond to the particular position of z denoted by c ; 
it is assumed that c does not coincide with any one of the places c lf ...» c r 
The sum of the values obtained when the integral is taken, in regard to x 
round the infinities x u ...» x 8i a 8t is, save for an additive aggregate* 

of periods of the integral v m> equal to 

2 ™'(C“' + + c o, >- 

This quantity is then equal to the value obtained when x is taken round 
the period loops on the Riemann surface. Consider first, for the sake of 
clearness, the contribution arising as x describes the &th period loop of the 
second kind ; if x described the left side of this period loop in the negative 
direction, from the right to the left side of the fcth period loop of the first 
kind, the aggregates of the paths described by z u z r would, in the 
notation just previously adopted, be equivalent to a*,* negative circuits of 
the Xth period loop of the second kind, and a\ > * positive circuits of the Xth 
period loop of the first kind (X = 1, ..., p). In the actual contour integration 
under consideration the description by x of the left side of the &th period loop 
of the second kind is to be in the positive direction ; hence the contribution 
arising for the integral as x describes both sides of the &th period loop of the 
second kind is 

*=1 

similarly the contribution as x describes the sides of the &th period loop of 
the first kind is 

jt £ ft k,kV\ > 

K=l 

* Which vanishes when paths can be drawn on the dissected surface connecting a lt ...» a, 
respectively to , . . . , x t , so that simultaneous positions on these paths are simultaneous posi- 
tions of ... , x,, Cf. Ghap. VIII. § 153 ; Chap. IX. § 165. 


B. 


41 
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[$85 


where E m> * = 0 unless m = k, and E m> m = 1. Taking therefore all the period 
loops into consideration, that is, A?= 1, ...,p, we obtain 

*„ a, , , x», a* £ ru z, c & & t t,c& »r *» 0 

v,n + + v* =2 ^x,«i»a -2 2 T lrtf fc a x j. = 2 iv^ x Vx , 

X= 1 Jfc-lX*l A=1 

where JV m , * = /9\, w - I r M , * a\, , , 

*=1 

so that x is the (ra, X)th element of the matrix 

N^P'-ra'; 

since the equations ilf = a + ra, Mr = ft + ryS' give 
- £ + ra = (ft - ra') t, 

we have also 

iW = - £ + ra. 

These equations express the sum + . .. + v ? n ' in terms of integrals 0 
in a manner analogous to the expression originally taken for »?’ ^ + ... + v* r ’ * 
in terms of integrals v£ a , the difference being the substitution, for the matrix 
/« £> 


«)■ 


of the matrix ^ 


Cr-fl- 


386. The theory of correspondence of points of a Riemann surface now 
divides into two parts according as the equation, which arises by elimination, 
either of the matrix M or the matrix N , namely, 

rar 4- ar — rft — £ = 0, 

is true independently of the matrix t, in virtue of special values for the 
matrices a, £, a, ft, or, on the other hand, is true for more general values of 
these matrices, in virtue of a special value for the matrix t. 

We take the first possibility first ; it is manifest that for any value of r 
the equation is satisfied if 

a = - yE f # = 0, «'= 0, ft = - yE, 

where y is any single integer, and E is the matrix unity of p rows and 
columns ; conversely, if the equations are to hold independently of the value 
of t, we must have the n 2 equations 

% a'<jr m , ( T K} = 0, A», x = 0, (m, \ = 1, 

hi 1=1 j *1 

and, for general values of t, these give 

z'iJ — Q* ®m,t» ~ ft\,Kt = ft K,k' = 0, ft mk =*0, (m 4= m', X + X'), 

which are equivalent to the results taken above. 
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With these values we have, as the particular forms of the general 
equations of § 385, 

Z\ , Ci Zr, ft 1 . Ct sv 

Vi + + Vi +yVi = 0 , 


*' + + C * + tA' ® 0. (t, m - 1, . . . , p). 

Let the value on the dissected surface of the left side of the first of these 
equivalences be 

9i + gi iv + 4- g’pTi tPi 

where g lf ...,g p , gi, •••, g' P are integers. Consider now the function 


n*’ e + 

$(x f z\ a,c) — e *»»«» 


• +Kr%, + y n *.a-* rl “+ ") 


wherein z lt z r are the places corresponding to x, and c„ c r their 
positions when x is at a, and z, c are arbitrary places. In virtue of the 
equations just obtained it is a rational function of z, and rational in the 
place c (cf. Chap. VIII., § 158). Regarded as a function of x it is also 
rational; for the quotient of its values at the two sides of a period loop 
of the second kind, which, by what has just been shewn, must be rational in 
z, is, by the properties of the integral of the third kind, necessarily of the 
form 

e 2xi(K l vr+ +*>;•>, 


where K u ..., K p are integers; this quotient, as a function of z f has no 
infinities; being a rational function of z , it is therefore a constant, and 
therefore unity, since it reduces to unity when z is at c ; hence <j>(x, z ; a , c), 
us a function of x, has no factors at the period loops; as it can have no 
infinities but poles it is therefore a rational function of a?; it is similarly 
rational in a . As a function of x it vanishes when one of z u ..., z r coincides 
with z, that is, when x coincides with one of x u ..., x t . 

We have therefore the result. Associated with any (r, s) correspondence 
which can exist upon a perfectly general Riemann surface } it is possible to 
construct a function <f>(x t z; a, c), rational in the variable places x t z and the 
fixed places a, c, which, regarded as a function of x vanishes to the first order 
at the places x lt which correspond to z, and vanishes to order y (if y be 

positive ), at the place z ; which , as a function of x, is infinite to the first order 
when x coincides with any one of the places a lt . . . , a, which correspond to c, 
nnd is infinite to order y (y being positive) when x is at c; which , as a function 
of z, has similarly (for y positive) the zeros z lt ..., z r , a* and the poles 
Ci, ...,Cr, ay. An analogous statement can be made when y is negative. 


Ex. i. Some examples may be given to illustrate the form of this rational function. 
On a plane cubic curve we do in fact obtain a (1, 4) correspondence, for which y=*2, 
by taking for the point t x which corresponds to x, the point in which the tangent at 

41 — 2 
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x meets the curve again, and therefore, for the points x l9 x it x s , x 4 which correspond to x, 
the points of contact of tangents to the curve drawn from z. The value y=*2 is obtained 
from Abel’s theorem, which clearly gives the equation 

v x " c, + 2/’ a s0 

as representative of the fact that a straight line meets the curve twice at x and once at z v 
Denote the equation of the curve in the ordinary symbolical way by A x 3 =0 ; then the 
equation A x *A t =0, for a fixed position of x, represents the tangent at x ; and for a fixed 
position of z, represents the polar conic of the point z, which vanishes once in the points of 
contact, x lt x 2) x 3 , x 4 > of tangents drawn from z and vanishes also twice at z, where it 
touches the curve ; then consider the function 

J_A X 'A. 

AJAJ.AJA,’ 

when z f a, c are fixed, this function of x vanishes to the first order at x u x it x 3J x 4 and to 
the second order at z, and is infinite to the first order at the places a,, a a , a 3 , a 4 which 
correspond to c, and infinite to the second order at c ; when z, a, c are fixed, this function 
of z vanishes to the first order at z lt and to the second order at x t and is infinite to the 
first order at the place c tf which corresponds to a } and infinite to the second order at a. 

Ex. ii. More generally for any plane curve of order n, aud deficiency p, if to a point x 
we make correspond the r=n- 2 points z u ..., z„_ 2 , in which the tangent at x meets the 
curve again, and to a point z the »—2n + 2p-\ points of contact x lf ..., x t of tangents 
drawn to the curve from z (so that, for instance, when the curve has k cusps, « of the 
points x l9 x, will be the same for all positions of z), we shall have an (r, g) corre- 
spondence for which y— 2. If A x n —0 be the equation of the curve, the function 

A x *- l A, 

AS-'A'.AS-'A,' 

regarded as a function of Xy for fixed positions of 2 , a, c (of which a and c are not to be 
multiple points), has for zeros the places x lf x„ z\ for poles the places a lt ..., a„ c\ 
and regarded as a function of 2 , has for zeros the places z l9 ..., z r , x 2 , and for poles the 
places c rt a\ 

Ex. iii. If from a point x a tangent be drawn to a plane curve, and the corresponding 
points be the points other than the point of contact, in which the tangent meets the curve 
again, we have 

c, + + /«-3» e »-3 + 2/> c ' + /-*s0, 

where zf is the point of contact of one of the tangents drawn from x y there being as many 
such equations as tangents to the curve from x ; since the 2 n + 2p — 4 i>oints zf lie on the 
first polar of jt, it follows by Abel’s theorem that 

2r*'' c ' + 2v**°s0; 

therefore 

+ +/ ,, ’ Cr +(27i-f2jD-.8)v*‘ a sO, o 

so that y = 2w + 2p - 8. As a function of z the function 0 (x f z ; a, c) has therefore the 
(«— 3)(2»+2p-4) zeros s Jt z r , which correspond to x f as well as the zero x, of the 
(2»+2p-8)th order, and has as poles the places c lt , c r , which correspond to a, as well 
as the zero a, of the (2n +2p- 8)th order. 

For instance for a plane quartic, there are 10 places corresponding to a?, one for each of 
the tangents that can be drawn from x to the curve ; the function <f>(x t * ; a, c) t as a 
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function of 2 , vanishes to the first order at each of these ten places, and vanishes to the 
sixth order at x ; its infinities are the places similarly derived from the fixed position, a, 
of x. We can build up this function in the manner suggested by the use already made of 
Abel’s theorem in the determination of the value of y ; for a fixed position of x, let T(z)=0 
be the equation, in the variable z, for the ten tangents to the quartic drawn from z ; let 
P (z)=*0 be the first polar of x } the quotient 

T(z)IP*(z) 

vanishes when z is at the places z lf z l0 , and vanishes when z is at x to order 
10-2(2)«6; let T a ( 2 ), P a (z) represent what T(z) t P(z ) become when x is at a; then 
the function of z 

T{z)_ / T*(z) 

P*~(*) I PaHz) 

has the same behaviour as has the function cpfa z ; a y c) as a function of z. From this 
function, by multiplication by a factor involving x but independent of z, we can form a 
symmetrical expression in x and z ; this will be the function <f> (x, z ; a, c). In fact, 
denoting the equation of the quartic curve by A x * = 0, and expressing the fact that the line 
joining the point x of the curve to the point { not on the curve should touch the curve, 
viz. y by equating to zero the discriminant in X of (A z -\-XA^) i - A x \ we obtain an equation 
of the form 

A? [C°, *°] = (A x A*)* [9 (A m *Af? ~ MA X Af . A X >A ( ], 

which represents the tangents to the curve drawn from x. Replacing £ by 2 , a point on 
the curve, so that d, 4 =0, we have, since A x A^=0 is the first polar ofx, 

T(z)/P*(z)=9(A x 'A,')*- 16A x A t * . AM , ; 

henco 

0 W HAMW-l6A m A*.A s *A. 

* { ’ ’ ’’ VHAjA/r-l6A m A*.A m *AW(A x 'AW-WA,A,KA.>AJ- 

C" 

Ex. iv. If a (1, 1) correspondence exists, the rational function of x y denoted by 
<f>(x t z j a, c), is of order y+ 1. 

387. A problem of great geometrical interest is to determine the number 
of positions of x, in which x coincides with one of the places z u z r , which 
correspond to it. This is called the number of coincidences. 

A simple way to determine this number is to consider the rational func- 
tion of x obtained as the limit when z = x, of the ratio <j>(x,z; a, c)j(x — z )* ; 
putting 

<t>(x; a, c) = lim [</> (x, z ; a, c)/(x - *)«], 

l-X 

and bearing in mind that if t be the infinitesimal on the Riemann surface, 
dx/dt vanishes to the first order at every finite branch place, and is infinite to 
the second order at every infinite place of the surface, we immediately find 
from the properties of the function <j>(x t z ; a, c), on the hypothesis that none 
of the branch places of the surface are at infinity, the following result ; the 
rational function of x denoted by </>(x; a, c ) vanishes to the first order at 
every place x of the surface at which x coincides with one of the places 
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z u ..., z r which correspond to it, vanishes also to order 27 at each of the n 
infinite places of the surface, and is infinite to order 7 at each of the branch 
places of the surface and at each of the places a , c, while it is infinite to the 
first order at each of the places c u ..., c r which correspond to a, and at each 
of the places c^, ..., a, which correspond to c ; hence, denoting the number of 
coincidences by G we have 


C + 2«7 = (2 n + 2 jo ~ 2 ) 7 4 - 27 4* r + «, 

so that* 

C = r 4- 8 4- 2 py. 

The same result is obtained when there are branch places at infinity. 
The argument has assumed 7 to be positive ; a similar argument, when 7 is 
negative, leads to the same result. 


Ex. i. The number, 1 , of inflexions of a plane curve of order n and deficiency p is 
given (Ex. ii. § 386) by 

i4A=?i-242n42p-444p = 3(n42p-2), 

where A is the number of coincidences arising other than inflexions, as for instance at the 
multiple points of the curve. In determining A it must be remembered that we have not 
excluded the possibility of there being fixed positions of x which correspond to z for all 
positions of z ; for instance in the case of a curve with cusps all these cusps have been 
reckoned among the places x lt ..., x„ which correspond to z. Therefore for a curve with 
k cusps, A will contain a term 2 x ; for a curve with only d double points and k cusps, the 
formula is the well-known one 

i— *=3 (m - 71 ), 

where m is the class of the curve, equal to n(n - 1) - 23 - 3k. 


Ex. ii. Obtain the expression of the function <j>(x; a, c) determined by the limit 

where A x "=*0=:A*=A a *=A *. (Cf. Ex. ii. § 386.) 

Ex. iii. The number of double tangents of a curve of order n and deficiency p may be 
obtained from Ex. iii. § 386, if we notice that a double tangent, touching at P and Q, will 
arise both when P is a coincidence, and when Q is a coincidence ; hence if r be the number 
of double tangents, and A the number of coincidences not giving rise to double tangents, 
we have 

2t4A=2(»-3) (2n + 2p-4) + 2p (2n 4 2/> - 8) = 4<r («r 4 1) — 

where <r=s=n4p— 3. For instance for a curve with no singular points other than d double 
points and x cusps, there will be a contribution to A equal to twice the number of those 
improper double tangents which are constituted by the tangents to the curve from the 
cusps and the lines joining the cusps in pairs. The number of tangents, t, from a cuBp is 
given (cf. § 9, Chap. I., Ex.) by 

*+x-l«2(»— 2)42p-2, or 5 -*42 j p=n*-n- 3-23-3*. 

There will not arise any such contribution corresponding to a double point, since the two 


* This result was first given by Cayley ; see, for references, Ex. iv. below. 
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points of the curve that there correspond are different places (cf. § 2, Chap. I.) ; hence 
we have 

A«2<f + «*-*; 

and therefore t= 2<r (<r + 1) - 4p - nt - J(* 2 - k) ; 

substituting the values for <r, p and t, we find the ordinary formula equivalent to 
r=S+£(m-n) (m + n- 9 ), 
where m is the class of the curve. 

Ex. iv. The points of contact of the double tangents of a quartic curve A x A —0 lie 
upon a curve whose equation is obtainable by determining the limit, when z=x, of the 
expression 

[9 (^M. 2 ) 2 - \6A X A>. A x * A,]!{x-z)\ 

For the result, cf. Dersch, Math. Annal. vil. (1874), p. 497. 

For the general geometrical theory the reader will consult geometrical treatises ; the 
following references may be given here ; Clebsch-Lindemann-Benoist, Legons sur la 04o- 
mttrie (Paris, 1879 — 1883), t. i. p. 261, t. n. p. 146, t. ill. p. 76 ; Chasles, Compt. Rendu* , 
t. lviii. (1864) ; Chasles, Compt. Rendu s, t. lxii. (1866), p. 584 ; Cayley, Compt. Rendus , 
t. lxii. (1866), p. 586, and London Math. Soc. Proc. t. I. (1865 — 6), and Phil. Tram. 
CLViil. (1868) (or Coll. Works , v. 542 ; vi. 9 ; vi. 263) ; Brill, Math. Annal. t. vi. (1873), 
and t. vn. (1874). See also Lindemann, Crelle, lxxxiv. (1878); Bobek, Sitzber. d. Wiener 
Akad.j xciil. (ii. Abth.), (1886), p. 899 ; Brill, Math. Annal. xxxi. (1887), xxxvi. (1890) ; 
Castelnuovo, Rend. Acc. d. Lincei, 1889; Zeuthen, Math. Annal. xl. (1892), and the 
references there given. 

Ex. v. If we use the equation (Chap. X. § 187) 

= e(i*«+io)e(^ c +ja) 

©(i^+Joje^+ia)’ 

where O is an odd half-period, equal to X+rX 7 say, X, X 7 being each rows of p integers, and 
form the rational function of x and a, 


c-a <P(x>z; a, c) 


we have 


[26m (Jo) • [se'm (ill) . D&Y 
=(-i) y — a , 

[<f>(x, z; a, c)/(*-») r (o-c) y ],_^ a _. 


6 («*■“+ Jo). (x, a)]»r e 2 y (n *.'.“. + + ~ W”*’ ) f 


which is a generalisation of the equation (i), p. 427. 

The function R (.r, a) vanishes when x is at any one of the places c u ..., c r , which 
correspond to a, and when x is at any one of the places a ly ..., a t which correspond to the 
position a of the place c ; it vanishes also 2y times at each of the zeros of the function 
©(c*»« +$o). It is infinite C times, namely when x has any of the positions in which it 
coincides with one of the places ..., z r which correspond to it. In the particular case 
of Ex. i. p. 427, the function R(. r, a) is (x - a) 2 X (x), and the equation C=r+s+2py 
expresses that the number of branch places (where two places for which x is the same 
coincide) is 2 (n- l)+2je>. 


Ex. vi. Determine the periods of the function of x expressed by 


•+n£.t. 
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where z v ..., s r are the places corresponding to x, and c u ..., c r are the places correspond- 
ing to a. 

Ex. vii. If there be upon the same Riemann surface two correspondences, an (r, s) 
correspondence and an (/, s') correspondence, then to any place z will correspond, in virtue 
of the first correspondence, the places x lt ..., x„ and to any one of these latter, say x it will 
correspond, in virtue of the second correspondence, say z\ r \ conversely to any 

place / will correspond, in virtue of the second correspondence, the places x lt ..., x Vi and 
to any one of these latter, say x i} will correspond, in virtue of the first correspondence, 
say z itl1 z hr ; wo have therefore an (r's, rs') correspondence of the points ( 2 , z'). In 
virtue of the equations 

v * 1 » *»' + + **•’> a '« +y s 0, 

+ + c ‘.» °‘s 0 , (t- 1 , 

we have 

«' r 
1 J-l 

Hence* we can make the inference. If upon the same Riemann surface there he two 
correspondences , an (r, s ) correspondence of places x, z , and an (/, s') correspondence of places 
rf, /, ?Aew number of common corresponding pairs of these two correspondences^ for which 
both x -, a/ coincide , awe? afoo 2 awe? /, w 

r's -f rs' - 2yy’p. 

388. We have so far considered only those correspondences^ which can 
exist on any Riemann surface. We give now some results^ relating to 
correspondences which can only exist on Riemann surfaces of special cha- 
racter, more particularly (1, 1) correspondences. 

We prove first that any (1, s ) correspondence is associated with equations 
which are identical in form with those which have arisen in considering the 
special transformation of theta functions. For any such correspondence, in 
which to any place x corresponds the single place z , and to any position of z 
the places x lf ..., x s , we have shewn that we have the equations (i ~ 1, ...,p) 



z,e nr x,a 

Vi =M i)1 V x + 


a , if = a +ra', 

Mt = 

/3+T&, 

* 1 . ®1 . 

Vi + ... 

, *«, a» Ar z, 0 

=Ni t iV + 

. • • • "H ^ t, pVp 

^ 0 

% 

II 

f 

Nt = 

-S + Ta\ 

hence 

ill 

1? 

z,,a t , 

v x 4- 

. ir 4 Z *> a « 

+ iff, p 2 v p 




= 2 M itk (N ktl v? c + + N ktP Vp C ) 

k=\ 

— + + Li t pVp , 

* Provided the (r'«, rs') correspondence is not an identity, 
t Called by Hurwitz, Werthigkeit-correspondenzen, y being the Werthigkeit. 

X For other results, see Klein-Fricke, Modulfunctionen , Bd. ix. (Leipzig, 1892), pp. 640 ft. 
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where L i>ni is the (i, m)th element of the matrix Z, = MN. This matrix is 
therefore equal to s. Now 

MN =M( fi - -ra ) = (a + ra')fi' -(fi + rfi')*' = afi'-fia +r(afi'-fi'd') t 
MNt = jlf (— /§ + ra ) = — (a + ra') /£+($ + ryS) a = - (a/§ — £a)+r(#'a — ), 

which we may write in the form 

MN = H + tB , JOTt = - 4+rtf; 

if now T^Tj+iVa, where Tj, t 2 are matrices of real quantities, it follows 
by equating to zero the imaginary part in the equation 

MN -s = H—s + tB = Q 

that t 8 2? = 0; since for real values of n u ..., n p the quadratic form r 2 w a is 
necessarily positive, the determinant of the matrix t 2 is not zero ; hence we 
must have B = 0 ; hence also H = s and A = 0 ; or 

afi = fid, afi' = fi'a, afi' - fid' = fi'a- a'fi = s; 

and these equations, with the equation (a 4- Ta') t = fi + rfi', are identical 
in form with those already discussed in this chapter (§§ 377, ff.). 

We are able then as in the former case to deduce certain conditions 
for the matrices a, fi, a', fi' i which in their general form necessarily involve 
special values for the matrix t. 


389. In particular, in order that a (1, 1) correspondence* may exist, 
the roots of the equation | Jlf — X | = 0 must be conjugate imaginaries of the 
roots of the equation | N — X | = 0, must be all of modulus unity, and must 


be roots of the equation | A — X | = 0, where A = Q, They must there- 


fore be roots of unity. For the sake of definiteness we shall suppose p > 1 
and that A and r are such that the roots of ) M — X | = 0 are all different ; 

this excludes the case already considered when A « ^ q — • Supposing 

a (1, 1) correspondence to exist, for which this condition is satisfied, if in 
the fundamental equations (i = 1, ..., p) 


v? e = M itl vr+ +M itl 


we introduce other integrals of the first kind, say V ? a , ..., V p a t where 


vr=c itl v*r+ +c itP vz*, 

and therefore also 

Vr = c itl vV+ + 


* The (1, 1) correspondence for the oase p=l is considered in an elementary way in § 394. 
The reader may prefer to consult that Article before reading the general investigation. 
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then we can put the fundamental equations into the form 

vr-Xivr; 

for this it is necessary that X* should be a root of the equation | M — X | = 0, 
and that the p quantities c< fl , c^p should be determined from the 
equations 

Gi, l ^i, r + ■+" J, Mp t r = \iC% t r > ( r — • • • » jp) > 

under the prescribed conditions the determinant of the matrix c will be 
different from zero. 

Hence as X* is a root of unity, it can be shewn, when p>l, that every 
such (1, 1) correspondence is periodic, with a finite period ; that is, if the place 
corresponding to x be z u the place corresponding to the position z u of x, 
be the place corresponding to the position z iy of x, be z i} and so 
on, then after a finite number of stages one of the places z u z it z 3i ... 
coincides with x. In order to prove this, suppose that all the roots of the 
equation \M— X| = 0 are &-th roots of unity; then denoting the place 
x by z 0 and the place a by c„, the equations of the correspondence may 
be written 


dvr ci = Xidvr c \ dvr c ' = \idvr \ dvr ck - 


dvr ck =x;dvr °=dv; 




these give 

and therefore 

c i(l [dC'* -<&?’*•]+ +c t , p [dv p “ a -dv^] = 0; 

hence on the dissected Riemann surface we have equations of the form 


a.c* *o.c 0 
V r -V 


— Xy + XjT^ ! + 


+ X P T r,p> (r = 1, ..., p), 


where A*, ...» X/ are integers. Thus either z k = z 0 and c k = c 0i which is the 
result we wish to obtain, or else there is a rational function expressed by 


e Zk,Ck 


which is of the second order, having z k) c Q as zeros and z 0) c k as poles; now 
a surface on which there is a rational function of the second order is 
necessarily hyperelliptic (Chap. V. § 55) — but, on a hyperelliptic surface, 
for which p > 1, of the two poles of such a function either determines 
the other, and of the two zeros either determines the other; it is not 
possible to construct such a function whereof, as here, one pole c k is fixed, 
and the other arbitrary and variable (§ 52). 

Hence we must have z k = z 0 , and c k = c 0 , which proves the result 
enunciated. 


There is no need to introduce the integrals V in order to establish this result. It 
is known (Cayley, Coll. Work*, Yol. ii. p. 486) that if X 1} X 2 , ... be the roots of the equation 
|Jf-A|«0, the matrix M satisfies the equation (if— X,)(if-A s ) =*0 ; when the roots 
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Xj, X 3 , ... are different k - th roots of unity it can thence be inferred that the matrix M 
satisfies the equation M*—l ; then from the successive equations dif 1 ' Cl *= Mchf 0,c *, 
dv**’ etc., we can infer dv**’ c *=(fo* 0 ’ c °, and hence as before that z fc =z 0 , c k =c 0 . 

A proof of the periodicity of the (1,1) correspondence, following different lines, and 
not assuming that the roots of the equation \M - X |— 0 are different, is given by Hurwitz, 
Math. Annal. xxxn. (1888), p. 295, for the cases when p>l. It will be seen below that 
the cases p=0, p=\ possess characteristics not arising for higher values of p (§ 394). 

390. Assuming the periodicity of the (1, 1) correspondence, we can 
shew that all Riemann surfaces upon which a (1, 1) correspondence exists, 
can be associated with an algebraic equation of particular form. As before 
let k be the index of the periodicity, and let a> = e* nilk ; let S, T be any 
two rational functions on the surface, and let the values of S at the 
successive places x } z Xi z 2 , ..., z k ^ lt x which arise by the correspondence be 
denoted by S t S u ..., S k - U S, and similarly for T ; then the values of the 
functions 

s = S+ a>- l S 1 + S*-! 

t = T + T x + 4- n-i 

at the place z r are respectively 

8 r — Sf 4“ on * Sf+i + + (o ^ ^ *Sy+ji — i = (& 1 8y and t \ 

hence it can be inferred (cf. Chap. I., § 4) that there exists a rational 
relation connecting s k and t. Conversely S and T can be chosen of such 
generality that any given values of 5 and t arise only at one place of 
the original Riemann surface. Thus the surface can be associated with 
an equation of the form 

(s*, t) = 0, 

wherein every power of s which enters is a multiple of k. 

Such a surface is clearly capable of the periodic (I, 1) transformation 
expressed by the equations 

s' = (08, t' = t. 

The following further remarkable results may be mentioned*: 

(a) The index of periodicity k cannot be greater than 10 (p - 1). 

(ft) When k > 2p - 2 the Riemann surface can be associated with an 
equation of the form 

5* = t*i (t — 1)*» (t — e)*>. 

(7) When k > 4p - 4, the Riemann surface can be associated with an 
equation of the form 

**«**!(*- 1 )**. 

Herein k u k 2 , k s are positive integers less than k . 

* Hurwitz, Math. Annal . xxxii. (1888), p. 294. 
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391. We can deduce from § 389 that in the case of a (1, 1) correspond- 
ence the number of coincidences is not greater than 2 p + 2. In the case of 
a hyperelliptic surface, when the correspondence is that in which conjugate 
places — of the canonical surface of two sheets — are the corresponding pairs, 
the coincidences are clearly the branch places, and their number is 2jt) + 2 ; 
for all other (1, 1) correspondences on a hyperelliptic surface, the number of 
coincidences cannot be greater than 4. 

For, when the surface is not hyperelliptic, let g denote a rational function 
which is infinite only at one place z Q of the surface, to an order p + 1 ; and 
let g f be the value of the same functiou at the place z u which corresponds 
to ; then the function g' — g is of order 2 p + 2, being infinite to order 
p + 1 at £ 0 and to order p 4- 1 at the place z_ x to which z 9 corresponds ; now 
every coincidence of the correspondence is clearly a zero of g’ — g\ thus 
the number of coincidences is not greater than 2 p + 2. In the case of a 
hyperelliptic surface 

?* = («> !Vi, 

we may similarly consider the function x — x, of order 4; — unless the 
correspondence be that given by y' = — y, x' = x, for which x' — x is identically 
zero. We thus obtain the result that the number of coincidences cannot 
be greater than 4, except for the (1, 1) correspondence y ~ — y, x' — x. 

It can be shewn for the most general possible (r, s) correspondence, associated with the 
equations 

<‘ ,c, + B + + M itP vr> a , M= a 4 - ra\ Mt=P+tP, 

by equating the value obtained for the following integral, taken round the period loops, 


+ 




to the value obtained for the integral taken round the infinities of the subject of integra- 
tion, that the number of coincidences is 


CW+«_( ail + + a M >+0' 11 + 


Since a u + +&'&> is the sum of the roots of the equation j A - A | = 0, it follows for a 

(1, 1) correspondence, in which all the 2 \p roots of | A— A|=0 are roots of unity, that 

C^-%p+2. For any (r, s) correspondence belonging to a matrix A= ^ q the same 

formula gives CW-M+2py, as already found. 

We have remarked (§ 386, Ex. iv.) for the case of a (1, 1) correspondence associated with 


a matrix A of the form 



the existence of a rational function of order 1 +y. 


For 


any such (1, 1) correspondence, if p be >1, y must be equal to +1 in order that the 
number 1+1 +2 py of coincidences may be :$> 2 p + 2. Thus such a correspondence involves 
the existence of a rational function of order 2, and involves therefore that the surface be 
hyperelliptic. This is also obvious from the fact that such a correspondence is associated 
with equations of the form 


v i°+r^ ,as0 * 
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conversely, for y=l, equations of this form are known to hold for any hyperelliptic surface, 
associated with the correspondence of the conjugate places of the surface. From the 
considerations here given, it follows for p> 1 that for a (1, 1) correspondence the number 
of coincidences can in no case be >2p+2. 

392. In conclusion it is to be remarked that on any Eiemann surface 
for which p > 1, there cannot be an infinite number of (1, 1) correspondences. 
For consider the places of the Riemann surface that can be the poles of 
rational functions of order <(p+l) which have no other poles (§§ 28, 31, 
34 — 36, Chap. III.). Denote these places momentarily as y-places. As 
such a (1, 1) correspondence is associated with a linear transformation of 
integrals of the first kind, which does not affect the zeros of the de- 
terminant A, of § 31, it follows that the place corresponding to a y-place 
must also be a (/-place. Now, when the surface is not hyperelliptic, every 
(/-place cannot be a coincidence of the correspondence; for we have shewn 
(Chap. III., § 36) that then the number of distinct (/-places is greater 
than 2p + 2; and we have shewn in this chapter (§ 391) that the number 
of coincidences in a (1, 1) correspondence, when p > 1, can in no case 
be > 2p 4- 2. Therefore, when the surface is not hyperelliptic, a (1, 1) 
correspondence must give rise to a permutation among the y-places; since 
the number of such permutations is finite, the number of (1, 1) corre- 
spondences must equally be finite. But the result is equally true for a 
hyperelliptic surface; for we have shewn (§ 391) that for such a surface the 
number of coincidences of a (1, 1) correspondence cannot be greater than 4, 
except in the case of a particular one such correspondence; since the 
number of distinct y-places is 2p + 2, every (1, 1) correspondence other than 
this particular one must give rise to a permutation of these (/-places. As 
the number of such permutations is finite, the number of (1, 1) corre- 
spondences must equally be finite. 

It is proved by Hurwitz* that the number of (1, 1) correspondences, 
when p > 1, cannot be greater than 84 ( p — 1). In case p = 3, a surface is 
known to exist having this number of (1, 1) correspondences +. 

393. The preceding proof § (§ 392) is retained on account of its 
ingenuity. It can however be replaced by a more elementary proof} by 
means of the remark that a (1, 1) correspondence upon a Riemann surface 
can be represented by a rational, reversible transformation of the equation of 
the surface into itself. Let the equation of the surface be / (#, y ) = 0 ; 
let ( z , s) be the place corresponding to ( x , y) ; then z, s are each rational 
functions of x and y such that f(z, s) = 0 ; conversely x, y are each 

* Math. Annul, xlx. (1898), p. 424. 

f Klein, Math. Annal. xxv. (1879), p. 428; Modulfunctionen, 1. 1 „ 1890, p. 701. 

§ Hurwitz, Math. Annal. xli. (1898), p. 406. 

t Weierstrass, Math. Werke, Bd. n. (Berlin, 1895), p. 241. 
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rational functions of z, s. To give a formal demonstration we may 
proceed as follows ; supposing the number of sheets of the Riemann surface 
to be n, let denote the places corresponding to the n places 

# ( 1 0) > for which # = 0, and let z(, z' n denote the n places corre- 

sponding to the places ..., x { * ] for which x is infinite; as a? is a rational 
function on the surface we have, for suitable paths of integration (cf. Chap. 
VIII. § 154) 


JO) J«> JO) J«) 

1 + + V*" * x » = 0 , 


P)\ 


hence from the equations 


Z, C -tg- X, a , , 1 r ir,a 

Vi + , 

we have 

»?'■*' + + #f"’* , = 0 ) (t=l, ... ,p ); 


there exists therefore (Chap. VIII., § 158) a rational function having the 
places z lf ..., z n as zeros, and the places z,{ as poles; regarding this as 

a function of z, s and denoting it by <j>(z, s), it is clear therefore that x/(f>(z t s) 
is a constant, which may be taken to be 1. Hence x = <f>(z, s), etc. 


Fur the theorem that for p>\ the number of (1, 1) correspondences is limited the 
reader may consult, Schwarz, Crelle , lxxxvii. (1879), p. 139, or Gemmm. Math. Ahhand ., 
Bd. II. (Berlin, 1890), p. 285 ; Hettncr, Gotting. Nachr. (1880), p. 386 ; Noether, Math. 
Annal. , xx. (1882), p. 59 ; Pomcard, after Klein, Acta Math., vn. (1885) ; Klein, Ueber 
Riemann’s Theorie u. s. w. (Leipzig, 1882), p. 70 etc. ; Noether, Math. Annal., xxi. (1883), 
p. 138 ; Weierstrass, Math. Werke , Bd. II. (Berlin, 1895), p. 241 ; Hurwitz, Math. Annal., 
XLI. (1893), p. 406. 


394. In regard to the (1, 1) correspondence for the case p=\, some remarks may he 
made. The case p~0 needs no consideration here ; any (1, 1) correspondence is expressible 
by an equation of the form 

Att'+Bt+Ct’+D= 0 ; 

thus there exists a triply infinite number of (1, 1) correspondences. 

In case p—\, if there be a (1, 1) correspondence, whereby the variable place x 
corresponds to xf, and a, a' be simultaneous positions of x and x', it is immediately 
shewn, if r** ° denote the normal integral of the first kind, that there exists an equation of 
the form 

wherein p is a constant independent both of a and x. From this equation, by supposing .r 
to describe the period loops, we deduce equations of the form 

p=a+Ta, p t=0+t 0', (i), 

where a, a, 0, ft are integers. By supposing x' to describe the period loops we deduce 
equations of the form 

l=^(y + Ty'), T=/*(& + rff), (ii), 

where y, y, 5, V are integers. The expression of these integers in terms of a, o', 0, is 
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known from the general considerations of this chapter; it is however interesting to 
consider the equations independently. From the equations (ii) we deduce 

V - ry’ (yd' - y'd), & - ry * - rp (yd' - y'd) ; 

if now yd'-y / d=0, either y' and y are zero, which is inconsistent with 1 = ^ (y + ry'), or else 
r is a rational fraction ; it is known that in that case the deficiency of the surface is not 1 
but 0 ; we may therefore exclude that case ; if yd' - y'd be not zero, we have 

^^r a+Ta '> T '‘ = ^rf« =/S+T ^ : 

hence, unless r be a rational fraction, we have 

V -Y _ , y « -5 

yd'-y'd” -0 ’ yd' - y'd ~ ° ’ yd'-y'd“^’ 

and therefore 

1 = {aft — dfi) (yd' — y'd) ; 

thus q8'-a'/3=yd'-y'd= +1 or - 1 ; let c denote their common value ; then we deduce 
d' = fa, y' = - at, y=0V, b= -fie ] 
by these the equations (ii) lead to 

a+ra'~ft, £ + rj9'=/xr, 

that is, to the equations (i). 

Further, from the equations (i) we deduce in turn 

tV+t^-/?) — 0= 0, n 2 -tt(a+p)+<=0, 
so that p is a root of the equation 

a — fx ft 1=0; 

a ft'-p I 

now if o' be zero, the first of equations (i) gives p=a, and, therefore, as r cannot be 
the rational fraction 0/(a-0'), the second of equations (i) gives a=/3', 0=0 ; the equations 

=« = £', o' = /3 = 0, a^-a'^ = c 

give #i 3 =f, or, since p, =a, is an integer, they require e = +1 and /*= -f 1 or p— - 1 ; the 
equations corresponding to p — + 1 and p— — 1 arc 

^,a' = ?J T,o au d J^.o + ^,a = Q. 

fAese cfo belong to existing correspondences— -of the bind considered in §§ 386, 387, the 
coefficient y being ±1*. Bat they diffier from the (1, 1) correspondences which are possible 
when p>\ } in each containing an arbitrary parameter ; 

if next, a' be not zero, the equation for r gives 

2ra' = - (a - ff) ± Vfa+Wf ^4(, 

so that, as r cannot be real, we must have 

(«+j8') 2 -4f<0, 

* For instance, on a plane cubic curve, the former equation is that in which to a point of 
argument u we make correspond the point of argument u + constant ; the line joining these two 
points envelopes a curve of the sixth class, which in case the difference of arguments be a 
half-penod becomes the Cayleyan, doubled; while the latter equation is that in which we 
make correspond the two variable intersections of a variable straight line passing through a 
fixed point of the cubic. 
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and this shews that, in this case also, 6=1. Hence the equations are reduced to precisely 
the same form as those already considered for the special transformation of theta functions 
(§ 383); and the result is that the only special surfaces, having p=l, for which there exists 
a (1, 1) correspondence are those which may be associated with one of the two equations 

y*=4**-0 s ; 

the former has the obvious (1,1) correspondence given by .r'= - a*, y'—iy ; the latter has 

2t‘w 

the obvious correspondence given by ad—e^ ,v, y'—y ; the index of periodicity is 2 in the 
former case and 3 in the latter case. 




CHAPTER XXII. 


Degenerate Abelian Integrals. 

395. The present chapter contains references to parts of the existing 
literature dealing with an interesting application of the theory of trans- 
formation of theta functions. 

It was remarked by Jacobi* for the case p — 2, that if the fundamental 
algebraic equation be of the form 

y 2 = x {x — 1) ( x — tc)(x — \) ( x — k\), 

an hyperelliptic integral of the first kind is reducible to elliptic integrals; 
in fact, putting f = x + k\/x, we immediately verify that 

(x ± V k \) dx _ df 

Vx (x — 1 j(x — k) (x — \) (x — tc\) v/(f + 2 •J kK) ((• — 1 — k\) (f — tc — X) 

396. Suppose more generally that for any value of p there exists an 
integral of the first kind 

U + + X p Up, 

wherein ?/,, ..., u p denote the normal integrals of the first kind, which is 
reducible to the form 

[ JL 

JVji(f)’ 

R($) being a cubic polynomial in f, such that f and are rational 

functions on the original Riemanu surface; then there exist p pairs of 
equations of the form 

\i = hi fl “ (i/ XI , 4* 4* XpTi t |) — — b\Vl + a,* X2 , {% — 1, . . . , p\ 

wherein a t *, bu a/, 6/ are integers ; we may suppose X2' to be chosen so that 
the 2p integers 

Uit ..., ttp, d\ t . .., ttp 

have no common factor and so that 

d\b\ 4“ ct%b% 4* ...... 4" ctpbp **” cq — eta &2 ftp ~ t*, 

* Cr«lk, viii. (1832), p. 416. 


B. 


42 
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where r is a positive integer; we assume that r is not zero. Eliminating 
the quantities \ Xi \ p , and putting o> = we have the p equations 

+ b\ Ti t i 4- ... 4* bpT i t p = O) (di + d\ T i(1 + . .. 4- cip T i,p)t (i ~ 1» • • • » p) } 

if therefore the matrix of integers, A = , of 2 p rows and columns, 

wherein the first column consists of the integers a u ..., a p ' in order, and the 
(p4- l)th column consists of the integers b lt ... t b p ' in order, be determined 
to satisfy the conditions for a transformation of order r, 

Uol = act, /3ft = ftfi, aft - a fi = r, 

(§ 420, Appendix II.), then it immediately follows from the equation for 
the transformed period matrix t , namely 

(a 4- ra) r = 0 4- rft , 

that T n = aj, t'u = 0, ,.. t Ti P = 0; to see this it is sufficient to compare the 
elements of the first columns of the two matrices fi + rft } (ql + tol)t. In 
other words, when there exists such a degenerate integral of the first kind as 
here supposed, it is possible*, by a transformation of order r, to arrive at 
periods r for which the theta function *b(w, r |^) is a product of an elliptic 
theta function, in the variable w u and a theta function of (p— 1) variables, 
w a , ..., w p . 

397. It can however be shewn that in the same case it is possible by a 
linear transformation to arrive at a period matrix r" for which 

T 13 — 0, T 14 = 0, . . . , T lp = 0, 

while t" 12 , = 1/r, is a rational number. We shall suppose f 1 two rows x, x , 
each of p integers, to be determined satisfying the equations 

ax — ax = 1 , bx — b'x = 0, 

such that the 2 p elements of rx — b, rx — b' have unity as their greatest 
common factor, a denoting the row a lf etc., and suppose (§ 420) a 

matrix of integers, of 2 p rows and columns, 


*=(?, *W°/ 

\y o ) \a } rx —b, 



to be determined, satisfying the conditions for a linear transformation, 

77 = 77 , 88 — $8, y8 — y'8 = 1 , 

wherein the first column consists of the elements of a and a!, the second 
column consists of the elements of rx — b and rx —b\ and the (p4-l)th 


* This theorem is due to Weierstrass, see KonigBberger, Crelle , lxvii. (1867), p. 73 ; Kowal- 
evski, Acta Math. iv. (1884), p. 395. See also Abel, (Kuvres , t. i. (1881), p. 519. 

t The proof that this is possible is given in Appendix II., § 419. It may be necessary, before- 
hand, to make a linear transformation of the periods O, 11'. 
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column consists of the elements of x and x' ; the conditions for a linear trans- 
formation, so far as they affect these three columns only, are 

a (rx — b') — a (rx — b) = 0, ax' — ax = 1, ( rx — b)x - ( rx — b’)x — 0, 

and these are satisfied in virtue of the equation ab 1 — a'b = r. Then the 
equation for the transformed period matrix t", namely 

(7 + ry) t" = 5 + tS', 

leads to t" 8 , , = 0, .... r" Pt l — 0 if only the p equations 

[7»,1 + ('rr'ki] A 1 + K 2 + (TyX-.s] A, 1 = h , + (tS'X*, 1 , (i = 1, • • • , p), 

which are obtained by equating corresponding elements of the first columns 
of the matrices S + (7 + 77 ') t” are satisfied; these p equations are 

included in the single equation 

r \ ! [a 4- t<x'] + t \ , [rx — b- f t (rx — &')] — x + tx, 

and are satisfied * by r" M = &>/r, t" 2>1 = 1/r ; for we have, as the fundamental 
condition, the equation 

w (a -f Ttt 7 ) = b -f t6'. 

398. It follows therefore in case p = 2 that the matrix t" has the form 



hence it immediately follows that beside the integral of the first kind already 
considered, which is expressible as an elliptic integral, there is another 
having the same property. In virtue of the equations here obtained the first 
integral having this property can be represented, after division by O, in the 
form 

U = (6' - n-" lfl a') u, 

where u denotes the row of 2 integrals u u ?/ 3 ; consider now the integral 
V = \rt' — a' — rr" 3j8 (rx — 6')] u, 

where t' is a row of two elements, these being the constituents of the first 
column of the matrix S ' ; the periods of V at the first set of period loops are 
jiven by the row of quantities 

rt' — a' — ?’t" 3>8 (rx' — 5'), 


* See Kowalevski, Acta Math. iv. (1884), p. 400 ; Picard, Bulletin de la Soc. Math, de France , 
t. xi. (1882— B), p. 25, and Compt. Rend us, xcn. xcm. (1881); PoincarG, Bulletin de la Soc. Math, 
de France , t. xu. (1883—4), p. 124 ; PoincarG, American Journal , vol. vm. (1886), p. 280. 

42 — 2 
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and are linear functions of the two quantities 1, rr the periods of V at 
the second set of period loops are given by 

[t ( rt ' - a')],- - rr\i[T (rx' - 6')]/, (» = 1,2); 

now the equation (y 4- ry') t" = 8 + t 8' gives 

(y 4- ry')*,, r\ 2 + (y + ry \ 2 t" > 2 = (8 + r8\ 2 , (i == 1, 2), 

and hence we have 

r\ t [ a 4- Ta] -f r" 2t2 [rx — b + r (rx — b')] — 1 4- rt\ 

where t is the row formed by the constituents of the first column of the 
matrix 8; therefore, as T ,, lia =l/r, the periods of V at the second set of 
period loops are expressible in the form 

- (rt - a ) t + rr' 2i <>(rx-b\ , (i = 1, 2), 

and these are also linear functions of the two quantities 1, rT" 2f2 . Hence it 
may be inferred that the integral V is reducible to an elliptic integral. 


399. It has been shewn in the last chapter that for special values of the 
periods t there exist transformations of the theta functions into theta func- 
tions for which the transformed periods are equal to the original periods. It 
can be shewn* that for the special case now under consideration such a 
transformation holds. Suppose that a theta function with period t, is 
transformed, as described above, into a theta function <£, with period r , for 
which r 1>2 = 0 = ... = r hp) by a transformation associated with the matrix 


A = 


(a' /3') ’ su PP ose farther that there exists, associated with a matrix 
(v /l ) ’ a trans ^ orma ^ on w ^ereby the theta function <f> is transformed 


into another theta function with the same period r ; then it is easy to prove 
that there exists a corresponding transformation of the theta function ^ 
whereby it becomes changed into a theta function with the same period t, 
namely the transformation is that associated with the matrix 


(f 9 W« P\ A M/ P-0\. 
\f 9 ')~\ol p){\' *)’ 


to prove this it is only necessary to shew that the equations 
(\ 4- t'V) t —fj. 4- r'fi', (a + ra!) r = /3 4- r/3' 
give the equation 

(/+ xf')r=g + rg'. 


Wiltheiss, Math. Annul, xxvi. (1880), p. 127. 
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Hence it follows that in order to determine a transformation of the function 
Sy which leaves the period t unaltered, it is sufficient to determine a trans- 
formation of the function (f> which leaves the period r unaltered; this 
determination is facilitated by the special values of r' h2 , . . . , r \ p ; and in 
fact we immediately verify that the equation (X + t'V) t = fi -f r'p is satisfied 
by taking X' = p — 0 and by taking each *of X and pf to be the matrix in 
which every element is zero except the elements in the diagonal, each of 
these elements being 1 except the first, which is — 1. 


400. Thus for the case p — 2, supposing r — 2, the original function ^ is 
transformed into a theta function with unaltered period t, by means of the 
transformation of order 4 associated with the matrix, 


G£)G .)(-?: i)' 

where m denotes the matrix ^ q 1 ) ’ ma ^ r ^ x ^ equal to 2A -1 , and it 


is easy to see that this transformation of order 4 is equivalent to a multipli- 
cation, with multiplier 2, together with a linear transformation associated 
with the matrix 


Ail/(£V). 


We have therefore the result; when, in case p = 2, there exists a transforma- 
tion of the second order whereby the periods r are changed into periods r for 
which r h 2 = 0, then there exists a linear transformation whereby the periods 
r are changed into the same periods r, or what we have called in the last 
chapter a complex multiplication. 


401. The transcendental results thus obtained enable us to specify the 
algebraic conditions for the existence of an integral of the first kind which is 
reducible to an elliptic integral. 


Thus for instance when p = 2, to determine all the cases in which an 
integral of the first kind can be reduced to an elliptic integral by means of a 

transformation of the second order, A = 


, it is 


sufficient to consider 


the conditions that the transformed even theta function S-(w; t 



may vanish for zero values of w ; for when r ]f2 = 0 this function breaks up into 
the product of two odd elliptic theta functions. By means of the formulae* 
for transformation of the second order, it can be shewn f that this condition 
leads to the equation 

__ 2^V 2*\. 2 i Ci. 2^ 2^Y 2 _n 

**2 ^Ol ^34 T fJl4 » J 0 ~23 — 


* Chap. XX. § 364. 

t Kdnigsberger, Crelle , lxvii. (1867), p. 77. 
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and by means of the relations expressing the constants of the fundamental 
algebraic equation in terms of the zero values of the even theta functions* it 
can be shewn that this is equivalent to the condition that the fundamental 
algebraic equation may be taken to be of the form 

2 / 3 = x (x — 1) (x — k) (x — X) (x — k\), 

so that the case obtained by Jacobi is the only ono possible for transformations 
of the second order. 

In the same case of p - 2, r = 2, the same result follows more easily from 
the existence, deduced above, of a complex multiplication belonging to a 
transformation of the first order. For it follows from this fact that the 
algebraic equation can be taken in a form in which it can be transformed 
into itself by a transformation in which the independent variable is trans- 
formed by an equation of the form 

C?-A’ 

and this leadsf to the form, for the fundamental algebraical equation, 
s 2 = (z 2 - a 2 ) (z % - b 2 ) (z 2 - c% 

which is immediately identified with the form above by putting 
x = s! k\ (z + 1 )/(z — 1 ), 
the quantities a, b , c being respectively 

1, + 1) 2 /(V*\ — l) a , (she + V\) 2 /(\/* — Vx) 2 . 

Similarly for p = 3, when the surface is not hyperelliptic, it can be shewnj 
from the relations connecting the theta functions when a theta function is the 
product of an elliptic theta function and a theta function of two variables, 
that the only cases in which an integral of the first kind can be reduced to 
an elliptic integral are those in which the fundamental algebraic equation 
can be taken to be of the form 

V# (Ax + By) + Vy (Gx + Dy) -f VlT Fx + Gy = 0. 

The Rieinann surface associated with this equation possesses a (1, 1) corre- 
spondence given by the equations 

f = - xj(l +Fx+Gy ), rj = -y/( 1 + Fx + Gy). 

* Cf. Ex. v. p. 341. By means of the substitution x=c x + (n { - Cj)£, the blanch places can be 
taken at £=0, 1, k, X, n, wherein, if c lf a,, c 2 , « a , c be real and in ascending order, 0, 1, X, n 
are in ascending order of magnitude. For complete formulae, when the theta functions are 
regarded as primary, and the algebraic equation as derived, see Rosenhain, Mem. p. divers 
Savants , xi. (1851), p. 416 ff. 

f Wiltheiss, Math. Annal. xxvi. (1886), p. 134. 
t Kowalevski, Acta Math. iv. (1884), p. 403. 
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402. But the problem of determining the algebraic equations for which an associated 
integral of the first kind reduces to an elliptic integral may be considered algebraically, by 
beginning with an elliptic integral and transforming it into an Abelian integral. The 
reader may consult Richelot, Crelle , xvi. (1837); Malet, Crelle, lxxvi. (1873), p. 97; 
Brioschi, Compt. Rend us , lxxxv. (1877), p. 708; Goursat, Bulletin de la Soc. Math . de 
France , t. xm. (1885), p. 143, and Compt. Rendus , c. (1885), p. 622 ; Burnside, Proc. Loud. 
Math. Soc. vol. xxm. (1892), p. 173. 

403. The paper of Konigsberger already referred to ( Crelle , lxvii.) deals with the case 
of a transformation of the second order, for p= 2. For the case of a transformation of the 
third ordor, when jo = 2, consult, beside the papers of Goursat ( loc . cit, § 402), also 
Hermite, Ann. de la Soc. Scient. de Bruxelles , 1876, and Burkhardt, Math. Annal. xxxvi. 
(1890), p. 410. For the case p= 2, and a transformation of the fourth order, see Bolza, 
Ueber die Reduction hyperelliptischer Integrale u. s. w. f Getting. Dissertation (Berlin, 
Schade, 1885), or Sitzungsber. der Naturforsck. Ges. zu Freiburg* ’(1885). The paper of 
Kowalevski (Acta Math, iv.) deals with the case of a transformation of the second order for 
p~ 3. See further the references given in this chapter, and Poincare, Compt. Rendus, 
t. xeix. (1884), p. 853; Biermann, Sitzungsber. der Wiener Alcad. Bd. lxxxvii. (ii. Abth.) 
(1883), p. 983. 



APPENDIX I 


On Algebraic Curves in Space. 


404 . Given an algebraic curve (6 y ) in space, let a point 0 bo found, not on the curve, 
such that the number of chords of the curve that pass through 0 is finite ; let the curve 
be projected from 0 on to any arbitrary plane, into the plane curve (/), and referred to 
homogeneous coordinates £, tj, r in that plane, whose triangle of reference has such a 
position that the curve docs not pass through the angular point >7, and has no multiple 
points 011 the line r=0; let the curve (C) be referred to homogeneous coordinates £, 7, f, r 
of which the vertex { of the tetrahedron of reference is at 0 . Putting x = £/r, y=»?/r, 
z — (jr, it is sufficient to think of x, y, z as Cartesian coordinates, the point 0 being at 
infinity. Thus tho plane curve (/) is such that y is not infinite for any finite value of x y 

and its equation is of the form f (y, x) — y m -f A x y m ~ 1 -f +A m =0, where 

are integral polynomials in x ; the curve (C) is then of order m ; we define its deficiency 
to be the deficiency of (/); to any point (r, y) of (/) corresponds in general only one 
point ( x , y , z) of (C), and, on the curve (< 7 ), z is not infinite for any finite values of x y y . 


Now let /' (y) = 3 / (y, x)/dy; let (f> be an integral polynomial in x and y, so chosen 
that at every finite point of (/) at which /' (y) = 0, say at x = a, y~b, the ratio 
(x- a) <f)/f (y) vanishes to the first order at least ; let n = IT ( x-a ) contain a simple factor 
corresponding to every finite value of x for which /'(y) = 0; let y lt ...,y m bo the values 
of y which, on the curve (/), belong to a general value of x, so that to each pair (x y yd 
there belongs, on the curve (6 y ), only 011c value of z; considering the summation 


»> (<-»/,) (c-y,„) a 

c-y. 



where c is an arbitrary quantity, we immediately prove, as in § 89 , Chap. VI., that it 
has a value of the form 


a (c™ -1 u x +c* wl “ 2 u 2 + + wj, 


where w n ..., u m are integral polynomials in x; putting y, for c, after division by a, wo 
therefore infer that z can be represented in the form 

where 0, yfr are integral polynomials in x and y, whereof 0 is arbitrary, save for tho 
conditions for the fractions (x - a) <f>f /' (y). This is Cayley’s monoidal expression of a 
curve in space with the adjunction of the theorem, described by Cayley as the capital 
theorem of Halphcn, relating to the arbitrariness of <f> (Cayley, Collect. Works , Vol. v. 1892 , 
p. 614 ). 
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It' appears therefore that a curve in space may lie regarded as arising os an 
interpretation of the relations connecting three rational functions on a Riemann surface ; 
and, within a finite neighbourhood of any point of the curve in space, the coordinates 
of the points of the curve may be given by series of integral powers of a single quantity t, 
this being the quantity we have called the infinitesimal for a Riemann surface; to 
represent the whole curve only a finite number of different infinitesimals is necessary. 
More generally the representation by means of autornorphie functions holds equally well 
for curves in space. And the theory of Abelian integrals can be developed for a curve 
in space precisely as for a plane curve, or can be deduced from the latter case; the 
identity of tho deficiency for the curve in space and the plane curve may lie regarded as 
a corollary. Also wc can deduce the theorem that, of the intersections with a curve in 
space of a variable surface, not all can be arbitrarily assigned, the numlier of those whose 
positions are determined by the others being, for a surface of sufficiently high order, equal 
to the deficiency of the curve. 

Ex. If through p - 1 of the generators of a quadric surface, of the same system, a 
surface of order ^ + 1 be drawn, the remaining curve of intersection is representable by 
two equations of the form 

/ = (•»•. !)»+!. = 

where (x, 1 ) 2/J + 2 is an integral polynomial in x of order 2p -f 2, and a,, are respectively 
linear and quadric polynomials in x and y 

For the development of the theory consult, especially, Noether, Abh. der A kid. zu 
Berlin vow Jahre 1882, pp. 1 to 120 ; Halphen, Journ Ecole Polyt., Call. Lll. (1882), 
pp. 1—200; Valentmer, Acta Math, t. II. (1883), pp. 136—230. See also, Schubert, 
Math. Annul, xxvi. (1885); Castclnuovo, Rendkonti della It. Accad. dei Lincei , 1889; 
Hilbert, Math. Annul., xxxvi. (1890). 
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APPENDIX II. 


On Matrices* 


405. A set of n quantities 

(.£, , . . . , x n ) 

is often denoted by a single letter .v, which is then called a row letter , or a column letter. 
By the sum (or difference) of two such rows, of the same number of elements, is then 
meant the row whoso elements are the sums (or differences) of the corresponding elements 
of the constituent rows. If m lie a single quantity, the row letter mx denotes the row 
whose elements are mx Xl ..., m.v n . If a 1 , y lie rows, each of n quantities, the symbol xy 
denotes the quantity x l y l + 


406. The set of n equations denoted by 


+ + (*=h n ) 

where n may be greater or less than p, can bo represented in the form x=(t£, where a 
denotes a rectangular block of up quantities, consisting of n rows each of p quantities, 
the r-th quantity of the i-th row being a h) . Such a block of quantities is called a 
matrix ; we call a hr the (i, r)th element of the matrix. The sum (or difference) of two 
matrices, of the same number of rows and columns, is the matrix formed by adding (or 
subtracting) the corresponding elements of the component matrices. Two matrices are 
equal only when all their elements are equal ; a matrix vanishes only when all its 
elements are zero. If .., g p be expressible by m quantities X ly X m by the equations 

£*• = K i -Yi + -f b r% m X m , (r=l, 2, , p), 

so that £ = bX, where b is a matrix of p rows and m columns, then we have 


or x = cX, where 


■*»**., i^ r i+ 


i} — 1> n )f 


^ 1 , t + + a i, p bp, 8 > 


A=i, 

\*=i, 


* The literature of the theory of matrices, or, under a slightly different aspect, the theory of 
bilinear forms, is very wide. The following references may be given : Cayley, Phil. Tram. 1858, 
or Collected Works , vol. ii. (1889), p. 475; Cayley, Crelle, l. (1855); Hermite, Crellc , xlvii. 
(1854) ; Christoffel, Crelle , lxiii. (1864) and lxviii. (1868) ; Kronecker, Crellc, lxviii. (1868) or 

Gesam. Werke, Bd. i. (1895), p. 143 ; Schlafli, Crelle, lxv. (1866) ; Hermite, Crelle, lxxviii. 
(1874) ; Bosanes, Crelle , lxxx. (1875) ; Bachmann, Crelle , lxxvi. (1873) ; Kronecker, Jlerl. 
Monatsber., 1874; Stickelberger, Crelle, lxxxvi. (1879); Frobenms, Crelle, lxxxiv. (1878), 
lxxxvi. (1879), Ltxxxvnx. (1880) ; H. J. S. Smith, Phil. Trans., cli. (1861), also, Proc. Lond. Math. 
Soc., 1873, pp. 236, 241 ; Laguerre, J. d. V6c. Poly., t. xxv., cah. xlii. (1867), p. 215 ; Stickelberger, 
Progr. poly. Schule, Zurich, 1877 ; Weierstrass, Berl. Manats. 1858, 1868 ; Briosohi, Lxouville, 
xix. (1854) ; Jordan, Compt. Rendus, 1871, p. 787, and Liouville, 1874, p. 35 ; Darboux, Lxouville, 
1874, p. 347. 
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C{ % , being the (*, «)th element of a matrix of n rows and m columns ; it arises from the 
equations x—a £, £~bX, whereof the result may be written x—abX ; hence wo may 
formulate the rule : A matrix a may be multiplied into another matrix b provided the 
number of columns of a be the same as the number of rows of b ; the (1, s )th element of the 
resulting matrix is the result of multiplying , in accordance with the rule given above, the 
i-th row of a by the s -th column of b. Thus, for multiplication, matrices are not generally 
commutative, but, as is easy to see, they are associative. 

The matrix whose (i, a)th element is c tft , where c Sti is the («, i)th element of any 
matrix c of n rows and m columns, is called the transposed matrix of c, and may be 
denoted by c ; it has m rows and n columns, and, briefly, is obtained by interchanging the 
rows and columns of c. The matrix which is the transposed of a product of matrices is 
obtained by taking the factor matrices m the reverse order, each transposed ; for example, 
if «, b t c be matrices, 

abc=Vba. 

407. The matrices which most commonly occur are square matrices, having an equal 
number of rows and columns. With such a matrix is associated a determinant, whose 
elements are the elements of the matrix. When the determinant of a matrix, «, of p rows 
and columns, does not vanish, the p linear equations expressed by x=a£ enable us to 
represent the quantities £ 1? ...» £ J( m terms of x lf ... , x v ; the result is written £ = a~ l Xy and 
or 1 is called the inverse matrix of a ; the (?, r)th clement of a~ l is the minor of a ft% in 
the determinant of the matrix a, divided by this determinant itself. The inverse of a 
product of square matrices is obtained by taking the inverses of the factor matrices in 
reverse order ; for example, if a, b, c be square matrices, of the same number of rows and 
columns, for each of which the determinant is not zero, we ha\e 

(abc)- l =c~ l b l a~ l . 

Tho inverse of the transposed of a matrix is the transposed of its inverse ; thus 

(,7)-i = (iri). 

The determinant of a matrix a being represented by | a |, wo clearly have \ab\-\a \ | b\. 

408. Finally, the following results are of frequent application in this volume : (i) If a 
be a matrix of n rows and p columns, and £ a row of p quantities, the symbol a£ denotes 
a row of n quantities ; if tj be a row of n quantities, the product of these two rows, or 
(«£)(>;), is denoted by a£ij. When n=p this must be distinguished from the matrix 
which would bo denoted by a . £ 17 — this latter never occurs. We have then 

n p 

a£ij=2 2 r £ r ?/ ,, 

t=l r—1 

and this is called a bilinear form ; we also clearly have the noticeable equation 

a£rj—ar)£ j 

(ii) if b lie a matrix of n rows and q columns, the product of the two rows «£, brj, wherein 7 
is now a row of q quantities, is given by either {ba) £r; or (db) iy£, so that we have 

a^.brj— bagr) = (ibrj£. 

Tho result of multiplying any square matrix, of p rows and columns, by the matrix E, 
of p rows and columns, wherein all the elements are zero except the diagonal elements, 
which are each unity, is to leave tho multiplied matrix unaltered. For this reason the 
matrix E is often denoted simply by 1 , and called tho matrix unity of p rows and 
columns. 
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409. Ex. i. If a bilinear form axy, wherein x, y are rows of p quantities, and a is a 
square matrix of p rows and columns, be transformed into itself by the linear substitution 
x — lt£, y—Srj, where It, >S are matrices of p rows and columns, then altg . JSrj = a fa ; hence 

SaR—a. 


Ex. ii. If h bo an arbitrary matrix of p rows and columns, such that the determinants 
of the matrices a±h do not vanish, and the determinant of the matrix a do not vanish, 
prove that 

(a+h)a~ l (a-h)=a-ha~ l h — (a — h)a~ l (a+h ) ; 

hence shew that if 

R = tr 1 ( a-h ) {a + h)- v a, S — a ( a-h)~ l (a+h)a~ l , 
the substitutions x = R£, y—Sr) transform a.vy into a fa. 

For a substitution in which ft—S see (Cayley, Collected Works, vol. ii. p. 505. Cf. also 
Taber, Amer. Journ., vol. xvi. (1894) and Proc. Land. Math. Soc ., vol. xxvi. (1895). 


Ex. ni. The matrices, of two rows and columns, 

'-G o- •'=(: ■». 

give E 1 — E, J 2 — —E ; and the determinant of the matrix 

vanishes, for real values of x, y, only when x-0, y = Q. 

Ex. iv. The matrices, of four rows and columns, 



0 1 0 Ov / 0 0 

- 1 0 0 0 , j >= l 0 0 

0 0 0 -1 /’ 3 l -1 0 

001 0 7 ' 0 -1 



givo j x i=j 2 =j 2 =-e, -jj 2 =ju jJi*-jija=*j* jJJ. »--*• 

Hence these matrices obey the laws of the fundamental unities of the quaternion 
analysis. Further the determinant of the matrix 

ex +j l x l +jp: 2 +jpc 3 = ( x x t x 2 x 3 ) 

— X j X “ X 3 X.j 

~ X 2 • t'JJ X X j 

-x 3 -x 2 x x X 

which is equal to (x 2 +x l 2 +x 2 i +x 3 2 ) i , vanishes, for real values of x, x x> x 2 , x 3 , only when 
each of x , x x , x 2f x 3 is zero. (Frobcuius, Crelle, lxxxiv. (1878), p. 62.) 


410. In the course of this volume we are often concerned with matricos of 2 p rows 
and 2 p columns. Such a matrix may be represented in the form 



wherein a , b , c, d are square matrices with p rows and columns ; if /x' be another such 
matrix given by 


'a! b ,s 
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the (i y r)th element of the product /a'/x> when i and r are both less than jo + 1 is 

1 «1. r + + a \ P a P,r + K t C ur + + b\ t p C p , r , 

and this is the sum of the (i, r)th elements of the matrices da, h’c ; similarly when i and r 
are not both less than p+ 1 ; hence we may write 

/ a ! b'\ /a b\ __ /a! a + b'c , ci'b+b'd\ 

V d) \c d) ~ \da+dcy c'b+d'd)' 

the law of formation for the product matrix being the same as if a, 6, r, d, a', b\ d } d! were 
single quantities. 

Ex. Denoting the matrices Q ^ ^ ^ respectively by 1 and j, the matrices of 

Ex. iv. can 1x3 denoted by 

-«• *-(-«• >.-(-")■ 

411. We proceed now to prove the proposition* assumed in § 333, Chap. XVIII. 
Retaining the definitions of the matrices A ki />, (\ I) there given, and denoting 
A k ~\ B~\ C~\ D~ l respectively by a ki b, c , a?, we find 

a k —A k , so that J* 2 =l, 

and 


( 0 1 

), 

11 ), d=( 

: i oi ) 

1 0 

| 

1 0 


1 10 j 

1 0 1 


1 0 


1 0 1 

1 0 


1 0 


1 0 

-i o ! 

; o i 


0 1 

o 1 

0 1 


0 1 

o i i 

0 1 


0 1 

0 1. 1 

O 1 


0 1 


so that by c, d differ respectively from B, C, D only m the change of the sign of the 
elements which are not in the diagonal. It is cas\ moreover to verify such facts as the 
following 

//• = ], (BCy= 1 , DA 2 =A 2 Dy A k BA i B=BA k BA l y B*DB*A t =Ai&DB*, 
which are equivalent respectively with 

5 4 — 1, (c6)' 5 = 1, <t 2 d—d(t 2 y fxt L b(t k =a k ba k b, a,h 2 db £ =b i db 1 a i ; 

but such results are immediately obvious from the interpretations of the matrices a k , by r, d 
which aro now to be given. 

Let A denote any matrix of 2 p rows and columns, and let the four products 
A a k y A by Ac, Ad 


* For a shorter proof of an equivalent result the reader may consult C. Jordan, Traxti des 
Substitutions (Paris, 1870), p. 174. The theorem was first given by Kronecker, “ Ueber bilineare 
Formen,” Monatsber. lierl. Akad. 1806, Crelle , lxviii. or in JI7r/rc (Leipzig, 1895), Bd. i. p. 160; 
the proof here given follows the lines there indicated. 
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l>e formed ; the resulting matrices will differ from A in respects which are specified in the 
following statements : 

(i) a k interchanges the first and Mh columns (of A), and, at the same time, the 

(p+l)th and (p 4* £)th columns (1< 1). For the sake of uniformity we introduce 

also a lf = 1. 

(ii) b interchanges the first and (/>+ l)th columns, at the same time changing the 
signs of the elements of the new first column. 

(iii) c adds the first column to the Qo-f l)th. 

(iv) d adds the first and second columns respectively to the (/> + 2)th and 
the Qt) + l)th. 

Hence we have these results : if the matrices denoted by the following symbols bo 
placed at the right side of any matrix A, of 2 p rows and columns, so that the matrix 
A acts upon them, the results mentioned will accrue . — 

changes the signs of the Mh and (/>+• l*)th columns (of A), 
t k —a k ba k , interchanges the Mh and (jo+lr)th columns (of A), giving the new Mh 
column an opposite sign to that it had before its change of place, 

= interchanges the Mh and (/; + !)th columns, giving the new (/> + J*)th 

column a changed sign. 

m k =a k b 2 cb‘ 1 a k1 adds the Mh column to the (p+£)th. 

m' k = a k b\bcb 3 a k = a k b 2 c ~ 1 b 2 a k , subtracts the Mh column from the (/> + /)th. 
ii k = ct k b' 2 cbca k = a k bc " 1 lPa k , adds the (/>+£)th column to the Mh. 
n' k ^=a k b^cba ki subtracts the (/?+ £)th column from the Mh. 

g r i =a r (t/ipi :t lPdb<(.,a„a 2 a r , subtracts the s-th column from the r-th, and, at the same 
time, adds the (/> + r)th column to the (/>+*)th. 
g' rtg =a r arfiji 2 bdb?a./iji 2 a ry adds the s-th column to the r-th, and, at the same time, 
subtracts the (p + r)th from the (p-M)th column. 
fr,»—Lt9r, /i, adds the (/)-fr)th and (p-M)th columns respectively to the s-th and 
r-th columns. 

f , rtk —t a g > rt J , ti subtracts the (p + r)th and (p + a)th columns respectively from the «-th 
and r-th columns. 

To this list we add the matrix a ki whose effect has been described, and tho matrix b 2 , 
which changes the sign both of the first and of the (/>+l)th columns; then it is to be 
shewn that a product, l\ of positive integral powers of these matrices, can be chosen such 
that, if A be any Abelian matrix of integers, given by 

A = , where aj8=/3a, a ~ pa\ afi'-(ia= 1 , 


the product A P is the matrix unity — of which every element is zero except those in tho 
diagonal, each of which is 1. Hence it will follow that p—P ~ l ; namely that every such 
Abelian matrix can be written as a product of positive integral powers of the matrices 
A kt B y L\ D. Up to a certain point of the proof we shall suppose tho matrix A to be 
that for a transformation of any order, r. 

In the matnees a kj a r> a„ each of k } r, * is to be <p+ 1 ; and in general each of 
ky r t 8 is >1 ; but for the sake of uniformity it is convenient, us already stated, to 
introduce a matrix a, = 1 ; then each of k t r, s may have any positive value less than p+ 1. 
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412. Of the matrix A we consider first the first row, and of this row we begin with 
the jo-th and 2/o-th elements, a lt Pf /3 lt p ; if the numerically greater of these elements be 
not a positive integer, use the matrix l p to make it positive*— form, that is, the product 
blp. Then, let y be the greater, and 8 the less of these two elements ; if 3 is positive, 
use the matrix m! v or the matrix n' p , as many times as possible, to subtract from y the 
greatest possiblo multiple + of 8 (i.e. if v be the matrix upon which we are operating, =A 
or = A l py form one of the products v(m' p ) r y v (n' p )*) ; if 8 is negative, use m p or n p to add 
to y the greatest possible multiple of 8 ; so that, in either case, the remainder, y', 
from y, is numerically less than 8 and positive. Now, by the matrix l py take the element 
8 to be positive} ; then again, by application of m p or n p or m’ p or n' p replace 8 by a 
positive quantity numerically less than y. Let this process alternately acting on the 
remainder from y and 8, be continued until either y or 8 is replaced by zero. Then use 
the matrix t p or i! p to put this zero element at the 2/?-th place of the first row of the 
matrix, A', which, after all these changes, replaces A. 

Let a similar process of alternate reduction and transposition be applied to A', until 
the (1, 2p- l)th element of the resulting matrix is zero. And so on. Eventually we 
arrive, in continuing the operation, at a matrix instead of A, in which there is a zero in 
each of the places formerly occupied by /3 lt n /3, >p . 

Now apply the processes given by b\ l p , g lpy g Vt , , and eventually a py if necessary, to 
reduce the (1, jo)t.h clement to zero. Then the processes 6 2 , £ p _ 15 g h P -i, <7p-i,n a p-i> ^ 
far as necessary, to reduce the (1, /i-l)th element to zero; and so on, till the places, 
which in the original matrix were occupied by a 1>2 , ..., a lfP , are all filled by zeros. 

Consider now the second row of the modified matrix. Beginning with the (2, /i)th and 
(2, 2/>) th elements, use the specified processes to replace the latter by a zero. Next 
replace, similarly, the (2, 2/>-l)th element by a zero; and so on, finally replacing the 
(2, /> + 2)th element by a zero. The necessary processes will not affect the fact that all 
the elements in the first row, except the (1, 1) th element, are zero. Next reduce the 
elements occupying the (2, j»)th, ...» (2, 3)th places to zero. 

Proceeding thus we eventually have (l) the (r, a-f/u)th element zero, for every r<p and 
every s<p , in which s>r y (n) the (r, s)th element zero, for every r<p and every s<p y m 
which $>r. In other words the matrix has a form which may Ixs represented, taking /> = 4, 
by the matrix p y 

p = ( a n 0 0 0 0 0 0 0 ); 

a n "a 0 0 /3 21 0 0 0 

n 31 a T2 °33 0 # 31 ^ 0 0 

a 41 a 42 °43 °44 041 042 042 ^ 

| ®11 a 12 a 13 011 0 12 0*13 0M 

a 41 a 42 °4S a 44 0 41 0 42 0 43 0 44 

sinco now the original matrix is an Abelian matrix, and each of the matrices a ky b , c, d is 
« an Abelian matrix, it follows (Chap. XVIII., § 324) that aj9=0d ; if the original matrix be 

* The changes of sign of tho other elements of the same column which enter therewith do not 
concern us. 

t The simultaneous subtractions, effected by tho matrix wi' p , of the other elements of the 
column, do not concern us. Similar remaiks apply to following ca«cs. 

X It is not absolutely necessary to use the matiix m this or in the former case ; but it con- 
duces to clearness. 
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for greater generality supposed primarily to be associated with a transformation of order r, 
the valuo r=l being introduced later, the determinant of the matrix is ± 1 * (§ 324, Ex. i.) 
and is not zero ; hence comparing in turn the 1st, 2nd, ..., rows of the matrices a/9 and /9a 
we deduce that in the matrix p the elements /3 21 , /9 31 , /9 32 , ... of the matrix /9 which are on 
the left side of the diagonal are also zero ; thus, in p, every element of the matrix /9 is zero. 
Apply now to the matrix p the relation 

a/9' -/9a'=r, 

which in this case reduces to aft —r. Then it is immediately found that the elements of 
the matrix /S' which are on the left side of the diagonal are also zero — and also that 

a uftii — ■••••- ~ a p V ft m~ r ' 

The resulting form of the matrix p may then be shortly represented by 

°’=(k. )• 

ICNl 

If now to the matrix <r we apply the processes given by the matrices g lt 2 or 2 and f 2 , 
we may suppose a 2l numerically less than a^, and a n i>ositive ; if then we apply tho 
processes given by the matnces g h 3 or 3 and J 3 , and the processes given by the matrices 
g 2 , 3 or cf % 3 and l 3 , we may suppose a 3I , a t2 numerically less than a 33 , and may suppose 033 
to be positive. Proceeding thus we may eventually suppose all the elements of any row of 
the matrix a which are to the left of its diagonal to be leas than the diagonal elements of 
that row— and may suppose that all the elements of tho diagonal of the matrix a are 
positive ; this involves that the diagonal elements of ft are positive, and in particular 
when r is a prime number involves that these elements are each 1 or r. 

Further we may reduce the elements of the matrix a which are in the diagonal of 
a', and those which are to the left of this diagonal, by means of tho diagonal elements of 
the matrix ft. We begin with the elements of the last row of a; by means of the 
processes given by the matrices n p or n’ p we may suppose u pv to bo numerically less than 
ft w ; by means of the processes given by the matrices / P|J ,_ 1 or f p .p~\ wo may suppose 
a' P) ,, _ 1 to lie numerically less than ft Pt ,, ; m general by means of the processes given by 
f Pl , or f' Ptt we may suppose d^ 9 to be numerically less than ft PtP . Similarly by the 
processes given by n p ~ x or n' p _ v we may suppose a',,.!, p_j numerically less than ft p ~ h p ~\, 
and by the processes or f' p - ut} where s<p - 1, we may supixise a p lti numerically 
less than ft p „ hp _ l . Tho general result is that in every row of tho matrix a we may 
suppose the diagonal clement, and the elements to the left of the diagonal, to be all 
numerically less than the diagonal element of the same row of the matrix ft. 

413. If then we take the case when r— 1 we have the result that it is possible to form 
a product Q of the /> + 2 matrices a ki b , c, d , such that the product AD has a form which 
may be represented, taking/? = 3, by 


AQ = ( 

; 1 

0 

0 

0 

0 

0 ), 


i° 

1 

0 

0 

0 

0 


! 0 

0 

1 

0 

0 

0 


0 

a 12 

«13 

1 

P12 

?13 


0 

0 

a 23 

0 

1 

ft 23 


0 

0 

0 

0 

0 

1 


wherein all the elements of each of the matrices a and ft to the left of the diagonals are 
zero, and all the elements of the matrix a' both in the diagonal, and to the left of the 



ABELIAN MATRIX. 


673 


415] 

diagonal, are zero. Applying then the condition aft = l, we find that the elements of the 
matrix ft to the right of its diagonal are also zero, so that ft =a= 1. Then finally, applying 
the condition aft—fta, equivalent to a'— a', we have a =0. Thus the reduced matrix is 
the matrix unity of 2 \p rows and columns, and A, =0 _1 , is expressed as a product of 
positive integral powers of the p+2 matrices A k , B ) C t D, as desired. Since the determinant 
of each of the matrices A*, B , (7, D is + 1, the determinant of the linear matrix A is also 
+ 1 . 


414. In the particular case p= 1 the only matrices of the p + 2 matrices A k1 B, C> D 
which are not nugatory are the two matrices B and C ; we denote these here by U and V 
and put further 

u=U~ l =^ _| y= V" 1 — (q J) , v t = uvu 3 vu 3 , w=uvu\ w l =u 2 vu 2 vu 2 ; 
then wo immediately verify the facts denoted by the following table 



W j w 2 w 3 

V 

*1 ; : | w i 

(£, ■>) 

(-»?, £) | (-£,->?) | (*7i -£) 

(fcv+e | 

(!»»?-£) | (Z-tuv) | (i+ViV) 


of which, for example, the first entry means that if A = ^ a , ^ be any matrix of 2 rows 

and columns, and we form the product Aw, then the columns £, ij of the matrix A are 
interchanged, and at the same time tho sign of the new first column is changed ; we have 
in fact 

hence it is immediately shewn, as in the more general case, that every matrix A=^ a , ^ , 

for which the integers a, a', ft satisfy the relation aft -dft = 1, can be expressed as a 
product of positive integral powers of the two matrices 

HJ -;)■ HI -!)■ 


415. Combining the final result for tho decomposition of a linear Abelian matrix with 
the results obtained for any Abelian matrix of order r we arrive at the following statement, 
whoreof tho parts other than the one which lias been formally proved may be deduced from 


that one, or established indci>endently : let A = 



be any Abelian matrix of order r ; 


then it is possible to find a linear matrix Q expressible as a product of positive integral 
powers of tho (p + 2) matrices A k1 B f C , D, which will enable us to write A=A,Q, where A t 
is an Abelian matrix of order r having any one, arbitrarily chosen, of the four forms repre- 
sentable by 








and it is also possiblo to choose tho linear matrix Q to put A into the form A=QA n where 
A, is also any ono, arbitrarily chosen, of these same four forms. It follows that the deter- 
minant of the matrix A is -f r p . In virtue of the equations a ti ft u — r (* = 1, which 

hold for any ono of tho matrices A p A 2 , A 3 , A 4 , and the inequalities which may also be 
supposed to hold among tho other elements, as exemplified, § 412, for the case of A lf it is easy 
to find tho number of different oxisting reduced matrices of any one of these forms. For 
instance when p=2, tho number when r is a primo number is 1 + r+ r a -f r 3 ; for p=3, and r 

43 


B. 
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a prime number, it is 1 4 -r + r a + 2 P 3 + r 1 + r 6 4- r 6 ; for details the reader may consult Hermite, 
Compt. Rendus , t. XL. (1855), p. 253, Wilthoiss, Crelle , , xcvi. (1884), pp. 21, 22, and the 
book of Krause, Die Transformation der Hyperelliptischen Functionen (Leipzig, 1886), 
which deal with the case jo=2 ; for the case p = 3, see Weber, Annoli di Mat. Ser. 2*, t. IX. 

(1878), p. 139, where also the reduction to tho form A=G ^ 0 O', in which Q, Q' are 

linear matrices, is considered. Cf. also Gauss, Disq. Arith ., § 213; Eisenstein, Crelle , xxvni. 
(1844), p. 327; Hermite, Crelle, xl., p. 264, xli. (1851), p. 192; Smith, Phil. Trans, cli. 
(1861), Arts. 13, 14. 

416. Considering (cf. § 372) any reduction, of the form 


& j)=& ;) (o ff)’° rsayA=flA »’ 

where (^, *0 is a linear matrix, we prove that however this reduction bo effected, (i) the 

determinant of the matrix B' is the same, save for sign, (ii) if p be a row of p positive 
integers each less than r (including zero), tho rows determined by the condition, 

i integral, are the same. For any other reduction of this kind, say A—D'A'o, must 
be such that 

whoro is a linoar matrix ; tho condition that the matrix a of the matrix A' 0 should 

vanish, namely p'A —0, requires (since \A\\B'\—r v and therefore \A\, tho determinant of 
A, is not zero) that p’=0 ; thus the reduction A=Q'A' 0 can be written 
( a P\^( p y'’ -PU + (r P\ (pA,pB+qB'\ 

V 0/ w» -p'y+r'p)' Vo > <tv r 

Now p<f=\ ; therefore |</'|= +1 ; thus \q'B'\ = ±\B'\, which proves the first result. Also, 
if p bo a row of integers such that ~ Bfi is a row of integers, =m say, then i q'B'g, —q'm , 

is also a row of integers; while if ^ q'Bfi be a row of integers, —n say, then ^fpq'Bfi, 
which is equal to -Bfi, is equal to pn, and is also a row of integers; since q’B 1 is the 


matrix which, for the reduction A=fl'A' 0 , occupies the same place as that occupied, for the 
reduction A=QA 0 , by the matrix B\ the second result is also proved. 


417. Considering any rectangular matrix whose constituents are integers, if all tho 
determinants of (£+1) rows and columns formed from this matrix are zero, but not all 
determinants of l rows and columns, the matrix is said to bo of rank l. The following 
theorem is often of use, and is referred to § 397, Chap. XXII. ; In order that a system of 
simultaneous not-homogeneous linear equations , with integer coefficients, .should be capable 
of being satisfied by integer values of the variables , it is necessary and sufficient that the 
rank l of, and the greatest common divisor of all determinants of order l which can be 
formed from, the matrix of the coefficients of the variables in these equations , should be 
unaltered when to this matrix is added the column formed by the constant terms in time 
equations. For the proof tho roader may bo referrod to H. J. S. Smith, Phil. Trans, cli. 
(1861), Art. 11, and to Frobenius, Crelle , lxxxvi. (1879), pp. 171—2. 

418. Consider a matrix of m+ 1 columns and 1 or more rows, whose constituents 
arc integers, of which the general row is denoted by 

^ hi, l{, e , ; 
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let A be the greatest common divisor of the determinants formed from this matrix with 
n+l rows and columns; let A' be the greatest common divisor of the determinants 
formed from this matrix with n rows and columns ; then, since every determinant of the 
(n + l)th order may be written as a linear aggregate of determinants of the w-th order, 
the quotient A/ A' is integral, =M, say. Then the w+1 or more simultaneous linear 
congruences 

Ui=a x x-\rb % y+ +^B+^+« k «s 0 (mod. M) 

hare just A incongruent sets of solutions, and have a solution whose constituents have unity as 
their highest common divisor. Frobenius, Crelle, lxxxvi. (1879), p. 193. 

Also, if in the m linear forms (m< = or >n + 1) 

U % =a l x+b t y+ +£ t 3+^ + c t w, (i=l, . 

the greatest common divisor of the m(n+\) coefficients be unity , it is possible to determine 
integer values of x } y, t, u y such that the m forms have unity as their greatest common 
divisor ; in particular, when n— l, if the 2 m numbers « t , b t have unity as their greatest 
common divisor , and the \m (m— 1) determinants a l b J -a J b l be not all zero , it is possible to 
find an integer x so that the in forms a i x + b i have unity as their greatest common divisor. 
Frobenius, loc. cit ., p. 156. 

419. Tho thoorom of § 418 includes the theorem of § 357, p. 589 ; it also includes the 
simple result stated § 383, p. 637, note. It also justifies the assumption made in § 397, 
that tho periods G, O' may be taken so that the simultaneous equations ajf-a'x— 1, 
bx f -b'x= 0 can be solved m integers in such a way that tho 2 p elements rx-b, rx' -b' 
have unity as their greatest common divisor ; assuming that r is not zero so that the 
p (2 p- 1) determinants a t b/-a/b lt a x bj - ajb( are not all zero, and that O' has 

been taken so that tho 2 p integers a lf ..., a }) , a/, ..., af have no common divisor other 
than unity, tho necessary and sufficient condition for the solution of the equations 
ax' — a'x— 1, bx J — b'x = 0 is (§ 41 7) that tho greatest common divisor, say M y of the p (2 p — 1) 
binary determinants spoken of should divide each of the 2 p integers 5,, ..., b p ' ; if this 
condition is not already satisfied we may proceed as follows . find two coprime integers 
(§ 418) which satisfy the 2 p congruences 

\b x + pa t ' =0, X6 t + / 4 «i = 0 (mod. M) y (*=1, 

and thence two integers p, cr such that X(r-pp = 1; put Q/^XQ'-fpO, Q^pQ'+o-Q, 
Bt^btX+a^ i, Aj-^p + a^cr, B t '=b t '\+a t 'fi, A t , =b t , p-\-a t 'o-‘ ) then 

b t Q - « t G' =i? l 0 1 - AjQ/, bi O - a x Q.' — B X Q X — A/Q/, 

and tho greatest common divisor of tho p(2p-\) binary determinants A X B 3 - 
A % Bj - AjB Xi A X B 3 '- AjB x , which is equal to M, divides the 2 p integers B lt . 
thus M is the greatest common divisor of these 2 p integers; next put Q 2 =Mq x , 0 2 '=0 1 ', 
b x =B x /M 1 b x =B x jM, a t =A„ a,'=A»'; then the greatest common divisor of the jo(2/> - 1) 
binary determinants n x b 3 -a,b t , etc., is unity, and this is also the greatest common divisor 
of the 2 p integers b n ..., b p '. Now let (x> x') be any solution of tho equations ax' -a,'x=l, 
b.r'-b / J 7 = 0 , so that (rx — b, rx' — b') is a solution of the equations a£' — a'£=0, b£'-b'£=0; 
let (|, £') be an independent solution of these latter equations (Smith, Phil. Trans. y cli. 
(1861), Art. 4) so that the p (2p - 1) binary determinants x x £ 3 -x 3 £ x , etc., are not all zero, 
so chosen that the 2 p elements &, have unity as their highest common divisor; then if 
h be any integer, tho 2j o elements .r^+h^, xl + h|/ form a solution of the equations 
aa/-a'#=l, b^/--b'^=0; let h be chosen so that the 2 p elements nzr,-b t +hr| t , 
rxi - b t ' +hr£ % ' have no common factor greater than unity (§ 418). Putting A r =.r+h£, 
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^T=y+h|', the first column of the matrix in § 397 will consist of the elements of (a, a'), 
the (p+l)th column will consist of the elements of (b, V), tho second column will 
consist of the elements of rX-b, rX' - b' ; and sinco these latter have unity as their 
greatest common factor, it is possible to construct the (/?+2)th and all other columns 
of this matrix (§ 420). 

420. A theorem is assumed in § 396, which has an interest of its own— If of an 
Abelian matrix of order r there be given the constituents of the first r columns , and also the 
constituents of the ( p+l)th , (p+r)th columns ( r<p\ it is always possible to determine 
the remaining 2(p~r) columns. For a general enunciation the reader may refer to 
Frobemus, Crelle, lxxxix. (1880), p. 40. We explain the method here by a particular case ; 
suppose that of an Abelian matrix of order r, for jo = 3, there be given the first and (/?+l)th 
columns ; denote the matrix by 

(a x t b y u ) ; 

| a' x J t' \ b' v! I 

the elements of the given columns will satisfy the relation ab'-a'b—r ; it is required to 
determine in order the second, the fifth, the third and the sixth columns ; the relations 
arising from the equations 

aa— a , a=0, ft ft — ftfi=0 } aft — ti'fi — r 
so far as they affect these columns respectively, are as follows : 


cV-a'.r=0| 
fcr'-&'x=-0j (1) ’ 

1 

a 

II 

_G> 

at! - a! t= O'! 


au'-a'u- 0\ 

¥-ty=0f (li), 

bt' - 67=0 

■ (ii>), 

o 

II 


xy'-x'y^r) 

xt' -x't— 0 
yt’-y't = Oj 

xu'-x'u^Oy 
yn'-y’u~ 0 
tv! - Hu = r) 


now let (x, xf) be a solution of equations (i) in which the 2 p constituents havo no common 
factor other than unity ; determine 2 rows of p elements £, f such that .rf— =1, and 
denote af - a'£ by A and b% - b’( by B ; then it is immediately verified that the values 

y=r(-(Ab- Ba), /=rf -(Ab'-Ba 1 ), 

satisfy equations (ii) ; next let ( t , t') be a solution of equations (iii) m which tho 2 p 
constituents have no common factor other than unity ; determine 2 rows of p elements, 
v, v } such that tv' — t’v = 1 , and denote av - a'v, bv —Uv, Xv — xfv, yv-y'v respectively by 
7 X , Y ; then it is immediately verified that the values 

u=rv-(Ab-Ba)-(Xy- Yx\ u'=rv' ~{Ab' - Ba!)-(Xtf - IV) 

satisfy the equations (iv). 
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notation for, 570, 337, 303 ; tables of 
half-integer characteristics for p = 2, 
p= 3, 303, 305; syzygetic, azygetic, 
487 ; period characteristics and theta 
characteristics, 543, 564; of radical 
functions, 380, 564 ; Gopel groups 
and systems of, 489, 490, 494, ff. ; 
general theory of, 486, ff. ; transform- 
ation of, 536, 512, 547, 564, 568. 

Coincidences of a correspondence, 645. 

Column and row. See Matrices. 

Column of periods, 571. 

Complex multiplication of theta functions, 
629, ff., 639, 660. 

Composition of transformations of theta func- 
tions, 551. 

Condition of dimensions, 49. 

Conformal representation, 343, 356, 372. 

Congruence, meanings of sign of, 236, 256, 261, 
264, 487. 

Constants, invariant in rational transformation, 
9, 88, 144, 148, 150 ; in linear trans- 
formation of theta functions, 555 — 
559; in any transformation of theta 
functions, 620, 622. 

Contact curves, see Curves, and Radical. 
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Convergence of an automorphio series, 350; 
of transformed theta function, 538. 

Coresidual sets of places on a Riemann surface, 
135, ff., 213; are equivalent sets, 136; 
enter in statement of Abel’s theorem, 
210 . 

Correspondence of Riemann surfaces, 3, ff., 
81, 639, 642, 647, 648, 649, 654, 662. 

Covariant, see Invariant. 

Cubic surface associated with a plane quartic 
curve, 382, 389. 

Curves: as alternative interpretation of fun- 
damental algebraic equation, 11 ; in- 
flexions of a plane quartic in con- 
nection with the gap theorem, 36 ; 
generalisation, 40 ; inflexions and 
bitangents in connection with theory 
of correspondence, 644, 646 ; bi tangents 
of a plane quartic curve, 384 ; adjoint 
curves, 121, 129 ; coresidual and 
equivalent sets upon, 134 — 136 ; trans- 
formation of, see Bir&tional, In- 
variants, and Constants; correspon- 
dence of, see Correspondence ; special 
^ets upon, 146, ff.; contact curves, 
381 ; general form of Pliicker’s equa- 
tions for, 124 ; Weierstrass’s canon- 
ical equation for, 93, 103; Cayley’s 
theorem for, 141 ; curves in space, 157, 
160, ff. , 166, 664 ; Abel’s theorem for, 
231. 

Cusps, 11, 114. 

Deficiency of a Riemann surface, 7, 55, 00. 

Defining relation for theta functions, 443. 

Definition equation of theta functions of general 
order, 448. 

Degenerate Abelian integrals, 657. 

Dependence of the poles of a rational function, 
27. 

Differential equations of inversion problem, 
225, ff.; of theta functions, see Ad- 
denda (p. xx). 

Differentials of integrals of first kind, 25, 62, 
67, 127, 169. 

Dimension of an integral function, 48, ff., 55 ; 
condition of dimensions, 49. 

Discriminant of a fundamental set of integral 
functions, 74, 101, 124. 

Disaeetion of the Riemann surface, 26, 529, 
263, 257, 569, 297, 550, 560. 

Double points of a Riemann surface (or curve), 
1, 2, 3, 11, 114; tangents of a plane 
curve, 644, 646. 

B. 


Elementary integrals, see Integrals. 

Equivalence, meanings of sign of, 236, 256, 
261, 264, 487. 

Equivalent sets of places on a Riemann sur- 
face, 134, ff., 136, 213. 

Essential factor of the discriminant, 60, 74, 124. 

Existence theorems, algebraically deducible, 
78 ; references, 14. 

Expression of any rational function, 77, 176, 
212; of fundamental integral func- 
tions, 105, ff. ; of half-integer charac- 
teristic by means of a fundamental 
system, 301, 487, 500, 502. 

Factorial functions, 392, ff.; definition of, 396; 
which are everywhere finite, 399; ex- 
pressed by factorial integrals, 403 ; 
expressed by fundamental factorial 
function, 413; with fewest poles, 406; 
used to express theta functions, 423, 
426 ; connection with automorphic 
functions, 439, ff. 

Factorial integrals, 398 ; which are everywhere 
finite, 399 ; fundamental, having only 
poles, 408; simplified form of that 
integral, 411 ; expression of factorial 
function by means of that integral, 
412. 

Function, automorphic, 352, ff., 439, ff.; fac- 
torial, see Factorial; Integral, see 
Rational, and Transcendental ; f> func- 
tion, 292, 321, 333, 516 ; prime, 172, 
177, 205, also 360, 363, 428 ; radical, 
374, 390, 565; rational, see Rational; 
Theta, see Theta functions, and 
Transformation ; £ function, 287, 292, 
320 , see Fundamental rational. 

Fundamental algebraical equation, 10, 113. 

Fundamental rational function, Weierstrass’s, 
171, 175, 177, 178, ff., 182. 

Fundamental set for the expression of rational 
integral functions, 48, ff., 55, 56, 57, 
105, ff. 

Fundamental system of theta characteristics, 
301, 487, 500, 502. 

Dap theorem, 32, 31, 93, 174. 

Geometrical investigations, 113 ; see Curves. 

06 pel biquadratic relation, 338—340; 465— 
468 ; see Addenda (p. xx). 

Oopel group and system, see Characteristics. 

Grade, of a polynomial, 120. 

Group, Gbpel, see Characteristics. 

44 
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Hansel's determination of fundamental integral 
functions, 105, ff. 

Homogeneous variables, 118, 441. 

Homographio behaviour of differentials of in- 
tegrals of first kind, 26. 

Hyperelliptie surfaces, 80, ff., 152, 153, 373; 
Bee Theta functions and Transforma- 
tion. 

Independence of the poles of a rational func- 
tion, 27; of the 2 s * theta funotions 
with half-integer characteristics, 446, 
447 ; See Linearly. 

Index of a place on a Riemann surface, £22, 
123, 124; at the infinite place of 
Weierstrass’s canonical surface, 129. 

Infinitesimal on a Riemann surface, 1,2, 3. 

Infinitesimal periods, 238, 573. 

Infinities of rational function, 27, ff.; see 
Residue. 

Infinity, the places at infinity on a Riemann 
surface, algebraic treatment of, 118. 

Inflexions of a plane curve, 36, 40, 646. 

Integrals, degenerate, 657; factorial, see Fac- 
torial; Riemann’s, normal elementary, 
15 ; all derivable from integral of third 
kind, 22; algebraic expression of, 65, 
ff., 127, 131, 163, 185, 189, 194; 
hyperelliptie, 195 ; formulae connect- 
ing with logarithmic differential coeffi- 
cients of theta functions, 289, 290,320. 

Integral functions, see Rational and Transcen- 
dental. 

Interchange of argument and parameter, 16, 
185, 187, 189, 191, 194, 206; of period 
loops, see Transformation. 

Invariants in birational transformation: the 
number p t 7; the 3p-3 moduli, 9, 
144, 148, 150; the ratios of ^-poly- 
nomials, 26, 153; the contact 0- 
polynomials, 281, 427; the ^-places, 
38, 653; for transformation of the 
dependent variable, 74, 124. 

Inversion theorem, Jacobi's, 235, ff., 270; 
solution of, 239, 242, 244, 275; by 
radical functions, 390; in the hyper- 
elliptic case, 317, 324. 

Jacobi's inversion theorem, see Inversion. 

Jacobian functions, their periods, are generali- 
sation of theta functions, 579—588; 
their expression by theta functions, 
588—694 ; there exists a homogeneous 
polynomial relation connecting any 


p + 2 Jacobian funotions of same 
periods and parameter, 594. 

Klein, prime form, 860, 427, 430, 433. 

Laurent's theorem, for p variables, 444. 

Left Bide of period loop, 529. 

Linearly independent 0-produotB of order /a, 
154; columns of periods, 575; theta 
functions, 446, 447; Jacobian func- 
tions, 594. 

Linear transformation, see Transformation. 

Loops, period loops on a Riemann surface, 21, 
529. 

Lots, of sets of places on an algebraic curve, 
or Riemann surface, 135. 

Matrices, 248, 283, 580, 666, 669. 

Mltt&g-Leffler’s theorem for uniform function 
on a Riemann surface, 202. 

Moduli, of the algebraic equation, are 3p - 3 in 
number, 9, 144, 148, 150; for the 
hyperelliptie equation, 88. 

Moduli of periodicity, see Periods. 

Multiplication, complex, of theta functions, 
629, ff.; by an integer, for theta 
functions, 527. 

Multiply- periodic, 236; see Inversion. 

Noether’s (Kraus’s) 0-curve in space, 156, 157. 

Normal equation for a Riemann surface, 83, 
91, 103, 143, 145, 152. 

Normal integrals (Riemann’s) see Integrals. 

Number of independent products of /a 0-poly- 
nomials, 154; of odd and even theta 
functions, 251; of theta funotions of 
general order, 452, 463; of Jacobian 
functions, 594. 

Order of small quantity on a Riemann surface, 2; 
of a theta function, 448. 

P Function, 292, 324, 833, 516. 

Parameter, interchange of argument and para- 
meter, see Interchange. 

Parameters, in the algebraic equation, see 
Constants. 

Period loop, see Loops. 

Period characteristics, see Characteristics. 

Periodicity of a (1, 1) correspondence, 650. 

Periods of Riemann’s integrals, 16, 21; Rie- 
mann’s and Weierstrass's relations for 
the periods of integrals of the first 
kind, and of associated integrals of 
the second kind, 197, 285, 681, 587 ; 
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rale for half-periods on a hyper elliptic 
surface, 297 ; for integrals of second 
kind, 323 ; of factorial integrals, 404 ; 
linear transformation of periods, 532 ; 
general transformation, 536, 538 ; 
general theory of systems of periods, 
671, ff., 679, ff. ; of degenerate inte- 
grals, 657. 

Picard’s theorem (Weiers trass’s), 658. 

Places, of a Biemann surface, 1, 2, 3 ; branch 
places, 7, 9, 46, 74, 122, 297, 569 ; 
where a rational function is infinite, 
to order leBS than p + 1, 38, 41, 90, 
653; 

the places ..., m p , 255; their geo- 
metrical interpretation, 265, 266 ; after 
linear transformation, 562 ; deter- 
mination of, for a Biemann surface 
with assigned period loops, 567 ; for a 
hyperolliptic surface, 297, 563. 

Plticker’s equations, generalised form of, 123, 
124 ; for curves in space, 166. 

Poles, see Infinities. 

Polynomial, grade of, 120; algebraic treat- 
ment of, 120; adjoint, 121, 128; 
^•polynomials, 141 ; transformation 
of fundamental equation by ^-polyno- 
mials, 142, 154 ; expression of rational 
functions, and algebraio integrals by 
means of adjoint polynomials, 156, 
see Curves. 

Positive direction of period loop, 529. 

Primary and associated systems of factorial 
functions, 397. 

Prime function (or form), see Function. 

Product expression of uniform transcendental 
function with single essential singu- 
larity, 205. 

Quartio. Double tangents of plane quartio 
curve, 381—390, 647. 

Quotients of theta functions, 310, 311, 390, 
426, 516. 

Radical function, see Function. 

Rational function, of order 1, only exists when 
p=0, 8 ; is an uniform function on the 
Biemann surface whose only infinities 
are poles, 27 ; infinities of, Biemann- 
Rocli theorem, Weierstrass’s gap theo- 
rem, 27, ff.; special, 25, 137 ; of order 
p, 38, 137; integral function, 47, ff., 
55, 91, ff. ; of the second order, 80, ff. ; 
fundamental integral rational func- 


tions, algebraic determination of, 106, 
ff. ; algebraio expression of, by adjoint 
polynomials, 125, if., 166; Weier- 
strass’s fundamental, 171, 175, 177, 
178, ff., 182 ; expressed by Biemann’s 
integrals, 24, 212 ; expressed by Weier- 
strass’s function, 176. 

Reciprocal sets of zeros of adjoint polynomials, 
134. 

Residual sets of places, 135. 

Residue, fundamental residue theorem, 232, 
189, 20. 

Reversible transformation, see Blrational. 

Riemann-Roch theorem, 44, 133 ; for factorial 
functions, 405. 

Riemann and Weierstrass’s period relations, 
197, 285, 581, 587. 

Right side of period loop, 529. 

Row and column, see Matrices 

Schottky- Klein prime form and function, 360, 
427, 430, 433. 

Sequence, theorem of, 114, 161, 165. 

Sequent sets of places, 135. 

Sets of places on a Biemann surface or algebraic 
curve, 135. See Special. 

Sign of equivalence and congruence, 236, 256, 
261, 264, 487. 

Special correspondences on a Biemann surface, 
648. 

Special rational functions, 25, 62, 137. 

Special sets of zeros of adjoint polynomials, 
134, 147. 

Special transformation of a theta function, 
629, ff. f 639, 660. 

Strength of assigned zeros, as determinators of 
a polynomial, 133. 

Supplementary transformations of a theta 
function, 552. 

System, Gopel, see Characteristics. 

Syxygetlo characteristics, 487, 542. 

Tables of Characteristics, 303, 305. 

Tangents, double, of a plane curve, by the 
principle of correspondence, 644, 646. 

Theta functions : 

Biemann’s theta functions, 246, ff. ; con- 
vergence of, 247; determination of, 
from periodicity, 444; period proper- 
ties of, 249; number of odd and even, 
251, 446 ; zeros of, 252, 255, 258, 567; 
identical vanishing of, 258, 271, 276, 
303; hyperelliptic, 296, ff.; algebraio 
expression of quotients of, 310, 311, 
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890, 496; addition theorem for hyper* 
capita, 882, 887; algebraic expression 
for hyperelliptio, 485; algebraic ex- 
pression of first logarithmic derivatives 
of, 988, 990, 890; algebraic expression 
of second logarithmic derivatives of, 
298, 324, 829, 333 ; solution of inver- 
sion problem by means of, 275, 324, 
390, 426, ff. ; Riemann’s functions not 
the most general, 248, 628. 

Qeneral theta function of first order, 283, 
444; period relations, 285, 197, 581, 
587; second logarithmic derivatives 
of, 516; addition theorems for, 457, 
472, 481, 513, 521 ; G6pel relation for, 
in case p= 2, see Obpel; expression 
of Jacobian functions by means of, 
594. 

Theta functions of second and higher order, 
448 ; expression of, number of linearly 
independent, 452, 463; of order 2, of 
special kind, 509, 510; every p + 2 
theta functions of same order, periods, 
and characteristic, connected by a 
homogeneous polynomial relation, 453. 

Transformation of theta functions, see 
Transformation; characteristics of 
theta functions, see Characteristics; 
complex multiplication of theta func- 
tions, 629, ff., 639, 660; theta func- 
tions expressed by factorial functions 
and simpler theta functions, 426; 
particular cases, 430, ff.; hyperelliptio 
case, 433. 

Transcendental uniform function, 200 ; Mittag- 
Leffier's theorem for, 202; expressed 
in prime factors, 205; application of 
Laurent’s theorem when the function 
is integral, 444. 


Transformation 

of the algebraic equation (or Kiemann 
surface), 8,143, 148, 151, 152, 664, 
656; see Biratloaal; 

of theta functions, 585; linear trans- 
formation, 539; constants in, 554r- 
559; for hyperelliptio case, 568; of 
second order, 603, 617; for any odd 
order, general theorem, 614; con- 
stants in, 620, 622; when coefficients 
not integers, 625 ; supplementary 
transformations, 552 ; composition of, 
551; special transformations, 629, 
630, 660; 

of periods, 528, 534, 539, 551, 553, 555, 
559, 568; 

of characteristics, see Characteristics. 

Uniform, see Rational, and Transcendental. 

Vanishing of theta function, 253, 258, 271 ff., 
276, 303. 

Variables, homogeneous, 118, 429, 441 

Weierstrass’s gap theorem, 32, 34, 93, 174; 

special places which are the poles of 
rational functions of order less than 
p + 1, 34, ff. ; canonical surface (or 
equation), 90, ff., 93; fundamental 
rational function, 171, 175, 177, 178, 
182, 189; period relations, 197, ff., 
285, 581, 587; rule for characteristics 
of hyperelliptio theta functions, 569 ; 
theorem for degenerate integrals, 658. 

Zeros, generalised zeros of a polynomial, 121; 
zeros of Riemann theta function, 
252. 

Zeta function, 287, 292, 320. 
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